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Abstra
t. We 
onsider a partition of the interval [0, 1] by two partitionpro
edures. In the �rst a 
hosen pie
e of [0, 1] is split into halves, in these
ond it is split by uniformly distributed points. Initially, the interval [0, 1]is divided either into halves or by a uniformly distributed random variable.Next a pie
e to be split is 
hosen either with probability equal to its lengthor ea
h pie
e is 
hosen with equal probability, and then the 
hosen pie
e issplit by one of the above pro
edures. These a
tions are repeated inde�nitely.We investigate the probability distribution of the lengths of the 
onse
utivepie
es after n splits.1. Introdu
tion. Kopo
i«ski [6℄ investigated a problem of Hugo Stein-haus (
f. [7℄) regarding the population growth of a rod-shaped ba
terium.The problem is as follows: initially, one part breaks o� from the originalba
illus be
oming an independent ba
illus. At ea
h step one part breakso� from the longest ba
illus. The length of the des
endant is the shortestat the moment. Steinhaus stated that if the �rst partition is into mutu-ally non-rational pie
es then in any given generation at most three di�erentlengths of ba
illus exist. Moreover fra
tions of small, medium and large onesos
illate over time. Kopo
i«ski added a random 
omponent to Steinhaus'problem so that the number of di�erent lengths is 
ountable and the proba-bility distribution of the lengths os
illates over time. Kopo
i«ski 
onsideredthe following partition of the interval [0, 1]:
• Step 1: [0, 1] is divided either into halves (splitting in half ), or intotwo pie
es by using a uniformly distributed random variable (uniformsplit).2000 Mathemati
s Subje
t Classi�
ation: 60F05, 60F15.Key words and phrases: random partition, uniform split, splitting in half, random
hoi
e, proportional 
hoi
e, 
onvergen
e in probability and almost sure, moments, 
ovari-an
e. [243℄
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• Step 2: First, one of the two pie
es is 
hosen, either ea
h with proba-bility 1/2 (random 
hoi
e), or ea
h with probability equal to its length(proportional 
hoi
e). Then the 
hosen pie
e is divided either intohalves, or into two pie
es by a uniformly distributed random variable.And now there are three pie
es.
• Step 3: Like step 2, �rst one of the three pie
es is 
hosen, then the
hosen pie
e is divided, giving four pie
es.This a
tion of partitioning is 
ontinued inde�nitely. Denote by n the 
urrentnumber of split points and by(1) Dn = (D1,n, D2,n, . . . , Dn+1,n)the ve
tor of lengths of the 
onse
utive pie
es after n splits. Under the aboveassumptions four ways of 
hoosing and partitioning 
an be obtained. Inea
h of them Kopo
i«ski investigated the probability distribution of D1,n.But the 
onse
utive pie
es are not identi
ally distributed ex
ept for one
ase (proportional 
hoi
e, uniform split). Hen
e in the other three 
ases ofnonidenti
ally distributed pie
es we are interested in the probability dis-tribution of D2,n. Moreover, in the 
ase of proportional 
hoi
e and split-ting in half, whi
h 
orresponds to Steinhaus' problem, we give re
urren
erelations for the probability distribution and moments of Di,n for any i,

1 ≤ i ≤ n+ 1.In Se
tion 2 we give some notions whi
h will be needed in the next se
-tions. The types of partitioning 
onsidered in Se
tions 3, 4, 5, respe
tivelyare des
ribed in the titles of these se
tions. We investigate the random vari-ables(2) Zi,n = − log2Di,n, Ti,n = D−1
i,n , 1 ≤ i ≤ n+ 1, n ≥ 1.For Rm ∼ U(0, 1), 1 ≤ m ≤ n, i.e. for a uniformly distributed randomvariable on the interval [0, 1], set(3) Em = − log2Rm, Fm = − log2(1 −Rm).2. Preliminaries. Denote by H(r)

k , r ∈ N, k ∈ N, the harmoni
 numberof order r, i.e.(4) H
(r)
k =

k
∑

i=1

1

ir
, r ≥ 1(
f. [4, Chap. 6.3℄). For r > 1 we use the Riemann Zeta fun
tion ζ(r) andthe Hurwitz (generalized) Zeta fun
tion ζ(r, q) de�ned by

ζ(r) =

∞
∑

i=1

1

ir
, ζ(r, q) =

∞
∑

i=0

1

(q + i)r
, q 6= 0,−1, . . .
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f. [3, 7.422.1, 7.421.1℄). There are relations between the harmoni
 numbersand the Psi (or Digamma) fun
tion ψ(x) := ψ(0)(x) de�ned by
ψ(x) =

d

dx
logΓ (x),and the derivatives of the Psi fun
tion (or the Polygamma fun
tions)

ψ(r)(x) =
dr+1

dxr+1
logΓ (x) =

dr

dxr
ψ(x), r = 0, 1, 2 . . . ,where Γ (x) =

T
∞

0 tx−1e−t dt, x > 0, is the Gamma fun
tion. Sin
e
H

(1)
k = γ + ψ(k + 1)(
f. [5, (5.13.5)℄), where γ := −ψ(1) = 0, 57721566 . . . is the Euler�Mas
he-roni 
onstant and

ψ(r−1)(k + 1) = (−1)r(r − 1)!

∞
∑

i=0

1

(k + 1 + i)r(
f. [3, 6.356℄), we have
ζ(r, k + 1) = ζ(r) −H

(r)
k =

(−1)r

(r − 1)!
ψ(r−1)(k + 1),whi
h implies(5) H

(r)
k =

(−1)r

(r − 1)!
(ψ(r−1)(1) − ψ(r−1)(k + 1))(
f. [5, (6.2.4)℄). It is known (
f. [3℄) that(6) ψ(k + z) ∼ log k, or equivalently H

(1)
k+z ∼ log k, z ≥ 1, k → ∞,and(7) lim

k→∞

ψ′(k + z) = 0 or lim
k→∞

H
(r)
k = ζ(r), z ≥ 1, r > 1.We denote by (x)n the Po
hhammer symbol (or the shifted fa
torial), i.e.

(x)n = x(x+ 1) · · · (x+ n− 1), n ≥ 1,and (x)n = 1 for n = 0.3. Random 
hoi
e, uniform split. For a given i, 1 ≤ i ≤ n + 2, we
onsider Di,n+1, the length of the ith pie
e after n+ 1 splits. After n splitsthere are n+1 pie
es D1,n, . . . , Dn+1,n and Di,n+1 depends on whi
h of theseis 
hosen for the (n + 1)th split. When i = 1, D1,n+1 depends on whether
D1,n or some other is 
hosen, and similarly when i = n+2, Dn+2,n+1 dependson whether Dn+1,n or some other is 
hosen. Next, when i = 2 or n+ 1 thereare three possibilities: for example, D2,n+1 depends on whether D1,n, D2,nor some other is 
hosen. And generally, for 2 < i < n + 1 there are four
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ording as the pie
e 
hosen is Dj,n for j < i−1, Di−1,n, Di,n,or Dj,n for j > i. We now de�ne the random variable
J (i)

n =



















3 if Dj,n is split, 1 ≤ j < i− 1,

2 if Di−1,n is split,
1 if Di,n is split,
0 if Dj,n is split, i < j ≤ n+ 1,

n ≥ i− 1.

Then the probability distribution of J (i)
n is given by

(8) P (J (i)
n = 3) =

i− 2

n+ 1
, P (J (i)

n = 2) = P (J (i)
n = 1) =

1

n+ 1
,

P (J (i)
n = 0) = 1 − i

n+ 1
, n ≥ i− 1, i ≥ 2.Let A(i)

n , B(i)
n and C(i)

n be the random variables de�ned as follows:
A(i)

n = I[J (i)
n = 2], B(i)

n = I[J (i)
n = 1], C(i)

n = I[J (i)
n = 0]for n ≥ i − 1, where I[A] denotes the indi
ator of the event A. Note that

A
(i)
1 , A

(i)
2 , . . . , A

(i)
n are mutually independent. Similar statements are true for

B
(i)
j , C(i)

j , Rj , Ej and Fj , 1 ≤ j ≤ n.Referring to (2) and (3), Kopo
i«ski [6℄ showed that D1,n+1 satis�es thefollowing re
ursive formulae:
D1,1 = R0, D1,n+1 =

{

D1,n if J (1)
n =0,

D1,nRn if J (1)
n = 1,and(9) D1,n+1 =

n
∏

j=0

R
B

(1)
j

j , Z1,n+1 =
n

∑

j=0

B
(1)
j Ej .

We are interested in D2,n+1 in (1). For n ≥ 1 the following re
ursiveformulae are satis�ed:
D1,1 = R0, D2,1 = 1 −R0, D2,n+1 =











(1 −Rn)D1,n if J (2)
n = 2,

RnD2,n if J (2)
n = 1,

D2,n if J (2)
n = 0.Hen
e by (9) for n ≥ 1 we have

(10)
D2,1 = 1 −R0, D2,n+1 = (1 −Rn)A

(2)
n DA

(2)
n

1,n RB
(2)
n

n D1−A
(2)
n

2,n ,

Z2,1 = F0, Z2,n+1 = A(2)
n Fn +A(2)

n Z1,n +B(2)
n En + (1 −A(2)

n )Z2,n.
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e B(1)
i = A

(2)
i , 0 ≤ i ≤ n, for n ≥ 1 we get

(11)
D2,n+1 =

n
∏

j=0

(1 −Rj)
A

(2)
j

∏n
i=j+1(1−A

(2)
i )

·RB
(2)
j

∏n
i=j+1(1−A

(2)
i )+B

(1)
j

∑n
k=j+1 A

(2)
k

∏n
i=k+1(1−A

(2)
i )

j ,

Z2,n+1 =
n

∑

j=0

(

A
(2)
j

n
∏

i=j+1

(1 −A
(2)
i )Fj +B

(2)
j

n
∏

i=j+1

(1 −A
(2)
i )Ej

+A
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )Ej

)

,

where A(2)
0 = 1 and B(2)

0 = 0, whi
h 
an be proved by indu
tion with respe
tto n using (10).For Di,n, 1 ≤ i ≤ n+ 1, we getProposition 1. Under the assumptions of random 
hoi
e and uniformsplit , the following re
ursive formulae hold :
D1,1 = R0, D2,1 = 1 −R0,and

Di,n+1 =



















Di−1,n if J (i)
n = 3,

(1 −Rn)Di−1,n if J (i)
n = 2,

RnDi,n if J (i)
n = 1,

Di,n if J (i)
n = 0,

n ≥ i− 1.

Write c = (log 2)−1. From the above relations we get formulae for theexpe
tation, varian
e and 
ovarian
e of Z1,n and Z2,n.Proposition 2. Under the assumptions of random 
hoi
e and uniformsplit the expe
tation and varian
e of Z1,n+1 are given by
EZ1,n+1 = c(ψ(n+ 2) + γ),

σ2Z1,n+1 = c2
(

2ψ(n+ 2) + ψ′(n+ 2) + 2γ − π2

6

) (
f. [6℄).The expe
tation and varian
e of Z2,n+1 are given by
EZ2,n+1 = c

(

ψ(n+ 2) +
n

n+ 1
+ γ

)

,(12)
σ2Z2,n+1 = c2

(

2ψ(n+ 2) + ψ′(n+ 2) +
n2

(n+ 1)2
+ 2γ − π2

6

)

.(13)
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ovarian
e of the random variables Z1,n+1 and Z2,n+1 has the form
(14) Cov(Z1,n+1, Z2,n+1)

= c2
(

2n+ 3

n+ 1
ψ(n+ 2) +

2n+ 3

n+ 1
γ + ψ′(n+ 2) − 1 − π2

3

)

.The 
orrelation 
oe�
ient of Z1,n+1 and Z2,n+1 is given by
̺n =

H
(1)
n+1 + 1

n+1H
(1)
n+1 −H

(2)
n+1 − 1 − π2

6
√

(2H
(1)
n+1 −H

(2)
n+1)

(

2H
(1)
n+1 −H

(2)
n+1 + n2

(n+1)2

)

.

Proof. First note that
EEr

j = EF r
j = r!cr,(15)

EEjFj = c2
(

2 − π2

6

)

.(16)The formula (12) 
an be proved by indu
tion with respe
t to n or dire
tlyfrom (11). The indu
tive proof will be presented here. For n = 1 by (10),(15) and (8) we have EZ2,2 = 2c = c(H
(1)
2 + 1/2), as required. Now assumethat (12) is true for n; we show that it is true for n + 1. By (10), (15) and(8) we get

EZ2,n+1 =
c

n+ 1
+

1

n+ 1
EZ1,n +

c

n+ 1
+

(

1 − 1

n+ 1

)

EZ2,n

= c

(

H(1)
n +

1

n+ 1
+

n

n+ 1

)

,

upon using the formula for the expe
tation of Z1,n. Sin
e H(1)
n+1 = H

(1)
n + 1

n+1 ,we �nd that (12) holds.The formulae for the varian
e and 
ovarian
e follow dire
tly from (11).Using the identity (
∑n

j=0 aj)
2 =

∑n
j=0 a

2
j + 2

∑n
m=1

∑m−1
j=0 ajam, we get

EZ2
2,n+1 := S1 + S2, where

S1 :=
n

∑

j=0

{

E(A
(2)
j )2EF 2

j

n
∏

i=j+1

E(1−A(2)
i )2 +E(B

(2)
j )2EE2

j

n
∏

i=j+1

E(1−A(2)
i )2

+ E(A
(2)
j )2

n
∑

k=j+1

E(A
(2)
k )2

n
∏

i=k+1

E(1 −A
(2)
i )2EE2

j

}

and
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S2 := 2

n
∑

m=1

m−1
∑

j=0

E
{

A
(2)
j

n
∏

i=j+1

(1 −A
(2)
i )Fj +B

(2)
j

n
∏

i=j+1

(1 −A
(2)
i )Ej

+A
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )Ej

}{

A(2)
m

n
∏

i=m+1

(1 −A
(2)
i )Fm

+B(2)
m

n
∏

i=m+1

(1 −A
(2)
i )Em +A(2)

m

n
∑

k=m+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )Em

}

.

For S1, we see that by (8) and (15),
S1 = 2c2

n
∑

j=0

1

n+ 1
+ 2c2

n
∑

j=1

1

n+ 1
+ 2c2

n
∑

j=0

1

j + 1

n
∑

k=j+1

1

n+ 1
,

as E
∏n

i=j+1(1 −A
(2)
i ) =

∏n
i=j+1

i
i+1 = j+1

n+1 . Hen
e by (4),
S1 = 2c2

(

H
(1)
n+1 +

n

n+ 1

)

.Now for S2, multiplying the expressions in bra
kets and using the property(17) EA
(2)
i B

(2)
i = 0 and EA

(2)
i (1 −A

(2)
i ) = 0,we see that

S2 = 2
n

∑

m=1

m−1
∑

j=0

{

EA
(2)
j B(2)

m

n
∏

i=j+1

(1 −A
(2)
i )FjEm

+ EB
(2)
j B(2)

m

n
∏

i=j+1

(1 −A
(2)
i )EjEm

}

+ 2
n

∑

m=1

m−1
∑

j=0

EA
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )EjA

(2)
m

n
∏

i=m+1

(1 −A
(2)
i )Fm

+ 2
n

∑

m=1

m−1
∑

j=0

EA
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )EjB

(2)
m

n
∏

i=m+1

(1 −A
(2)
i )Em

+ 2
n

∑

m=1

m−1
∑

j=0

EA
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )EjA

(2)
m

n
∑

k=m+1

A
(2)
k

·
n

∏

i=k+1

(1 −A
(2)
i )Em =: 2s21 + 2s22 + 2s23 + 2s24,

say. For s21, by (8) and (15) we see that
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s21 =

n
∑

m=1

m−1
∑

j=0

{

EA
(2)
j B(2)

m

n
∏

i=j+1

(1 −A
(2)
i )FjEm

+ EB
(2)
j B(2)

m

n
∏

i=j+1

(1 −A
(2)
i )EjEm

}

= c2
n

∑

m=1

m−1
∑

j=0

1

(n+ 1)m
+ c2

n
∑

m=2

m−1
∑

j=1

1

(n+ 1)mand then using (4) we get
s21 = c2

(

2n

n+ 1
−
H

(1)
n+1

n+ 1
+

1

(n+ 1)2

)

.For s22, after 
hanging the order of summation, by (8) and (15) we get
s22 =

n−1
∑

j=0

n
∑

m=j+1

EA
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )EjA

(2)
m

n
∏

i=m+1

(1 −A
(2)
i )Fm

=
n−1
∑

j=0

EA
(2)
j

n
∑

k=j+1

(A
(2)
k )2

n
∏

i=k+1

(1 −A
(2)
i )EjFm

= c2
n−1
∑

j=0

1

j + 1

n
∑

k=j+1

1

n+ 1
= c2(H

(1)
n+1 − 1).

Sin
e E(1 −A
(2)
i )2 = E(1 −A

(2)
i ) = i

i+1 we have
s23 =

n
∑

m=1

m−1
∑

j=0

EA
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )EjB

(2)
m

n
∏

i=m+1

(1 −A
(2)
i )Em

= c2
n

∑

m=1

m−1
∑

j=0

EA
(2)
j

m−1
∑

k=j+1

EA
(2)
k EB(2)

m

n
∏

i=k+1

E(1 −A
(2)
i )

= c2
n

∑

m=1

m−1
∑

j=0

m− (j + 1)

(n+ 1)(j + 1)m
= c2

(

1

n+ 1

n
∑

m=1

H(1)
m − n

n+ 1

)

,

and
s24 =

n
∑

m=1

m−1
∑

j=0

EA
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )EjA

(2)
m

·
n

∑

k=m+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )Em
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= c2

n
∑

m=1

m−1
∑

j=0

1

j + 1
EA(2)

m

n
∑

k=m+1

E(A
(2)
k )2

n
∏

i=k+1

E(1 −A
(2)
i )2

= c2
n

∑

m=1

m−1
∑

j=0

1

(j + 1)(m+ 1)
− c2

n+ 1

n
∑

m=0

H(1)
m ,

whi
h by the identity
(18) n−1

∑

k=1

n
∑

j=k+1

1

kj
=

1

2
(H(1)

n )2 − 1

2
H(2)

n

(
f. [4℄) gives
s24 = c2

(

1

2
(H

(1)
n+1)

2 − 1

2
H

(2)
n+1 −

1

n+ 1

n
∑

m=1

H(1)
m

)

.

Hen
e
S2 = c2

(

(H
(1)
n+1)

2 + 2H
(1)
n+1 −

2

n+ 1
− 2

n+ 1
H

(1)
n+1 +

2

(n+ 1)2
−H

(2)
n+1

)

,whi
h gives
EZ2

2,n+1 = c2
(

(H
(1)
n+1)

2 + 4H
(1)
n+1 + 2

n2

(n+ 1)2
− 2

n+ 1
H

(1)
n+1 −H

(2)
n+1

)

and
σ2Z2,n+1 = c2

(

2H
(1)
n+1 −H

(2)
n+1 +

n2

(n+ 1)2

)

,and by (2) and (5) proves (13).Similarly for
EZ1,n+1Z2,n+1 = E

n
∑

j=0

n
∑

m=0

A(2)
m Em

{

A
(2)
j

n
∏

i=j+1

(1 −A
(2)
i )Fj

+B
(2)
j

n
∏

i=j+1

(1 −A
(2)
i )Ej +A

(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )Ej

}

,

using the equality
n

∑

j=0

n
∑

m=0

ajam =
n

∑

j=1

j−1
∑

m=0

ajam +
n

∑

j=0

a2
j +

n−1
∑

j=0

n
∑

m=j+1

ajam,

and property (17) we get
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EZ1,n+1Z2,n+1 =

n
∑

j=1

j−1
∑

m=0

EA(2)
m (A

(2)
j +B

(2)
j )

n
∏

i=j+1

(1 −A
(2)
i )EEmEFj

+
n

∑

j=0

E(A
(2)
j )2

n
∏

i=j+1

(1 −A
(2)
i )EEjFj

+
n

∑

j=1

j−1
∑

m=0

EA(2)
m A

(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=j+1

(1 −A
(2)
i )EEmEEj

+

n
∑

j=0

EA
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=j+1

(1 −A
(2)
i )EE2

j

+
n

∑

j=0

n
∑

m=j+1

EA
(2)
j (A(2)

m )2
n

∏

i=m+1

(1 −A
(2)
i )EEjEEm

+
n

∑

j=0

n
∑

m=j+1

EA
(2)
j A(2)

m

n
∑

k=m+1

A
(2)
k

n
∏

i=j+1

(1 −A
(2)
i )EEjEEm.

Hen
e by (8), (15) and (16) we obtain
EZ1,n+1Z2,n+1 = 2c2

n
∑

j=1

j−1
∑

m=0

1

(m+ 1)(n+ 1)
+

(

2 − π2

6

)

c2

+ c2
n

∑

j=1

j−1
∑

m=0

1

(m+ 1)(j + 1)

n
∑

k=j+1

1

n+ 1
+ c2

n−1
∑

j=0

n
∑

m=j+1

1

(j + 1)(n+ 1)

+ 2c2
n

∑

j=0

1

j + 1

n
∑

k=j+1

1

n+ 1
+ c2

n−1
∑

j=0

n
∑

m=j+1

1

(j + 1)(m+ 1)

n
∑

k=m+1

1

n+ 1

= c2(3H
(1)
n+1 − 1 − π2

6
+ (H

(1)
n+1)

2 −H
(2)
n+1),upon using (18) and the identity

n
∑

j=1

H
(1)
j = (n+ 1)H

(1)
n+1 − (n+ 1)

(
f. [4℄). Therefore,
Cov(Z1,n+1, Z2,n+1) = c2

(

2n+ 3

n+ 1
H

(1)
n+1 −H

(2)
n+1 − 1 − π2

6

)

,whi
h by (2) and (5) proves (14).



Random split of the segment 253Remark 1. By (6) and (7) we get
EZ2,n ∼ log2 n, σ2Z2,n ∼ 2c log2 n, ̺n → 1, n→ ∞.Now we investigate the asymptoti
 behaviour of the distribution of Z2,n.Lemma 1. Under the assumptions of random 
hoi
e and uniform split ,

Z2,n − Z1,n
√

log2 n

P−→ 0, n→ ∞,

where P−→ denotes 
onvergen
e in probability.Proof. By Chebyshev's inequality and Proposition 2 we have
P

(
∣

∣

∣

∣

Z2,n − Z1,n
√

log2 n

∣

∣

∣

∣

≥ ε

)

≤ σ2Z1,n + σ2Z2,n − 2Cov(Z1,n, Z2,n)

ε2 log2 n

=
c2ε−2

(

3 + π2

3 − 2n+1
(n+1)2

− 2
n+1H

(1)
n+1

)

log2 n
→ 0, n→ ∞.Theorem 1. Under the assumptions of random 
hoi
e and uniform split ,the random variable Z2,n is asymptoti
ally normal with expe
ted value log2 nand varian
e 2

log 2 log2 n.Proof. Note that
Z2,n − log2 n
√

2c log2 n
=
Z2,n − Z1,n
√

2c log2 n
+
Z1,n − log2 n
√

2c log2 n
.Sin
e

Z1,n − log2 n
√

2c log2 n
→ Z ∼ N(0, 1), n→ ∞,the assertion follows from Lemma 1 and the Slu
ki theorem (
f. [1℄).To prove the next theorem we use Etemadi's method.Theorem 2. Under the assumptions of random 
hoi
e and uniform split ,

Z1,n

log2 n

a.s.−−→ 1 and Z2,n

logn

a.s.−−→ 1, n→ ∞.

Proof. Note that E
Z1,n

log2 n
→ 1, n → ∞. Now let ε > 0. By Chebyshev'sinequality we have

P

(∣

∣

∣

∣

Z1,n

log2 n
− EZ1,n

log2 n

∣

∣

∣

∣

≥ ε

)

≤ σ2Z1,n

ε2 log2
2 n

≤ 2c

ε2 log2 n
,
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h gives the rate of 
onvergen
e in probability. We prove the almost sure
onvergen
e using Etemadi's method (
f. [2℄). Let α > 1 and mn = ⌈αn2⌉for n ≥ 1, where ⌈x⌉ is the smallest integer greater than or equal to x (thenotation from [4℄), i.e. ⌈x⌉ denotes the 
eiling fun
tion of x. In what follows,
C denotes a �nite positive 
onstant that 
an vary from step to step. Then

∞
∑

n=1

P

[∣

∣

∣

∣

Z1,mn

log2mn
− EZ1,mn

log2mn

∣

∣

∣

∣

≥ ε

]

≤ C
∞
∑

n=1

1

logmn
≤ C

∞
∑

n=1

1

n2
<∞.The Borel�Cantelli lemma implies that

Z1,mn

log2mn

a.s.−−→ 1, n→ ∞.Let p(n) be su
h that mp(n) ≤ n < mp(n)+1 for n ≥ 1. Sin
e the sequen
e
(Z1,n) is nonde
reasing we have

lim inf
n→∞

Z1,n

log2 n
≥ lim inf

n→∞

Z1,mpn

log2mp(n)

log2mp(n)

log2mp(n)+1

≥ lim
n→∞

Z1,mpn

log2mp(n)

(

p(n)

p(n) + 1

)2

= 1.Similarly, we get an analogous relation for the upper limit:
lim sup

n→∞

Z1,n

log2 n
≤ lim sup

n→∞

Z1,mpn+1

log2mp(n)+1

log2mp(n)+1

log2mp(n)

≤ lim
n→∞

Z1,mp(n)+1

log2mp(n)+1

(

p(n) + 1

p(n)

)2

= 1.Thus Z1,n/log2 n → 1 almost surely. The proof of the statement for Z2,n issimilar.4. Random 
hoi
e, splitting in half. Suppose that A(2)
n , B(1)

n and
B

(2)
n satisfy the assumptions of the previous se
tion. Referring to (2) and(3), the following re
ursive formulae hold:

D1,1 =
1

2
, D1,n+1 =

{

D1,n if J (1)
n = 0,

D1,nRn if J (1)
n = 1,and

D1,n+1 =
n

∏

j=0

(

1

2

)B
(1)
j

, Z1,n+1 =
n

∑

j=0

B
(1)
j (
f. [6℄).

We are interested in D2,n+1, for whi
h the following re
ursive formula holdsfor n ≥ 1:
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D1,1 =

1

2
, D2,1 =

1

2
, D2,n+1 =











1
2D1,n if J (2)

n = 2,
1
2D2,n if J (2)

n = 1,

D2,n if J (2)
n = 0.Hen
e by (9) we have

D2,1 =
1

2
, D2,n+1 =

(

1

2

)A
(2)
n

DA
(2)
n

1,n

(

1

2

)B
(2)
n

D1−A
(2)
n

2,n ,

Z2,1 = 1, Z2,n+1 = A(2)
n +A(2)

n Z1,n +B(2)
n + (1 −A(2)

n )Z2,n,and
D2,n+1 =

n
∏

j=0

(

1

2

)A
(2)
j

∏n
i=j+1(1−A

(2)
i )

·
(

1

2

)B
(2)
j

∏n
i=j+1(1−A

(2)
i )+B

(1)
j

∑n
k=j+1 A

(2)
k

∏n
i=k+1(1−A

(2)
i )

,

Z2,n+1 =
n

∑

j=0

(

A
(2)
j

n
∏

i=j+1

(1 −A
(2)
i ) +B

(2)
j

n
∏

i=j+1

(1 −A
(2)
i )

+A
(2)
j

n
∑

k=j+1

A
(2)
k

n
∏

i=k+1

(1 −A
(2)
i )

)

, n ≥ 1,

where A(2)
0 = 1 and B(2)

0 = 0.In general, 
onsidering Di,n, 1 ≤ i ≤ n+ 1, we getProposition 3. Under the assumptions of random 
hoi
e and splittinginto halves, the following re
ursive formulae hold for n ≥ i− 1:
D1,1 =

1

2
, D2,1 =

1

2
, Di,n+1 =



















Di−1,n if J (i)
n = 3,

1
2Di−1,n if J (i)

n = 2,
1
2Di,n if J (i)

n = 1,

Di,n if J (i)
n = 0.The probability generating fun
tion of Z1,n+1 is given by

gZ1,n+1(s) = EsZ1,n+1 =

n
∏

j=0

(

s

j + 1
+

j

j + 1

)

=
(s)n+1

(n+ 1)!
.

Note that
log gZ1,n+1(s) =

n
∑

j=0

log(s+ j) − log(n+ 1)!,



256 M. Bieniek and D. Szynaland di�erentiating both sides we have
g′Z1,n+1

(s) =
(s)n+1

(n+ 1)!

n
∑

j=0

1

s+ j
,

g′′Z1,n+1
(s) =

(n+ 1)!

(s)n+1
g′Z1,n+1

(s) +
(s)n+1

(n+ 1)!

n
∑

j=0

1

(s+ j)2
.

Taking into a

ount that EZ1,n+1 = g′Z1,n+1
(1) and EZ1,n+1(Z1,n+1 − 1) =

g′′Z1,n+1
(1) we 
an easily get the formulae for the expe
tation and varian
e of

Z1,n+1 given below in Proposition 6.From the above probability generating fun
tion using the identity (x)n =
∑n

j=0 c(n, j)x
j (
f. [4℄), where c(n, j) are the unsigned Stirling numbers ofthe �rst kind, we getProposition 4. The rth moment of Z1,n+1 is given by

EZr
1,n+1 =

1

(n+ 1)!

n+1
∑

j=1

c(n+ 1, j)jr.

Let pn(j) = P (Z1,n = j). Kopo
i«ski [6℄ showed that
pn+1(j) = pn(j)

n

n+ 1
+ pn(j − 1)

1

n+ 1
.Hen
e one 
an proveProposition 5. Under the assumptions of random 
hoi
e and splittingin half , the moments of Z1,n satisfy the following re
urren
e relation:

EZr
1,n+1 = EZr

1,n +
1

n+ 1

r−1
∑

i=0

(

r

i

)

EZi
1,n.As in the proof of Proposition 2, one 
an showProposition 6. Under the assumptions of random 
hoi
e and splittingin half , the expe
tation and varian
e of Z1,n+1 are given by

EZ1,n+1 = ψ(n+ 2) + γ,

σ2Z1,n+1 = ψ(n+ 2) + ψ′(n+ 2) + γ − π2

6
(
f. [6℄).The expe
tation and varian
e of Z2,n+1 are given by

EZ2,n+1 = ψ(n+ 2) + γ +
n

n+ 1
,

σ2Z2,n+1 = ψ(n+ 2) + ψ′(n+ 2) − n

(n+ 1)2
+ γ − π2

6
.
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ovarian
e of the random variables Z1,n+1 and Z2,n+1 has the form
Cov(Z1,n+1, Z2,n+1) =

n+ 2

n+ 1
ψ(n+ 2) + ψ′(n+ 2) +

n+ 2

n+ 1
γ − π2

6
− 1.The 
orrelation 
oe�
ient of Z1,n+1 and Z2,n+1 is given by

̺n =
H

(1)
n+1 + 1

n+1H
(1)
n+1 −H

(2)
n+1 − 1

√

(H
(1)
n+1 −H

(2)
n+1)

(

H
(1)
n+1 −H

(2)
n+1 − n

(n+1)2

)

.

Proof. The steps of the proof are the same as in the proof of Propo-sition 2. It is enough to repla
e Ej and Fj by 1, and then make similar
al
ulations. We drop them here. Finally, we get
EZ2,n+1 = H

(1)
n+1 +

n

n+ 1
, σ2Z2,n+1 = H

(1)
n+1 −H

(2)
n+1 −

n

(n+ 1)2
,and

Cov(Z1,n+1, Z2,n+1) =
n+ 2

n+ 1
H

(1)
n+1 −H

(2)
n+1 − 1,whi
h by (2) and (5) gives the required assertions.Remark 2.

EZ2,n ∼ logn, σ2Z2,n ∼ logn, ̺n → 1, n→ ∞.Now we investigate the limit behaviour of Z1,n and Z2,n.Lemma 2. Under the assumptions of random 
hoi
e and splitting in half ,
Z2,n − Z1,n√

logn

P−→ 0, n→ ∞.The next two theorems 
orrespond to Theorems 1 and 2, and the proofsare similar.Theorem 3. Under the assumptions of random 
hoi
e and splitting inhalf , the random variable Z2,n is asymptoti
ally normal with expe
ted value
logn and varian
e logn.Theorem 4. Under the assumptions of random 
hoi
e and splitting inhalf ,

Z1,n

logn

a.s.−−→ 1 and Z2,n

logn

a.s.−−→ 1, n→ ∞.

5. Proportional 
hoi
e, splitting in half. We give re
urren
e rela-tions for the probability distribution of Di,n, 1 ≤ i ≤ n+1, and also re
ursiveformulae for the moments of Di,n and Ti,n. As a spe
ial 
ase we 
an obtainthe results for D1,n presented by Kopo
i«ski [6℄ and also for D2,n.De�ne p(i)
n (j) = P (Di,n = 1/2j) for �xed i, 1 ≤ i ≤ n+ 1. Let
S0,n = 0, Sm,n = Sm−1,n +Dm,n, 1 ≤ m ≤ n+ 1.



258 M. Bieniek and D. SzynalProposition 7. Under the assumptions of proportional 
hoi
e and split-ting in half , the random variable Di,n and its probability distribution p(i)
n (j) =

P (Di,n = 1/2j), 1 ≤ j ≤ n, satisfy the following re
ursive formulae for
n ≥ i− 1:
D1,1 =

1

2
, D2,1 =

1

2
, Di,n+1 =



















Di−1,n if Rn < Si−2,m,
1
2Di−1,n if Si−2,n ≤ Rn < Si−1,n,
1
2Di,n if Si−1,n ≤ Rn < Si,n,

Di,n if Rn ≥ Si,n,and
p
(i)
n+1(j) = p(i−1)

n (j)ESi−2,n +
p
(i−1)
n (j − 1)

2j−1
+
p
(i)
n (j − 1)

2j−1

+ p(i)
n (j)

(

1 − 1

2j
− ESi−1,n

)

.Proof. Using the re
ursive formula for Di,n+1 we have
p
(i)
n+1(j) = p(i−1)

n (j)P (Rn < Si−2,m)

+ p(i−1)
n (j − 1)P

(

Si−2,m < Rn < Si−2,n +
1

2j−1

)

+ p(i)
n (j − 1)

· P
(

Si−1,m < Rn < Si−1,n +
1

2j−1

)

+ p(i)
n (j)P

(

Rn > Si−1,n +
1

2j

)

.Sin
e Rn is uniformly distributed on (0, 1) we see that
P

(

Si−1,m < Rn < Si−1,n +
1

2j−1

)

=
1

2j−1and P (Rn < Si−2,m) = ESi−2,m, whi
h ends the proof.Corollary 1. The random variable D1,n and its probability distribution
p
(1)
n (j) = P (D1,n = 1/2j), 1 ≤ j ≤ n, satisfy the following re
ursive formulaefor n ≥ 1:

D1,1 =
1

2
, D1,n+1 =

{ 1
2D1,n if Rn < D1,n,

D1,n if Rn ≥ D1,n,and
p
(1)
1 (1) = 1, p

(1)
n+1(j) = p(1)

n (j − 1)
1

2j−1
+ p(1)

n (j)

(

1 − 1

2j

)

.The random variable D2,n and its probability distribution
p(2)

n (j) = P (D2,n = 1/2j), 1 ≤ j ≤ n,
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ursive formulae for n ≥ 1:
D1,1 =

1

2
, D2,1 =

1

2
, D2,n+1 =











1
2D1,n if Rn < D1,n,
1
2D2,n if D1,n ≤ Rn < D1,n +D2,n,

D2,n if Rn ≥ D1,n +D2,n,and p(1)
1 (1) = 1,

p
(2)
n+1(j) = p(1)

n (j − 1)
1

2j−1
+ p(2)

n (j − 1)
1

2j−1
+ p(2)

n (j)

(

1 − 1

2j
− ED1,n

)

.Proposition 8. Under the assumptions of proportional 
hoi
e and split-ting in half , the moments of Di,n and Ti,n, 1 ≤ i ≤ n+1, satisfy the followingre
urren
e relations for r ≥ 1:
EDr

i,n+1 = EDr+1
i−1,nESi−2,n +

1

2r
EDr+1

i−1,n + (1 − ESi−1,n)EDr
i,n

+

(

1

2r
− 1

)

EDr+1
i,n ,and

ET r
i,n+1 = ET r

i−1,nESi−2,n +2rET r−1
i−1,n +(1−ESi−1,n)ET r

i,n +(2r − 1) ET r−1
i,n .Corollary 2. The moments of D1,n and T1,n satisfy the following re-
urren
e relations:

EDr
1,n+1 = EDr

1,n +

(

1

2r
− 1

)

EDr+1
1,n ,

ET r
1,n+1 = ET r

1,n + (2r − 1)ET r−1
1,n , r ≥ 1,

ED1,1 =
1

2
, ED1,n+1 = ED1,n − 1

2
ED2

1,n, ET1,n = n+ 1.The moments of D2,n and T2,n satisfy the following re
urren
e relations:
EDr

2,n+1 =
1

2r
EDr+1

1,n + (1 − ED1,n)EDr
2,n +

(

1

2r
− 1

)

EDr+1
2,n ,

ET r
2,n+1 = 2rEDr−1

1,n + (1 − ED1,n)ET r
2,n + (2r − 1)ET r−1

2,n , r ≥ 1,

ED2,1 =
1

2
, ED2,n+1 =

1

2
ED2

1,n + (1 − ED1,n)ED2,n − 1

2
ED2

2,n,

ED2,n+1 =
1

2

(

n
∏

j=1

(1 − ED1,j)

+
n

∑

j=1

n
∏

k=n+2−j

(1 − ED1,k)(ED
2
1,n+1−j − ED2

2,n+1−j)
)

,
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ET2,n+1 = 3 + (1 − ED1,n)ET2,n,

ET2,n+1 = 3
n

∑

j=1

n
∏

k=n+2−j

(1 − ED1,k) + 2
n

∏

j=1

(1 − ED1,j),

ET 2
2,n+1 =

3

2
n2 +

11

2
n+ 5 + (1 − ED1,n)ET 2

2,n + 3ET2,n,

σ2T2,n+1 =
3

2
n2 +

11

2
n− 4 + (1 − ED1,n)σ2T2,n + 3(2ED1,n − 1)ET2,n

+ ED1,n(1 − ED1,n)(ET2,n)2.The next propositions 
an be proved using Jensen's inequality.Proposition 9. Under the assumptions of proportional 
hoi
e and split-ting in half , the moments of Di,n and Ti,n, 1 ≤ i ≤ n+ 1, satisfy
EDr

i,n ≥ (ET r
i,n)−1, r ≥ 1.Proposition 10. Under the assumptions of proportional 
hoi
e andsplitting in half , the moments of Zi,n, 1 ≤ i ≤ n+ 1, satisfy

EZ2
i,n ≤ log2

2(ETi,n + 1),

E(cr + Zi,n)r ≤ (cr + log2(ETi,n))r, r ≥ 1,where cr = (r − 1) log2 e− 1.Corollary 3 ([6℄). The moments of Z1,n satisfy
EZ2

1,n ≤ log2
2(n+ 2),

E(cr + Z1,n)r ≤ (cr + log2(n+ 1))r, r ≥ 1.Remark 3. Let Ui,n = Ti,n/ETi,n, 1 ≤ i ≤ n + 1. Then under the as-sumptions of proportional 
hoi
e and splitting in half, the support of therandom variable Zi,n, 1 ≤ i ≤ n+ 1, is {1, . . . , n} and Zi,n has the represen-tation
Zi,n − log2 (ETi,n) = log2 Ui,n, a.s.,whi
h implies that Ui,n is not a degenerate random variable.A
knowledgements. The authors are grateful to Professor B. Kopo
i«-ski for many useful 
omments and suggestions whi
h helped to improve thepaper.
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