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On the growth of an algebroid function with radially
distributed values

by NAN WU and JiAN HuA ZHENG (Beijing)

Abstract. We investigate how the growth of an algebroid function could be affected
by the distribution of the arguments of its a-points in the complex plane. We give estimates
of the growth order of an algebroid function with radially distributed values, which are
counterparts of results for meromorphic functions with radially distributed values.

1. Introduction and the results. We assume that the reader is fa-
miliar with the fundamental results and standard notations of Nevanlinna
theory in the unit disk A = {2z : |z| < 1} and in the complex plane C (see
[0, 10, 14, 22]). A value on the extended complex plane C=cCu {o0} is
called a radially distributed value of a transcendental meromorphic function
if most of the points at which the value is assumed distribute closely along a
finite number of rays from the origin. The growth of meromorphic functions
with radially distributed values has been thoroughly studied (see [1], [3], [4],
[12, 3], [17, (18, 19] and [20, 21, 22]).

However, similar results concerning algebroid functions are rather few.
This motivated us to investigate this case. Indeed in [23], we suggested that
some aspects of algebroid functions are worthy of consideration, the first
one being:

PROBLEM. How does an algebroid function grow when some restriction
is imposed on arguments of certain a-points?

The purpose of this paper is to discuss this problem. Before stating our
results, we give some notations and definitions. Let f = f(z) be the v-valued
algebroid function determined by an irreducible equation

(1.1) F(z,w) == Ag(2)w” + A1 (2)w” ™ -+ A,(2) =0,

where A, (2), ..., Ag(z) are entire functions, at least one of which is transcen-
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dental, without any common zeros. Let A= (Agy...,A,)),0=(1,0,...,0).

For any a € C, put @ = (a”,a”~1,...,1). Then we set

1A = (JAof® + A1+ + |4, %)/,
| = { (a2 + [al*=2 + -+ [a]? + 1)'/2, a# oc,
1, a = Q.
Since F(z,w) is irreducible, one can have F(z,a) = A(z) - @ # 0, where
F(z,00) = Ag(2). Set log™ 2z = max{0,log x} and define
27 T —
)= 18 + IACre)] Nl
27 |F(rei? a)|

N(r,d,A) = N(r, 0,F(z,a))
_ § n(t,0, F(z,a)) —n(0,0, F(z,a))
0

Ql

m(r, de,

dt +n(0,0, F(z,a))logr,

t
T(r,a, A) = m(r,@, A) + N(r,a, A),

where n(t, 0, F'(z, a)) is the number of roots of the equation F(z,a) = 0 in the

disk {|z| < t}, counting multiplicities. More generally, n(¢,a, f(z)) denotes

the number of roots of f(z) = a in {|z| < ¢}, counting multiplicities.
Following G. Valiron, we define the characteristic function of f(z) as

2
1
T(r, f = S log Jnax. ]A (rei?)| do.
0
]

By using Valiron’s result (cf. [16]), we get a relation between T'(r, f) and
T(r,d,A):
’T(Tv 67 E) - VT(Tv f)| = O(l)

The counting function of a-points of f (z) is defined as

N(r,a,f) = =N(r,0,F(z,a)).

Put
, N(r,a, f) . N(r,0, F(z,a))
0(a, f) =1—limsup ———= =1 —limsu —_,.
( f) r—)oop T("”, f) r—>oop ( (_1' )
The value a is called a Nevanlinna deficient value of f if §(a, f) > 0. The
order and lower order of f(z) are defined as
logT logT
A(f) := limsup log T'(r, f) f), p(f) :=liminf log T(r. /) f)
r—00 logr r—00 logr

Given an angular domain X = {z:a < argz < 8} (0 < f—a < 2m), define



Growth of an algebroid function 67

the counting function of a-points of f(z) in X as

Len(t, X, f=a)
Nr,X,f=a)=—-\—7F"T"—
(r X, f=a)=- § ;
where n(t, X, f = a) is the number of roots of f(z) =a in X N{z: |z| < t},
counting multiplicities.
For algebroid functions, Niino [8] obtained the following theorem.

dt,

THEOREM A ([8]). Let f(z) be a v-valued algebroid function of lower

order p satisfying 1 < p < oo in C and with 6(a, f) > 0 for some a € C.
Let §2 be an angular domain defined by

2 o
Q:{z:\argz—9]<7r—arcsin\/;—i—n}, 0<6<2m,
,u

where n > 0 is a small real number. Suppose that the solutions in {2 of
f(2) = a are finite in number. Then the equation f(z) = ¢ has an infinite
number of solutions in (2 except for at most 2v — 1 values of ¢ # a.

We consider ¢ pairs of real numbers {«a;, 3;} such that

(1.2) —m<ap<fi<aa<B<--<a<pfg<m,

and define w = maxi<;<q {ﬁ} We will establish the following results.

THEOREM 1.1. Let f(z) be the v-valued algebroid function of finite lower
order p < oo in C determined by (L.1) and with § = é(a, f) > 0 for some
a € C. If for q pairs of real numbers {c, i} satisfying (1.2]) and 2v distinct

complex values a; # a (i =1,...,2v), we have
2v
Zn(r, Y, f=a;) =o(T(dr,f)),
(1.3) i=1 ( )
. (T f
n(r,Y, f=a)= O<10g7“> (d=1),

for Y =Uj_{z: aj <argz < B;} and
! 4 5
(1.4) Z(O{i+1 —Bi) < E arcsin \/; Qg1 = 2T + aq,
i=1
where f = max{w, pu}, then A(f) < w.

THEOREM 1.2. Let f(z) and a be as in Theorem [L.1] If for q pairs of
real numbers {ay, B;} satisfying (1.2) and 2v distinct complex values a; # a
(i=1,...,2v), we have

2
(15) hm sup 10g+(2ii1 n(r7 }/’ f = ai) + n(rv Y? f = a’))
r—00 log r

<p
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forY = U?‘:1{Z tay < argz < B} and (1.4) for f = max{w, p, u}, then
A(f) < max{w, p}.

From Theorem we have the following corollary which improves The-
orem A.

COROLLARY 1.3. Let f(2) be the v-valued algebroid function of lower or-
der p satisfying 0 < p < 0o in C determined by (1.1) and with 6 = 6(a, f) >

0 for some a € C. If for any angular domain X = {z:a<argz < (B}
(0 < B —« < 2m) satisfying

4 0
B8—a> max{ﬁ,27r — arcsin\/>},
1 7 2

_ v _ (T(dr )
n(r,X,f—a) _0<10g7">’

we have

then there exists a ray argz = 0 € («a, ) such that for any small e > 0, and

any 2v distinct complex values a; #a (i =1,...,2v),

: S n(r, Z:(0), f = ai)
1.6 lim su = >0,
0 roco T(dr, )

where Z.(0) ={z:0 —e <argz <0 +c¢c} andd > 1.

REMARK. Let us show that Theorem A follows from Corollary We
take into account the amplitude of the angular domain {2 in Theorem A.
Since

4 4]
27r—arcsin\/7+2n227r_7r+27727r+2n,
% 2 % @

by noting ¢ > 1 in Theorem A, the amplitude of {2 is greater than

{7‘( 4 ) \/g}
max q —, 27 — — arcsin{/ = ;.
% % 2

Since f(z) in Corollary is an algebroid function and not an algebraic
function, we have
T(r, f)
log r

— 00 as r — oQ.

If the equation f(z) = a has finite roots in X, then we must have

T
n(r,X,f=a)= 0<(r’f)>.
log r
Therefore, in terms of Corollary 2 contains a ray argz = ¢ such
that (1.6 holds. We obtain immediately the result of Theorem A.
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2. Some lemmas. First we need some auxiliary results for the proof
of the theorems. The following result can be found in [22] for meromorphic
functions.

LEMMA 2.1 ([22]). Let f(z) be an algebroid function in C of finite lower
order 0 < p < 0o and order 0 < A < oo. Then for any finite and positive
number B satisfying u < S < X and a set E of finite logarithmic measure,
i.e., SE t=1dt < oo, there ewists a sequence {r,} of positive numbers such
that

(1) 7, ¢ E and lim In _ 00;

n—oo n
log T (7,
(2) Timinf 22T S) o 4
n—00 log 7y,

(3) T(t, f) < (1 +o(1)(2t/r)PT(rn/2, f) for t € [rn/n,nry);

(4) T(t, f)/tPen < 28T (ry, ) /18750 for 1 < t < nry, where e, =
[log n] 2.

Since the characteristic function T'(r, f) of an algebroid function f(z) is
also a non-decreasing, positive and continuous function defined in (0, 00), one
can derive Lemma [2.1| directly from [22]. A sequence {r,} satisfying (1)—(4)
of Lemma [2.1]is called a sequence of Pdlya peaks of order 8 outside E. Given
a positive function A(r) satisfying lim, o, A(r) = 0, for r > 0 and a € C,
define -

A(re a
Ex(r,a) = {9 :log™ W > A(r)T(r, f)}

By meas(E) we denote the Lebesgue measure of the set E. The follow-

ing result is a comprehensive version of the main result of Krytov [7] and
Yang [16].

LEMMA 2.2 ([7, [16]). Let f(z) be a v-valued algebroid function in C of
finite lower order p and order 0 < X\ < oo with 6 = d(a, f) > 0 for some
a € C. Then for any sequence {r,} of Pdlya peaks of order 5 > 0 where
u < B <A, and for any positive function A(r) with A(r) — 0 as r — oo,

4 )
(2.1) lim inf meas(FEA(ry,,a)) > min {27r, — arcsin \/>}
n—00 ﬁ 2
Lemma is called the spread relation of algebroid functions; it was
proved in [7], [16] for Pélya peaks of order u. By the same argument, one can
derive Lemma for Pélya peaks of order  (u < 5 < A).

LEMMA 2.3. Let f(z) be the v-valued algebroid function determined
by (1.1) in the complex plane. Assume that uw = u(z) is a conformal mapping
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from the angular domain X = {z: a < argz < B} (0 < f—a < 27) onto
the unit disk. Let z(u) be the inverse mapping of u(z). Then f(z(u)) is a
v-valued algebroid function defined in the unit disk.

Proof. Tt is obvious that f(z(u)) is a v-valued algebroid function deter-
mined by the equation

F(z(u),w):= Ao(z(u))w”—l—Al(z(u))w”_l—i—- —+ A, 1 (z(uw)wtAy(2(u)) =0.

The fact that A;(z) (i=1,...,v) are entire functions implies that the compo-
site functions Ag(z(u)), ..., A, (z(u)) are also analytic. As Ag(2),...,A,(2)
have no common zeros, also Ag(z(u)),...,A,(z(u)) have no common ze-
ros, because if u = wp is a common zero, then z(up) is a common zero
of Ag(z),...,A,(z). Since F(z,w) is irreducible, so is F(z(u),w) because
if
F(Z(U),U)) - Fl(u,w)Fg(u,w),
then
F(z,w) = Fi(u(z), w) Fa(u(z), w),

which is a contradiction. Hence, the proof is complete.

LEMMA 2.4 ([I7]). The transformation
 (zei00)m/(B=a)
(2.2) C(Z) - (Ze,igo)ﬂ-/(/g,a) +1

maps the angular domain X = {z : o < argz < B} (0 < f—a < 2m)
conformally onto the unit disk {C : |¢| < 1} in the C-plane, and maps z = €%
to ( = 0. The image of Xc(r) ={z:1 < |z] <r,a+e <argz < f —¢}
(0 < e < (B—a)/2) in the C-plane is contained in the disk {C : |C| < h},
where

(6o = (a+5)/2)

€
—1_ —7/(B—a)
h 5—04T

On the other hand, the inverse image of the disk {¢ : || < h} (h < 1) in
the z-plane is contained in X N{z: |z| < r}, where

o N\ (B-0)/r
()"

Moreover, for |(| < h, we have

_ _ 1\ B—a)/m _ 1+(8—a) /=
(23 P “(M) <7< ? “(2> ,

T 2 T 1—h
where z(C) is the inverse of the transformation (2.2).
The proof of Lemma [2.4] can be found in [I7].
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LeMMA 2.5 ([6, 9]). Suppose that f(z) is a v-valued algebroid function
defined in the unit disk, and a; € C (i = 1,...,q) are q¢ (> 2v) distinct
complex values. Then

q

(q—20)T(r, f) <> N(r,a;, f) + O(log(1 — r) ™' +log T(r, f))

1=1
for all r possibly outside a set F C (0,1) with {,dr/(1—r) < cc.

Lemma is called the second fundamental theorem for algebroid func-
tions in the unit disk; its proof can be found in [6], 9].

Now, we use by the Poisson—Jensen formula for meromorphic functions

+ IIII‘\(Z)H llall

in order to estimate the logarithmic module log F(2.a)]

LEMMA 2.6. Let f(§) be the v-valued algebroid function determined
by (1.1) in the unit disk. Then, for any z = re'® such that 0 <r < R < 1,
we have

R+r -

IF( a)l

M
2R
+ Z log E—
t=1

where by, ..., by are all the roots of f(§) = a in |§| < R appearing according
to their multiplicities and M = n(R, a, f).

Proof. We will prove that (2.4]) holds for every point z. For any z = re®,

0 <r < R <1, there exists an integer 0 < k = k, < v such that
max |A;(z)] = [Ax(2)]-

0<i<
Then
log+ ALl 1A llall _ log* + ()24 ()] ]
[F(z,a)] |F(z,a)|
Ar(2)] lla]]
<logt(r+1 1/2—|—log+ |
by e
Ap(2)
— oot 1/2 + | L2k =
log™ (v 4+ 1)"* 4 log Fo.a) a

Since both A (§) and F(&, a) are analytic functions in the unit disk and |||
is a constant number, we deduce that Ag(&)||@||/F (&, a) is a meromorphic
function in the unit disk. Now we apply the Poisson—Jensen formula to this
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function:
2 ;
A 1 A 9\ || 7 2 _ .2
gt [ LT | AR Ry o
F(z,a) 2m F(Re?,a) |R%?—2Rrcos(f — ¢) + 12
M
R2 - th
1
+ tzl o8 R(Z - bt)
Using the inequality 57— Rfjo_s(;— PR < g 7, we derive
Al o 1 R+ Ak(R€’¢ HGH
log" | /=~ | < —— d log
©8 F(z,a) or R—r S " F(Rei,a) o+ Z
2m
L R+ 1 [Ax(Be)| [l !HGH
= 1 d log
27rR—r§ og” |F(Rei® ¢+Z
In view of |Aj(Re)| < || A(Re!)||, we have
M
Ar(2)]dl R+ > 2R
log™ < R,d, A 1
©8 F(z,a) *R—rm( @ )+;0g z—by

This completes the proof of (2.4). m

Now, we establish a lemma of independent interest. Define, for 0 < a <
B8 < 2m,

8 T T
oo 1 [A(re”) | ]
a i, A) = — \logt =2 — 2111 Jp.
m ,,8(7'; a, ) 271.; 0 |F(7‘629,a)|

LEMMA 2.7. Let f(z) be the v-valued algebroid function determined by
(1.1) in C. Set X ={z:a <argz <} (0 < f—a < 27). Then, for any
0<e<(B8—a)/2and for all v except a set E of finite logarithmic measure,

(25)  mMatepe(r,d,A)
SC&(T T Z’L 1”(517,X,f:a2.)

pltw
where w = /(B —a), k = (8(8 —a)/e)Y/¥ and C. is a positive number
depending on € and B — a.
Proof. By Lemmas[2.3Jand f(2(Q)) is the v-valued algebroid function
in the unit disk determined by the irreducible equation
F(2(0),w) = Ao(2(Q))w” + A1 (2(¢))w” ™ + - + A, (2(C) = 0,
where z(() is the inverse of the transformation (2.2)). Using Lemma [2.4{ and

noticing that the number of roots of an equation in a region is a conformal

= -

dx +n(kr, X, f = a)logr + 1),
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invariant, we have

it 1G0) —nt0.7 1) < (12) s =7)

1—t
forr=a; (1 =1,...,2v) and for 7 = a. Therefore,
h/
N(h,,T,f(Z(C))) _ % S n(t7T7f(Z(C))) ; TL(O,T,f(Z(C))) dt
0
PTG
1Y () X () = 1)
<- | —= , dt +O(1)
1/2
n 9 1/w
g; S ((H) ,X,f(z):T> dt +O(1)
1/2
10 T e X 1) = 1)
< v S , .;,w-i-l dx + O(1)

By the first fundamental theorem,

(2.6) m(K,d@, A(2(¢) = T(W,a@, A(=(C))) — N(W,a@, A(=(()))
=v(T(I, f(2(C))) = N(W,a, f)) + O(1).

By applying Lemma [2.5| to f(z(¢)), we have

2.7) T, f(=(C) = N(W,a,f)

< X N0 16000 + 0 1o 1 + g T £(:(0) )

2 \1/w

=n)

v
: 2h/ 1/w ( )
4w X 1 /
< 7“) § n;;H dx+0<10g1 h’) + O(log T(1', f(2(C)))),

where n(z, X) = 212;1 n(z, X, f = a;).
If m(K,a@, A(2(¢))) < 200(log T(I, f(2(¢)))), then we can obtain

by the similar method as the following implication.
Now we assume

%m(h',

IS

,A(2(€))) = vO(log T(K, f(2(C))))-
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Combining (2.6)) with , we obtain
(2.8)  m(W,d, A(2(C)))
2 1/w

1
< 8w S dx—i—O(logl_h,), W ¢F,
1

where F' is the set described in Lemma satisfying | dt/(1—t) < oo. We
set

n(x, X)

(2.9) E—{r:t—l—Ll(ﬁe_Q)rW,teF},

where € > 0 is a real number small enough. Put

(=((re?) (ate<o<p-e)
€

h=1— ———r7%,

(2.10) (8 — )
3+h €
W="—=1-—"r“é¢F
1 G- P
where ¢ = ((z) is the mapping described in Lemma Combining ([2.9)
with (2.10]), we can see that if b’ ¢ F, then r ¢ E and E is a set of finite
logarithmic measure, because
S dr 1 S dh < 00
wi1l=h ’

Next we apply (2.4]) to estimate the logarithmic module:

[A(re™)]| |1al IA(O)| 1]
logt “——— 1 =logT 220 01
|F(re'?, a)l [F'(2(C),a)|
Applying Lemma gives

r

JAre)] Ja L) 4]
92.11)  logt MATE NN _ o+ 125 )T TGN
(2.11) [F(re,a) EG
h +h o 2h
<lo y—i—ll/z—i—imh a,A(z(¢))) + lo ,
< log(v 1) g mi Z 5 1C(re®) — C(by)]

where ((b;) (I =1,...,N) are the roots of f(z (C)) = a contained in the disk
<.
From it follows that

(2.12) Zlog Zlog ]GIEED)

2kritw N r
< I = N log 2&r* I
_;0g|z_bl’ og 2KT +;Og\z—bl\’
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2(—a) ) 1+1/w

P
Wheren—w( 6

. By using Lemma 1.2.2 of [22], we have
1 B—e N

r

2.13 — log ————dp < KN

(2.13) 2m S ZOgh"e“b—bl] = ’
ate l=1

where K is a positive constant depending only on €.

Combining (2.8)) and (2.11)—(2.13)), we obtain

B—e T i =
w1 [A(re )| l1a]
2.14 _ a = — logt B — 000
( ) moz+€,ﬁ E(T7 a, ) 27T S og ‘F(Tezd), a)| d¢
a+te
W+ h n(x, X)
S (ﬁ - a) 10g(l/ + 1)1/2 + 87Th/ —h S :L.1+w dzx

1
+mn(kr, X, f=a)logr + ((8 — hha)log2k + K)n(kr, X, f = a),

where k = (8(8 — ) /e)'/*. Therefore, (2.5) follows by noticing that k' — h
3

By Lemma we can establish Lemmas [2.8 and which are used to

further estimate mq4c g—c(7, @, A) in two different ways. These two lemmas
are of significance for the study of the problem.

LEMMA 2.8. Let f(z) be the v-valued algebroid function of finite lower
order p < oo in C determined by . Assume that there exist 2v+1 distinct
complex values a; # a (i =1,...,2v) such that for X = {z: a < argz < 5}
(0 < B —a < 27), we have

2v

Zn(r, X, f= ai) = O(T(dT‘, f))a

- X f=a) =o( () az ).

Then, for any 0 < e < (8 — «)/2 and for any sequence {r,} of Pélya peaks
of order 0 > w = w/(f — «) of f(z) outside a set E of finite logarithmic
measure,

—,

moﬂrs,,@fs(rm a, A) - O(T(T’n, f(Z)))

Proof. As {r,} is a sequence of Pélya peaks of order o > w for f(z), we
have

kgn (@, X) ,_ O(kﬁn L(dz, [(2)) dx)

xw-ﬁ-l xw—i—l

1 1

_ O<kSn T(T;L{fz)) <ij)ff—en dx) _ O(T(m:j(z)))

1 n
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where n(z, X) = 221’1 n(x, X, f = a;). By the property of Pélya peaks,

i=
o(T(dry, f)) = o(T(rn, f)). Using ([2.5)), we complete the proof. m

LEMMA 2.9. Let f(z) be the v-valued algebroid function of finite lower
order p < oo in C determined by (L.1). Assume that there exist 2v + 1

distinct complex values a; # a (i = 1,...,2v) such that
logt [ X f=a; X. f=
(2.15) lim sup 0g [Zz:l n(T‘, f az) + n(r, f a)] <p
r—00 logr

for X ={z:a <argz < B} (0 < f—a < 2m). Then, for any 0 < € <
(B — @)/2 and for all v except a set E of finite logarithmic measure,

Maye p—z(r,d@ A) = O(r"),
where n = max{p,w}, w =7/(5 — ).
Proof. As n(z,X) = O(2P*¢), we have

kr kr kr
(z, X) pre -
| o dz:0(§;” dx>:0<§xﬂ+€ L)

1
_ O(Tmax{p—w,o}—f—a/Q)

and
n(dr, X, f = a)logr = O("*/?logr) = O(rP*e),

where n(z, X) = Z?il n(x, X, f = a;). From (2.5, we complete the proof. =

3. Proof of Theorem The idea of the proof comes from [21].
Suppose conversely that A(f) > w. We consider the following two cases.

L X(f) > B> u(f). By (L.4), we can choose € > 0 such that

q

4 : )
(3.1) ;(aiﬂ —Bi+2e)+2 < 512 arcsin \/;,
where ag1 = 2m +ay and A(f) > 8+ 2¢ > p. Applying Lemma[2.1]to f(z)
gives a sequence {r,} of Pélya peaks of order 8 + 2¢ for f(z) outside F,
where E is the set of Lemma Set A(r) = I'/?(r) and

—,

mai+5»/8i_€(rn> a,A) .
3.2) I'(r)= 1< < _ <7
32) 1) =max { Pty <izqh ma<r<n,
Applying Lemma to the Pélya peaks {ry,} of order 5 + 2¢ for f(z) and
using 5+ 2¢ > w; = w/(B; — o), we can deduce that lim,_, A(r) = 0. Then
from Lemma [2.2] for sufficiently large n we have

4
(3.3) meas E4(rn, a) > 51 arcsin \/g —g,
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since 4 2 > 1/2. We can assume ) holds for all n. Set
K = meas(EA Tn,a) N U (o + ¢, B — a))

From (3.1) and (3.3)), we derive
q
K > meas(E4(rp,a)) — meas([—ﬁ,w) \ U(ai +e,8 — E))

i=1
q
= meas(E4(ry, a) meas(U —&,ai41 + 5))
q =
= meas(E4(rp,a Z i1 — Bi+2e) >e>0.

=1
It is easy to see that there exists ig such that for infinitely many n, we have
(3.4) meas(E(rn, a) N (o, +¢€,8i, —€)) > K/q>¢/q.
We can assume ({3.4)) holds for all n. Set E,, = E4(ry,a) N (i, + €, Biy — €).
From the definition of E4(ry,a) it follows that

4 [ Arae®)] 1a]
[F(ruc®, a)

> A(rp)T(ry, f)meas(E,) > g/l(rn)T(rn, f)-
On the other hand, by (3.2)), we have
(3.6) Moy +e,8i, —e(rn, @, ff) < AQ(Tn)T(Tm f)-
Combining (3.5) with (3.6) gives €/q < A(r,,) — 0, which is impossible.

IL. A(f) = p(f). Then 8 = p = A(f). By the same argument as in I with
all the B 4 2¢ replaced by 8 = pu, we can derive a contradiction.
Theorem [I.] follows.

1
(3.5) — S log do

2
E

4. Proof of Theorem Suppose that A\(f) > max{w, p}. We will
derive a contradiction by making a minor modification of the proof of The-
orem [[.Tl We consider two cases.

L A(f) > p. Let {r,} be a sequence of Pélya peaks of order § + 2¢ for
f(2). Set A(r) = [logr]~!. From (3.5)), we have

T(r o0V |17
1 1 + [AGeD)Iall 4y e Tlrn, f)

4.1 — : .
(41) 27 |F(rpet a)| q logm,

On the other hand, by Lemma [2.9 and noticing that n < 3, we have
(4.2) ma-i—a,ﬁ—a(ra a, /T) < O(Tﬂ+€)7 r¢E.
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Combining with gives
T(rn, f) < Krf*elogr,.

Therefore,
B+ 2 < liminfw

n—00 log 7y,

<B+e.
This is impossible.

II. M(f) = p. Then g = p = A(f). By the same arguments as in I with
all the 8 + 2¢ replaced by 8 = u, we can derive

p= B < max{p,w} +e < A(f).
This is also impossible.

Theorem [[.2 follows.

5. Proof of Corollary Suppose that Corollary [I.3] does not hold.
Then for any ray argz = 0 € (o, 3) there exist 2v values a1(0), ..., a2,(0)

different from «a in the extended complex plane such that
2v

> _nlr, Zac(0), f = a;(0)) = o(T(dr, f)),
j=1
for some € = €(f) and d = d(f) > 1. In view of a Valiron-type theorem
(cf. [22, Lemma 2.7.1]), we have
2v
TL(T’, Ze(e)a f = b) < Ce (Z n(27“, Z25(6)7 f = a](e)) + TL(QT’, 226(0)7 f = a))
j=1
+ O((logr)loglogr) = o(T'(2dr, f))
for all b possibly except a zero measure set of b.
Take an n > 0 such that

4 )
(5.1) B—a—2n>max{7r,27r—arcsin\/>}.
7 7 2

Since there exist finitely many 6; such that [a+n, 8 —n] C UL, (0; — €(6;),
0; + €(6;)), we can find 2v values a; different from a and d > 1 such that

2v

> nlr 2y, f = aj) = o(T(dr, f)).

j=1
It is easy to see from ([5.1]) that

4 )
(27T+Oé+77)_(5_77)<luarcsln\/; and wn:ﬁ—+—2n

Therefore, by Theorem we have p < A(f) < wy,. This contradiction
completes the proof of Corollary

< p.
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