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Infinite systems of first order PFDEs with mixed conditions

by W. CzeErNOUS (Gdansk)

Abstract. We consider mixed problems for infinite systems of first order partial
functional differential equations. An infinite number of deviating functions is permitted,
and the delay of an argument may also depend on the spatial variable. A theorem on the
existence of a solution and its continuous dependence upon initial boundary data is proved.
The method of successive approximations is used in the existence proof. Infinite differential
systems with deviated arguments and differential integral systems can be derived from the
general model by specializing the operators.

1. Introduction. For any normed linear spaces X and Y and for
M C X, let C(M,Y) denote the class of all continuous functions from M
into Y. Inequalities between vectors will be understood componentwise.
Let a > 0, hg € Ry, Ry =[0,00), h = (h1,...,hy), and b = (b1,...,by)
€ R™ be given where b; > 0 for 1 < j < n. We define
E =10,a] x [-b,b], D =[—ho,0] x [—h,h].
Let ¢ = (c1,...,¢4) = b+ h and
Eo = [_h07 O] x [_év é]v O E = [07 a] X ([_67 E] \ (_b7 b))v
E* = FEyUEUOOE, N=ExC(D,X)xR"
Moreover, for 7 € (0,a] and a set U C R we set
U =UnN((—o0,7] x R").
Suppose that z : E* — R and (t,z) € E are fixed. We define the function
Z(t2) + D — Rby
dem(CE) = 2+ Ca+6),  (GE) eD.
The function z(; 5 is the restriction of 2 to [t — ho, ] X [z —h,z+ h] and this

restriction is shifted to D.
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Let S be an arbitrary set of indices and let
X ={p={ps}tses :ps € R for s € S and ||p|| = sup{|ps| : s € S} < o0}.

We will denote by M,,«; the class of all m x k real matrices. For y =
(Y1,---,Ym) € R™ and A = [a;;li=1,....m & € My« we put

m

lyll =" ly;l and |A| = max Z!am!

- 1<5<k
7j=1

-----

“ 2

The product of two matrices is denoted by , and the scalar product in
R™ by “o”. If A € M,,xs, then AT is the transpose matrix. We next define

={y = {ystses 1 ys €R™, s € S; |lyl| = sup{]|ys| : s € S} < o0}
and
Xk = {A = {AS}SGS tAs € Myxi, s € S;
|Al| = sup{||4s]| : s € S} < o0}
For n € X™ we will write (11,5, -.,Mm,s) = Ns- Let ||-[l¢, |- [|¢), |- ][ denote
the supremum norms in C(EZ‘, X), C(Ee, X™), C(D, X), respectively. For a
domain U C R™™ and for functions z : U — X, u : U — R" of the variables
(t,x) we will write
Oz = {atzs}seSa Opz = {amzs}ses = {(axl Rgye e aznzs)}se&
0z = (Oz,0,2), O = (Opuy, ..., &gun)T, Opu = [8%1%]
provided that the derivatives exist.
Let
fE*"xCD,X)xR"—- X, ¢:EUQHE — X,
ap={apstses: E— X, o :E—X"
be given functions. We write as = (g 5, ). For a function z : E* — X and
a point (t,z) € E, we write
Za(ta) = 1(%s)a, (te) }ses

We consider the system of functional differential equations

(1) atzs(tax) = fs(tal‘aZa(t,ac)vawzs(t?l‘)), s €S,
with the initial boundary condition
(2) z(t,x) = p(t,z) on EyUOyE.

For £ € R, 0 < £ < a, we define a classical solution z : Ef — X of the
system (1), (2) to be a continuous function satisfying the system (1) on F,
the condition (2), and having the derivatives 0;zs, 0,25, s € S, at every
point of E. In fact, higher regularity of solutions is proved in this paper (see
p. 213 for the definition of the relevant function space).
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Note that our hereditary setting contains well known delay structures as
particular cases.

ExXAMPLE 1.1. Suppose that f: E x X xR"™ — X is a given function.
Set fs(t,x,w,q) = fs(t,z,w(0,0),q), s €S, then

fs(t, z, Ra(t,x) Opzs(t, x)) = fs(t z,z(a(t, ), Opzs(t, ), sES,
and (1) becomes a system with deviated variables.

EXAMPLE 1.2. For a function w € C(D, X) and a measurable set B C D
write {5 w(&,y) dy dé = {§5ws(&,y) dy d€}ses. For the above f we put

fltaw,q) = fo(ta fwigy) dyds.q), ses.
B
Then

(3) fs (ta Ly Za(t,a)s Opzs (ta :1:)) = f; (t’ Zz, S Za(€,y) d?/ dfv axzs(t7 LL“)), s€S,
B

and (1) becomes a differential integral system.

We will discuss the existence of solutions of problem (1), (2).

In recent years, numerous papers have been published, concerning first
order partial functional differential equations. The following subjects have
been investigated: functional differential inequalities and their applications,
uniqueness of solutions to initial or initial boundary value problems, exis-
tence of classical or generalized solutions, numerical methods for functional
differential equations. It is not our aim to give a full review of papers con-
cerning the above problems. We just mention some results on the existence
of solutions and cite only a few items of the vast literature.

Nonlinear evolutionary equations with first order partial derivatives have
the following property: any classical solutions to initial or initial boundary
value problem exist locally with respect to the time variable. This leads in
a natural way to weak or generalized solutions.

Continuous solutions satisfying integral systems obtained by integrat-
ing original equations along bicharacteristics are considered in [12]. The
Schauder fixed point theorem is used to prove existence results. That paper
initiated the theory of first order partial functional differential equations.

Existence results for initial value problems for equations with deviated
variables can be found in [1]. The Baiada method is applied there and the
unknown functions depend on two variables. The paper [6] brings an exis-
tence result for quasilinear differential integral equations. The proof is based
on the method of bicharacteristics.

Carathéodory solutions of quasilinear differential functional systems with
initial or initial boundary conditions are investigated in [5], [16]. The method
of bicharacteristics and functional integral inequalities are used in existence
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proofs. Weak solutions in the Cinquini Cibrario sense are studied in [3],
[11]. Existence results for nonlinear equations are obtained by using the
method of quasilinearization. It consists in constructing a quasilinear sys-
tem for the unknown function and for its spatial derivatives. This system is
then transformed into a system of integral functional equations of Volterra
type. Continuous solutions of this integral problem lead to weak solutions
of the original differential problem. Existence of Carathéodory solutions for
nonlinear equations is considered in [4]; the constructive proof is based on
the finite difference method. Classical solutions of nonlinear functional dif-
ferential problems are considered in [2] and [8] (Chapter 2). These stud-
ies involve the method of successive approximations, introduced in [17] for
systems without functional dependence. On each step of this method, dif-
ferential problems without functional dependence arise. The existence of
a sequence of successive approximations follows from a classical theorem.
Partial differential inequalities are used in the proof of convergence of the
successive approximations.

The work [14] initiated the theory of infinite systems of first order partial
differential functional equations. Sufficient conditions are given in [14] for
the existence of classical solutions to a generalized Cauchy problem

) { Oyzi(t,x) = Gi(t, z, z, 0x2i(t, x)),

zi(ai, ) = xi(x) for x € R",
The variable z represents the functional argument in the system. The proof
of the existence of solution is based on the following idea. A set X, is con-
structed, which is a closed subset of the Banach space consisting of sequences
z = {2;}32, of the bounded continuous functions z; : [—¢, ] x R — R. For
u € X,, consider the classical Cauchy problems

(5) atZi(t,.T) = Gi(tax7u>8rzi(ta l’)), Zi(aiax) = Xl(x)v T e Rna

where i = 0,1,.... Let us denote by Tu = {T;u}:2, the solution of (5). The
set X. has the following property: Tu € X. and T has exactly one fixed
point u € X.. This w is a classical solution of (5).

It is clear that the result from [14] can be extended to initial boundary
value problems. The above existence result can be characterized as follows:
the theorem has simple assumptions and the proof is very natural. Unfortu-
nately, only a small class of problems are covered by this theorem. It is not
applicable to differential problems with deviated variables nor to differential
integral systems with right-hand sides given by (3).

Note that we have different models of functional dependence in (1)
and (3). There are existence results for nonlinear problems ([2], [13], [16])
where the right-hand sides of the equations are superpositions of functions
defined on a finite-dimensional Euclidean space and operators of Volterra

i=0,1,2,....
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type. The main assumptions in the existence theorems concern the operators
of Volterra type, and are inequalities for norms in function spaces. Compar-
isons between different models of functional dependence are presented in [7].

Functional differential inequalities generated by infinite systems are in-
vestigated in [9], [15]. Uniqueness of solutions and continuous dependence
on given functions are consequences of comparison theorems.

For further bibliography on partial differential functional equations and
applications, see the monographs [8], [18].

This paper continues the author’s study [3] of hyperbolic differential-
functional equations, and generalizes some results of [10]. We now consider a
more general form of functional dependence. Our approach admits equations
with deviated argument, where the delay depends on all variables, not only
on t, as was the case in former studies.

The paper is organized as follows. The notion of bicharacteristics for
problem (1), (2) and their properties are presented in Section 2. Then the
initial boundary value problem is transformed into a system of integral func-
tional equations. This system is solved in Section 3 by the method of succes-
sive approximations. The main existence result and continuous dependence
of solutions on the initial boundary functions are proved in Section 4.

2. Bicharacteristics. The following function spaces will be needed in
our considerations.

Given s = (s1,s2) € R2, we denote by C1-£[s] the set of all functions
v € C(EyUdyE, X) such that
Opp(t, )| + (|0 (t, @) || < 51,
on EY.
For fixed ¢ € C'¥[s], 0 < ¢ < a, and d € R, with d > s, we consider

the space Cé.c[d] of all z € C(E}, X) such that z(¢,z) = ¢(t,x) on EgUJE
and

(8, 2) = 2(, D)l < dfft — [+ [lo —z[]]  on EZ.

Let p = (po,p1) € Ri with pg > s1, p1 > s2. We denote by Cé,c[p; 1] the
class of all functions ug : £} — X such that up = dyp on Ey U JpE and
luo(t, 2)[| <po and  uo(t,z) — uo(t, 2)[| < pa[lt — ¢ + [lz — Z]]

on E..

Similarly, for such p, we denote by C{;{C[p; n| the class of all functions
u: EY — X" such that u = 0, on EyU Oy E and
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lu(t, )| <po and [ju(t,z) —u(t,z)| < pillt — ¢ + [lo — Z[]]  on E.

Write C@C[p; 1+n] = Cé.c[p; 1] x C’éc[p; n]. We prove that, under suitable
assumptions on f, o and ¢ and for sufficiently small ¢, there exists a solution
z of problem (1), (2) such that z € wa[d] and 0z € Cé.c[p; 1+ n).

We begin with assumptions on f. For 1 < j < n, define

AY = (t D eEz=b}, AY ={(t2) € E:x;=-b;},
A= U Uy Ay,

ASSUMPTION H[0,f]. The functions fs : 2 — R, s € S, of variables
(t,z,w,q) are continuous and satisfy the following conditions:

1) the partial derivatives
(6q1fs(P)>"'78anS(P)):aqfs(P)’ P:(t,x,w,q), 5687
exist for (¢, z,w,q) € £2;

2) the functions 0, fs : 2 — R", s € S, are continuous and there are B,
L € R4 such that

Haqf(tawvqu)u SB on 2
and
10g.f (£, x,w, q) — Og f (&, Z, W, q)|| < Lll|lz — 2| + |lw — wl|p + [l — qll};
3) there is k > 0 such that for 1 < j <n and s € S we have
Og; fs(t, m,w,q) > 2k on [0,a] x ASZ) x C(D,X) x R",
0y, fs(t,z,w,q) < =2k on [0,a] X AY) x C(D,X) x R™.
AssuMPTION H[a]. The functions o : E — E, s € S, satisfy the follow-
ing conditions:
1) 0 < as(t,z) <tfor s €S and there is 19 € Ry such that
le(t, z) — a(t, z)|| < rollt — & + ||z — Z||];
2) the derivatives 0y s, 020, s € S, exist on E and there is r; € Ry
such that
10pa(t, ©) — Opa(t, T)|| < 71|z — 2,
where 0,0 = {0, s }ses.
Suppose that ¢ € C1E[s], z € C’éc[d], u € C’éc[p; n|. Fix s € § and
consider the Cauchy problem

(6) 77/(7—) = *a]fs (7—7 77(7-)’ Ra(rm(r))s Us (7—7 7](7—)))7 77(75) =,
and denote by g5z, us](+, t, z) its solution in the classical sense. The function
gs[z,us|(+,t,z) is the sth bicharacteristic of system (1) corresponding to
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(z,us). Let I 4)., be its domain, and let ds[2, us)(t,7) denote the left end
of the maximal interval on which the bicharacteristic is defined. The set of
all bicharacteristics of (1) corresponding to (z,u) € C’£ [d] x CL clpsn] is
denoted by gz, u] = {gs[z, us]}ses-

Let

PS [Za US](T’ ta l‘)
= (7_7 9s [27 Us](T, t, .T), Ra(1,gs[z,us)(T,t,x)) ) Us (7—1 gs [Z, US] (T7 t, l’)))

We prove a lemma on bicharacteristics.

LEMMA 2.1. Suppose that Assumptions [HO,f] and Hla] are satisfied
and ¢, p € C*[s], z € C’é_c[d], Z e C’é{c[d], u € Cé.c[p; n), u € C’é'c[p; n] are
given. Then for each s € S the solutions gs[z, us|(-,t,x) and gs[z, us](-, t, z)
exist on the intervals I ). s and f(t,m);s, respectively, such that, for & =
Ss[z, us](t,z) and € = &s[z,1(t, ), we have gs[z,us(&,t,x) € A and
gslz,us)(&,t,z) € A. The bicharacteristics are unique on Itz s and I_(m);s.
Moreover,

(7) lgs[z, us)(7,t, @) — gslz, us](r, £, 2)|| < Cllt — ¢ + ||z — 2],

T

®)  lgsler sl t,2)~gulz, 3l (7,1, )] < O 2= Zle-+ u—alg) e

~+

where C' = max{1, B, L} exp(cLd) and d = 1 + rod + p1. Furthermore, the
functions 65z, us|(t,x) and 05z, us|(t, x) are continuous on E. and

(9) [0l us)(t, 2) = 8Lz, us) (£, 2)| < Oflt = 1] + ||l — ],
(10)  [8s[z,us](t ) = 6s[2, w4, 2)] < C [z = 2¢ + [[u — all )] d&,
0

where C = Ok,

Proof. The existence and uniqueness of solutions of (6) follow from
the classical theorems on the solutions of Cauchy problems. The function
gs[z,us|(, t, z) satisfies the integral equation

(11) gslz, us] (7, 1, 2) = Sa fs(Ps[z,us](§,t, @) d€.

Since z € Cé.c[d], condition 2) of Assumption H[a] shows that

Hza(T,y) - Za(T,Q)HD < Tod”y - g”
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for all (7,y), (1,y) € E.. It follows from Assumption H[J, f] that
lgslz, us](T,t, 2) = gslz, us](7, 1, 2) || < max{1, B}[[t — 7] + ||z — 2]

T

+L§‘S lgs[2, us) (€, £, ) — gslz,us](€, 1, T)]| d€
t
for 7 € I(y 2y, N I(7,7);s- We now obtain (7) by the Gronwall inequality. For
(7_7 y)a (Ta g) € E., we have

HZa(T,y) - ZO&(T,Q)HD < HZ - ZHT + TOdHy - 'g”

It follows that

lgslz, ) (7. t,) — g4 2, 8sl(7, £, )| < L[] 12 = e + 1w =l e)) ]|
t

+ LJ‘ S ||QS[Z,US](£,t,IE) - gs[z’ ﬂs](éyt; f)” dé—),
t

for 7 € Ity ), N I (t.x); s> and we get (8) from the Gronwall inequality.

The continuity of 0]z, us] and d5[z, us] on E. follows from the classical
theorems on continuous dependence of Cauchy problems’ solutions on initial
conditions. We now prove (9). This estimate is obvious if 5[z, us](t,z) =
ds[z,us)(t,z) = 0 (i.e. the solutions of problem (6) are defined on [0, ] and
[0,%]). Now assume that 0 < 6]z, us](t,z) < 0s[z,us](t,Z). Then, for ¢ =
sz, us) (£, ), we have gs[z,us)((,£,7) € A and there exists i, 1 < i < n,
such that|g; s(, 1, i)\ = b;. The following two cases are possible:

(i) 9is(¢1,7) =

(i) gi,s(C,8,2) = b
Consider case (i). Let x = (21,...,2p), T = (T1,...,Ti—1,0i, Tit1, ..., Tpn).
Then for (t,z) € E,

(12) |8qifs(t7 &, Za(t,x)7 U(t, 37)) - 8qif8(t7 %7 Za(t,z)s Us (t, 5)” < g(bz - (L’i),
where ¢ = Ld. Thus

\./ &I

Ogi fs(t, @, 21,2, us(t, @) > K
for (t,r) € E. such that b; — z; < k¢ *. It follows from (7) that
b; — gi,S[ZauS](C_yt?x) = gi,8[27u8](57 t,z) — gi,S[szS](&ta r) < kK/C
for (t,z), (t,z) € E, such that
(13) It —t + ||z — z|| < K/cC.

Hence

aqif5<§7 s [Za us] (67 tv 33), Za(&,gs [Z7us](57t7x))7 uS(é? Js [Z, us](c: t? .%'))) Z K> 07
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and consequently
Otgi 5|z, us) (0s[z, us)(t, T), t,x) <0

for (t,x), (t,z) € E. satisfying (13). It is easy to see that g; s(-,¢,x) is de-
creasing on the interval (ds[z, us|(t, ), ds[z, us| (¢, Z)). Therefore

bi — gislz, us) (1,8, ) < K/C,
and
aqz‘fS(Ps[Za Us](T, t, .%'))
= 04, fs (7, gs[2, us) (T, 1, ), Za(r.gs 2 us] () Us (T, gs[2, us) (T, 1, 2))) > K

for 7 € (85[z, us|(t, z), 5[z, us] (¢, Z)) and (¢, ), (¢,Z) € E. such that (13) is
satisfied. Hence

—k[ds[z, us|(t, ) — ds[z, us] (¢, )]

3s[z,us](1,%)
>— | LRz ud(r @) dr

ds[z,us] (t,x)
= gi,s2, us) (0s[2, us) (8, T), t, ) — gis[2, us)(0s[2, us] (t, ), 1, )
> gis|z,us](0s[2, us) (L, &), t, x) — gis[2, us](0s]2, us) (¢, T), T, T)

> =Clt =t + [lz — 2[]].
Thus, the proof of (9) for (t,z), (t,Z) € E. such that (13) holds is complete
in case (i). In case (ii) we proceed in a similar way. Note that we have proved
a local Lipschitz property of ds[z, us] with respect to (¢,x) with a Lipschitz
constant independent of (t,x). Hence 5[z, us] satisfies a global Lipschitz
condition with respect to (¢,x) with the same constant. That proves (9).
The proof of (10) is similar. =

3. Integral functional equations. We denote by CL(D, X) the set of
all linear and continuous real functions defined on C(D, X)) and we denote
by || - || the norm in CL(D, X) generated by the supremum norm || - ||p in
the space C(D, X).

AssumpTION H[f]. The Assumption H[0, f] is satisfied and:

1) there is By € Ry such that || f(¢, z,w,q)|| < Bp on {2,

2) for each s € S the partial derivatives (9, fs(P),...,0q, fs(P)) =
O fs(P), P = (t,x,w,q), and the Fréchet derivative 0, fs(P) €
CL(D, X) exist on {2,

3) the estimates |0, f(t,z,w,q)|| < B and

10w f(t, 2, w, q)|| = sup{||0w fs(t,z,w,q)|| : s € S} < B
are satisfied on (2, where 0, f = {0:fs}ses, Owf = {Owfs}ses,
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4) there is By € Ry such that for ¢t,t € [0,a] and (z,w,q) € R™ x
C(D,X) x R™ we have
Hf(t,:c,w,q) - f(f,a;,w,q)” < Bl‘t - ﬂ?
5) for (t,z,w,q) € 2 and w € C(D,X) we have
102/t x,w,q) = O f(t, T, @, q)|| < Lll|lz — Z|| + |lw — wl[p + [lg — qll],
10w f(t, 2, w,q) = Ouf(t,Z,w,q)|| < Lllx — 2| + lw — wl[p + [l¢ — ql].
REMARK 3.1. We will give a theorem on the existence of solutions of
problem (1), (2). For simplicity of formulation, we have assumed the same

estimates for the derivatives 0, f, 0, f and 9, f. We have also assumed the
Lipschitz condition for these derivatives with the same coefficient.

We now exhibit a system of integral equations generated by (1), (2). We
write

Qslz, us|(t, x) = (0s[z, us](t, ), gs[2, us] (3s[2, us](t, ), t, x)),
@S[Z, US](tv x) = QOS(Q[Z, Us](t’ x)),
Tslz, us)(t, 2) = Orps(Ql2, usl(t, 2)),
W s[uo.s, us](t, ©) = (uo.s, us)%(m) * Opas(t, ),
Wiug, u](t, z) = {Ws[uos, us](t, ) } ses,

Wialz, uo, ul(7,t, 2) = Wlug, u](7, gs[2, us)(7, t, 2)) € C(D, X).
For u € C(D,X"), P € 2 and s € S, we set
Ouwfs(P)u = (Owfs(P)us, ..., 0ufs(P)un).
Given p € C1E[s], 2 € C’é'c[d] and ug € Cé,c[p; 1], u € C’é'c[p; n|, where
0 < ¢ < a, we define

(14) Fslz,usl(t, z) = P4z, us|(t, x)

+ S [fs(Ps[Z,us](Tatam))
0s[2,us](t,w)

—u(T, gs[z, us) (7, t, ) 0 Og fs(Ps|z, us| (7, t, :U))] dr,

(15) Gslz,uo, ul(t,x) = ¥s|z, us(t, )

+ S [&sfs(PS[Z:uS](T’t’x))

0s[z,us](t,z)
+ Ow fs(Ps[2, us)(, 1, m))W{s} 2, ug, ul(, 1, :U)] dr,
for s € S. Write
Flz,u] = {Fs[z,us]}ses and  G[z,ug,u] = {Gs[z, uo, ul}ses-
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Consider the system of integral functional equations

(16) z(t,x) = Flz,ul(t,z), u(t,z) = G[z,uo,ul(t,x),
where

(17) W0 s(2) = Fo(6, 0, Zagemy, Us(:2)), S €S,
with the initial boundary condition

(18) z=1, (up,u)=0p on EyUJqyE.

REMARK 3.2. The integral functional system (16)—(18) is obtained in
the following way. We first introduce an additional unknown function w,
where u = 0,z. Then we consider the linearization of (1) with respect to u,
i.e.

(19) atzs(t7x) = fs(Us) + aqfs(Us) © (8x25(t,$) - us(t,x)), s€S,
where U = (¢, x, za(tvw),us(t, x)). By virtue of equation (1) we get a differ-
ential system for the unknown function u:
(20) [Opus(t, m)]T = 0p fs(Us) + 0q fs(Us) * [Ozus(t, a;)]T

+ awf(US)W[atzﬂ 8302] (ta l‘)u RS Sa
where 0z = {0i2s}ses, 0zz = {0z2s}ses. Finally, we put iz = wp and
0z = uwin (20). System (19), (20) has the following property: the differential
equations of bicharacteristics for (19) and for (20) are the same and they
have the form (6).

If we consider (19), (20) along the bicharacteristics gs[z, us|(+, ¢, ), we
obtain, for s € S,

EZS(T, gslz,us)(T,t,x))
= fs(Pslz, us)(7,t,2)) — O fs(Ps|z, us)(7,t, z)) 0 us(T, gs[2, us)(7,t, x))

and

%’U,S(T, gs|z, us](T,t,x))
= O fs(Ps[z, us) (7,1, ) + Ow fs(Ps[2, us] (7, t, 7)) Wiy [2, wo, u) (7, 8, ).

By integrating the above equations on [ds[z, us](t, x), t] with respect to T,
we get (16). Again by virtue of equation (1), we get the formula (17) for ug.

The existence results for (16)—(18) are based on the following method of
successive approximations. Assume that ¢ € C1-*[s] and Assumption H[f] is

satisfied. We define a sequence {z("™), u(()m) ,u(™} in the following way: Write

(z,uo,u)(m) = (z(m),u(()m),u(m)) and C = C’éhc[d] X Cé‘c[p; 1] x Cé.c[p;n].
Let (z,up,u)?) € C be arbitrary differentiable functions such that 9z(0) =

(u(()o), u(9) on E.. Next, if (z, up,u)™ € C are known functions, then u("+1)
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is a solution of the equation

(21) u=G"™[u
and
2D (¢ 2y = F20) u D)t 2)
(22) (m+1) (m) ) } on E.,
U (t,x) = fs(t,x,za(t7x),ugm+ )(t,:r)), ses
(m+1) _
z t,x) = p(t,x
(23) (m—l—l)( ) SO( ) } on Eg U OyE,,
Ug (ta l‘) = 0#(@ ZL’)

where G™) = {GFJ”)} ses is defined by
(24) GUM[ul(t, ) = W[, u](t, z)
t
+ (00 fo (P2 ug] (7, ¢, 2))
85 [2(m) ug)(t,x)

+ Ow fs(Ps [z(m), us) (7, t, x))W{(g) [us] (7, t, x)} dr
for (t,x) € E., s € S, and by
(25) G [ul(t, x) = Oup(t, )
for (t,x) € Eg U pE, and where

W (7.t ) = W™ ™ (r, gu [0 ] (7.1,2)) € C(D, X).

We wish to emphasize that the main difficulty in carrying out this construc-
tion is to prove the existence of the sequence {z(m), u(()m), u(m)}.

We set p = 1+ nporo, @ = p1ré + por1, Q = C—FCA'(I + B) and Ay =
BpC + cC[Ldp + nwB.

AssumpTION Hlc,d,p]. The constants ¢, d and p = (pg, p1) satisfy the
conditions

d=py > max{sl + cBp, Bo},
p1 > max{Bp + Ag + 52Q, By + Bd}.

It is easy to see that there are d, p, and ¢ € (0, a] sufficiently small that

satisfy Assumption Hle, d, p].

LEMMA 3.3. If ¢ € CYL[s] and Assumptions H[a], H[f] and H[c,d, p]
are satisfied, then
m) . L . L .
G Cf lpin] — OF ([psn].

Proof. Suppose that ¢ € CVL[s], (z,ug,u)™ € C and u € C’cﬁc[p;n].
Then

(26) |G [u](t,2)|| < 51+ cBp on E,.
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We now prove that the function G("™[u] satisfies the Lipschitz condition
with constant p;. If (¢, ), (t,Z) € E,, then for each s € S,

|G ) (t, 2) — G [u](F,2)|| < Ay + Ay,
where

A<P = ”6:13908(QS[Z(m)7u8](t7$)) - 81@3(623[2(7”),us](f,a?))||,

t
A= T BB ) 2)
ds [z(m) Jus](t,z)

+ O [ (P21 ug) (7, 2)) W [ug] (7, 8, )| dr

t

- S [8a:f8(PS[Z(m)aUS](7'7 t,7))
8s[2(m) us](£,7)

O fo (P2, ) (7,8, 2)) W [u](7, £, )] dr |
It follows from Lemma 2.1 that
Ap < 52Q[ft =t + |l — 2], Ay < Bplt —#] + Ao[lt — ] + [l — z]]].
Hence, using Assumption H[e, d, p|, we get
1G] (8, 2) = G [ (E2)]| < pallt — ] + ||l — 2]
on E.. This inequality, together with (26) and (25), yields Lemma 3.3. =

LEMMA 3.4. Suppose that ¢ € CYL[s] and Assumptions H[a], H[f],
Hle,d, p| are satisfied. Then there exists exactly one function u € Cs’;{c[p; n|

satisfying the equation u = G [u).
Proof. Lemma 3.3 shows that G(™) : CL.Ip;n] — CL [p;n]. Tt follows
that there is A > 0 such that, for u,u € C’é_c[p; n|, we have

(27) G [u](t,2) — G al(t )| < A |u — | dr
0

on E.. We now define the norm in the space C(E}, X™) as follows:
lullx = max{||u(t, 2) e : (t,2) € B},

where A > A. It is easy to see that (C(E¥, X™),||-|x) is a Banach space and
Cé.o[P? n] is its closed subset. Let us prove that there exists ¢ € (0,1) such
that

(28) (|G [u] — GO[a)|y < gllu—ally  for u,a € CL [pin).
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Since, from (25), |G [u](t, z) — GU™[a](t, z)|le* vanishes on Ey U doE,,
it is sufficient to estimate it on E.. According to (27), we have
t

G u](t,2) — GO (t @) < A [l — alle) dé

0
t t
= Al|lu—a)ge e dg < Afu— a5 | e d¢
0 0

A A
=3 lu—alae —1) < 5 flu—allxe
for (t,x) € E.. Hence
1G] (t, ) — G @)t ) le ™ < *||U—U||A, (t,7) € Ee.

It follows that estimate (28) holds with ¢ = AA~!. By the Banach fixed-
point theorem, there exists exactly one u € ch. c[p; n] satisfying the equation

u = G(m) [’U,] |
We now prove the main lemma in this section.

LEMMA 3.5. If ¢ € CYL[s] and Assumptions H[a], H[f] and H[c,d, p]
are satisfied, then, for any m > 0, we have

(29) 02 (¢, 2) = (u{™, u™)(t,z)  on E,
and 2™ ¢ Cﬁic[d] (m) € CL p; 1].

Proof. We prove (29) by induction. It follows from the definition of the
sequence {(z,up,u)™} that (29) is satisfied for m = 0. Assuming that it

holds for a given m > 0, we prove that z("+1), u( m) given by (22) satisfy (29).
We fix s € § and set

(30) AM(t,f,x,7) = <m+1>(t‘ :7;) 2D (¢ 1)

SUV ) (E - 1) — ™ 2) 0 (7 - ),
where (t,z), (t,Z) € E.. We prove that there exists C € R, such that
(31) A (1,1, 2,7)| < C||z —2||*> on E,.

Fix (¢,), (t,Z) € E. and set, for brevity,
9(7) = gs[2"™ (" V)7t 2),  G(r) = go[zM WM (7, 8, 2),
P(r) = Pz ul™ V(7. t, ), P(r) = Pz, u{™ V(7. 1, 2),
6 = 0g[z™) um )¢, 2), § = 5[z W, 2),

and
QO,7)=0P(1)+ (1 —0)P(r), W (r) =W [uD](r,t,z).
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It follows from (21) and (22) that
(32) At E, 2, 7) = F[™, u{m ) 7) — F[2™) w{m](t, 2)
- ug";“)(t 2)(E—t) — G LMt 2) o (7 — ).
To simplify the formulation of properties of the function A we define

A(m) (t,f,l‘,.f) - @S(Sag((g)) - 908(579(5))
— Oups(8,9(0)) (8 — 8) — B2ps(3,9(9)) o [3(9) — g(d)],
B(m)(t,f,l‘,.f) = 8tg05(5,g(5))((§ - 5)

+ 82ps(8,9(6)) o [g(8) — g(6) —

C (1,1, 2,2) = | [04fo(P(&)) — Do fs(P(€))] € + | 05 fo(P(€)) dE,

A (2, ,7) = (

+ a0 (7, 9(7)) 0 0y fs(P(7)) +ul" D (1, g(7)) 0 0 fs(P (7)) dr

+ A (¢ 2, 7)) — u(()";H)(t, )t —t) — Gt 2) o (& — ).

Having disposed of this preliminary step, we apply the Hadamard mean
value theorem to the difference

fs(P(1)) = fs(P(7)).
We thus get
AM (4 F 2, 5) = A E, 2, 7) + AM (7, §)
where

A4 F, 2, 1) = A™ (¢, 2, )

(02 fs(Q(0, 7)) — O fs(P(7))] dO © [g(T) — g(7)] dT

(0w [s(Q(0,7)) — Du fs(P(T))] dO[Zg{?gm) - Zg?) Jdr

79(7))
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+ | W™D (1, g(m) = u{" ) (7, 9(7)]

0

(o (m) ) W () o (g(r) — g(r))] d
30wt (PN ) = 2 oy = WO () 0 (@(r) — g(r))] dr

1

g(r)—g(r) =z +x=C"(r,t,t,2,1)

and
) t t

9(0)—g(0) 7 +a = (§ + ] )0 u(P(r) dr -+ [0 fo(P()) — 0u s (P(r))] i
5 ¢

0
Substituting the above relations into Alm) (t,t,z,Z) and changing the order
of integrals where necessary we obtain
A (8 2, 7) = DU (¢, 1,2, %)
t
+ VB (7,t,2) 0 [0, f(P(7)) = 0 fs(P(7))] dr,

0

where

DOt 8,x,7) = | [(u{™ ) (t,2) —ul"TV(7,5(r))) 0 0 fs(P(7))

+ — o

+ fs(P(r)) = ul" 0 (4, x)) dr
)

+§ [(0005(8,9(0)) — ul™ D (7,5(7))) 0 By fu(P(7))
K

+ £o(P(7)) = Brps (6, 9(8))] dr
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and

EM (7, t,2) = —u{™ (7, (1)) + 8ups(8. 9(0))
+ | [02fs(P()) + 0w fs(P(€)) W™ (€)] de.
4

The next claim is that E(7,t,2) = 0 for (¢,z), (¢,Z) € E. and 7 € [0,¢]. To
see this, write (21) at the point (7, g(7)) and note that

gs[2, u{" V(& 7, 9(7)) = g5 [0, u{T D) @) = g(€).
Thus A (¢, 2,z) = D™ (t,f,2,z). We conclude from (22) and Lem-
ma 2.1 that there is C; € R, such that
(33) | A (¢, 8,2, 7)| < CLlE -t + |7 — ).

We will now estimate A"™ (t,t,z, ). It follows from Assumption H[f]
that

102f5(Q(s,7)) — 0u fs(P(7))|| < Ldl[g(7) — g(7)|

and similar estimates hold for 0y, fs, 0, fs. An easy computation shows that

rA<m><t £,,2)| < s2(16 — 3] + [[9(8) — g(6)]))?
128y = 20 sy 1D < droll(7) = g(P)]
[l (7,g(r)) = ul™D (7, ()| < prllg(r) — 9()].

Since 92(™) = (uém), u(™) on E¥, we have

128 oy = 2 sy = WO () 0 [g(r) — gl < nllg(r) — ()]

The above estimates and the definition of A(™) (t,t,x,7) yield
t
(34) A™(t.,2,7) < 5218 6] + [[5(6) — g(®))? + A* | |g(r) — g(7)|* dr,
0
where A* = Bnw + Ld?. Tt follows from Lemma 2.1 that there is Co € Ry
such that
(35) A (t,5,2,7) < GollE — 1] + |2 — 2]
Adding inequalities (33) and (35), we get (31), and from arbitrariness of
(t,x),(t,T) € E., and s € S,

az(m+1) _ (u((]m+1)7u(m+1)) on E,.

This completes the proof of (29).
We now prove that (™) € CL [d]. It is clear that 2™ is continuous

on E. and Zm+l) — @ on Ey U dyE. Moreover, it follows from Assumption
Hic,d, p] and (29) that ||zt (¢, 2) — 2 HD(F, 2)|| < d[|E — t| + |7 — =[]
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It remains to prove uémH) € Cé,c[p; 1]. Clearly, u(()mH) is continuous
on E. and u(()mH) = Oyp on Ey U QE. Furthermore, Assumption H|c, d, p]

implies [[uf™" (¢, 2)| < po and [uf™ Yt 2) — ufVE D)) < pall 1] +

17 — ] -
Now we prove that the sequence {(z, ug,u)™} is uniformly convergent
on E..

LEMMA 3.6. If Assumptions H[a], H[f] and H[c] are satisfied, then the
sequence {(z,ug,u) "™} is uniformly convergent on E,.

Proof. For t € [0,c] and m > 1, we set
20(t) = o)~ 2V, T g) = ™ — D
It follows from Lemma 2.1 that

gl w0 (7, ¢, 2) — [ D W™ (7,8, 2)|

< 0\§ 207 (€) + U (€)] de

and

165 (20, ulm D)t @) = 85[0, wl™M] (8, )|
¢
<C\[zM"(r) + U™ D(r)]dr, seS.
0
Hence we obtain the integral inequality

t

Ut < Afutt(r)dr
0
t

+\[Bz"V(r) + Az (1) + BU™(7)] dr
0
for some constants ﬁ, Be R, independent of m. The above estimate and
the Gronwall inequality yield
~ t —~ ~ —~
Umt(e) < e\ Bz D (r) + AZ(r) + BU™ ()] dr,  m > 1.
0
An easy computation shows that there is a constant B € R, independent
of m, such that
t
Zm () < B{[Z2) () + U (1)) dr.
0
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The above two inequalities yield
t
(36) Zm () + U () < Dy {20 (7) + U™ (7)) dr

0
t

+ Dy 20D (7) dr
0

for all m > 1 and some Di1,Ds € Ry. We define the norm in the space
C([0,¢],R) as follows:

ISl = max{[¢(t)]e™ : ¢ € [0, ]},
where A\ > D + Dj. According to (36), we have
Z(m+1)(7f) + U(m+1)(t)

t

(20 (7) + U™ (7)) dr + Dy | 20"V (7) dr
0

<D

t
[Z(m)(’i') +ylm (T)]e_/\Te/\T dr + Do S Z(m_l)(T)e_)‘Te)‘T dr
0

:Dl

Ot O e o+

t t
< Dy 20 + UM\ X dr + Dof| 27D\ [ dr
0 0

D D _
:jw%m+vmw«ﬂ—n+—%wW”mwﬁ—n

D
< (B 1z + v, B2z, )
for ¢t € [0, . It follows that
20 () 1 UemD (fe < DL ||Z m) 4 g, + 22 ||Z(m Ylix

for t € [0, ¢]. Writing y(™) = || Z(™) + U], yields
0 <yt <yt gy,

Moreover, from Lemmata 3.3 and 3.5 we get y(I), y(@) < 2(db + p), where
p = min{pg, p1b} and b = min{b, c}. From the above and from the stability
theory for difference equations (using the fact that v, +v2 < 1), there exist
C € Ry and ¢q € (0,1) such that

y"™ < Cg™  for m e N.
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By the above inequality, {z(™}, {u(™} are Cauchy sequences in CL [d),
CZL .Ip;n], hence are uniformly convergent. Now, define

@.c
U™ (1) = Jug™ —u§" s
Note that from (22) we get
U™ () < B[ZU(t) + UMD (1)) < BC(1 + )q™.

Since Lemma 3.3 implies Uél)(t) < 2p, {u(()m)} is a Cauchy sequence (in
C’é_c[p; 1]) as well, and hence is uniformly convergent. =

4. Existence of solutions of nonlinear mixed problems. We can
now state the main result on the existence of classical solutions to problem
(1), (2). For a function ¢ € C1¥[s] and 7 € [0, a] we write

lellr = max{[je(t, z)| : (t,2) € Eo UdoEr},
10cpllr = max{||Orp(t, x)]| : (£, 2) € Eo U doExr},
|0z¢||r = max{||0zp(t, x)| : (t,x) € EoUhE:}.
THEOREM 4.1. If Assumptions H[a], H[f] and H[c] are satisfied, then,

for every ¢ € CYE[s], there exists a solution v : EX — X of problem (1), (2).
Moreover, v € C'é.c[d] and Ov € Cé.c[p; 1+mn].

If p € CYL[s] and v € Cé_c[d] is a solution of system (1) with initial
boundary condition z = @ on EyUOyE, then there is A. € Ry such that for
0<t<c,

(37) 11— oll + 10w — 0l + 180 — Bull s
< Adllg = el + 1060 — 02l + 010 — D17

Proof. 1t follows from Lemmata 3.5 and 3.6 that there is v € Céj_c[d]

such that

o(t,z) = lim 20 (t,2), dz(t,z) = lim u™(t,z)

m—00 m—00

uniformly on E.. Thus, we get
v(t,x) = Flv, 0xv|(t,z), Opv(t,z) = Glv, O, Oxv](t, ),

and
t

gs[v, Ozvs)(T,t, ) = = + S Oqfs(Ps[v, 0zvs](&, t, x)) dE.

T

Moreover, the initial boundary conditions
v=p, OJv=0p on EyUOdyFE,

are satisfied. It follows that v is a classical solution of problem (1), (2)
on E%. The proof is similar to the proof of the corresponding properties
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for initial-value or initial boundary value problems considered in [3] and [§]
(Chapter 4). The details are omitted.
We now prove (37). To this end, we first prove

(38) [lo=vlle+ 11000 =020l (1) < Aclll@— @l + 1000 — Os2llt + 1|02t — Do p ]

for 0 <t < ¢. The functions (v, 0,0) satisfy the integral functional system
(16), (17) and the initial boundary condition (18) with ¢ instead of ¢. It
easily follows that there are Ag, A1 € R4 such that

[0 = vllt + |00 — 920 (1) < Aolll@ — @llt + 100 — 0@t + (|0 — Oupll4]
t
+ A \[[o = vllr + 1050 — a0l dr, 0 <t <
0

Using the Gronwall inequality, we get (38) with A. = Ag exp(A;c). Moreover,
from (17) we have

|00 — 0y (1) < [|Oep — Oeplle + Bll[v — vll¢ + |00 — 00| (1)), 0=t <,
which, together with (38), yields (37) with A. =1+ (1 + B)A.. =

REMARK 4.2. Note that a corresponding existence result for systems of
equations with deviated argument, or integral-differential equations, of the
form given in Examples 1.1, 1.2, may be easily obtained from the preceding
theorem.

REMARK 4.3. The theory presented in this paper may be easily extended
to systems of equations with several function variables:

Orzs(t, ) = fs(t, @, 20, (t2) Zas(ta)s - - Zan(ta)s Orzs(t, X)), s €S,

with the initial-boundary condition (2). Such a model would allow one to
consider mixed problems with both deviated argument and a classical argu-
ment:

Orzs(t, ) = fs(t, @, 2a(1,2), 2(8, @), Oz 25(t, 1)), s €S,

and to obtain existence results for them.
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