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Normal families of meromorphic mappings of several
complex variables into CP" for moving hypersurfaces

by St Duc QUANG and TRAN VAN TAN (Hanoi)

Abstract. We prove some normality criteria for families of meromorphic mappings
of a domain D C C™ into CP™ under a condition on the inverse images of moving hyper-
surfaces.

1. Introduction. Classically, a family F of meromorphic functions de-
fined on a domain D of the complex plane C is said to be normal on D if
every sequence of functions of F has a subsequence which converges uni-
formly on every compact subset of D with respect to the spherical metric
to a function meromorphic or identically co on D.

The concept of normal families of meromorphic functions in several com-
plex variables was first introduced by H. Rutishauser and W. Stoll. In 1974,
H. Fujimoto introduced the notion of a meromorphically normal family into
the complex projective space.

Let f be a meromorphic mapping of a domain D in C™ into CP".
Then for each a € D, f has a reduced representation f = (fo,..., fn)
on a neighborhood U of a in D, which means that each f; is a holomor-
phic function on U and f(z) = (fo(z) : --- : fn(z)) outside the analytic set
I(f) :={z| fo(z) = --- = fu(2) = 0} of codimension > 2.

Let F be a family of holomorphic mappings of a domain D in C™ into a
compact complex manifold X. Then F is said to be a normal family on D
if any sequence in F contains a subsequence which converges uniformly on
compact subsets of D to a holomorphic mapping of D into X.

A sequence { fi}32, of meromorphic mappings of a domain D in C™ into
CP™ is said to converge meromorphically on D to a meromorphic mapping
[ of D into CP" if, for any 2z € D, each f; has a reduced representation
fr = (fxos- -, frn) on some fixed neighborhood U of z such that {fi;}7,
converges uniformly on compact subsets of U to a holomorphic function f;
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(0 <i <n)on U with the property that (fo,..., fn) is a representation of
finU.

A family F of meromorphic mappings of a domain D in C™ into CP"
is said to be meromorphically normal on D if any sequence in F has a
meromorphically convergent subsequence on D.

Denote by Hp the ring of all holomorphic functions on D. Let @ be
a homogeneous polynomial in Hp|xo,...,zy,] of degree d > 1. Denote by
Q(z) the homogeneous polynomial over C obtained by substituting a spe-
cific point z € D into the coefficients of ). We define a moving hypersurface
in CP™ to be any homogeneous polynomial @ € Hplxg,...,z,] such that
the coefficients of @ have no common zero point. We say that moving hy-
persurfaces {Q); }?:1 (¢ > n+1) in CP™ are in general position (respectively
in pointwise general position on a subset 2 C C™) if for some z € C™ (re-
spectively for all z € §2) and for any 1 < jy < --- < j, < ¢ the system of
equations

jS('z)(w()a'--awn):o, 0< 1< n,

has only the trivial solution w = (0,...,0) in C**.
Let F' be a nonzero holomorphic function on a connected open neighbor-
hood D in C™. For a set o = (a,...,q;) of nonnegative integers, we set

la| ;= a1 + - + am and DOF := 9I*1F/928" - .- 928m . For each a € D, the
number vp(a) = max{p | D*F(a) = 0 for all @ with |a| < p} is said to be
the zero-multiplicity of F' at a. Set

el ={z | vr(z) # 0}.

Let f be a meromorphic mapping of a domain D C C™ into CP™. For
each moving hypersurface Q) in CP"™, we define the divisor v(f,Q) on D as
follows: For each a € D, let f = (fo,..., fn) be a reduced representation of
f in a neighborhood U of a, and put v(f,Q)(a) := Yohy (a), where Q(f) :=
Q(fo,---, fn). Sometimes we identify f~(Q) with the divisor v(f, Q). We
say that f intersects Q on D with multiplicity at least k if v(f,Q)(z) > k

for all z € suppv(f, Q).
In 1974, H. Fujimoto proved the following result.

THEOREM 1.1. Let F be a family of holomorphic mappings of a domain
D c C™ into CP™ and let {H]}]QZ'IH be hyperplanes in CP™ in general
position such that for each f € F, f(D) ¢ H; (j =1,...,2n+ 1), and for
any fixed compact subset K of D, the 2(m—1)-dimensional Lebesque areas of
fTYH)NK (j =1,...,2n+1) counting multiplicities are uniformly bounded
above for all f in F. Then F is a meromorphically normal family on D.

In 2005, Tu and Li [13] extended the above theorem to the case of moving
hyperplanes as follows:
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THEOREM 1.2. Let F be a family of holomorphic mappings of a domain
D C C™ into CP™ and let {Hj}?zl be g (> 2n + 1) moving hyperplanes in
CP™ in pointwise general position on D such that each f in F intersects
H; on D with multiplicity at least m; (j =1,...,q), where my,...,mq are
fized positive integers or +oo, with 3°5_; 1/m; < (¢ —n —1)/n. Then F is
a normal family on D.

THEOREM 1.3. Let F be a family of meromorphic mappings of a domain
D c C™ into CP™ and let {H; }?f{l be moving hyperplanes in CP™ in point-
wise general position on D such that for any fixed compact subset K of D,
the 2(m —1)-dimensional Lebesque areas of f*(H;)NK (j=1,...,2n+1)
counting multiplicities are uniformly bounded above for all f in F. Then F
18 a meromorphically normal family on D.

The following question arises naturally: Are there normality criteria for
families of meromorphic mappings, involving hypersurfaces?

It seems to us that the difficulty of this case comes from the fact that
we do not have the Second Main Theorem in value distribution theory for
hypersurfaces and truncated multiplicities. In this paper we will give some
normality criteria for families of meromorphic mappings of a domain D C
C™ into CP"™, involving moving hypersurfaces. Our first aim is to generalize
the above results to this case. Furthermore, we also obtain an improvement
concerning counting multiplicities (Theorem 1.4). The second aim is to find
some normality criteria for the case of few moving hypersurfaces (Theorems
1.5-1.6). We note that so far, all results about normality criteria for families
of meromorphic mappings into CP™ have been restricted to the case where
the number of hyperplanes ¢ is at least 2n + 1.

In order to prove Theorems 1.5 and 1.6, we need some results of value
distribution theory of meromorphic mappings of C™ into CP", involving
hypersurfaces. But the Second Main Theorems as in [8] (for fixed hyper-
surfaces) or as in [1] (for moving hypersurfaces) which are the best results
available at present seem not to be sufficient for our purpose. In order to
overcome this difficulty we establish, for the special situation of the hy-
persurfaces in these theorems, a Second Main Theorem for meromorphic
mappings of C" into CP™ and multiplicities truncated by n.

Our main results are as follows:

THEOREM 1.4. Let F be a family of meromorphic mappings of a domain
D C C™ into CP", and let Q1, . ..,Qq (¢ > 2n+1) be ¢ moving hypersurfaces
in CP™ in general position such that:

(i) For any fixzed compact subset K of D, the 2(m — 1)-dimensional
Lebesgue areas of f~1(Q;)NK (1 < j < n+1) counting multiplicities
are uniformly bounded above for all f in F.
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(ii) There exists a thin analytic subset S of D such that for any fized
compact subset K of D, the 2(m — 1)-dimensional Lebesgue areas of
FHQHNN(K\S) (n+2 < j < q) regardless of multiplicities are
uniformly bounded above for all f in F.

Then F is a meromorphically normal family on D.

THEOREM 1.5. Let F be a family of holomorphic mappings of a domain
D c C™ into CP", and let Qq,...,Qn be n + 1 moving hypersurfaces in
CP™ in pointwise general position on D of common degree d > 1. Define
mowving hypersurfaces L1, ..., Ly, in CP™ by

n
L;= E a;; QY
Jj=0

where p is a fized positive integer (p > n(n + 1)) and a;; (0 < i,j < n)
are holomorphic functions on C™ such that for any square submatriz A of
(aij)o<i,j<n, det A # 0 on D. Assume that each f in F intersects L; on D
with multiplicity at least m;, where my,...,m, are fixed positive integers
or 0o, with

n

Zi<p—n(n+1)'

=1 np
Then F is a normal family.

THEOREM 1.6. Let F be a family of meromorphic mappings of a domain
D C C™ into CP™, and let Qq, . . . , Qn be n+1 moving hypersurfaces in CP"
i general position of common degree d > 1. Define moving hypersurfaces

L1,..., Ly in CP™ by

n
Li=)_ a;Q,

J=0

where p is a fized positive integer (p > n(n + 1)) and a;; (0 < 4,5 < n)
are holomorphic functions on D such that for any square submatriz A of
(aij)o<ij<n, det A # 0. Assume that for any fized compact subset K of D,
the 2(m — 1)-dimensional Lebesque areas of f~1(L;) N K (for all 1 < i < n)
and f71(Q;,) N K (for some iy € {0,...,n}) counting multiplicities are
uniformly bounded above for all f in F. Then F is a meromorphically normal
family.

Acknowledgements. We would like to thank Professors Junjiro No-
guchi, Gerd Dethloff, and Do Duc Thai for valuable discussions concerning
this material.
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2. Notations
2.1. For z = (z1,...,2m) € C™, we set [|z]| = (37, |2j1?)'/? and define
B(r)={zeC" [z <r}, S(r)={z€C" ||zl =r},
Ve
4

Let F' be a nonzero holomorphic function on C™. For each positive integer
p (or +00), we define the counting function of F' (where multiplicities are
truncated by p) by

d° = (0-9), V=(dd|z[")""", o= dlogllz]|*A(ddlog |=])™"

where

S min{vg,p} -V for m > 2,
lvr|NB(t)
Z min{vp(z),p} for m = 1.

|2|<t

nlf (1) =

2.2. Let f be a meromorphic map of C" into CP". For fixed homoge-
neous coordinates (wq : - - : wy,) of CP™, we take a reduced representation

F="fo,-, fa)of f.Set || f]| = max{|fol,...,|fn|}. The characteristic func-
tion of f is defined by

Te(r):= | log|flo— | loglflo, 1<r<+oc.
S(r) 5(1)

2.3. We state the First and Second Main Theorems in value distribution
theory:

FIrRsT MAIN THEOREM. Let f be a meromorphic mapping of C™ into
CP™ and Q be a homogeneous polynomial in Clxg,...,x,] of degree d > 1
such that Q(f) # 0. Then

Nop(r) <dTy(r) +O(1)  forallr > 1.

SECOND MAIN THEOREM (Classical version). Let f be a linearly nonde-
generate meromorphic mapping of C™ into CP™ and Hy,...,Hy (¢ > n+1)
be hyperplanes in CP™ in general position. Then

(¢ —n—D)Ty(r ZN([;]H ) + o(Ts(r))

for all r except for a subset E of (1 ,—i—oo) of finite Lebesgue measure.
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3. Proof of Theorem 1.4. In order to prove Theorem 1.4, we need
some preparations.

DEFINITION 3.1 ([10]). Let M be a locally compact Hausdorff space. A
point p of M is called a limit point of a sequence {E}}7° ;| of closed subsets
of M if there exist a positive integer ko and points py € Ey (k > ko) such
that p = limpy. A point of M is called a cluster point of {Ej}7°, if it is
a limit point of some subsequence of {Ej}22 . If the set E of limit points
coincides with the set of cluster points, {E};}2°, is said to converge to E
and we write lim £, = F.

LeMMA 3.1 ([10, Proposition 4.11]). Let {N;}?°, be a sequence of pure
(m—1)-dimensional analytic subsets of a domain D in C™. Assume that the
2(m — 1)-dimensional Lebesgue areas of N; N K regardless of multiplicities
(1 =1,2,...) are bounded above for any fixed compact subset K of D, and
{N;}2, converges to N as a sequence of closed subsets of D. Then N is
either empty or a pure (m — 1)-dimensional analytic subset of D.

LeEMMA 3.2 ([10, Proposition 4.12]). Let {N;}?°2, be a sequence of pure
(m—1)-dimensional analytic subsets of a domain D in C™. Assume that the
2(m — 1)-dimensional Lebesgue areas of N; N K regardless of multiplicities
(1=1,2,...) are bounded above for any fized compact subset K of D. Then
{N;} is normal in the sense of the convergence of closed subsets in D.

DEFINITION 3.2 ([13, Definition 4.4]). Let {1;}3°, be a sequence of non-
negative divisors on a domain D in C™. It is said to converge to a non-
negative divisor v on D if any a € D has a neighborhood U such that there
exist nonzero holomorphic functions h and h; on U with v; = v, and v = v,
on U such that {h;}32; converges to h uniformly on compact subsets of U.

LEMMA 3.3 ([10, Theorem 2.24]). A sequence {v;}2, of nonnegative
divisors on a domain D in C™ is normal in the sense of convergence of
divisors on D if and only if the 2(m — 1)-dimensional Lebesque areas of

vNE (i =1,2,...) counting multiplicities are bounded above for any compact
subset £ of D.

LEMMA 3.4 ([3, Proposition 3.5]). Let {f;} be a sequence of meromorphic
mappings of a domain D in C™ into CP™ and let S be a thin analytic
subset of D. Suppose that {fi} meromorphically converges on D\ S to a
meromorphic mapping f of D\ S into CP™. If there exists a hyperplane H
in CP™ such that f(D\ S) ¢ H and {v(f;, H)} is a convergent sequence of
divisors on D, then { f;} is meromorphically convergent on D.

DEFINITION 3.3 ([12, Definition 2.2]). Let X,Y be complex spaces and
F C Hol(X,Y).
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(i) We say that a sequence {f;} C F is compactly divergent if for every
compact set K C X and for every compact set L. C Y there is a
number jo(K, L) such that f;(K)NL =0 for all j > jo(K, L).

(ii) The family F is not compactly divergent if F contains no compactly
divergent subsequences.

LEMMA 3.5 ([12, Theorem 2.5]). Let D be a domain in C™ and M be
a complex Hermitian space. Let F C Hol(D, M). Then the family F is not
normal if and only if there exist sequences {p;j} C D with pj — py € D,
{f;} C F, 0j C R with g; >0 and o; — 0 such that the functions g;(z) :=
fi(p; + 0j2), z € C™ satisfy one of the following two assertions:

(i) The sequence {g;} is compactly divergent on C™.
(ii) The sequence {g;} converges uniformly on compact subsets of C™ to
a nonconstant holomorphic map g : C™ — M.

Proof of Theorem 1.4. Without loss of generality, we may assume that
D is a polydisc in C™, D = A™. By replacing Q; by in where d; is a
suitable positive integer for all ¢ = 1,..., ¢, we may assume that all the Q;
(1 =1,...,q) have the same degree d.

Let {fx}?2, C F be an arbitrary sequence. By Lemma 3.2, there exists
a subsequence (again denoted by {fi}72, ) such that

(3.1) lim £,'(Q:)=S; (i=1,...,q)
k—o0
as a sequence of closed subsets of D, where S; (i = 1,...,q) are either empty
or pure (m — 1)-dimensional analytic sets of D.
Set

Ty = {(io,...,in) € Ng™! [ ig 4+ + i, = d}.
Assume that

Qj:ZajIxI (jzl)JQ)a

Ie1y

where ajr € Hp, ! = xé‘) -ooxin for @ = (z0,...,2,) and I = (ig, ..., i)
Let T'= (... tgs,...) (k€ {1,...,q}, I € 7y) be a family of variables.
Set

ij = Ztﬂxl eZ[T,z], j=1,...,q.
1€7,

For each subset L C {1,...,¢} with [L| =n+1, let Ry € Z[T'] be the resul-
tant of Q; (j € L). Since {Q;};jer, are in general position, Ry(...,akr,...)
#£0.Set S:={z€ D | Rp(...,agr,...) =0 for some L C {1,...,q} with

Ll =n+1}. Let E:=J_, S, USU S. Then E is a thin analytic subset
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of D. For any fixed point zy € D \ E, there exist a relatively compact Stein
neighborhood U, of zp in D \ E and a positive integer ko such that for all
k > k07

(3:2) Q)N U, = 0.

Since Q;(fx) # 0 on Us,, we deduce that U,, N I(fx) = 0 (k > ko). Then
{felv., 172y, € Hol(Uy,, CP™). We now prove that {fx|v., }72, 15 @ normal
family on U,,. Indeed, otherwise by Lemma 3.5 there exist a subsequence
(again denoted by { fi|v., }3Zs,) and po € Uz, {Pk Frok, C Uszy With pr — po,
{or} C (0,+00) with g; — 0 such that the sequence of holomorphic maps

9 (2) = fr(pr + or2) : A7, — CP",  k>ko (r) — 00)

converges uniformly on compact subsets of C™ to a nonconstant holomor-
phic map g : C™ — CP". Then there exist reduced representations g; =
(gj0s - - - gjn) of gj (7 > ko) and a representation g = (go,...,gn) of g such
that {g;} converges uniformly on compact subsets of C"™ to g. This implies
that Q;(pr + 0k2)(gr(2)) converges uniformly on compact subsets of C™ to
Qj(P0)(g(2)). By (3.2) and Hurwitz’s theorem, for each j € {1,...,q} we
have

(i) Qj(po)(g) # 0 on C™, i.e. g(C™) N Q;(po) = 0, or
(i) @;(po)(g) =0 on C™, ie. g(C™) C Qj(po)

(we identify the polynomial Q;(po) € Clxo, ..., z,] with the hypersurface in
CP™ defined by Q;(po))-

Denote by I the set of all indices j € {1,...,q} with g(C™) C Q;(po)-
Set X = ;c;Qj(po) if I # 0, and X := CP" if I = (). Since C™ is
irreducible, there exists an irreducible component Z of X such that g(C™) C
Z \ Uigr @j(po). Since pg € Us,, we see that {Q;(po)}j—, are in general
position in CP™. This implies that {Q;(po) N Z};g¢r are in general position
in Z. Furthermore, it is easy to see that #({1,...,¢} \ I) > 2dim Z + 1,
since ¢ > 2n + 1. From these facts, by Corollary 1.4 in [7], we infer that
Z\ UZ-§z 1 Qi(po) is hyperbolic. Hence, g is constant. This is a contradiction,
hence { fi|v., 172, 18 @ normal family on Us,.

By the usual diagonal argument, we can find a subsequence (again not
relabeled) which converges uniformly on compact subsets of D \ F to a
holomorphic map f. Since {Q; ;lill are in general position, there exists a
fixed index jo (1 < jo < n+ 1) such that Qjo(f) #% 0 on D\ E. We define
meromorphic mappings {Fj}3°, of D into CP™*! as follows: for any 2 € D,

if fr has a reduced representation fr = (fko,---,frn) on a neighborhood

U, C D then F}, has a reduced representation Fj, = (f&,..., f2 . Qj, (fi)
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on U,. Let H; (i =0,...,n) be hyperplanes in CP™ defined by

and let H; (i =0,...,n+ 1) be hyperplanes in CP"*! defined by
I?,;:{(wo . ---:wn+1) ”U)Z'ZO}.

It is easy to see that {F}} converges uniformly on compact subsets of D\ E
to a holomorphic map F of D\ E into CP™"!, and if f has a reduced repre-
sentation f ( fo, ..., fn) on an open subset U C D then F' has the reduced
representation F = (fg,..., fff,QjO(f)) on U. Since f is holomorphic on
D\ E, there exists iy (0 < i9p < n) such that Hlo(]?) Z0on D\ E, and
hence H;, (F) # 0 on D\ E. Then there exists ko > 0 such that H;, (fr) £ 0,
H;,(F,) £ 0on D\ E for all k > k.

Since Qjo(f) # 0 on D\ E, we have Hn+1( F)# 0 on D\ E. By (3.1)
and Lemma 3.3, we may assume that F_ Y(H,,1) converges in the sense of
convergence of divisors on D to a d1v1s0r (note that 1 < jo < n+1). By
Lemma 3.4, {F}} is meromorphically convergent on D. This implies that
{F. ' (Hyy)}ksk, converges, and hence { f ' (Hj,) } x>k, converges in the sense
of convergence of divisors on D. By Lemma 3.4 again, { fi}r>x, is meromor-
phically convergent on D. Therefore { fx} has a meromorphically convergent
subsequence on D. Thus F is a meromorphically normal family on D. =

4. Proof of Theorem 1.5. As usual, by the notation || P” we mean
that the assertion P holds for all » € (1,400) excluding a subset E of
(1,+00) of finite Lebesgue measure.

LeMMA 4.1 ([11, Corollary 1]). Let f : C™ — CP™ be a meromorphic
mapping. Let {H;}_, (¢ > 2n+ 1) be fized hyperplanes in CP™ in general
position such that H;(f ) Z0(1<i< q) Then

LEMMA 4.2. Let f : C™ — (CP" be a meromorphic mapping. Let Qq,

., Qn be n+1 homogeneous polynomials of Clxy, ..., x,]| of common degree

d > 1. Assume that the hypersurfaces defined by Qo,...,Qn in CP™ have
no common point. Define homogeneous polynomials L1, ..., L, by

n
L; = Z )\sz?,
=0

where \;j are constants such that all submatrices of (/\ij)lgign,ogjgn are
nonsingular and p is a positive integer (p > n(n + 1)). Denote by F the
meromorphic mapping F = (Qo(f) : ---: Qn(f)) : C™ — CP™. Then
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0)ﬂWﬂ=ﬂﬂﬂ+0ﬂ)

ii T ] 0
@) || 70 < oy 3 2 M0+t

Proof. Let f: (fo,---, fn) be a reduced representation of f. It is clear
that (Qo(f),...,Qn(f)) is a reduced representation of F. Then we have

(4.1) || = max{|Qi(f)| | i =0,...,n} < e f]%,
where ¢ is a positive constant.

Since the hypersurfaces defined by {Q;}!", in CP™ have no common
point, by Hilbert’s Nullstellensatz there exists a positive integer s > d such
that

n
(4.2) v8 =Y RyQi, je€{0,...,n},
i=0
where R;; (i,j € {0,...,n}) are zero or homogeneous polynomials with

degree s — d. Then

fi= ZRU(f)QZ(f) for all j € {0,...,n}.

Thus, there is a positive constant co such that

G < S RG] max QA< eall I max (@)
.70 RS IS RS
for all j € {0,...,n}. This implies that
(4.3) £ < call F).

From (4.1) and (4.3) we deduce (i).
Let F: C™ — CP" be the meromorphic mapping which has a reduced
representation

= (@) -, Qa(N).
By (i) we have
(4.4) pdT¢(r) = Tp(r) + O(1), where d = degQ;.
We define hyperplanes {H,}?", in CP" by

:{ZaijijO} (i:(),...,2n),
j=0

0 if i <n,i#j,
a;; =4 1 ifi <n,i=j,
Ninyy ifi>n+1.

where
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Since all submatrices of (\;;) are nonsmgular the hyperplanes {H Ty are in
general position. It is easy to see that H;(F ) Qp(f) for all j € {0, ..,n},
and H;(F) = Lj_,(f) for all j € {n+1,...,2n}. We assume that Hj,(F)
= 0 with i € {0,...,k} and H;,(F) # 0 with i € {k+1,...,2n}, where
{jo,---sjon} ={0,...,2n}. Smce {H;}?", are in general p081t10n it follows
that k <n —1.

CASE 1: k =n — 1. Then F is constant. By (4.4), we have
1
T =—T = 0.
() pd P(r)
CASE 2: k < n—1. Let G : C" — CP" %1 be the meromorphic

mapping which has a reduced representation

G = (Hj,,(F),...,Hj, (F)).

Jk+1
Since {H;}?", are in general position and Hj, (F F) =0 for i € {0,...,k}, we
have

(4.5) Te(r) = Tr(r) + O(1).

We define hyperplanes {ﬁi}?glﬂ-l in CP"k=1 by

n—k—1
(4.6) H, = { 3" bipkrnywy = 0}, i=k+1,...,2n,

J=0

where the b;; are constants satisfying

aj;0 ajoo v a0\ [ bio

Ajin Ajon "+ QAjpn bin

Then {ﬁl}ﬁk 41 are in general position.
We note that 2n —k > 2(n — k — 1) + 1, so by Lemma 4.1 and by the
First Main Theorem, we have

2n

H Ta(r) < 2(n _27]1 : I;) 1 Ta(r) < Z Nl[{zg)_l](r) + o(T(r))

i=k+1
2n k1]
n—k—1
= 3 NI+ olTe()
i=k+1
[n—k— 1] [n—k— 1]
< Y N Z NL(f 1)+ o(Te(r))

Qi(H)Z0
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n—k—l [n k 1]
< 2 NepW+ X N5 (1) +(Tsr)
Qi(f)#0 Li(f)20
n(n+1) [n]
< AT
<= Z NL 7(r) +olla(r)
L;(
n(n+1) [n]
< ———To(r Z N, 5 () +o(Tr(r)).
Li(f)20
Then
[n]
an || st T L0+

By (4.4) and (4.5) and (4.7), we have

ﬂngnm+mn=;%m+mw

=0 —nn+1 8 Z Nin r) + o(Ty(r). =

4.3. Proof of Theorem 1.5. Without loss of generality, we may assume
that D is a polydisc in C™, D = A™. Suppose that F is not normal on D.
Then by Lemma 3.5 there exist a subsequence denoted by {fr}32, and
po € D, {pr}p3, C D with pr — po, {ox} C (0,+00) with o; — 0 such that
the sequence of holomorphic maps

9x(2) = fr(pr + okz) : Af; — CP", k>ky(ry / o)

converges uniformly on compact subsets of C™ to a nonconstant holomorphic
map g : C"™ — CP"™.

For any fixed 29 € C™, there exists ko such that zp € A7} for all k > ko.
By the convergence of {gx}r>k,, there exist reduced representations g =
(9k0, - - - » Gkn) of g (kK > ko) on A" and a representation g = (go,-- -, gn)
of g on A7Y such that {g;} converges uniformly on compact subsets of A"
to gr;. This implies that Q;(pr + 0r2)(9x(2)) and L;(pr + 0kz)(gr(2)) con-
verge uniformly on compact subsets of A" to Q;(po)(g(2)) and L;(po)(g(z))
respectively. On the other hand, each f in F intersects L; on D with mul-
tiplicity at least m;. So, by Hurwitz’s theorem, either L; i(po)(g) = 0 or all
zero points of LJ (po)(g) have multiplicity at least m; (j = 1,...,n). Thus,
by Lemma 4.2,

1 n
H Tg(T)S(p_n(n+1))d > Ngl(pom()m(Tg(r))

Lj(po)(9)Z
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n 1
S _nn+1)d > Nio@ () + o(Ty(r)).
Li(p)@#0

On the other hand, by the First Main Theorem,

Ni,po)@ (1) < pdTy(r) + o(Ty(r)).
Thus, we get

n

np 1
| B = ey X ) o)

Letting » — 400, we obtain
Zn:i > p—n(n+1).
i=1

mg np

This is impossible. Hence F is normal on D. =

5. Proof of Theorem 1.6. Without loss of generality, we may assume
D is a polydisc in C™, D = A™.

Let {fr}32, C F be an arbitrary sequence. By Lemma 3.2, we can find a
subsequence (not relabeled) such that

(5.1)  lim ML) =S (i=1,....,n) and lim f,'(Qi) = So

k—o00
as sequences of closed subsets of D, where S; (i = 0,...,n) are either empty
or pure (m — 1)-dimensional analytic sets of D. Because all submatrices of
(aij)o<i<n,1<j<n are nonsingular, {Qo, ..., Qn, L1, ..., L, } are in general po-

sition. Clearly, there exists an analytic set S of codimension at least 1 such
that {Qo,...,Qn, L1,...,L,} are in pointwise general position on D\ S and
all submatrices of (ai;)o<i<n,1<j<n are pointwise nonsingular on D\ S. Set
E :=U,SiUSUUpZ; I(fx). Then E is a thin analytic subset of D.

For any zp € D\ E, by (5.1) there exist an open ball B(zp,79) C D \ E
and a positive integer ko such that Li(f;) (i = 1,...,n) and Q;,(fx) have no
zero point on B(zp, 7o) for all & > kg. By Theorem 1.5, { fi }k>k, is a holo-
morphically normal family on B(zg, ). Hence, { fx} has a subsequence which
converges uniformly on compact subsets of D \ E to a holomorphic map.

By the usual diagonal argument, we can find a subsequence (again not
relabeled) which converges uniformly on compact subsets of D \ E to a
holomorphic map f. We denote by L,41 the moving hypersurface @,.
Because {Li};fll are in pointwise general position on D \ E, there exists
jo € {1,...,n+1} such that Lj, (f) # 0 on D\ E. We define the meromor-
phic mappings {F},}32, of D into CP"*! as follows: for any z € D, if f; has a
reduced representation fk = (fx0,- - -, fxn) on a neighborhood U, C D then
F}, has a reduced representation Fj, = (f,gl07 e ,fgn, Ljo(ﬁ)) on U,. By the
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same argument of the proof of Theorem 1.4, {F},}72, is a meromorphically
convergent sequence on D and {f;}72, has a meromorphically convergent
subsequence on D.

Thus, F is a meromorphically normal family on D. =
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