ANNALES
POLONICI MATHEMATICI
82.1 (2003)

Bifurcation theorems for nonlinear problems
with lack of compactness

by FRANCESCA FARACI (Catania) and ROBERTO LIVREA (Messina)

Abstract. We deal with a bifurcation result for the Dirichlet problem

{ —Apu = % P 2u+ Af(z,u) a.e. in £2,
x

u|69 =0.

Starting from a weak lower semicontinuity result by E. Montefusco, which allows us to
apply a general variational principle by B. Ricceri, we prove that, for u close to zero, there
exists a positive number A}, such that for every A € ]0, A};[ the above problem admits a

nonzero weak solution u) in W(}’p(Q) satisfying limy _ o+ |lunl = 0.

1. Introduction. In the present paper we are interested in the existence
of solutions for the Dirichlet problem
—Apu = ﬁ |u[P~2u + \f(x,u) a.e.in £,
x

(P)\,u)
Ulpn = Oa

where (2 is a bounded open subset of R™ (n > 2) containing the origin,
1<p<N, f:xR — Risa Carathéodory function with f(z,0) = 0,
and A, p are two parameters respectively positive and nonnegative.

The presence of the term u/|x|P does not allow us to apply the clas-
sical variational approach. The Hardy inequality ensures that WO1 P(£2) is
continuously, but not compactly embedded in LP({2) with respect to the
weight |z|7P. Because of this lack of compactness we are not able to obtain
the weak lower semicontinuity of the energy functional via the classical De
Giorgi theorem.

The problem

_

—Apu = o [uP~%u + f(x) a.e. in £,

(Pu)
ujpn =0,
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is studied in [3], where f € W5 (£2) and u < H, H being the best con-
stant in the Hardy inequality. In particular, starting from the coercivity and
homogeneity of the energy functional, the authors of [3] are able to prove the
required compactness property by finding a minimizing sequence converging
to a global minimum.

The authors of [1] are interested in minima of the nondifferentiable func-
tional

: Jul?
J(u) = S](SE,VU) dr —a S FE dx — S f(@)u(z) dz,
02 (9} 2

where f € L?(£2) and j(z, ) is a convex function with respect to &, satisfying
oféf* < j(x,€) < BlEI?

for every £ € R", a.e. in {2. With no information about the weak lower semi-
continuity of the functional, they state the existence of a global minimum
using a truncation approach.

We refer moreover to the recent papers [2] and [4] for a complete survey
of the topic. The authors of [4] deal with the problem

(P) |z]?

~ { —Apu = a lu|7 20+ Nu[""2u  a.e.in £2,
Upn = 07

where 0 < s <p <n,q<p*(s)=(p—s)/(n—p)p. In particular in the case
s =¢q=p, p<r < p*they obtain infinitely many solutions, at least one
of them being positive, for any A > 0 and 0 < p < H. We notice that the
main assumption in that paper is a bound on r, which is incompatible with
our hypothesis on the nonlinearity at zero (see condition (3)).

Here we propose a novel approach to the subject. In particular, combin-
ing a weak lower semicontinuity result by E. Montefusco [5] with a recent
variational principle by B. Ricceri [6] we establish a bifurcation theorem
for problem (P, ,) just assuming a suitable behaviour of f(x,t) at zero.
Moreover, we prove that if A is sufficiently small, then the energy functional
related to the problem is negative and decreasing on the solutions.

Finally, using the same technique, we obtain an analogous result for the
problem

/*71 *
)p : lulP" 2w + \f(z,u) a.e.in £2,

) —Ayu= u(yurp

Upn = 07

where n, p and f are as in problem (P, ,), 2 is a bounded open subset of
R™ and p* = np/(n — p).
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2. Preliminaries. Assume the following growth condition on f: there
exist two positive constants a, ¢ with

-1
¢ < np—1)+p
n—p
and a nonnegative constant b such that
(1) [f (2, &) < alg]* +b

for every £ € R and a.e. in 2.
Denote by X the space VVO1 P(£2) endowed with the norm

1/p
Jull = ((§ IVu(@) de) ™.
19,
Let us recall the Hardy inequality

|u(a)[? 1
2 dr < — u(x)|P dx
) [ o< 7 | ITutaP da
where (2 is an open set in R™ containing the origin and H is the best constant
in the inclusion of Wol P(2) in LP(§2) with weight |x|~?. In particular, when
QR isaball, H= ((n—p)/p)? (see [3]).

For each u € X and p € R put

Hu(u) = % S |Vu(z)|P de — % S [u(@)” dz,

P 2 Tl
o) =~ § (| f(2,)dg) da.
2 0

In [5] it is shown that H, is a well defined and continuously Gateaux
differentiable functional in X. Moreover, if p € [0, H|, then H, is weakly
lower semicontinuous and coercive.

Standard arguments show that & is a well defined and continuously
Gateaux differentiable functional whose Gateaux derivative is a compact
operator from X to X*.

A weak solution of problem (Py ) is any u € X such that

u(x) P2
S \Vu(z)[P~2Vu(z) - Vo(z) dz — p S %u(w)v(x) dx
2 2
—-A S f(z,u(x))v(z)de =0 for all v e X.

2
For each A, 1 € R, consider the functional Jy , : X — R defined by

J/\,u(u) = Hu(“) + AP (u)

and observe that it is the energy functional related to (P ).
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Finally, for the reader’s convenience, we recall the main tool that we will
use. It is due to B. Ricceri and it can be stated as follows:

THEOREM A ([6, Theorem 2.5]). Let X be a reflexive real Banach space,
and let D, ¥ : X — R be two sequentially weakly lower semicontinuous func-
tionals. Assume also that W is (strongly) continuous and lim|g)|_ 4o ¥(7)
= +o00. For each o > infx ¥, put

P(z) —infy, g1

0) = inf —0.0) e
vew—1(]—oco,0]) 0—V(x) ’

where cly, is the closure in the weak topology. Then, for each o > infx ¥
and each X\ > ¢(p), the restriction of the functional ®+\¥ to W~1(]—o0, o)
has a global minimum.

3. Main result

THEOREM 3.1. Let f : 2 x R — R be a Carathéodory function with
f(x,0) = 0, satisfying condition (1). Assume that there are a nonempty
open set D C (2 and a set B C D of positive measure such that

infoep §g fz,t)dt

lim sup )

(3) £—0t |€|p
lim inf infzep Sg flw,t)dt > —00
£-0+ &P ‘

Then for every p € [0, H| there exists a positive number Ay, such that for ev-
ery A € 10, A [ problem (P ) admits a nonzero weak solution uy in Wol’p(Q).
Moreover,

lim ||uy|| =0

T

and the function X — Jy ,(ux) is negative and decreasing in |0, \},[.

Proof. Fix pe€ [0, H[. We want to apply Theorem A, where X = Wol’p(Q),
V¥ ="H, and & is the functional introduced in Section 2.

Since p € [0, H[, we have already observed in Section 2 that ¢ and ¥
are two sequentially weakly lower semicontinuous and continuously Gateaux
differentiable functionals. Moreover, ¥ is coercive and clearly inf,cx ¥ (u)
=0.

Let @ > 0 be such that ¢(g) > 0 and put A\;, = 1/p(g). Thanks to
Theorem A, for every A € 0, \%[ there exists uy € ¥~!(]—o0, g[) such that

(@) B (uy) + %w'(w) ~0

and, in particular, uy is a global minimum of the restriction of @ + %W to
1|00, ).
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Fix A € ]0, A} [; we will prove that uy # 0. To this end, let us prove that
P(u)
(5) liminf ——— = —o0
lul 0+ & (u)
Thanks to (3) we can fix a sequence {{;} in R converging to zero and two
constants § and I" with § > 0 such that
infuep {5 f(x,t) dt
k—+o00 ’fk’p

:+OO

and
i3

. .
inf § fa,t)dt > T|¢]

for all £ € [0,0]. Next, fix a set C C B of positive measure and a function
v € X such that v(z) € [0,1] for all z € 2, v(z) = 1 for all z € C, and
v(x) =0 for all x € 2\ D. Let Q > 0, put

ol = § X2 g,

p
) Tl

and consider a positive number T" with
Tmeas(C) + I SD\C |v(x)|P dx

1 _ K
Tl — Efjofl?

Then there is v € N such that & < ¢ and

&k
inf > Tl [P
inf §) fla,t)dt > T|&

for all k£ > v. Now, for each k > v, one has
o) Sl . t)dt)da+ §p o (55" f(a,t) de) de
T (&) Tl — o]l
Tmeas(C)+ I SD\C |v(x)|P dx

1 Y
Toll? — Ef|o

From (6), clearly (5) follows. Hence, there is a sequence {wy } in X converging
to zero such that for k large enough we have wy, € ¥~!(]—oc0,[), and

b(wy) + %Ep(wk) < 0.

Since u, is a global minimum of the restriction of ¢ + ¥ to ¥~!(]—00,7|),
we can conclude that
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(1) B(uy) + %qu) <0=a(0) + %wm)

so that uy # 0.
Observing that the weak solutions of problem (P, ,) are exactly the
critical points of the functional J) , and that

1
(8) JA,“:A<¢+XW>,

one finds that the first part of our theorem is completely proved.
Since ¥ is coercive and uy € ¥~ !(]—o00,3[) for every A € 0, ALl there
exists a positive number L such that
Juall < L

for every A €0, )\;[ Therefore, since &' is a compact operator, there exists
a positive number M such that

[ @))ua ) | < 9/ ) s < - 22
N
for every A € ]0, Ay .

By (4), J}(ux) =0 for every A€]0, \y[ and in particular (J}(uy))(ux) =0,
that is,

(9) p-W(un) = [luall” = plllualll” = A § f(@, ur(@))us(x) da
N
for every A € |0, Aj[. Hence
lim ¥ =0.
g )

Finally, putting together (2) and (9) yields

1 %
—lux||P < &(uy) + uy|P
5 el (wn) + 27
for every A € ]0, Aj[, hence
p-
[urll” < W (uy)
—
for every A € ]0, \};[ and
lim |juyl| = 0.
A—0t

From (7) and (8) it follows that the function A\ — Jy ,(uy) is negative in
10, A%[- Finally, if we fix A1, A2 € ]0, A} [ with A1 < Ag and put

1 1
" (wan) + A1 () vew—llﬁ—oo,@[) ( W)+ A (v)>’

1 1
=@ — v = inf ] — v
My (u)\z) + Ao (ux\z) ved?*lla—oo,g[) ( (U) + Ao (U)>’
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then
Dy p(un) = Aimay > Aamy, > Aamy, = Iy, u(un,)-

Hence, A — Jy ,(uy) is decreasing in |0, A}[ and the proof is complete. m

REMARK 1. Observe that Theorem 3.1 is a bifurcation result. In fact,
since f(x,0) = 0 it follows that 0 is a solution of (Py,) for every A, .
Hence, A\ = 0 is a bifurcation point for problem (P ), in the sense that
(0,0) belongs to the closure in Wol’p(Q) x R of the set

{(u,\) € Wol’p((}) % |0, +o0[ : u is a weak solution of (Py ), u # 0}.

Anyway, also when f(z,0) # 0 and f, in addition to assumption (3), satisfies
the growth condition

|f(z, )] < a(l+ [€]7)

for every £ € R and a.e. in {2, where a > 0 and ¢ <
of Theorem 3.1 are still true.

% , the statements
P

Here is an example of application of Theorem 3.1.

ExXAMPLE 1. Let {2 be a bounded open subset of R” with n > 2, 1 <
p<mnand a,F: 2 — R two continuous and bounded functions. Assume
that sup, o > 0 and that 3 is a positive function with inf, 5 > 0. Then for
each p € [0, H| there exists a positive number A}, such that the problem

~ —Apu = N |u[P~2u + Aa(z)|u]"2u + B(z)|u|*"%u] a.e.in £,
(Pau) [P
ujpn =0,
with 1 < r < p and p < s < p* admits a nonzero weak solution u), in
VVO1 P(02). Moreover, limy_g+ [[ux|| = 0 and the energy functional related to
problem (P) ;) is negative and decreasing in |0, Aj[.
To prove this, we can apply Theorem 3.1 with

f(a,€) = a(@)|€]" %€ + Bla)[¢]° %
for every (z,&) € 2 x R.
It is easy to verify that condition (1) holds. Denote by B, the open ball
centred at x¢ with radius g, and let ¢ be such that B, C {2 and ming, o > 0.
If we put D = B = B, a simple computation shows that

. infzen Sg f(x,t)dt _ ming«a
lim > im = +00.
£—0+ (3 T g0t [EPTT

Hence all the assumptions of Theorem 3.1 are verified and the conclusion
follows.

REMARK 2. We point out that the energy functional J, , related to
problem (P ,) is not coercive. In particular, it is unbounded from below.
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In fact, if we fix v € Wol’p(Q) and 7 € R, then

TP ut?
Iu(to) = —||v||P — — |||v|||P
w(Tv) p o] . [I[v]l

A2 (S ata)de)lolf + 7§ 0 de) ol |-

2 (0]
So, as s > p > r, it follows that lim; | Jy ,(7v) = —o0.

Let now {2 be a bounded open subset of R™ and consider, for each A, u €
R, the functional I , : X — R defined by putting

1 « p/p”*
L) = = | [Vu(a)P do — ﬁ( J ua)P dx) + AB(u)
P, p\}
for each u € X.
Taking into account the Sobolev inequality

- 1/p* 1 1/p

(10) (§lu@p de) ™" < < (§IVu(@)Pdz) ™,
S1/p
19 2

where v € X and S is the best constant in the Sobolev inclusion (see [7]),
and observing that I, is the energy functional related to problem (P;f “)
introduced in the introduction, in analogy to Theorem 3.1, we can state the
following

THEOREM 3.2. Let f: 2XR — R be a Carathéodory function satisfying
the assumptions of Theorem 3.1. Then for every u € [0,S] there exists a

positive number v, such that for every A € |0, v[ problem (P:\k,u) admits a

nonzero weak solution wuy in Wol’p(Q). Moreover,
li =0
Jimfus

and the function A I ,(uy) is negative and decreasing in |0, v
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