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Existence of solutions for impulsive fractional partial neutral
integro-differential inclusions with state-dependent delay in
Banach spaces

by ZuOoMAO YAN and HONGWU ZHANG (Zhangye)

Abstract. We study the existence of mild solutions for a class of impulsive fractional
partial neutral integro-differential inclusions with state-dependent delay. We assume that
the undelayed part generates an a-resolvent operator and transform it into an integral
equation. Sufficient conditions for the existence of solutions are derived by means of the
fixed point theorem for discontinuous multi-valued operators due to Dhage and properties
of the a-resolvent operator. An example is given to illustrate the theory.

1. Introduction. The theory of impulsive differential or integro-differen-
tial systems has become an active area of investigation due to their appli-
cations in fields such as mechanics, electrical engineering, medicine, biology,
ecology and so on. One can refer to [BH|, [HC], [LB] and the references
therein. Several authors have established results on the existence of mild
solutions for these equations (see [AA], [HG], [HL], [Y1] and references
therein). Nonlinear fractional differential or integro-differential equations
has recently been an object of increasing interest because of their wide ap-
plicability in nonlinear oscillations of earthquakes and other physical phe-
nomena; see the monographs of Kilbas et al. [KS|], Miller and Ross [MR],
Podlubny [PO] and the papers [BO|, [GN], [MS]. The existence of solutions
for fractional semilinear differential or integro-differential equations has been
extensively studied by many authors (see [El], [E2], [Y2], [Z]] and the ref-
erences therein). On the other hand, functional differential equations with
state-dependent delay can be met in various applications. Some recent ap-
plications can be found in [AA], [BEl, [CN], [HGI, [RB], [S]. The problem of
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state-dependent delay in Banach spaces has attracted considerable interest
among researchers [AS], [DN], [SA].

The existence, uniqueness and other quantitative and qualitative prop-
erties of solutions to various impulsive semilinear fractional differential and
integrodifferential equations have been extensively studied in Banach spaces.
For example, Mophou [M] obtained the existence and uniqueness of mild so-
lutions for semilinear impulsive fractional differential equations. Shu et al.
[SL] investigated the existence and uniqueness of mild solutions for a class of
impulsive fractional partial semilinear differential equations and corrected
some errors in [M]. Chauhan et al. [CD| extended the results of [SL] to impul-
sive fractional order semilinear evolution equations with nonlocal conditions.
Balachandran et al. [BK1], [BK2] discussed some fractional-order impulsive
integrodifferential equations. The existence of solutions of fractional differ-
ential equation of Sobolev type with impulse effect in Banach spaces was
also considered in [BK2]. Debbouche and Baleanu [DB] proved the control-
lability of a class of fractional evolution nonlocal impulsive quasilinear delay
integro-differential systems. Further, Dabas et al. [DC] dealt with the exis-
tence and uniqueness of mild solution for semilinear fractional-order func-
tional evolution differential equations with infinite delay.

However, many systems arising from realistic models can be described
as partial fractional differential or integro-differential inclusions (see [AM],
[Y3] and references therein), so it is natural to extend the concept of mild
solution for impulsive fractional evolution equations to impulsive systems
represented by fractional differential or integro-differential inclusions.

In this paper, we consider a class of impulsive fractional partial neutral
integro-differential inclusions with state-dependent delay in Banach spaces
of the form

t
(1.1)  “DN(zy) € AN(2) + | Q(t — 5)N(5) ds + F(t, 2 p( 2y
0
teJ=10,b], t#ty,k=1,...,m,
(1.2) zo=peB, 2'(0)=0,
(1.3)  Az(ty) = Ii(zy,), k=1,...,m,

where the unknown z(+) takes values in the Banach space X with norm || - ||,
¢D® is the Caputo fractional derivative of order o € (1,2), A and (Q(¢))>0
are closed linear operators defined on a common domain which is dense in
(X, 1), and Dgé(t) represents the Caputo derivative of order a > 0 defined
by

t n

DRe(t) =\ gn-alt - s)j? (s)ds,
0
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where n is the smallest integer greater than or equal to « and gg(t) :=
tP=1/r(B),t > 0, 3 > 0. The time history a; : (—o0,0] — X given by z:(#) =
x(t + 0) belongs to some abstract phase space B defined axiomatically; and
F :JxB — P(X) is a bounded closed convex-valued multi-valued map,
P(X) is the family of all nonempty subsets of X, G:J x B — X, N(¢) =
¥(0) + G(t,¢) forp € Byand Iy, : B - X (k=1,...,m),p: JxB —
(—o0, b], are functions subject to some additional conditions. Moreover, let
0 <t < - <ty < b be given points, and Az(t;) = z(t]) — z(t;),
where z(t; ) and z(t}) represent the right and left limits of z(t) at t = 4,
respectively.

To the best of our knowledge, there is no work reported on the existence
of mild solutions for impulsive fractional partial neutral integro-differential
inclusions with state-dependent delay of the form (1.1)-(1.3), and the aim
of this paper is to close this gap. Motivated by the previously mentioned
papers, we will study this interesting problem. Sufficient conditions for the
existence are given by means of a fixed point theorem for multi-valued map-
ping due to Dhage [D] with the a-resolvent operator combined with ap-
proximation techniques. In particular, the results of [M], [SL], [CD], [BK1],
[BK2], [DB], [DC] are generalized to the fractional multi-valued setting and
to the case of infinite delay.

2. Preliminaries. Let (X, - ||) be a Banach space. C(J,X) is the
Banach space of all continuous functions from J into X with the norm
||| oo = sup{||z(t)|| : t € J} and L(X) denotes the Banach space of bounded
linear operators from X to X. A measurable function x : J — X is Bochner
integrable if and only if ||z|| is Lebesgue integrable. For properties of the
Bochner integral see Yosida [YO]. L'(J, X) denotes the Banach space of
measurable functions x : J — X which are Bochner integrable, normed
by ||z]1 = Sg |z(t)|| dt for all x € L(J, X). Furthermore, for appropriate
functions K : [0,00) — X the notation K denotes the Laplace transform
of K. The notation B, (z, X) stands for the closed ball with center at = and
radius 7 > 0 in X.

P(X) denotes the family of nonempty subsets of X. Let us introduce the
following notations:

Pa(X)={z € P(X) : x is closed}, Ppa(X)={z € P(X) : x is bounded},
Pev(X)={z € P(X) : x is convex}, Pep(X)={z € P(X):x is compact}.
Consider Hy : P(X) x P(X) = R* U {oo} given by

Hy(A,B) = max{sgg d(a, B), 232 d(A,b) },



146 Z. M. Yan and H. W. Zhang

where d(A, b) = inf,c 4 d(a,b), d(a, B) = infye g d(a,b). Then (Pya.a(X), Hg)
is a metric space and (Pq(X), Hg) is a generalized metric space.

A multi-valued map ¢ : X — P(X) is convex (resp. closed) valued if
G(X) is convex (resp. closed) for all z € X; and @ is bounded on bounded
sets if ®(B) = |J,cpP(x) is bounded in X for any bounded set B of X,
that is, sup,cgsup{||y| : y € ®(z)} < oco.

@ is called upper semicontinuous (u.s.c., for short) on X if for any z € X,
the set @(x) is a nonempty closed subset of X, and if for each open set B
of X containing &(z), there exists an open neighborhood N of x such that
&(N)C B.

& is said to be completely continuous if (D) is relatively compact for
every bounded subset D of X. If the multi-valued map & is completely
continuous with nonempty compact values, then @ is u.s.c. if and only if @
has a closed graph, i.e., T, = Tx, Yn = Yx, Yn € () Imply yi € O(x4).

A multi-valued map @ : J — Ppqclev(X) is said to be measurable if
for each z € X, the function Y : J — R* defined by Y (t) = d(z,d(t)) =
inf{d(z, z) : z € (t)} is measurable.

& has a fized point if there is x € X such that x € ().

For more details on multi-valued maps we refer the reader to the books
of Deimling |[DE], and Hu and Papageorgiou [HP].

In this paper, we assume that the phase space (B, ||-||5) is a seminormed
linear space of functions mapping (—oo, 0] into X, and satisfying the follow-
ing fundamental axioms due to Hale and Kato (see, e.g., [HK]):

(A) Ifx: (—o0,0+b] = X, b > 0, is such that z|j5 544 € C([0,0+b], X)
and z, € B, then for every t € [0,0 + b]:
(i) @ isin B;_
(i) [zl < Hl2t]|s;
(iil) |lzells < K(t — o) sup{[lz(s)[| : 0 < s <t} + M(t = 0|05,

where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous
and M locally bounded; H, K, M are independent of x(-).

(B) For z(-) in (A), t — x4 is continuous from [0, o + b] into B.
(C) The space B is complete.

To describe appropriately our problems we say that a function x : [u, 7]
— X is a normalized piecewise continuous function on [u, 7] if = is piecewise
continuous and left continuous on (u,7]. We denote by PC([u, 7], X) the
space of normalized piecewise continuous functions from [y, 7] into X. In
particular, we introduce the space PC of all functions z : [0,b] — X such
that x is continuous at t # tj, x(ty) = x(t;) and z(t]) exists for k =
1,...,m. In this paper, we always assume that PC is endowed with the
norm [|z[pc = supejop) 2(t)[|. Then (PC, || - |lpc) is a Banach space.
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To simplify the notations, we put tg = 0, t;,+1 = b and for x € PC, we
denote by zy € C([tg, tk+1], X), k =0,1,...,m, the function given by
R .%'(t) fort € (tk,tk+1],
Tr(t) == fl
x(ty) fort =ty.
Moreover, for B C PC we set By, = {Zp:x € B}, k=0,1,...,m
Let us recall the following definitions and facts.

DEFINITION 2.1 ([SA]). A one-parameter family of bounded linear op-
erators (Rq(t))t>0 on X is called an a-resolvent operator for

t

(2.1) ‘Dx(t) = Az(t) + | Q(t — s)z(s) ds,

(2.2) ro=peX, 2'(0)=0,
if the following conditions hold:
(a) Ra(:) : [0,00) — L(X) is strongly continuous and R, (0)z = x for
all z € X and o € (1,2).
(b) For z € D(A), Ra(-)x € C([0,00),[D(A)]) N C1((0,00), X), we have

DiRa(t)r = AR (t)x +\Q(t — s)Ra(s)x ds,

DiR4(t)x = t)Ax + \Ra(t — 5)Q(s)x ds,

§
&

for every ¢t > 0.

In this work we will consider the following conditions:

(P1) A: D(A) C X — X is a closed linear operator with [D(A)] dense
in X. Let a € (1,2). For some ¢g € (0,7/2], for each ¢ < ¢¢ there
is a positive constant Cy = Cy(¢) such that

Yo.a0 = {NE€C: A F#0, |arg(N)| < ad} C p(A),

where ¥ = ¢ + 7/2 and [|[R(A, A)|| < Co/|A| for all A € X 4.

(P2) For all t >0, Q(t) : D(Q(t)) € X — X is a closed linear operator,
D(A) € D(Q(t)), and Q(-)x is strongly measurable on (0, 00) for
each z € D(A). There exists b(-) € L (R") such that Bb(\) exists
for Re(A) > 0 and ||Q(t)z| < b(t)||z||1 for all t > 0 and x € D(A).
Moreover, the operator valued function Q : Yox2 = L([D(A)], X)

has an analytical extension (still denoted by @) to Xy such that
QN[ < [[QIN| [|z]lx for all 2 € D(A), and [[Q(N)|| = O(1/|A[)

as |\| = 0.
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(P3) There exists a subspace D C D(A) dense in [D(A)] and a posi-
tive constant C' such that A(D) C D(A), Q(M\)(D) € D(A), and
|AQ(N)z|| < C||z]||, for every x € D and all A € X ».

For r > 0 and 6 € (7/2,9), we set
Yo ={A€C: A >r, larg(N)| < 6},
and we consider the paths
Frlﬂ = {te’? : t > 1}, FEQ = {te®* : €] < 6}, F,‘{f@ ={te ®:t>r},
with I5. 9 = U?:l Ffﬂ oriented counterclockwise. In addition,
Pa(Ga) = {A € C: Ga(N) := AT (N T — A— Q(N\) " € L(X)}.
We now define an operator family (R (t)):>0 by

(2mi) 7§, eMGa(N)dA, >0,

Ralt) = {I, t=0.

LeMMA 2.2 ([SA]). Assume that conditions (P1)—(P3) hold. Then there
exists a unique a-resolvent operator for problem (2.1)—(2.2).

LeMmmA 2.3 ([SAl). The function Ry : [0,00) — L(X) is strongly con-
tinuous and Ry : (0,00) — L(X) is uniformly continuous.

DEFINITION 2.4 ([SA]). For o € (1,2), we define a family (Sq(t))t>0 by

t
Sa(t)z = Sga_l(t — $)Ra(s)ds for each t > 0.
0

LeEmMA 2.5 ([SA]). If Ra(:) is exponentially bounded in L(X), then so
is Sal+).

LEMMA 2.6 ([SA]). If Ral(:) is exponentially bounded in L([D(A)]), then
50 is Sa(-)-

Lemma 2.7 ([SAl). If R(A\§, A) is compact for some \§ € p(A), then so
are Ro(t) and Sy (t), for all t > 0.

DEFINITION 2.8. A function z : (—oo,b] — X is called a mild solution
of the problem (1.1)—(1.3) if w0 = ¢, T, 4,) € B for every s € J, Ax(ty) =
Ii(zy,), kK = 1,...,m, the restriction of = to (t,tg+1] (k = 0,1,...,m) is
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continuous, and

()[f(o) G(0,9)] + Gt )
0

S Sa( S)F(svxp(s :cs)) ds, te [O,tl],
—t1)[z (tf)+11(:rt1) Glt1,a,1)]
ZL‘(t) € t,l’t + S F(S,:Ep(s’xs)) ds, t e (tl,tg],

Ra(t = tm)[z(ty) + Im(2t,,) — G(tm, fztﬁ@)]
| Gt m) 4, Salt = $)F(s,2y(s0,)) ds,  tE (tm,b].

LEMMA 2.9. A set B C PC is relatively compact in PC if, and only if,
the set By, is relatively compact in C([tg, tg+1], X) for every k =0,1,...,m

LEMMA 2.10 (Dhage’s fixed point theorem [D]). Let X be a Banach
space, and P1 1 X — Pocvpd(X) and @2 0 X — Pepov(X) be two multi-
valued operators such that

(a) @1 is a contraction, and
(b) @9 is completely continuous.

Then either

(i) the operator inclusion x € $1x + P1x has a solution, or
(ii) the set G ={x € X : © € A1z + A\Dox} is unbounded for € (0,1).

3. Main results. In this section we shall present and prove our main
results. Assume that p : J X B — (—00,b] is continuous. In addition, we
make the following hypotheses:

(H1) The operator families Ry (t) and S, (t) are compact for all ¢ > 0,
and there exist constants M and ¢ such that [|[Ra(t)||zx) < Medt
and [|Sa(t)]|L(x) < Medt for every t € J.

(H2) The function ¢ — ¢y is continuous from R(p~) = {(s,¢) € J x B :
p(s,1) < 0} into B and there exists a continuous and bounded
function J¥ : R(p~) — (0,00) such that |o|lg < J?(t)|l¢lls for
each t € R(p™).

(H3) The multi-valued map F : J x B — Ppq.clev(X) is such that for
each t € J, the function F(t,-) : B — Ppa,cev(X) is us.c. and
for each ¢ € B, the function F(-,1) is measurable; for each fixed
1 € B, the set

Spy ={f € L}J,X): f(t) € F(t,%) for a.e. t € J}

is nonempty.
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(H4) There exist a continuous function m : J — [0, 00) and a continuous
nondecreasing function © : [0,00) — (0, 00) such that

1E @) = sup{l[f]| : f € F(t,¢)}
<m()O(|[¢ls), teJ veb,

with
Bk
————ds = 0.
s+ O(s)
(H5) The function G : J x B — X is continuous and there exists a L > 0
such that

1G(t, 1) — G(t, ¥2) ||
< Lty — to + |1 —42ll8],  t1,t2 € J, ¥1,¢2 € B,
G < L(lvlls+1), ted ¢ebB
(H6) The functions Ij, : B — X are continuous and there exist constants
¢k such that
1
0 < limsup KON o
lwls—oe 1Yl
Lemma 3.1 ([HG]). Let  : (—oo,b] — X be such that xo = ¢ and
|0y € PC(J, X). Then
|lzslls < (My + )5
T Kysup{[2(0)] 0 € [0, max{0, s}]}, s € R(p7) U,
where J§ = supeg(,-) J#(t), My = supe; M(t), and Ky = sup,e; K(t).
LemMA 3.2 ([LO]). Let J be a compact interval and X be a Banach

space. Let F' be a multi-valued map satisfying (H3) and let P be a continuous
linear operator from L'(J, X) to C(J,X). Then the operator

PoSp:C(J,X) = Pepev(X), x+ (PoSp)(z):=P(Sprg),
has a closed graph in C(J,X) x C(J, X).

THEOREM 3.3. If the assumptions (H1)-(H6) are satisfied with p(t, )
<t for every (t,v) € J x B, then the problem (1.1)—(1.3) has a mild solution
on J, provided that

(3.1) max {M,N.[1+ KyM(cj + L)] + K, LM} < 1,
1<k<m

where M = M max{1,e}, N, = max{1,e %}

Proof. Consider the space BPC = {z : (—o0,b] - X : 290 = 0, z|; €
PC(J,X)} endowed with the uniform convergence topology and define a

veB k=1,...,m.
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multi-valued map @ : BPC — P(BPC) by letting ®x be the set of h € BPC
such that

,

0, t € (—o0,0],
Ra(t)[(0) — G(0,9)] + G(t, 71)
+ 0 Sa(t — 5)f(s) ds, te0,t],
h(t) = Ra(t —t1)[z(ty) + 1i(ze,) — G(t1, Ty )]
+G(t,3y) + ;, Salt — 5)f(s)ds, t € (t1,ta],
(t — tm)[f( ;n) In(Zt,,) = G(tm, Ty )]
i) +

S ot — 8)f(s)ds, t € (tm,bl,
(4,

where f € Spz, = {f € LYJ,X) : f(t) € F(t,Zp(sz,)) ae. t € J}, and
Z: (—00,0] = X is such that o = ¢ and £ = on J. We aim to show that
@ has a fixed point, which is a solution of (1.1)—(1.3).
Let {0, : n € N} be a decreasing sequence in (0,¢;) C (0,b) such that

lim,, 00 0, = 0. We consider the following problem:

t
(32)  “DN(w;) € AN(2;) + | Q(t — )N (z4) ds + F(t, 2y (1,0,)),

0

teJ=[0,b),tF#tp, k=1,...,m

(33) wmo=peB, 2'(0)=0,
(3.4)  Ax(ty) = Ralon)Ik(xy,), k=1,...,m

where N(z;) = ¢(0) + Ra(0n)G(t, z;). We shall show that this problem has
a mild solution z,, € BPC.

For fixed n € N, define a multi-valued map &¢,, : BPC — P(BPC) by
letting @,,x be the set of h,, € BPC such that

0, t € (—o0,0],
Ra(®)[p(0) = Ra(on)G(0, )] + Ralon)G(t, Tt)
+ SgSa(t—s)f(s)ds, t €[0,t],
o (£) = Ralt —1t1) [a’:(tf) + Ralon)1(Zy) — Ralon)G(t1, iﬁ)]
+Ra(0n)G(t, 21) + [, Salt — )f(s) ds, t e (t1,ta],
Ral(t — tm)[ (tm) + Ralon)In(Zt,,) — Ra(an)G(tmvjt:;L)]
+Ra(00)G (L) + 5, Salt—s)f(s)ds, t € (tm, b,

where f € Spz,. It is easy to see that each fixed point of &, is a mild
solution of the Cauchy problem (3.2)—(3.4).
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Let ¢ : (—00,0) — X be the extension of (—o0,0] such that ¢(0) =
©(0) = 0 on J and J§ = sup{J¥(s) : s € R(p~)}. Now, we consider the
multi-valued operators @} and @2 defined by

0, t€(—o00,0],

—Ra(t)Ra(0n)G(0,0) + Ral(on)G(t, Zy), tel0,t],
(P22)(t) = § =Ralt = 1) Ra(00)G(t1,2,1) + Ral0n)G(t,20),  tE(t1, o],

~Ra(t = tm)Ra(00)G(tm, Tyt ) + Ralon)G(t, ), tE (tm, ],

\

and
0, t € (—o00,0],
Ra(t)p(0) + §5 Sa(t — 5) f(s) ds, t e [0,t1],
Ra(t = t1)[E(t]) + Ralon)11(,)]
(@r2)(t) =1+ | Salt — 5)f(s)ds, t € (t1,ta],

Rat — tm)[@(t) + Ra(0n) I (i1,,)
+ 5, Salt — ) f(s) ds, t € (tb)-

It is clear that @, = &L + &2. The problem of finding mild solutions of
(1.1)—(1.3) is reduced to finding solutions of the operator inclusion z €
@l (x) + @2(x). We shall show that . and @2 satisfy the conditions of
Lemma 2.10.

STEP 1. @) is a contraction on BPC.
Let t € [0,t1] and v*,v** € BPC. From (H5) and Lemma 3.1, we have
1(250%)(2) = (20" (1)
< [IRa(00)[G(t,0%) = G(t,v7)]|| < LM [[0% — 0|
< LMe® " Ky sup{|[v¥ (1) — v (1)]| : 0 < 7 < t}
< LMKy sup [|[v¥(s) — 0¥ (s)||

s€[0,b]
= LMe* Ky, sup |[v*(s) — v™(s)||  (since & = v on J)
s€[0,0]
= LMe* Ky ||lv* — v**||pe.
Similarly, for any ¢ € (tg,tg+1], K =1,...,m, we have

[(@rv*) () = (@™ (B
= HRa(t - tk)[Ra(Un)(_G(tkvvi*tﬁ) + G(tkaWt;))]H

+ [ Ralon)G(t,v%) — G(t, )|
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< MU LM [0 — 07 4 |5 + LM |[0%¢ — v
< M,N.LMeS* Kysup{[[o¥(r) — 77(7) | : 0 < 7 < b}
+ LMY K, sup{|[v*(7) —v™*(7)]| : 0 < 7 < ¢t}

< (MN, 4+ 1)LMe” " K sl[lp]llv (s) —v=(s)l
s€l0

= (M.N, + 1)LMe*" K}, sup |[v*(s) —v**(s)|| (since & =v on J)
s€[0,0]

= (M.N, + 1) LM Ky [[v* — v*™*|pc,
where M, = M max{1, e’} and N, = max{1,e~%}. Thus, for all ¢ € [0, ],

[(@nv") (1) = (o) ()] < (MeNy + 1) LM e Ky 0" — 0™ pe.
Since lim,,_,s 0, = 0, it follows that

1(250%)(8) = (20" ) ()] < Lolv* — v lpe.
Taking supremum over t gives
[@nv* = Pr0**|lpe < Lollv* — v |lpe,
where Ly = (M, N« + 1) LM K,. By (3.1), we see that Ly < 1. Hence, &}, is
a contraction on BPC.
STEP 2. @2 has compact, convex values and it is completely continuous.

(1) @2z is convex for each x € BPC.
In fact, if hl. h2 belong to ¢2w then there exist f1, fo € S’Fjp such that

t
R (1) = Ra(t)9(0) + | Sa(t — 8)fi(s)ds, te[0,t1],i=1,2.
0

Let 0 < A < 1. For each ¢ € [0,¢;] we have
t

(Mg, + (1= M) () = Ra(8)p(0) + | Salt = $)[Afi(s) + (1= N) fa(s)] ds

0
Similarly, for any t € (tg,tg+1], k=1,...,m, we have
t

Iy (1) = Ra(t = t)[2(t;) + Ra(0n) e(Z0,)] + | Salt —s)fi(s)ds, i=1,2,

tr
Let 0 < XA < 1. For each t € (tk,tg+1], K =1,...,m, we have
()‘Brll + (1 - )‘)Ei)(t) = Ra(t - tk)[f(t];) + Ra(an)lk(jtk)]
t

+ | Salt = s)[Mfi(s) + (1= N) fa(s)] ds

173
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Since Sgz, is convex (as F' has convex values) we have (ARL + (1 = N)h2)

€ P2u.
(2) &2 maps bounded sets into bounded sets in BPC.

Indeed, it is enough to show that there exists a positive constant £ such
that for each h, € #2z with = € B,(0,BPC) = {z € BPC : ||z|pc < 7},
one has ||hy,||pe < L. If hy, € ®2x, then there exists f € SF,z, such that, for
each t € [0, 1],

t

(3.5) hn(t) = Ra(t)(0) + | Sa(t — 5)f(s) ds.
0

If x € B,(0,BPC), from Lemma 3.1 it follows that
1% 55,2018 < (Mp + J5) [0l + Kpr =77
By (H1), (H4), from (3.5) we have, for t € [0,;],

1l < [Ra()eO)] + | [Sult— )16 ds|
0

t
< M Hllplls + Me [ e m(s)0(||Z(s.z,)|5) ds
0
t1

< M. H|p|s + M.O(r") S e %m(s)ds =: Lo.
0
Similarly, for any ¢ € (tg,tg+1], K =1,..., m, we have
t
(3.6)  ha(t) = Ralt — th)[2(t;) + Ral0n) In(@e,)] + | Salt — 5)f(5) ds.
0

However, on the other hand, from the condition (H6), we conclude that there
exist positive constants € (k =1,...,m),y such that, for all ||¢|zg > 1,

k(D) < (e + ex) ¢l

(3.7) max {M.N.1+4+ KyM(ci, + €, + L) + Kp LM} < 1.
SKSmM

Let
F={:|Wls<mn}t, F={¢:|dls>mn}
Cr = max{[|Ik(¢)| : = € F1}.

Then

(3.8) [1k(D)]| < C1+ (ck + ex)[¥]]5.
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By (H1), (H4), (3.8), from (3.6) we have for t € (tg,tp+1], k=1,...,m,

7Ol < 1Ra(t = t)[2(t5) + Ralow) (@)l + || § Salt = 5)(5) ds|

< MU |2 ()| 4+ Med [Ch + (cx, + e[|, |81}
t
+ M | e m(s)O(||Z p(s 5.,) | 8) ds

ti
< My N, {r + Me*™"[Cy + (cx, + €)r*]}
let1
+M.O(%) | em(s)ds := Ly.
ty

Take £ = maxg<p<m{Lr}. Then for each h, € ®2z, we have ||h,||pc < L.
(3) @2 maps bounded sets into equicontinuous sets of BPC.

Let 0 < 11 < 12 < t;. For each z € B,(0,BPC) and h, € @2, there
exists f € SF’fp such that

< [Ra(r2) = Ra(r)lp )] + || | [Sa(r2 — 5) — Salry — )] (s) s
0

+| Tgl [Salm2 = 5) = Salry — )] () ds | + HTSQSQ(TQ —8)f(s)ds |
< [[Ra(72) = Ra(m1)]0(0)]]
+0(r) lg |Sa (T2 — 8) — Sal1 — s)||lm(s) ds

0
1 T2

+ 2M.,O(r) S e %%m(s) ds + Me°™2O(r*) S e %%m(s) ds.
T1—€ T1
Similarly, for any 71,72 € (tk, tk+1], 71 < 72, k =1,...,m, we have

(3.10)  hn(t) = Ra(t — ti)[Z(t;) + Ralon) Ie(@e,)] + | Salt — 5)f(s) ds.

173
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Then

HiLn(TQ) — ibn(T1>H
< |[Ra(m2) — Ra(m)][Z(t),) + Ralon)Ik(Ze,)] |
| 5 BSatra =) = Salri — )1 (s) ds|

173
T1

|| ) S = ) = Salr = 9)1f(s) ds | + HTSQSQ(TQ—s)f(s) ds|

T1—€

< [[[Ra(72) = Ra(m)l[Z(t),) + Ralon) Ik (Ze, )] |

T1—¢€

+00*) | [Salra = 5) = Sal(r1 — s5)|m(s) ds
12
+ 2M,O(r") S e %m(s) ds + Me°™O(r*) S e~ %%m/(s) ds.
T1—€ T1

The right-hand side of the above inequality is independent of z € B,.(0, BPC)
and tends to zero as 7o — 71, with e sufficiently small, since the compactness
of Ra(t), Sa(t) for ¢ > 0 implies the continuity in the uniform operator
topology and the set {Ra(0n)lk(Zs,) : © € B.(0,BPC), k = 1,...,m} is
relatively compact in X.

It remains to prove that the functions #2x, z € B,.(0, BPC), are equicon-
tinuous at ¢ = 0. Indeed, this is true since R, (0,) is a compact operator.
Thus, the set {®2z : x € B,.(0, BPC)} is equicontinuous.

(4) 2 is a compact multi-valued map.

From the above claims, we see that the family 2 B,.(0, BPC) is uniformly
bounded and equicontinuous. Therefore, it suffices to show by the Arzela—
Ascoli theorem that #2 maps B,.(0, BPC) into a relatively compact set in X.

To this end, we decompose @2 as 2 = I} + 2, where the map I} :
B,.(0,BPC) — P(BPC) is defined by letting I''x be the set of 7. € BPC

such that
fo Salt —s5)f(s)ds, te€0,t],
L I}, Sa(t—s)f(s)ds, te (t1,ta],

Sim Sa(t—8)f(s)ds, t € (tm,b],

and the map I'? : B.(0,BPC) — P(BPC) is defined by letting Iz be the
set of 42 € BPC such that
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Ra(t)gp(())? te [O7t1]7
Ra(t—tl)[.’f(tf) +,Rfa(0'n)ll(i't1)]a t e (tl,tg],

Ra(t — tw)[2(t5) + Ralon) (@ )], t € (tm,b].

We now prove that I (B,.(0, BPC))(t)={7.(t) : 71 (t) e [}(B.(0, BPC))}
is relatively compact for every ¢ € [0,b]. Let 0 < ¢ < s < ¢; be fixed, and let
¢ be a real number satisfying 0 < ¢ < t. For x € B,.(0, BPC), we define

t—e
Tt () = | Salt —s)f(s)ds,
0
where f € Spz,. Using the compactness of S,(t) for ¢ > 0, we deduce that
the set U.(t) = {72°(t) : © € B,(0,BPC)} is relatively compact in X for
every €, 0 < £ < t. Moreover, for every = € B,.(0, BPC) we have

HORSAYOIES | Sult— 905 ds |

—&
t

< M,O(r") S e%m(s) ds.
t—e
Similarly, for any ¢ € (tg, txy1] with E =1,...,m, let tx <t < s < g1 be
fixed, and let £ be a real number satisfying 0 < ¢ < t. For x € B,.(0, BPC),

we define
t—e

() = | Salt—s)f(s)ds,
tg
where f € Spz,. Using the compactness of S,(t) for ¢ > 0, we deduce that
the set U.(t) = {7w°(t) : € B,(0, BPC)} is relatively compact in X for all
0 < e < t. Moreover, for every x € B,(0, BPC) we have

HORSAYOIES [ Sult— 9105 ds |

—&
t

< M,O(r") S e"%m(s)ds.
t—e
The right-hand side tends to zero as € — 0. Since there are relatively com-
pact sets arbitrarily close to the set U(t) = {3L(t) : # € B,(0, BPC)}, the
Arzela—Ascoli theorem shows that I'? is a compact multi-valued map.
Next, we show that

LB (0, BPC))(t) = {7a(t) 7 (¢) € I2(B,(0, BPC))}
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is relatively compact for every t € [0,b]. For all ¢ € [0,t1], since 2(¢) =
Ra(t)p(0), by (H1), it follows that {32(t) : t € [0,t1], # € B,(0,BPC)} is
a compact subset of X. On the other hand, for ¢ € (tg,tg+1], k= 1,...,m,
and z € B,.(0, BPC), there exists ' > 0 such that

71k (t)
Ralt — t0)[2(t7) + Ralon)u(@)], € (tr torr), 2€By (0, BPC),
€ { Raltiss — t0)[#(t7) + Ralon)k(@0)], ¢ = tos1, € By(0, BPC),
f(t,;) + Ra(an)fk(a?tk), t =tg,z € B.(0,BPC),

where B,/(0, BPC) is a closed ball of radius 7. From (3.8), It (Z, ) is bounded
in X. By the compactness of (Rq(t))e>0, the sets {Rq(on)Ix(Zt,) @ « €
B,/ (0,BPC), k =1,...,m} are relatively compact in X. Also, it follows that
[72]x(t) is relatively compact in X, for all t € [ty,tp11], K = 1,...,m. By
Lemma 2.9, we infer that I'?(B,.(0,BPC)) is relatively compact. Moreover,
using the continuity of the operator R, (t), for all ¢ € [0, ], we conclude that
the operator I'? is also a compact multi-valued map.

(5) @2 has a closed graph.
Let ) — 2%, 1Y) € o220, 20 € B.(0,BPC) and SR h%. From

Axiom (A), it is easy to see that (z()), — 2%, uniformly for s € (—oo, b]
as j — oo. We prove that ﬁfl € &2z*. Now 71%7 ) € @21()) means that there
exists fU) e S~y such that, for each t € [0,t1],

, p

B9 () = Ra(t)p(0) + §Sa(t —9)fP(s)ds, te0,h).
We must prove that there existso ffes e, such that, for each t € J,
B (t) = Ra(t)p(0) + §Sa(t —8)f*(s)ds, te0,t].
0
Now, for every ¢ € [0,¢;], we have

| (RY (1) = Ra(t)$(0)) = (7 (t) = Ra(t)p(0) || po = 0 as j — oo.
Consider the continuous linear operator ¥ : L'([0,#1], X) — C([0,t1], X),
t

U(f)(t) = | Salt —5)f(s) ds.
0
From Lemma 3.2, it follows that ¥ o Sr is a closed graph operator. Also,

from the definition of ¥, for every ¢ € [0, t1],
B9 (1)~ Ralt)p(0) € (S, )
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Since 2() — z*, for some f* € Spz=, and all t € [0,11] we have

t

Iy (t) = Ra(t)(0) = | Su(t — 5)f*(s) ds.
0

Similarly, for any ¢ € (tg,tg+1], k=1,...,m,
P (1) = Ra(t = ti) 20 () + Ra(on) I (20)s,)]
t
+ | Salt—s)fV(s)ds, t€ (tptar].
173
We must prove that there exists f* € Spz= such that, for each ¢ € (tg, tgt1],
I (8) = Ra(t — 1) [ () + Ra(on) Ik(z7,)]
t

+ | Salt —s)f*(s)ds, t € (tr,trsn]-
tk

Now, for every t € (t, txt1], k =1,...,m, we have

| (B () = Ra(t = tx) 2D (t;) + Ralon) Ik (z1)4,)])
— (h"(t) = Ralt — tr)[2% () + Lu(2%4,)]) || po = O
as j — oo. Consider the continuous linear operator
v Ll((tk,thrl],X) — C((tkatk+1]7X)7 k=1,....m,

t

U(f)(t) = | Salt = 5)f(s)ds.

ti

By Lemma 3.2, ¥ o Sg is a closed graph operator. Also, from the definition
of ¥, for every t € (tg,tr11], k=1,...,m,
P (1) = Ra(t = )20 (1) + Ra(on) x(20)y,)] € ¥(S

Since 2\ — z*, for some f* € SF,?*p and all t € (tx, tx+1] we have

Fam):

I (8) = Ra(t — ti)[@%(t)) + Ralon) [u(@®,)] = | Salt — ) f*(s) ds.

123

Therefore, @2 is a completely continuous multi-valued map, u.s.c. with con-
vex closed, compact values.

STEP 3. The set
G={x€BPC:x e \b.x+ D2z for some A € (0,1)}

1s bounded on J.
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Let x € BPC. Then there exists an f € Sgz, such that
)‘Ra(t)[‘P(O) — Ra(0n)G(0, ‘P)] + ARa(00)G (2, Zt)

F AL Salt — 5)f(s)ds, te0,t],
ARa(t = t1)[Z(t7) + Ra(on)1(Z4) — Ral0n)G(t1, T,1)]
2(t) =< +ARa(0n)G(t,T0) + AJ, Salt — ) f(s) ds, t e (ty,to],

ARa(t = tm)[Z(ty,) + Ralon)Im(Zt,,) — Ralon)G (tm, :Et:%)]

+ ARa(00)G(t,T0) + AJ, Sa(t—s)f(s)ds, t e (tm,b],
for some A € (0,1). Then, by (H1), (H4) and (H5), from the above equation,
for ¢ € [0, 1] we have

|zl < M [H |\ ¢lls + LM (|lls + 1] + LMe*™(||Z4]5 + 1)
t
+ Me? | e m()O(||Z (s 5, l|8) ds.
0

Similarly, for any ¢t € (tg, tg1], k=1,...,m,
lz(t)]| < M=) ||z ()| + Me®"[Ch + (ck + ) [|T, || 6]

+ LM (||z,4 |5+ 1)}
t
+ LM ™ (2]l + 1) + Me® | e m(s)O(||Z p(s5.,)lI8) ds.
ty

Then, for all ¢ € [0, b],
|z(t)]] < Me® + M N.[||z(t; )| + Me®™ (ck + e)|Zs, |15

00n || =
t + LMe thZHB}
+ LM e ||zl + Me® { e m(s)O(||Z (s 2., lI) ds,
0
where

M = max{M[H|p|5 + LMe*"(||g||s + 1)] + LM,
MN,[Me*"Cy + LMe®"] + LM}
Since lim,,_ .o 0, = 0, it follows that
lz())] < Me® + M NL[||2(t;)]| + M (cx + ex) | T, |15 + LM||Z+|5]
t

+ LM||Z¢||5 + M { e m(s)O(|1Z (5,2, |1 8) ds.
0
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By Lemma 3.1, p(t,7¢) <t, t € [0,b], and
1Zp(s.z) 18 < (My + J5) el + K|,
where ||z(|s = supg< < [2(s)[]. I v(t) = (M, + J§)|l¢lls + Kp|[z]|¢, then
u(t) < (My+ J§)lells + Ky Me® + Me® Nyo(t)
+ Ky MeP N [M (¢ + ex)v(t) + LMuv(t)]

t
+ Ky LMu(t) + Ky Me® | e~ m(s)0(v(s)) ds.
0

Since L = max) <p<m{ My Ni[1+ KM (ci+ex + L))+ K, LM} < 1, we obtain

t

1 —
< = [Ny T el + KoM + KoM [ m()(u(s)) ds].
- 0

e (t)

Denoting by w(t) the right-hand side of the above inequality, we have
v(t) < e®w(t) forallt € J,

and
w(0) = = [V.(M5 + IP)llells + Ko,
! = ! eﬂstm v
W(t) = = KM (0O (o)
1 —ot ot
< m(t)O(tw(t)), te .

Then for each t € J we have
(ew(t)) = dew(t) + w'(t)e

ot 1 ot
< 0e®w(t) + " ZKme(t)@(e w(t))

< max {5, 1i,I:Kme(t)}[e5tw(t) + O tw(t)], tel

This implies that

ot

etu(t) du 1

S —— < Smax 0, = KpMm(s) p ds < oo.
wl0) u+060(u) = 1-L

This inequality shows that there is a constant K such that % w(t) < K,
t € J, and hence ||z|pc < K%)v(t) < K etw(t) < —K where K depends
only on M,d,b and on the functions m( ) and O(- ) ThlS indicates that G
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is bounded on .J. Consequently, by Lemma 2.10, #. + &2 has a fixed point
x € BPC, which is a mild solution of the problem (3.2)—(3.4). Then

(3.11)

Ra(t) [‘P(O) - Ra(an)G(Ov (P)]
+Ra(00)G(t, Tny) + §y Salt — ) fals) ds te[0,t],
Ra(t = t1)[Zn(ty) + Ralon) 1 (Tnt) — Ralon)G (11, En,tj)}
7, Sa(t — 5)fu(s)ds t e (t1,ta],

xn(t) = +Ra(0n)G(t, Tpnyt) +

Ra(t = tm)[Zn(t,) + Ralon) Im(Znt,,) — Ra(Un)G(tm’fmt;)]
+Ra(0n)G(t, ng) + §, Salt — s)fa(s)ds, t € (tm,0),

for ¢ € [0,b], and some f,, € Sz, -

Next we will show that the set {x, : n € N} is relatively compact in

BPC. We consider the decomposition z,, = 2. + 22 where

(

( JRa(om)G(0, )

Ralon)G(t, Tny) + S Salt — 8)fn(s)ds, te€][0,t],
( —1)Ra(on)G (b1, 7, 1)
n(t) = Ral(0n)G(t, Tng) + 5y, Salt — 8)fuls)ds, t€ (t,ta),

~Ralt = tm)Ra(00)G (tm, T, 1)
+Ra(00)G(t, Zng) +§, Salt — ) fu(s)ds, t € (tm,b],

for some f, € Spz, ,, and

Ra(t — tl)[i'n(tl_) + Ra(gn)fl(i'n,tl)L t e (tl,tg],
Ra(t = tm)[Zn(ty,) + Ralon) In(Tn,,)], ¢ € (tm,b].

STEP 4. {z}(t) : n € N} is relatively compact in BPC.
(1) {z} : n € N} is equicontinuous on J.

For e > 0 and x,, € B,(0, BPC), there exists a constant > 0 such that
for all t € (0,¢1] and & € (0,n) with ¢ + & < t;, we have



Impulsive fractional integro-differential inclusions 163

lzn (t +€) — 2, (t)]]
< [Ra(t + &) — Ra(t)]Ra(on)G(0, )
+ HR (Un)[ (t+& Znpve) = Gt Tl

+|| V(€= 8) fa(s) dSH

+ || a(t+E&—s)— Sa(t—S)]fn(s)dsH

<R a(t +&) — Ra()|Ral(02)G(0, 9|
the
+ Me®Pm LI + || Znire — Tnslls] + MLO(r™) S e %%m(s) ds
t

t
) [1Sa(t + € = 5) — Salt — 5)|m(s) ds.
0
(

Similarly, for any ¢ € (tg, tg+1], k=1,...,m

[y, ( + &) — 2y, ()H
< [[Ra(t + &) = Ra(O)IRa(6n) G (tr, Z,, o)
t+&
+ MeP M LIE+ || Znpre — Tnalls] + MO() | e77*m(s) ds

t
t

+O0*) | [Salt +& = 5) = Salt — 5)[[m(s) ds.

173

Then, for all ¢ € (0,b], using the compact operator property, we get either

(3.12) [[Ra(t+ &) — Ra(t)]Ra(dn)G(0, 9)|| < /4,
(3.13) I[Ra(t +&) = Ra()|Ra(0n)G(tk, 2, )| < /4,
and
(3.14) M LIE + ||Z ¢ — TnillB] < /4,

t+¢&
(3.15) M,O(r*) | e m(s)ds < £/4,

t

(3.16) O(r*) | Salt + & — s) = Sa(t — s)|m(s) ds < e/4.
0
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By (3.12)(3.16) one has ||z} (t +¢) —xL(¢)|| < €. Therefore, {z}(t) : n € N}
is equicontinuous for ¢ € (0,b]. Clearly {x1(0) : n € N} is equicontinuous.

(2) {z(t) : n € N} is relatively compact in X.
Let t € (0,t1], € > 0, x,, € B,(0,BPC). There exists £ € (0,t) such that

t t
ey (t) = a5 < § 1St =) fuls)| ds < M.OE*) | e %m(s)ds <,
t—=¢ t—¢
where
t—¢
25(t) = —Ra()Ra(00)G(0,9) + Ra(0n)G(t, Tng) + | Salt — 5)fuls)ds
0

for some f, € Spz, ,-
Similarly, for any t € (tg,tx41], K =1,...,m, e > 0, x,, € B,.(0,BPC),
there exists £ € (0,t) such that
t t
g (8) = 25O < § 1S = 8)fuls)l| ds < M.O() | e *m(s)ds <&,
t—¢ t—¢
where

25(8) = — Rat — )Ra(00)G(th 7, 1+) + Ra(0n) G(t, T )

t—¢
+ | Salt — ) fuls)ds
tk

for some f, € Spz, ,. From (H5), we infer that G(tx, 7, ,+) and G(t, Tpn,)
: 2t
are bounded in X. By the compactness of Ry (t), S, (t) for t > 0, we see that
{25,(t) : n € N} is relatively compact in X. Combining the above shows that
{x}1(t) : n € N} is relatively compact in X.
STEP 5. {x2(t) : n € N} is relatively compact in BPC.
(1) {22 : n € N} is equicontinuous on J.

Fix e > 0 and 0 < ¢t < t;. Since Ry (0y) is a compact operator, the
set W1 = {Ra(0,)G(0,¢)} is relatively compact in X. From the strong
continuity of (R4(t))i>0, we can choose 0 < 7 < b — t such that

[(Ra(t+&) —Ra()vl <&, veW,
when |¢] < 7. For each z,, € By,
lz5(t + &) — 22 ()] < [[Ra(t +€) — Ra()]Ra(62)G(0,0)]| <.

The same holds for any ¢ € (tg,tx11], k =1,...,m, and € > 0. Since Ry (o)
is a compact operator, the set Wo = {Rq (o) I5(Zny,) : @n € Br(0,BPC)} is
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relatively compact in X. From the strong continuity of (Rq(t))e>0, for e > 0
we can choose 0 < 1 < b —t such that

[(Ra(t +&) = Ra()vll <&, veWs,

when |£| < n. For each z,, € B,, t € (tg,tr11], Kk =1,...,m, we have
|27t + &) = 2n(t)]] < [[Ralt+ € = t) = Ral(t — ti)]Ral0n) Ik(Znp )| < e

As £ — 0 and ¢ sufficiently small, the right-hand side of the above inequality
tends to zero independently of z,,, so [22]k, k = 1,...,m, are equicontinuous.
(2) {22(t) : n € N} is relatively compact in X.
Let t € (0,t1] and x, € B,(0,BPC). By (H1), {z2(t) : t € [0,t1], z, €
B, (0,BPC)} is a compact subset of X. Using similar arguments to those in
Step 2, for t € (tg,tky1], k=1,...,m, and z,, € B,(0, BPC), we find that

(Ra(t - tk)[i‘n(tlz) + Ra(an)lk(jn,tk)]a
t € (tg,trs1), xn € B (0,BPC),
[x%]k(t) € Raltht1 — tk)[jn(tiz) + Ra(an)lk(jn,tk)L
t =tgy1, xn € B (0,BPC),
Tn(ty) + Ralon)lk(Zne,), =ty 2, € Bu(0,BPC),

where B,/(0, BPC) is a closed ball of radius 7’. One sees that [a/zg]k(t), k=
1,...,m, is relatively compact for every t € [tg,tx11], and {22(¢) : n € N}
is relatively compact in X.

Thus, the set {z,, : n € N} is relatively compact in BPC. We may suppose
that

Tp — Ty € BPC  asn — o0o.

Obviously, z, € BPC, and taking limits in (3.11) one has
Ra(t)[p(0) — G(0, ¢)]

+ Gt Tuy) + § Salt — 8) fiu(s) ds, te0,ty],
Ra(t = t1)[Z(t)) + [1(Tuy) — G2, T, 41 )]
wa(t) =1 +G(tT) + [, Salt = 5)fu(s) ds, t € (t, 1],

Ra(t = tm)[Zn(tr) + I (Tt,,) — Gltm, j*,tj;)]
+G(t,Tag) + §, Salt — 5)fuls) ds, t € (tm, ],

for t € [0,0], and some f. € Sgz, ,, which implies that z, is a mild solution
of the problem (1.1)-(1.3), and the proof of Theorem 3.3 is complete. m
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4. Application. Consider the following impulsive fractional partial
neutral functional integro-differential inclusions:

(4.1) Df[z(t,x)— § bl(s—t)z(s,x)ds}

€ (;9; {z(t, x) — § bi(s —t)z(s, z) ds}

S

i 2
+ S (t— 3)‘76“@‘(”)88332 [z(s, x) — S bi(T — s)z(T, x) dT} ds
0

—00
t

+ S ba(t, s —t,x, z(s — pr(t)p2(||z() ), x)),

0<t<bh0<x<m,

(4.2)  z(t,0)=z(t,m) =0, 0<t<b,
(4.3)  z(0,z)=0, 0<z<m,
(44) Z(’T,l‘) = @(Tax)a 7<0,0<z<m,

tg
(4.5)  Az(ty,z) = S k(s —ty)z(s,z)ds, k=1,...,m,

—0o0
where Dy is the Caputo fractional partial derivative of order « € (1,2), and

o, ju are positive numbers. Let X = L?([0, 7]) with the norm |- ||, and define
the operator A: D(A) C X — X by Aw = " with the domain

D(A) :={weX : w,u are absolutely continuous, w” € X, w(0)=w(m)=0}.
Then
Aw = Zn2<w,wn)wn, w € D(A),

n=1

where wy () = \/2/7sin(nz), n = 1,2, ..., is the orthogonal set of eigenvec-
tors of A. It is well known that A generates a strongly continuous semigroup
T(t), t > 0, which is compact, analytic and self-adjoint in X; moreover, A is
sectorial and (P1) is satisfied. The operator Q(t) : D(A) C X — X, ¢t >0,
is given by Q(t)x = t°e~“!2” for z € D(A). Moreover, it is easy to see that
conditions (P2) and (P3) in Section 2 are satisfied with b(t) = e #! and
D = C§°(]0,7]), where C§°([0,7]) is the space of infinitely differentiable
functions that vanish at * = 0 and =z = 7.

In the next applications, B will be the phase space PCo x L?(h,X)
(see [HGI). Additionally, we will assume that

(i) The functions p; : [0,00) — [0,00), i = 1,2, are continuous.
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(ii) The function b; : R — R is continuous, and Lg = (ng% ds) 1/2
< Q.

(iii) The function by : R* — R is continuous and there exist continuous
functions a1, as : R — R such that

|b2(t,5,$,y)’ < al(t)a2(5)|y|’ (t,s,:v,y) € R4a

with Ly = (g‘ioo % ds)1/2 < 0.
(iv) The functions n; : R - R, k = 1,...,m, are continuous, and Lj =

(Sgw%ds)lﬂ < oo forevery k=1,...,m,

Take ¢ € B with ¢(s)(s) = ¢(s,7). Let NG : B— X, F :[0,b] x B —

Prd,clev(X) and p : [0,0] x B — R be the operators defined by

0
N@)(@) = 9(0,2) + GW)(x), GW)(x) = | bi(s)i(s,x)ds,
0
F(t,)(x) = | ba(t,s,z,¢(s, x))ds,
0
p(t, ) = pr(W)p2([O)]), L) () = | mi(s)v(s, ) ds.

Using these definitions, we can represent the system (4.1)—(4.5) in the ab-
stract form (1.1)—(1.3). Moreover, G, I} are bounded linear operators on B
with ||G|| < Lg, || Ix|| < Lk, k =1, ..., m. Using (iii), we see that F is contin-
uous and || F(t, )| < a(t)||¢||p for all (¢,4) € J x B, where a(t) = Lrai(t),

t e
the

[0, b]. Further, under suitable conditions on the above-defined functions
assumptions of Theorem 3.3 are satisfied, and we can conclude that

system (4.1)—(4.5) has at least one mild solution on |0, b].
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