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On a homology of algebras with unit

by JACEK DEBECKI (Krakow)

Abstract. We present a very general construction of a chain complex for an arbitrary
(even non-associative and non-commutative) algebra with unit and with any topology over
a field with a suitable topology. We prove that for the algebra of smooth functions on a
smooth manifold with the weak topology the homology vector spaces of this chain complex
coincide with the classical singular homology groups of the manifold with real coefficients.
We also show that for an associative and commutative algebra with unit endowed with
the discrete topology this chain complex is dual to the de Rham complex.

1. Introduction. Investigating how the exterior derivative acts on linear
natural operators lifting differential forms on smooth manifolds to product
preserving bundle functors leads to a chain complex of any Weil algebra (see
[2] and [3]). But the same construction may be carried out in a more gen-
eral situation, namely for any (even non-associative and non-commutative)
algebra with unit and with any topology over a field with a suitable topol-
ogy, for instance, over the field of real or complex numbers with the usual
topology. In our paper we present this general construction. We also show
that, for the algebra of smooth functions on a smooth manifold with the
weak topology over the field of real numbers with the usual topology, the
homology vector spaces of this chain complex coincide with the classical dif-
ferentiable singular homology groups of the manifold with real coefficients.
This fact is precisely formulated in Theorem [3.9] which is the main result of
the paper.

Whereas the injectivity of the isomorphism in Theorem can be de-
duced from the de Rham theorem, its surjectivity seems to be much harder
to prove. For this reason our proof is based on sheaf theory. In Theorem [3:2]
we construct a fine resolution of the constant sheaf and in Theorem [B.8 we
show the completeness of the presheaves with which the sheaves of this res-
olution are associated. For the notions and theorems of sheaf theory which
we use we refer the reader to [7].
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We finish the paper with Theorem showing that our construction with
the discrete topology on the algebra yields the chain complex dual to the
well known de Rham complex in the special case when the de Rham complex
is defined, that is, when the algebra is associative and commutative. From
this theorem we also conclude that the topology on the algebra with unit
plays a vital role in the construction considered.

The construction described here is relatively simple and very general (and
can be easily generalized even more in one way or another). We have proved
that the chain complex, which it gives in a special but important case, has
good homology vector spaces, so we may hope that it can also be useful when
applied to some other algebras with unit which appear in different branches
of mathematics. Our paper is intended as a motivation for further studies
of the subject, in particular, for studying the André—Quillen homology of
commutative algebras in the context of our construction.

2. The general construction. Let A be a vector space over a field F,
and let Ax A — A with (a,b) — ab be a bilinear map. Suppose that there is
1 € A such that 1a = a and al = a for every a € A. Moreover, we have some
topologies on A and F, the latter being such that the maps F' x F' — F with
(o, ) = a+ B and F — F with 5 +— af for every a € F' are continuous.

We shall construct a chain complex

(2.1) CoAd & 1A & cpn s ..

of vector spaces over F'.

For each p € N we define Cp A to be the vector space over F' consisting
of all continuous (p + 1)-linear maps f : A X --- x A — F which are skew-
symmetric in the last p variables and satisfy

(2.2)  fla,bi,...,bg—1,cd, bgy1,...,bp)
= f(ac, bl, ceey bq_l, d, bq_H, cee ,bp) + f(da, bl, ey bq_l, C, bq+1, ceey bp)

for every g € {1,...,p} and all a,by,...,bg—1,bg41,...,bp,c,d € A.

For every p > 1 and every f € CpA we define 9,f : Ax --- x A — F by
the formula
(2.3) (Opf)(a,br,....bp—1) = f(1,a,b1,...,bp—1).
We claim that 0,f € C,_1A. Obviously, J,f is continuous, p-linear and
skew-symmetric in the last p — 1 variables. Furthermore, if p > 2, then

(Opf)(a,cd, by, ..., bp—1) = f(1,a,cd, ba,. .., by—1)
= f(e,a,d,ba,...,bp—1) + f(d,a,c,ba,...,bp—1)
= f(a,c,d,ba, ..., bp—1) + f(c,a,d,ba, ..., bp_1)
+ f(d,a,c,ba,. .., bp_l) + f(a,d,c,ba, ..., bp_l)



Homology of algebras with unit 191

f(l ac,d, by, ... bp 1)+f(1,da,c,bg,...,bp_1)
( pf)(ac d bg,.. b — )+(8pf)(da,c,b2,...,bp_1)
for all a,ba,...,by—1,c,d € A, as desired. Of course, J, : C,LA — Cp_1A is

linear.
What is left is to check that 9,10, = 0 for every p > 2. We have

(Op—1(0pf))(a, b1, ..., bp—2) = (Opf)(1,a,b1,...,bp—2)
= f(1,1,a,b1,...,bp—2)
for every f € CpbAand all a,by,...,b,—o € A. But f(1,1,a,b1,...,b,—2) =0,
because
f(l, 1, a, bl, ey bp_g) = f(l, 11,&, bl, ‘e ,bp_g)
= f(11,1,a,b1,...,bp—2) + f(11,1,a,b1,...,bp—2)
=f(1,1,a,b1,...,bp—2)+ f(1,1,a,b1,...,bp—2).

Thus our construction is complete. As usual, we can define the homology
vector spaces H,A = ker 0,/ im 0,41 for every p > 1 and HyA = CypA/im 0;.

3. The case of a smooth manifold. Let M be an n-dimensional man-
ifold of class C°°, which is Hausdorff and satisfies the second axiom of count-
ability. Of course, the set C>°(M,R) of all functions M — R of class C*
is an R-algebra with unit and R has the usual topology. We will consider
C*>(M,R) as a topological space with the topology called C*°-compact-open
or weak. This topology is defined by the subbase consisting of the sets

lot] -1 lot] -1
{vec o) voew [ ) - T )| <<,
€ S8
where ¢ € C*°(M,R), (U,§) is a chart on M, K C U is compact, o € N”
and £ > 0 (see for instance [9]).
Thus we have everything we need to construct the chain complex

0:
(3.1)  Co(C¥(M,R)) <20 0y(C(M,R)) <22 Co(C(M, R)) <22 ...
in the manner described in Section[2] Our goal is to prove that the homology
vector spaces Hy,(C*°(M,R)) of this chain complex coincide with those of the
classical singular homology theory with real coefficients.

For each open subset U of M we have the chain Complex

Co(C*(U,R)) <— C1(C*(U,R)) % Cy(C*>(U, R))

constructed in the manner described in Section [2|for the R-algebra C*°(U,R)
with the C°°-compact-open topology. We also define 0y r : Co(C*(U,R))
— R by the formula

(3-2) Go.u(f) = f(1).
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Since f(1,1) = 0 for every f € C1y(C*(U,R)), we see that yyo,y = 0
and we obtain the chain complex

0 1o} 17 0:
R < Co(C®(U,R)) +—= C1(C®(U,R)) == Co(C®(U,R)) - - -
of real vector spaces (sometimes it will be convenient to write C_1(C*°(U, R))
instead of R in this complex). For every p > 0 and all open subsets U and
V of M such that U C V we have the linear map

Jpuy : Cp(CT(U,R)) = Cp(CT(V,R))
given by the formula

(jp,U,V(f))(% P1y .- 7()0]3) = f(90|U7 901’U7 ) SDP‘U)

for every f € Cp(C®(U,R)) and all ¢, p1,...,¢0p, € C®°(V,R) (note that
Jp,u,v (f) is continuous, because the map C*(V,R) — C*°(U,R) with ¢ —
¢|u is continuous). We also put j_ipyy = idg. Of course, if p > —1 and
U,V,W are open subsets of M such that U C V' C W, then j,vwip,uv,v
= Jp,u,w- In addition, 0, v jp.u,v = jp—1,0,vOp,u for every p > 0 and all open
subsets U and V of M such that U C V.

For any real vector space P we will denote by P* the dual vector space
(i.e. P* consists of all linear maps P — R) and for any linear map r :
P — @ between real vector spaces we will denote by r* the dual map (i.e.
r* . Q" — P* with § — [ or). The above remarks imply that for each
p > —1 the vector spaces Cp,(C*(U,R))*, where U is an open subset of M,
and the maps j;’va, where U and V' are open subsets of M such that U C V,
form a presheaf of real vector spaces on the topological space M. We will
denote by CP(M) the sheaf associated with this presheaf. Since C~1(M)
is nothing but the constant sheaf on M with stalk R, we will write R
rather than C~1(M). The above remarks also imply that for each p > 0
the maps 8;7U, where U is an open subset of M, form a presheaf homomor-
phism. We will denote by 9”7 the sheaf homomorphism CP~*(M) — CP(M)
associated with this presheaf homomorphism. Therefore we obtain the se-
quence
(3.3) 0-R Loy Leton) L2y S
of sheaves of real vector spaces on M and their homomorphisms such that
oPT1oP = 0 for every p > 0.

Our first task is to show that this sequence is a fine resolution of R. To
this end we need the following analogue of the Poincaré lemma.

LEMMA 3.1. If (U,§) is a chart on M such that £(U) is star-shaped,
then the sequence
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0_1,U

34) 02 R &V cye®(U,R)) &L 0y (C(U,R))

02U

&Y oy (e®(U,R)) &L
18 exact.

Proof. Without loss of generality we may assume that U is an open subset
of R™ and that it is star-shaped with respect to 0.

For every p > 0, every f € C,(C>*(U,R)) and all ¢, ¢1,...,0pt1 €
C>®(U,R) we define

(35) ( pr)(‘Py‘Pla---:‘Pp+1)
p+1

OB SRNEIE

k=171, ,jp+1=1

1
X f<:1:7k (S)tpcp(t@gfj.ll(t@ . gfii (tx)dt, ... ik, ... ,xj?’“).
Here, of course, z',..., 2" denote the standard coordinates on R™ and each
27 is treated as the function U — R with 2 +— z7; the integral is also treated
as a function U — R of the variable x. The Leibniz rule makes it obvious
that hyu(f) satisfies (2.2). That hy,(f) is continuous is a consequence of
the continuity of the maps

. oo o
C*(U.R) = C*(UR), v o,

C®(U,R) x C*(U,R) = C=(U,R), (x,%) — x¥,

—_

C®(U,R) — C=(U,R), gtw tx)d

for ¢ > 0. Here, as above, the integral is treated as the function

1

U—R, xw |t9(t)dt

0
Finally, transposing ¢; and ¢4 for I € {1,...,p} in (3.5) we see that hy, 7(f)
is skew-symmetric in the last p+ 1 variables, because f is skew-symmetric in
the last p variables. Therefore we have the linear map h,, 7 : Cp(C*(U,R)) —
Cp+1(C*(U,R)) for every p > 0. We also define h_1 7 : R — Co(C>*(U,R))
by the formula

(3.6) (h—1,uf)(p) = fe(0)

for every f € R and every ¢ € Co(C™(U,R)), as well as h_o 7 : 0 = R by
the formula

(3.7) h_2(0) = 0.
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The lemma will be proved once we show that the hy;, where p > —2,
form a homotopy operator between the identity map of (3.4]) and the zero

map of (3.4), that is,
(3.8) hp-1,00p U f + Oprruhpuf = f
for every p > —1 and every f € C,(C>*(U,R)).

According to (3.2)), (3.6), (3.7), we have
h—opyO_1uf+0ovh—1uf=(houf)(l)=Ff

for every f € C_1(C*°(U,R)), which shows (3.8]) in the case p = —1. Accord-
ing to (2.3), (8-2), (B3), (B.0), we have

= F()e(0) + f(p(z) = 9(0)) = f(¥)

for every f € Co(C*(U,R)) and every ¢ € C>(U,R), which shows in
the case p = 0. Suppose now that p > 1.

It is well known that the set of polynomials R[z!, ..., 2"] (treated as
functions U — R) is dense in C*°(U,R) (one can prove this fact using the

Bernstein polynomials (see for instance [I]) or the Tonelli polynomials (see
for instance [4])). Thus it suffices to show that both the sides of (3.8)) agree on

each (p+ 1)-tuple of monomials (z®,z%',...,2%), where o, oy, ..., € N?
(as usual, 2% = (z1)?" ... (2™)?" for every 8 € N™).
Let eq,..., e, denote the standard basis of the real vector space R”, and

let |8 = B+ .-+ B" for every 8 € N™. By induction on |ag + -+ + ap| it
is easy to check that (2.2)) implies

(3.9)  f(a® z, ... %)
n
= Z a{l .. .agpf(xa+a1+"'+ap_eh_"'_ejp , le, . ,:ij).
F1remrip=1
From (2.3)), (3.5, (3.9) it follows that
(3.10)  (Ap-ruOpuf)(@® ™, ..., 2%7)

p n . .
_ (_1)k_1 a{l...af,p
Z Z [atan+-ap|
k=1 1y Jp=1

>< (aanf)(xa+a1++ap_8]1__e/J::__ejp Y le? ttt ?xjk7 AR 7xjp)
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p n . .
= E (—1)k_1 E oy’
[+ Fap|
k=1 Jtyedp=1
x f(1,gotorttop=ey e me ey gt e 2P
p n o
=Y (-pkt » (atar+-Fap)iafl..apf
latar+-+apl
k=1 j:jlv'wj]’:l
x f(gotorttapTen T T Ty T g It ik 2P

(we have written (o + a1 + -+ + ap)? instead of (o + g + -+ ap — €j, —
— €, — -+ —€j,)’ in the last line, because f is skew-symmetric in the
last p variables). Exchanging the positions of j and j; and using the skew-

symmetry of f in the last p variables yields
n i g1 dp
(3 11) Z alal ...O[p
’ [+
j7j17---7jp:1
atar+-Fap—ej, ——€j ——€j,—ej J .1 i ]
X f(x P Ik T ik L P
n Jk J1 Jk—=1_j Jk+1 _j
_ (_1)k—1 2 : oot agap o]
latar+-+ap
j7j17---7jp:1
atoai+-top—ej, ——e; j ]
X fzoT PTEI v gt aP)

for every I € {1,...,p}. Hence if [ # k, then transposing /¢ and 2/!, using
the skew-symmetry of f in the last p variables, and exchanging the positions
of jr and 7; in the right hand side of (3.11]), we see that

" Jnd1 P
(3 12) Z alal ...C!p
’ |atag 4|
Jityedp=1
x faotorttap=e G ey =6 gl @It kL 2iP) = 0.

Substituting (3.11) with { = k and (3.12)) into (3.10]) gives
(3.13)  (hp—1,u0puf)(z®, ... )

s n . J1 Jp
_ (_1)k_1 aolagt...ap
Z z |ty 4|
k=1 JrJ1yejp=1
atai+toFap—ej, ——€;, ——ej—e; . J1 i ]
x f(x P Tk T Tk aTP)

n . .
|1 t-Fapla . ataittap—ej ——ej, .1 J
+ E Err— f(z P L NN
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From ([2.3) and (3.5)) it follows that
(3.14)  (Opr1,uhpuf)(@® z, ... 2%) = (hpu f)(1, 2%, 2%, ... )

n

ajajl.l...ajp ataitdap—ei ——e; ) ;
= E —— 1P P €1 J J1 Jp
[ataq+-Fap] (:E [ R )
J:J1ye-dp=1
p n . .
alall. .alP
Y (DY e
|atar+-+ayp
k=1 j,j17-~'7jp:1
x f(zotortrtep—eime mm ey g gdv gk, 2.

Adding (3.13) to (3.14)), we have
(3.15) (hp_17Ua 7Uf + 8p+17Uhp7Uf)(;c0‘, Tt ,a:o‘p)

n . .
(larttapltHadarl.ai’ o atarittap—ej ——ej, i1 J
= 1 J p
g e m— f(z Pt oL adP).
J1sedp=1

Comparing (3.9) and (3.15) we get (3.8), which completes the proof of the

lemma. =

THEOREM 3.2. The sequence (3.3)) is a fine resolution of the constant
sheaf R = M x R.

Proof. From Lemma we deduce that if (U,€) is a chart on M such
that £(U) is star-shaped, then the sequence

ai1,U BS,U 00 % BI,U 00 %
0 —— R ——= Cy(C*(U,R))" — C1(C*°(U,R))
a5 ox
—5 Cy(C®(U,R))* =5 -+
is exact. It follows that the sequence (3.3)) is exact.
Fix p > 0 and a locally finite cover {U; };c; of M by open sets. Let {t; }ier

be a smooth partition of unity on M subordinate to {U;};er. For every open
subset U of M we define L; , 7 : C,(C*°(U,R)) — Cp(C>*(U,R)) by setting

(Lipu D)@ 1, 0p) = fF(ilug, o1, -5 0p)

for every f € Cp(C®(U,R)) and all ¢, ¢1,...,pp, € C°(U,R). Obviously,
L;pvipuyv = jpuvLipu for all open subsets U and V' of M with U C V.
Hence for each i € I the maps L7, i, where U is an open subset of M, form
a presheaf endomorphism. We will denote by L? the sheaf endomorphism
CP(M) — CP(M) associated with this presheaf endomorphism. It is easily
seen that supp LY C U; for every i € I, because L; p iy = 0 if U Nsupp ¢; = 0,
and that Y, ; L = idep, because Y, o) Lipu = e, (cwr)) for U such
that U NU; for only finitely many . This means that the sheaf C?(M) is fine
and the theorem is proved. m
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As usual, the fine resolution of the constant sheaf R = M xR canon-
ically determines a cohomology theory for M with coefficients in sheaves
of real vector spaces over M. For such a sheaf S we denote by I'(S) the
real vector space of all global continuous sections of & and for a homomor-
phism v : § — T of such sheaves we write I'(v) for the induced linear map
I'(S) — I'(T) with 0 — v oo. With the fine resolution and each sheaf
S of real vector spaces over M we associate the chain complex

i
0= 1(C(M) @ 8) L0298, piet () » 8)

and get HP(M,S) = ker(I'(0"*! @ ids))/im(I" (0P ® ids)) for every p > 1
and HO(M,S) = ker(I'(0* ® ids)). It is well known that for every p > 0
the vector space HP(M,R) is canonically isomorphic to the pth de Rham
cohomology group of M as well as to the pth singular cohomology group of
M with real coefficients in both the continuous and differentiable versions.

Our next goal is to show that for each p > 0 the presheaf consisting of
Cp(C>*(U,R))*, where U is an open subset of M, and Jpu.v» where U and
V' are open subsets of M such that U C V, is complete. This, of course, will
give us a canonical isomorphism between Cp,(C>(M,R))* and I'(CP(M)) =
I'(CP(M) ® R), and consequently between H,(C*°(M,R))* and HP(M,R)
for every p > 0 as desired.

LEMMA 3.3. Let U be an open subset of M, p > 0 and f € Cp(C>*(U,R)).
Then there is a compact subset K of U such that f(¢,¢1,...,¢p) =0 for all
0, @1, 0p € CP(U,R) such that K Nsupp ¢ = 0.

Proof. Fix an imbedding U — R™ of class C*> for an m € N (it exists
due to the Whitney imbedding theorem). Thus U will be thought of as a
submanifold of R™ with the relative topology. Choose a locally finite open
cover {V;}ien of U such that V; C U and Vj is compact for each i € N (here
V; denotes the closure of V; in R™).

Let k1,...,ky € {1,...,m}. Write g(¢) = f(p, 2" |y,..., 2% |y) for ev-
ery ¢ € C*®°(U,R), where 2!,...,2™ stand for the standard coordinates on
R™ and each 27 is treated as the function R™ — R with « — z/. We claim
that there are only finitely many ¢ € N for which there is a ¢ € C*°(U,R)
such that supp ¢ C V; and g(p) # 0. Suppose, on the contrary, that we have
ig < i1 < dg < --- and o, p1, P2, ... € C°(U,R) such that supp ; C V;
and ¢; = g(p;) # 0 for every j € N. Let

1
o) =3 ~pi(a)
3=0 "7

for every x € U. Since {V; };cn is locally finite, the definition of ¢ makes sense



198 J. Debecki

and ¢ € C*(U,R). By the local finiteness of {V;}ien and the continuity of
g:C*(U,R) =R,
Lo L

l—00

which is impossible.

From ({2.2) it follows that for every ¢ € C*°(U,R) and all n,...,n, €
R[z, ..., 2™] we have

m
Z om Ip k1 k
f(SDaU1|U7--->77p’U) = f<§08xkl U”.aﬂfki" Uax |U7"'>$ p‘U .
kr oo kp=1

Hence from what has already been proved, we deduce that there are only
finitely many ¢ € N for which there are ¢ € C®(U,R) and m,...,7n, €
Rlz!, ..., 2™] such that suppyp C Vi and f(¢,m|v,-..,mplu) # 0. But the
set of polynomials R[z!,... 2™ (treated as functions U — R) is dense in
C>®(U,R) (to prove this, one can observe that for each ¢ € C*°(U,R) and
each compact subset L of U there is ¢ € C*°(R™, R) such that ¢(x) = ¢(z)
for every member x of an open subset of U containing L, and then use the
fact that the set of polynomials R[x!, ..., 2] is dense in C*°(R™, R) with the
C*°-compact-open topology). Therefore there are only finitely many ¢ € N
for which there are ¢, ¢1,...,¢, € C°(U,R) such that suppy C V; and
f(@a@la"'?gpp) 7&0

Summing up, we have [ € N and i1,...,4 € N with the property that

fle,o1,...,¢p) = 0 for every i € N\ {i1,...,4} and all ¢, ¢1,...,¢, €
C>(U,R) such that supp ¢ C V;. Set

l
K=JV,.
j=1

Obviously, K is compact. Assume that ¢, ¢1,...,¢, € C*(U,R) and K N
supp ¢ = . Taking a smooth partition of unity {t;};eny on U subordinate
to {V;}ien, we get

flesp1,..0p) = f(iwmsm,---’s@p)
=1

:Zf(@z’i%‘ﬂlw“a@p):Zf(@bij%@lw--,épp):Oa
=1

Jj=1

because f is continuous, supp(v;p) C V; for every i € N and ;0 = 0 for
every j €{1,...,l}. m
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LEMMA 3.4. Let U be an open subset of M, p > 0, f € Cp(C>*(U,R)),
and B a closed subset of U with the property that f(p,¢1,...,0p) = 0
for all @, 1,...,0p € C°(U,R) such that BN suppy = 0. Then we have
fle, @1,...,9p)=0 for every q € {1,...,p} and all p, 1, ..., ¢, € C*°(U,R)
such that B Nsupp pq = 0.

Proof. We can assume that ¢ = 1. Take ¢, ¢1,...,¢, € C*(U,R) such
that BNsuppp1 = 0, and a £ € C*°(U,R) such that B Nsuppé = () and
&(x) =1 for every x € supp 1 (it is easily seen that such a £ exists). From

(2.2) we have

f(%ﬁﬂla-'-#’p):f(%&ﬂlvsf’%---a@p)
:f((pgagplv"',(top)+f(()0190,§7§027"'590p):Oa

because p1 = £p1, BNsupp(p€) = 0 and BNsupp(p1p) = 0, and the lemma
follows. m

LEMMA 3.5. Let U be an open subset of M, p > 0, f € Cp(C>*(U,R)),
and let B be a closed subset of U with the property that f(p,¢1,...,¢0p) =0
for all v, ¢1,...,¢0p € C°(U,R) such that B Nsuppy = 0. Then for each
open subset V' of M such that B CV C U there is a g € C,(C*(V,R)) such
that .jp,V,Ug = f

Proof. Fix an open subset V' of M such that B C V' C U. Observe first
that for each ¢ € C*°(V,R) there is ¢ € C>®(U,R) such that ¢(x) = ¢(x)
for every point x of an open subset of V' containing B. Indeed, one can take
any & € C*°(U,R) such that supp& C V and £(z) = 1 for every point z of
an open subset of U containing B, and set

~ §(r)p(z) ifzel,
p(z) = .

0 if x € U \ suppé&.
If o, 01,...,¢p € C>°(V,R), then we define

9(807301a---790p) = f(gzﬂglw"’@p)?

where @, @1, ...,y are any functions from C*> (U, R) such that p(z)=¢(x),
o1(x) = 1(x),...,¢p(z) = pp(z) for every point x of an open subset of V'
containing B. This definition is independent of the choice of ¢, ¥1,..., Yp.
Indeed, if @', @),...,, € C®(U,R) are also such that ¢'(z) = ¢(z),
Pi(x) = @1(x),...,¢,(x) = pp(x) for every point z of an open subset
of V' containing B, then B Nsupp(¢’ — ¢) = 0, B Nsupp(@) — ¢1) = 0,
.+, BNsupp(p, — ¢p) = 0 and it is a simple matter to use the (p + 1)-
linearity of f, the assumed property of B and Lemma [3.4] to show that
f($/7&377$;) - f(&?@l)"‘?&ﬂ)‘

Of course, g is (p + 1)-linear and skew symmetric in the last p variables.
It is continuous, because so is the map C>(V,R) — C*°(U,R) which sends

¢ to @ given by formula (3.16)). It is also easy to see that g satisfies (2.2)).

(3.16)
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Summing up, g € Cp(C>*(V,R)). The fact that j,y,yg = f is an immediate
consequence of the definition of g. =

LEMMA 3.6. Let U be an open subset of M, A any set, {Ua}aca a family
of open subsets of M such that U = |Jyc g Ua, p > 0 and f € C,(C*(U,R)).
Then there are s € N, a,...,as € A and fi € Cp(C®(Uq,,R)),..., fs €
Cp(C®(Uay, R)) such that f = jpu, vfi+ -+ JpuUa, vfs

Proof. From Lemma [3.3] we have a compact subset K of U with the
property that f(¢,¢1,...,¢p) = 0 for all ¢,p1,...,¢, € C°(U,R) such
that K Nsupp ¢ = (. Since K is compact, there are aq,...,as € A such that
K C Uy U---UUq,, =: V. From Lemma 3.5 we have a g € C,(C®(V,R))
such that j, g = f. Take a smooth partition of unity {&;,...,&} on V
subordinate to the cover {U,,,...,Uq,}. For every i € {1,...,s} we define
9i € Cp(C*(V,R)) by

9i(p, 015+ 0p) = g€, 1, -+, pp)
for all ¢, ¢1,...,¢p € C>°(V,R). We see at once that, for each i € {1,..., s},
supp &; is a closed subset of V with the property that g;(¢, ¢1,...,¢p) = 0 for
all ¢, 1,...,pp € C®(V,R) such that supp &; Nsupp ¢ = 0, and in addition
supp & C Uy, . Therefore from Lemma for each ¢ € {1,..., s} we have an
fi € Cp(C*(Uq;,R)) such that g; = Jp,Ua;,v fi- The maps fi,..., fs are as
needed, because g = Y ;_; g; and so

S S S
f=dpvug =Y dpvvgi =Y dpviiipta, vhi =Y pie,vfi-

LEMMA 3.7. Let U be an open subset of M, A any set, {Ua}aca a family
of open subsets of M such that U = Jye g Ua, >0, s €N, a1,..., a5 € A,
and f1 € Cp(C*®(Uq,y,R)), ..., fs € Cp(C®(U,,,R)) such that

(3.17) JpUay USL+ -+ GpUa, v fs = 0.

Then for allk,l € {1,...,s} with k <1 there are fi; € Cp(C*°(Uqa, NUy,,R))
such that

s i—1
Fi =" Gpa, Uny Ve fil = Y JpUa AUa, e, Jii

l=i+1 k=1
for every i € {1,...,s}.
Proof. Note first that for any open subsets V and W of M such that
V € W the map jpvw : Cp(C®(V,R)) = Cp(C>®(W,R)) is injective, be-
cause the image of the map C>®(W,R) — C*>(V,R) with ¢ — |y is dense
in C**(V,R). In particular, the map jp,j:_ v, v * Cp(C(Ui; Ui R)) —
Cp(C*(U,R)) is injective, and from it follows that j, v, s, v., /1 +

I Uas Uiy Ua, fs = 0. Therefore without restriction of generality we can
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assume U = U,, U- - -UU,,. To shorten the notation, we will write U; instead
of Uy, forie{1,...,s}.

We begin by proving the lemma in the special case when s = 2. Hence
U=U; UU,, f1 € Cp(COO(Ul,R)), f2 € Cp(COO(UQ,R)), and

Jpur,uf1+ Jpusufo = 0.
From Lemma [3.3]for each i € {1,2} we have a compact subset K; of U; with
the property that f;(p, p1,...,¢p) =0forall ¢, ¢1,..., ¢, € C°(U;,R) such
that K; Nsupp ¢ = (). Take an open subset W of U such that
KiNnKycW CW c U NUs,

where W denotes the closure of W in U. o

We prove that if ¢, 91, ..., 1, € C*°(Uy,R) are such that WNsupp ¢ = 0,

then fi(¢,91,...,1,) = 0. It is easy to see that there are ©,v1,...,v), €
C>(U,R) which coincide with ,1,...,%, on an open subset of U; con-
taining K1, and satisfy the condition W N suprZ = (). Taking a smooth
partition of unity {x1,x2} on U subordinate to the cover {U \ L2,U \ L1},
where Lo = Ko \ W and L1 = K; \ W, we have

fl(’lp,¢1, .- 'awp) = fl(TZ|U171Z1’U1a LI aiEp|U1)
= A(CaD) oy, il Uplon) + A OO |oy Yl - - Pplen)
= A(CaD) v Yilv, - - - 7TZp|U1) = (jp,Ul,Ufl)(Xl{Ev 1’/;1,---,{5;))

= _(jp7U2,Uf2)(X1{pvv {/;17 sy Jp) = _fQ((XITZ)‘Uzvqf/;l’Um cee 7{Z;p|U2)

=0
which is due to the fact that K1 N supp(xzi) =0 (as L1 N supp(xga) =0,
wn supp(x2%) =0, K1 C Ly U W) and similarly K5 Nsupp(x1¢) = 0.
Since W is a closed subset of Uy contained in Uy NUs, on account of what
has just been proved, from Lemma [3.5] we have an fi2 € Cp(C*°(U1NU2,R))
such that

)

Jp,Uinta,Uy f12 = f1.
It remains to show that —jp, v, A, 0, f12 = fo. Let v, ¢1,...,¢p € C°(Us, R).
For any ¢, ¢1,...,¢p € C*°(U,R) which coincide with ¢, ¢1,...,¢, on an
open subset of Us containing W, we get
_(jp7U1ﬁU2,U2fl2)(90a (25 F 78011) = _f12((P‘U1ﬁU2> 801’U10U27 cee 7§0p’U1ﬂU2)

= —fi(@loy, G1los - - Pplun)

= _(jp,ULUfl)(@y D1y, @p)

= (Up,un,u [2)(®: 61, - Pp)

= fa(p, 01, ),

the last equality being a consequence of the fact that if ¢, ¢1,...,1¢) €
Cp(C>®(U2,R)) are such that W Nsuppy = 0, then fa(y,¢1,...,1%,) = 0,
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which can clearly be proved in the same manner as above for fi. This estab-
lishes the lemma in the case s = 2.

Now we proceed by induction on s. Suppose s > 3 and the assertion of
the lemma is true for s — 1. Put V = Uf;ll U; and

s—1
9= dpuivfi

i=1
Of course U = V UU; and, by , Jp.viug+ipusufs = 0. Therefore, from
what has already been proved, we have an h € C,(C*(V N Us)) such that
g = jpvnu,,vh and fs = —jp vau, uh-

Obviously we have V N U, = |JiZ] (U; N U,). From Lemma [3.6/ we obtain

e1 € Cp(C®(U1 NUG,R)), ..., es—1 € Cp(C®(Us—1 N Us, R)) such that

s—1
h=>"Jpuinu.vau,ei
i=1
Write di = jpu,nus,ui€1s -+ -5 ds—1 = Jp,Us_1nUs, U, €s—1- We see that
s—1
Z]U,y =9- Z]p,U U, Ve =9 — Jpvnu,vh=9—9=0.
i=1

Thus from the assertion of the lemma with s — 1, for k,1 € {1,...,s — 1}
such that k < [, there are maps fi; € C, (COO(U;C N U, R)) satisfying

—d; = Z JIp,usn0,U; fit — Z]p,UkmUl,U ki

l=1+1
for i € {1,...,s — 1}. Moreover, we put
fis =ei
forie{l,...,s—1}. Weget

Z Ipusnu,u; fi — Z]p,UkﬂUZ,U fri = (fi = di) + Jpuinu,,us€i

l=i+1 =
=(fi—di) +di = fi
forie{1,...,s—1}, and
s—1 s—1
= iU U frs = = D Ip U U Uk = —dpvru.vsh = —(—fs) = fs. m
k=1 k=1
THEOREM 3.8. For each p > 0 the presheaf consisting of C,(C>(U,R))*,
where U is an open subset of M, and j;,U,V7 where U and V' are open subsets
of M such that U C V', is complete, that is, for every open subset U of M
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and every family {Ua}aca of open subsets of M such that U = |J,c 4 Ua the
following conditions hold:
(a) whenever o,7 € Cp(C*(U,R))" are such that j} ;. ;0 = jy . yT for
all« € A, then o =T,
(b) whenever o, € Cp(C*®(Uq,R))*, where o € A, satisfy T UaUs,UaCa
= j;,UaﬂUg,Uﬁaﬁ forall o, € A, then there exists o € Cp(C*°(U,R))*
such that jy, ;. ;0 = 0a for every a.

Proof. Choose any order on A. Lemmas[3.6/and [3.7say that the sequence
of vector spaces and linear maps

%) ¢ )
Z Cp(C*(Ua NUg, R)) — ZCP(C (Ua, R))
(a’5)€A27a<IB OZGA

2y C,(C®(U,R)) — 0,

where ¢ = Z(aﬁ)eAz’a<g(jp,UanUﬂ,Ua — Jp.UanUs,U,) and ¥ = > acA IpUa,Us
is exact. Thus so 1s the sequence of the dual vector spaces and the dual linear
maps

[e's) * o~ [e's] *
I[I GCe®U.nUsR)* < J] Co(C®(Ua,R))
(a75)€A27a<ﬁ QEA

&0y (C®(U,R))* + 0,

where " =[] 4 g)ea2, a<sUp Uants.Ua ~Ipvanvs,vy) 804 ¥ =T1aeady v, v
But this means that (a) and (b) are satisfied, and the proof is complete. m

Let Sp(M,R) for each p > 0 denote the real vector space of differentiable
singular p-chains on M with real coefficients. For each ¢ € S,(M,R) we
define fe s : C°(M,R) x -+ x C*°(M,R) — R by the formula

ferr (0,015 0p) = Vodor A A depp.

[

It is clear that f, s is (p + 1)-linear, skew-symmetric in the last p variables
and satisfies . A standard verification shows that it is also continuous.
Thus fear € Cp(C®(M,R)).

From Stokes’ theorem we have

foear (@01, op1) = | pdpr A Ay
dc

:Sd(wdwl/\~--Ad¢p—1)Zsldw/\dwl/\“-/\d@pﬂ

C c

= fC,M(17Q07 ©1y- - 780])—1) == (8p,MfC,M)(807§017’ . '7‘)0])—1)
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for every p > 1, every ¢ € S,(M,R) and all ¢, p1,...,0p—1 € C®(M,R).
This means that the linear maps

(3.18) Sp(M,R) = C,(C*(M,R)), ¢+ fem,

where p > 0, form a chain map between the complex of differentiable singular
chains on M with real coefficients and the chain complex (3.1]).
We can now formulate and prove our main result.

THEOREM 3.9. For each p > 0 the linear map (3.18)) induces an isomor-
phism between the pth differentiable singular homology group of M with real
coefficients and H,(C*°(M,R)).

Proof. The cohomology vector spaces of the cochain complex dual to a
chain complex of vector spaces can be naturally identified with the vector
spaces dual to the homology vector spaces of this chain complex. Conse-
quently, the maps between the cohomology vector spaces induced by the
cochain map dual to a chain map between chain complexes of vector spaces
can be naturally identified with the maps dual to the maps between the
homology vector spaces induced by this chain map. Moreover, a linear map
between vector spaces is an isomorphism if and only if the dual map is an
isomorphism. Therefore the theorem will be proved once we show that the
cochain map dual to the chain map consisting of the maps induces
isomorphisms between the cohomology vector spaces.

Fix p > 0. For every open subset U of M we define the map

(3.19) Sp(U,R) = C,(C*(U,R)), ¢+~ feu,
where S,(U,R) denotes the real vector space of differentiable singular
p-chains on U with real coefficients, and f. 7 : C*°(U,R) x---xC>®(U,R) — R
is given by

fc,U(@:@la- "7()017) = S@d@l ARER /\d(/)p

C

The maps dual to (3.19)) form a homomorphism between our presheaf con-
sisting of the vector spaces C,(C*°(U,R))*, where U is an open subset of
M, and the maps j;7U7V, where U and V are open subsets of M such that
U C V, and the presheaf of differentiable singular p-chains on M with real
coefficients. Hence we have the homomorphism of the associated sheaves
(3.20) CP(M) — SP(M,R),
induced by this presheaf homomorphism.

We have the commutative diagram

0—RrL ooan 2 oo L oy 2

0 — R — SYM,R) — SYM,R) — S*(M,R) — ---
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where the first vertical arrow is the identity map on R, the other vertical
arrows are the maps , the first row is the fine resolution of R from
Theorem [3.2] and the second row is the well known fine resolution of R which
is used in the proof that the classical differentiable singular cohomology is
isomorphic with the sheaf cohomology with coefficients in R (|7, 5.31]). That
the first square in commutes may be easily seen directly (the sheaf
homomorphism R — S°(M,R) is induced by the presheaf homomorphism
consisting of the maps dual to the linear maps So(U,R) — R, where U is an
open subset of M, which send every z € U to 1). The other squares in
commute, because the maps commute, by Stokes’ theorem, with the
boundary operators.

Consider the following commutative diagram of cochain complexes of real
vector spaces:

C*(C*®(M,R)) — I'(C*(M))

(3.22) ! '
S*(M,R) — I'(S*(M,R))

where C*(C*>°(M,R)) denotes the cochain complex dual to (3.1)), S*(M,R)
the complex of differentiable singular cochains on M with real coefficients,
I'(C*(M)) and I'(S*(M,R)) the complexes of global continuous sections for
the sheaf complexes CO(M) — CY(M) — C*(M) — --- and S°(M,R) —
SYM,R) — S?*(M,R) — ---, which are parts of the rows of ; the
cochain map C*(C*(M,R)) — S*(M,R) is dual to the chain map consisting
of the maps ({3.18)), the cochain map I'(C*(M)) — I'(S*(M,R)) is induced by
the maps (3.20), and finally C*(C>*(M,R)) — I'(C*(M)) and S*(M,R) —
I'(S*(M,R)) consist of the maps sending any element o of C,(C*°(M,R))*
or Sp(M,R)* to the section M — CP(M) or M — SP(M,R) with z — pro
for p > 0, where p,«a denotes the germ of « at x.

The cochain map C*(C>*(M,R)) — I'(C*(M)) in is an isomor-
phism, since for every p > 0 the presheaf consisting of C,(C*°(U,R))*, where
U is an open subset of M, and j;,U,V7 where U and V are open subsets of
M such that U C V, is complete on account of Theorem The cochain
map I'(C*(M)) — I'(S*(M,R)) in induces isomorphisms on cohomol-
ogy, because of the homomorphism (3.21)) between the two fine resolutions
of R (|7, 5.24]). Finally, it is well known that the cochain map S*(M,R) —
I'(S§*(M,R)) in induces isomorphisms on cohomology [7), 5.32]. Conse-
quently, the cochain map C*(C*(M,R)) — S*(M,R) in (3.22) also induces
isomorphisms on cohomology and the proof is complete. »

4. The relation to the de Rham complex. Let us now suppose that
A is an associative and commutative F-algebra with unit. In this special
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case the de Rham cochain complex of A can be defined (see for instance [6]
Chapter XIX]). We recall briefly the construction of this complex. Note that
it uses no topologies on A and F'.

If M is an A-module, then an F-linear map D : A — M is called a
derivation if D(ab) = aDb + bDa for all a,b € A. The universal derivation
of A is, by definition, a derivation d : A — {2, where (2 is an A-module,
such that for every A-module M and every derivation D : A — M there is
a unique A-linear map f : 2 — M satisfying f od = D. Such a universal
derivation exists and is uniquely determined up to a unique isomorphism.
The A-module (2 is called the module of Kdhler differentials. For each p € N
the A-module 2 Jp 8 defined to be the pth exterior power AP {2 of the
A-module {2. Each QZ P is generated as a vector space over F' by vectors
of the form adb; A --- A dby,, where a,bq,...,b, € A. Furthermore, for every

p > 1 there is a unique F-linear map dP : ol op

AJF AJF with the property
that

d’(adby A -+~ Ndbp—1) =daNdby A--- Ndbp—q

for all a,by,...,by—1 € A. Then dP o @1 = 0 for every p > 2. The cochain
complex of vector spaces over F":

(4.1) e P PR
is called the de Rham complex of A.

The construction of the chain complex described in Section [2 can
be also carried out without any topologies on A and F' by dropping the
assumption that the maps forming C}, A for p € N are continuous. Of course,
this is equivalent to taking the discrete topology on A. We now show that
in the special case of an associative and commutative algebra A with the
discrete topology the chain complex is (up to an isomorphism) dual to
the de Rham cochain complex ({4.1]).

For each p € N we define the F-linear map

(4.2) ©p : (_QZ/F)* — CLA

by the formula
(pp?)(a,br,...,by) =V(adby A--- Adby)

for every ¥ € (QZ/F)* and all a, by,...,b, € A (here, as usual, (QZ/F)* stands
for the vector space over F' consisting of all F-linear maps QZ r F).

THEOREM 4.1. If A is an associative and commutative F-algebra with
unit endowed with the discrete topology, then the maps (4.2)) form an iso-
morphism between the chain complex dual to the de Rham cochain complex

(4.1) and the chain complex (2.1).
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Proof. A trivial verification shows that for every p > 1 we have
Yp—1 0 dP* =0 0y,
where dP* : (24 )" — (Qﬁ;})* is given by dP*(1) = 9 o dP, which means
that the maps form a homomorphism of chain complexes.

Fix a p > 0. The proof will be completed as soon as we can find the map
Py 1 CpA — (QZ/F)* inverse to .

We first observe that A* is an A-module with multiplication given by
(av)(b) = I(ab) for every ¥ € A* and all a,b € A. Hence for every ¢ > 0 the
set S?A consisting of all skew-symmetric A-g-linear maps 2 x - -- x 2 — A*
is an A-module too.

Let f € CpA. We prove by induction that for every ¢ € {0,...,p} and all

C1,-..,Cp—q € A there is a uniquely determined agl,.,,7cp7q € S9A such that

(4.3) (ol e, (dby, ... dbg))(a) = f(a,c1, .. Cpg,br,. .. bg)
for all @, by, ...,b; € A. This is obvious for ¢ = 0. Assume ¢ € {1,...,p} and
the assertion holds for ¢ — 1. Let ¢1,...,¢,—q € A. It is easy to see that

Bliey i A=STMA e af

C1,..,Cp—q;C
is a derivation, because {2 is generated as an A-module by vectors of the form
db, where b € A. Since d is the universal derivation, we have the A-linear
map 'ygl,..,,cp_q : 2 — S9! A such that 7{1,.“,%_‘1 od= BJI,,,,,CP_Q. Thus

(V.. (db1))(dba, ..., dby)) (a) = f(a,cr,... cpg,b1,. .., by)
for all a,b1,...,b; € A and it suffices to put

a({h...,cp,q ((“)17 s 7(“)61) = (7({1,,,,7%,(1‘*)1)(“)2, oo awq)
for all wy,...,wy € £2. The skew-symmetry of a{fh.,,’cpf , 1s a consequence of

(4.3), and the induction is complete.
In particular, for ¢ = p we have af € SPA such that
(af (dby,...,dby))(a) = f(a,br,...,bp)
for all a,b1,...,b, € A. We now define 67 QZ/F — A* to be the A-linear
map such that

i A Awp) =af (wi,...,wp)
for all wy,...,wp € §2, and finally
(Upf)(w) = (8w)(1)
for every w € 25 /- Therefore ¥ f € (25 y )" and
(pf)(adby A~ Adby) = f(a,by,...,by)

for all a,by,...,b, € A, which means that 1, is the map inverse to ¢,. =
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COROLLARY 4.2. If A is an associative and commutative F-algebra with
unit endowed with the discrete topology, then for each p > 0 the homology
vector space H,A of the chain complex 18 isomorphic to the vector space
dual to the pth cohomology vector space of the de Rham cochain complex
().

It is worth pointing out that Theorem not only gives a link between
the chain complex and the de Rham complex, but also shows clearly
that the choice of a particular topology on the algebra A in the construction
of influences essentially its homology vector spaces. In fact, Theorem|3.9
would not be true if the C*°-compact-open topology on C*°(M,R) was re-
placed by the discrete one. This follows immediately from Theorem
because on the one hand, there is no vector space such that its dual vec-
tor space has a countably infinite basis, and on the other hand, there exist
second countable Hausdorff manifolds of class C*° such that some of their
differentiable singular homology groups with real coefficients have countably
infinite bases.
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