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On nonsingular polynomial maps of R
2by Nguyen Van Chau (Hanoi) and

Carlos Gutierrez (São Carlos)
Abstrat. We onsider nonsingular polynomial maps F = (P, Q) : R

2 → R
2 un-der the following regularity ondition at in�nity (J∞): There does not exist a sequene

{(pk, qk)}⊂C
2 of omplex singular points of F suh that the imaginary parts (ℑ(pk),ℑ(qk))tend to (0, 0), the real parts (ℜ(pk),ℜ(qk)) tend to ∞ and F (ℜ(pk),ℜ(qk))) → a ∈ R

2. Itis shown that F is a global di�eomorphism of R
2 if it satis�es Condition (J∞) and if, inaddition, the restrition of F to every real level set P−1(c) is proper for values of |c| largeenough.1. Introdution. This paper addresses the question of whether a poly-nomial map F = (P, Q) : R

2 → R
2 whih is a loal di�eomorphism is alsoa global di�eomorphism. Pinhuk's example [P℄ of a polynomial loal dif-feomorphism whih is not a global di�eomorphism proves the neessity ofsome extra ondition. In this paper, we propose a ondition, alled Con-dition (J∞) below, whih we believe to be neessary and su�ient for apolynomial map whih is a loal di�eomorphism to be a global di�eomor-phism. In this way, we provide a positive answer in a simple (but not trivial)topologial situation. Everything indiates that the very important problemof haraterizing polynomial maps of the real plane that are global di�eo-morphisms is very di�ult. Condition (J∞) ensures the nie feature thatthe omplex singularities of the omplexi�ation of the polynomial map de-�ned on the real plane do not have a diret in�uene on the behavior ofthe map at in�nity. Certainly, polynomial maps satisfying the well knownonstant Jaobian Keller ondition satisfy the (J∞) ondition whih we nowde�ne.2000 Mathematis Subjet Classi�ation: 14R15, 14E40.Key words and phrases: Jaobian Conjeture, polynomial di�eomorphism.Researh of Nguyen Van Chau supported in part by the National Basi Program onNatural Siene Vietnam, ICTP, Trieste, Italy, and ICMC-USP, SP, Brazil.Researh of C. Gutierrez supported in part by FAPESP and CNPq, grant numbersTEMÁTICO 03/03107-9 and 306992/2003-5, respetively.[193℄



194 Nguyen Van Chau and C. GutierrezFor a omplex point p = (a + ib, c + id) ∈ C
2, a, b, c, d ∈ R, we denote by

ℑ(p) = (b, d) and ℜ(p) := (a, c) the imaginary part and the real part of p.Condition (J∞) an be formulated as:
(J∞) There does not exist a sequene {pk} ⊂ C

2 of singular points ofthe omplexi�ation F̃ : C
2 → C

2 of F suh that ℑ(pk) → (0, 0),
ℜ(pk) → ∞ and F (ℜ(pk)) → a ∈ R

2.Theorem 1.1. Suppose F = (P, Q) : R
2 → R

2 is a nonsingular polyno-mial map satisfying Condition (J∞). Then F is a global di�eomorphism of
R

2 provided that , for all |c| > 0 large enough, either(i) P−1(c) is onneted or(ii) F |P−1(c) is proper.This theorem improves the main result of [CG℄, where the nonzero on-stant Jaobian ase was onsidered. Its proof, presented in �3, is based onthe examination, in �2, of the behavior at in�nity of nonsingular polynomialmaps of R
2 satisfying (J∞). Theorem 1.1 is not valid for analyti maps of

R
2. Indeed, in [CG℄, we have onstruted a nonzero onstant Jaobian an-alyti map F = (P, Q) : R2 → R2 whih is noninjetive, nonsurjetive, atmost 2-to-1 and suh that for all |c| large enough, P−1(c) is onneted and

F |P−1(c) is proper. This example will be presented in �4. In that setion wewill also see that Pinhuk's example [P℄ does not satisfy Condition (J∞)and an be modi�ed so that the resulting map F = (P, Q) is a noninje-tive nonsingular polynomial map whih, when restrited to every level set
P−1(c), Q−1(c), is proper for c ≪ 0.In the ase of omplex nonsingular polynomial mappings a result anal-ogous to Theorem 1.1(ii) was obtained earlier by Dru»kowski [Dru℄ andCh¡dzy«ski [Cha℄. Namely, if a nonsingular polynomial mapping F = (f, g)of C

2 is proper on the set g−1(c) for some c ∈ C, then F is injetive. Theo-rem 1.1(ii) is, in some sense, a real ounterpart (but not a onsequene) ofthat result.Before ontinuing, we wish to thank the referee whose omments have beenappreiated and inorporated into this work. Also, we wish to mention someresults related to ours. Fernandes, Gutierrez and Rabanal [FGR℄ (see also[CGL℄) showed that if f : R
2 → R

2 is a di�erentiable map (not neessarily
C1) and if, for some ε > 0, Spe(f)∩[0, ε) = ∅, then f is injetive; here Spe(f)denotes the set of (omplex) eigenvalues of the derivative Df(x)when x variesin R

2. Campbell [Ca1℄ lassi�ed the C1 maps R
2 → R

2 whose eigenvalues areboth 1; all suh maps are di�eomorphisms having expliit inverse.2. Condition (J∞). In the following, the Eulidean spae R
2 will beviewed as a subset of C

2. Let F = (P, Q) : R
2 → R

2 be a polynomial map



Nonsingular polynomial maps of R
2 195whih is dominant (i.e. F (R2) is an open set). Reall that the nonpropervalue set AF of F is the set of all values a ∈ R

2 whih have no neighborhoodwith ompat inverse image under F . It is well known that AF , if nonempty,is the union of the images of a �nite number of nononstant polynomial mapsfrom R into R
2 (see for example [J℄). When F is a loal homeomorphism,the map F : R
2 \ F−1(AF ) → R

2 \ AF is an unbranhed overing and AFis just the disontinuity set of the integer-valued funtion #F−1(a) de�nedon R
2. When AF = ∅, F is a homeomorphism of R

2.By means of the Newton�Puiseux expansion, we an desribe both thebehavior of F at in�nity and the set AF . Let (u0, v0) ∈ AF be a smooth pointof AF . Take a line segment L that intersets AF transversally at the point
(u0, v0). Then F−1(L) has some branhes at in�nity along whih F tends tothe value (u0, v0). Let γ ⊂ F−1(L) be one of suh branhes. In suitable linearoordinates of R

2 the branh γ an be given by (R,∞) ∋ x 7→ (x, γ(x)) ∈ γwith a Newton�Puiseux expansion at in�nity of the form
γ(x) =

∞∑

k=0

ckx
1−k/m,where ck ∈ R, gcd({k : ck 6= 0} ∪ {m}) = 1 and the series ∑

k ckt
k isabsolutely onvergent in the omplex disk |t| < ε. Then, following [C℄, wean �nd a unique �nite frational series ϕ(x, ξ) with parameter ξ suh that

γ(x) = ϕ(x, ξ0) + lower order terms in x and
F (x, ϕ(x, ξ)) = (Pϕ(x, ξ), Qϕ(x, ξ))

= (pϕ(ξ), qϕ(ξ)) + lower order terms in x,with pϕ, qϕ ∈ R[ξ] and max(deg pϕ, deg qϕ) > 0. Suh a frational powerseries ϕ(x, ξ) is alled a real diritial series of F . Let us represent ϕ(x, ξ)in the normal form
ϕ(x, ξ) =

nϕ−1∑

j=0

ajx
1−j/mϕ + ξx1−nϕ/mϕ , gcd({j : aj 6= 0}∪ {mϕ, nϕ}) = 1,

and de�ne the maps Φ, Fϕ : R
+ × R → R

2 by Φ(t, ξ) := (t−mϕ, ϕ(t−mϕ , ξ))and Fϕ := F ◦ Φ. One an easily hek the following properties:(i) Φ is an analyti homeomorphism from R
+ ×R onto its image Uϕ :=

Φ(R+ × R) whih is a neighborhood of the branh γ onsidered.(ii) Fϕ is a polynomial map in (t, ξ), and the image of the polynomial map
fϕ(ξ) = (pϕ(ξ), qϕ(ξ)) ontains the value (u0, v0) and is an irreduibleomponent of AF .In other words, the map Φ gives loal analyti oordinates (t, ξ) in theneighborhood Uϕ of the branh γ, and the polynomial map Fϕ gives a rep-resentation of F in these oordinates.



196 Nguyen Van Chau and C. GutierrezAs noted above, the set AF , if nonempty, is the union of the imagesof a �nite number of nononstant polynomial maps from R into R
2. Inthis way one an onstrut a �nite family Λ of diritial series ϕ suh that

AF =
⋃

ϕ∈Λ fϕ(R), and the orresponding family {Φ(R+ × R)} of open setsovers all branh urves at in�nity along whih F tends to a value in AF .This struture an be used to examine the behavior of F at in�nity. In thefollowing we will use this struture to study the geometry of a nonsingularpolynomial map F satisfying Condition (J∞).Reall that the exeptional value set Eh of a polynomial h : R
2 → R isthe smallest subset of R suh that the restrition h : R

2\h−1(Eh) → R\Eh isa loally trivial �bration. When Eh = ∅, the map h gives a trivial �brationwith �ber homeomorphi to R. By a loal irreduible omplex branh of areal urve V ⊂ R
2 we mean the omplexi�ation of a loal irreduible realbranh of V . A loal irreduible omplex branh of AF an be seen as theimage fϕ(D(ξ0, ε)) of a small disk D(ξ0, ε) := {ξ ∈ C : |ξ − ξ0| < ε}, where

ξ0 ∈ R and ϕ is a diritial series of F .Theorem 2.1. Suppose F = (P, Q) : R
2 → R

2 is a nonsingular poly-nomial map satisfying Condition (J∞). If the omplex line L := {u = c}intersets transversally all loal irreduible omplex branhes of AF loatedat AF ∩ L, then c 6∈ EP .To prove this theorem we need the following elementary fat:Lemma 2.2. Let f(t, ξ) = (u, v) be a holomorphi map from a neighbor-hood U ⊂ C
2 of (0, 0) into C

2, f(t, ξ) = (p(ξ), q(ξ))+higher order terms in t,
f(0, 0) = (0, 0). Assume that for some δ > 0 small , the line u = 0 intersetsthe loal branh Γ := f({0}×D) transversally , where D := {ξ ∈ C : |ξ| < δ},and that {(t, ξ) ∈ U : det(Df(t, ξ)) = 0} ⊂ {(t, ξ) ∈ U : t = 0}. Then
ṗ(0) 6= 0.Proof. Sine the line u = 0 intersets Γ transversally at (0, 0), we anassume that, loally around 0, Γ is a smooth branh of a urve paramete-rized by v = h(u), where h is an analyti di�eomorphism, with h(0) = 0,de�ned in a small neighborhood of 0. De�ne the new oordinates (u, v) =
(u, v − h(u)) in a neighborhood of (0, 0). Let f be the representation of f inthese oordinates. Then

f(t, ξ) = (p(ξ), 0) + higher order terms in t,

f(0, 0) = (0, 0), f({t = 0}) ⊂ Γ = {v = 0} and det(Df(t, ξ)) 6= 0 for t 6= 0.By examining the Newton diagrams of f1, f2 and detDf we an verify that
f(t, ξ) = (ξu1(t, ξ) + tu2(t, ξ), t

kv1(t, ξ)),where u1, u2 and v1 are holomorphi funtions de�ned in U , u1(0, 0) 6= 0 and
v1(0, 0) 6= 0 (see e.g. [O, Lemma 4.1℄). It follows that ṗ(0) = u1(0, 0) 6= 0.
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2 197Proof of Theorem 2.1. Let c ∈ R. Assume that the omplex line L :=

{u = c} intersets transversally all loal irreduible omplex branhes of AFloated at AF ∩ L.Let ∆ ∋ c be an open interval. We will see that it is enough to onstruta smooth vetor �eld V on P−1(∆) suh that 〈gradP (z), V (z)〉 = 1, andthe solutions of the di�erential equation ż = V (z) do not tend to in�nity.In fat, if ∆ is small enough and Ψ(z, t) is the loal �ow indued by suha vetor �eld V, then Ψ : P−1(c) × ∆ → P−1(∆) is well de�ned and it is adi�eomorphism satisfying P (Ψ(z, t)) = c + t. Hene, P : P−1(∆) → ∆ is atrivial �bration and, by de�nition, c 6∈ EP .To onstrut the vetor �eld V as above, �rst we onsider a given branh
γ at in�nity of the real urve P = c. Let ϕ be the diritial series withoordinates (t, ξ) assoiated to γ. Assume that in these oordinates γ loatesat the point (0, ξ0). Taking the derivative of Fϕ we have

det(DFϕ(t, ξ)) = −mϕ det(DF (Φ(t, ξ)))tnϕ−2mϕ−1Condition (J∞) ensures that det(DFϕ(t, ξ)) 6= 0 for |t| 6= 0 small enough; infat, otherwise, there would exist a holomorphi map ξ : {t ∈ C : |t| < ε}
→ C with ξ(0) = ξ0 suh that det(DF (Φ(t, ξ(t)))) ≡ 0. Therefore,
ℜ(Φ(t, ξ(t)))=Φ(t, ξ0) + higher order terms in t for t∈R and F (ℜ(Φ(t, ξ(t)))tends to (pϕ(ξ0), qϕ(ξ0)) ∈ R

2 as t tends to zero. Hene, we an applyLemma 2.1 to �nd positive numbers α and β and a neighborhood Wγ =
{(t, ξ) ∈ R

2 : 0 < t < α, |ξ − ξ0| < β} of γ suh that
ṗϕ(ξ) 6= 0 for |ξ − ξ0| < β,

∂

∂ξ
Pϕ(t, ξ) 6= 0 for (t, ξ) ∈ Wγ .The property we need here is that in Wγ the motions in the diretion Vγ :=(

∂
∂ξPϕ, 0

) annot tend to the line t = 0 and 〈gradP (z), Vγ(z)〉 6= 0 for z ∈ Wγ .Summarizing, for every branh γ at in�nity of the real urve P = c, wehave obtained a neighborhood Wγ of γ and a vetor �eld Vγ de�ned on Wγ .Sine the urve P = c has only �nitely many branhes at in�nity, we anhoose a real number R > 0, as large as neessary, and a small interval ∆ ∋ cso that the family {Wγ}γ together with the open ball BR of radius R enteredat (0, 0) is an open overing of P−1(∆). Let VR(z) := gradP (z) de�ned onBR.Note that VR(z) 6= 0, sine F has no singularities. Then by using a smoothpartition of unity we an onstrut, from the �elds Vγ and VR(z), a smoothvetor �eld V (z) de�ned on P−1(∆) with the desired properties.The following orollary, whih is an immediate onsequene of Theo-rem 2.1, will be used to prove Theorem 1.1.Corollary 2.3. Suppose F = (P, Q) : R
2 → R

2 is a nonsingular poly-nomial map satisfying Condition (J∞). Then the nonproper value set AFannot be a �nite union of lines and semi-lines.



198 Nguyen Van Chau and C. GutierrezProof. Assume by ontradition that AF is the union of �nitely manylines and semi-lines. We an hoose a diretion (a, b) ∈ R
2 \ {(0, 0)} so thatthe lines au + bv = c, c ∈ R, interset transversally all omplexi�ationsof the lines and semi-lines in AF . Then, applying Theorem 2.1 to the pair

(aP +bQ, Q) we see that the exeptional value set EaP+bQ is empty and thatthe map aP + bQ : R
2 → R gives a trivial �bration with �ber di�eomorphito R. As F has no singularities, it is monotone along the �bers of aP + bQ.It follows that it is injetive. Hene, as every injetive polynomial map of R

2must be bijetive [N, Ku℄, F is a di�eomorphism of R
2 and AF = ∅. Thisontradition proves the orollary.Remark 2.4. In the above-mentioned representation, AF =

⋃
ϕ∈Λ fϕ(R)and no omponent fϕ(R) is a semi-line. In fat, this an be proved by ap-plying Lemma 2.2 to the map Fϕ.3. Proof of Theorem 1.1. The onlusion of the theorem will followfrom Corollary 2.3 and the following lemmas.Lemma 3.1 (Lemma 2.2 in [CG℄). Let F = (P, Q) : R

2 → R
2 be apolynomial map. Assume that , for every |c| large enough, the restrition of

F to P−1(c) is proper. Then the nonproper value set AF of F , if not empty ,must be formed by some lines and semi-lines parallel to the vertial axis.Proof. Assume that, for |c| > R > 0, the restrition of F to P−1(c) isproper. From the de�nitions above, we an easily see that if L ⊂ R
2 is aline and the restrition of F to F−1(L) is proper, then L ∩ AF = ∅. Thisimplies that AF must be ontained in {(c, d) ∈ R

2 : |c| ≤ R}. On the otherhand, by Proposition 2.1, AF is the union of the images of some nononstantpolynomial maps (p, q) : R → R
2. Therefore, the �rst omponent of everysuh polynomial map must be onstant and so AF must onsist of some linesand semi-lines parallel to the vertial axis.Lemma 3.2. Let F = (P, Q) : R

2 → R
2 be a nonsingular polynomial mapand let R be a positive number. If , for every |c| > R, the level set P−1(c) isonneted , then the restrition of F to P−1(c) is proper.Proof. Let F = (P, Q) : R

2 → R
2 be a nonsingular polynomial map.Assume that P−1(c) is onneted for every |c| > R > 0. We de�ne W :=

{(c, d) ∈ R
2 : |c| > R}. Sine Q is monotone along eah onneted omponentof a level set of P, F takes injetively F−1(W ) onto W . It follows from thede�nition of AF that W ∩ AF = ∅. Therefore, for |c| > R, the restrition of

F to P−1(c) is proper.Proof of Theorem 1.1. Combine Lemmas 3.1 and 3.2 and Corollary 2.3.



Nonsingular polynomial maps of R
2 1994. Disussion and examples. The following disussion and exampleswill larify the statements and assumptions of the preeding results.4.1. Condition (J∞). In the real ase, this ondition generalizes the wellknown Jaobian ondition, detDF ≡ c 6= 0, and ensures that the omplexsingularities of F do not diretly in�uene the behavior of F at in�nity. Asa real analogue of the Jaobian Conjeture, it is natural to ask whether anonsingular polynomial map of R

2 is a global di�eomorphism if it satis�esondition (J∞).4.2. Condition (i) of Theorem 1.1. It is lear that the restrition of F tothe inverse image F−1({(a, b) : ‖a‖ ≫ 0}) is injetive. For a loal di�eomor-phism h : R
2 → R

2, denote by n(h) the minimal integer k suh that thereexists an open disk D ⊂ R
2 with #h−1(p) ≡ k for all p ∈ D. Condition (i)implies that n(F ) = 1. In Pinhuk's example, n(F ) = 2 (see [Ca2, Ca3℄). Weonjeture that a nonsingular polynomial F must be a global di�eomorphismif n(F ) = 1.4.3. Pinhuk map and Condition (J∞). In 1994, Pinhuk [P℄ found anoninjetive nonsingular polynomial map of R

2. Here, we will show that itdoes not satisfy Condition (J∞).Pinhuk's map F = (P, Q) an be onstruted in the following way(see [E℄). Let g := xy − 1, h := g(xg + 1) and f := ((h + 1)/x)(xg + 1)2.Then let
P := f + hand

Q := −g2 − 6gh(h + 1) − 170fh − 91h2 − 195fh2 − 69h3 − 75h3f − 75
4 h4.We have

det(P, Q) = g2 + (g + f(13 + 15h))2 + f2,whih is always positive on R
2.To hek Condition (J∞) for (P, Q) we hoose the funtion

ϕ(x, ξ) := x−1 + ξx−3/2.Then omputing with Maple V we get
P (t−2, ϕ(t−2, ξ)) = (ξ4 + 2ξ2) + t(3ξ3 + 3ξ) + t2(3ξ2 + 1) + t3ξ,

Q(t−2, ϕ(t−2, ξ)) =
(
−75ξ10 − 1155

4 ξ8 − 434ξ6 − 261ξ4
)

+ t(−698ξ3 − 1673ξ5 − 1425ξ7 − 450ξ9)

+ t2(−608ξ2 − 2404ξ4 − 5625/2ξ6 − 1125ξ8)

+ t3(−170ξ − 1535ξ3 − 2775ξ5 − 1500ξ7)

+ t4
(
−365ξ2 − 5475

4 ξ4 − 1125ξ6
)

+ t5(−270ξ3 − 450ξ5) − 75t6ξ4.



200 Nguyen Van Chau and C. GutierrezOne an see that the exeptional omplex urve of FC has a omponentparameterized by C ∋ ξ 7→
(
ξ4 + 2ξ2,−75ξ10 − 1155

4 ξ8 − 434ξ6 − 261ξ4
).Now, onsidering the funtion detDF along the parameters Φ(t, ξ) :=

(t−2, ϕ(t−2, ξ)), we have
det(DΦ(t, ξ)) = −2t−6and

det(DF (Φ(t, ξ))) det(DΦ(t, ξ))

= 706t3ξ + 170ξ4 + 706tξ3 + 1074t2ξ2 + 3706tξ5 + 7468t2ξ4 + 7468t3ξ3

+ 730ξ6 + 1175ξ8 + 840ξ10 + 225ξ12 + 170t4 + 3706t4ξ2 + 7080ξ7t

+ 17745ξ6t2 + 23680t3ξ5 + 17745t4ξ4 + 7080t5ξ3 + 5880ξ9t

+ 17640ξ8t2 + 29400ξ7t3 + 29400t4ξ6 + 17640t5ξ5 + 5880t6ξ4

+ 1800ξ11t + 6300ξ10t2 + 12600ξ9t3 + 15750ξ8t4 + 12600t5ξ7

+ 6300t6ξ6 + 1800t7ξ5 + 1175t6ξ2 + 840t7ξ3 + 730t5ξ + 225t8ξ4.This is a polynomial in R[ξ][t] with t-free term
ξ4(170 + 730ξ2 + 1175ξ4 + 840ξ6 + 225ξ8)whih vanishes at ξ = 0 and may also vanish at some other real values ai.It follows that det(DF (Φ(t, ξ))) = 0 for some frational power series t 7→

ξi(t) = −ai + terms with deg t > 0. Thus, for suh series ξi(t) we have
det(D(P, Q)(t−2, t2 + ξi(t)t

3)) ≡ 0. As above, we have
P (t−2, t2 + ξi(t)t

3) = a4
i + 2a2

i + terms with deg t > 0,

Q(t−2, t2 + ξi(t)t
3) = −75a10

i − 1155
4 a8

i − 434a6
i − 261a4

i

+ terms with deg t > 0,eah of whih tends to a real value as t tends to zero. Hene, we an seletarbitrarily small real values t so as to obtain a sequene for whih Condition(J∞) does not hold.4.4. Condition (ii) of Theorem 1.1. Related to this ondition, we mayapply the following proposition to the noninjetive nonsingular polynomialPinhuk map [P℄ presented in Setion 4.3 above.Proposition 4.1. Suppose F : R
2 −→ R

2 is a nonsingular polynomialmap with the losure of F (R2) equal to R
2. Then there is a polynomial dif-feomorphism ϕ of R

2 suh that the restrition of ϕ ◦ F = (P, Q) to everylevel set P−1(c), Q−1(c) is proper for c ≪ 0.Proof. This proposition is obviously true when F is injetive. Supposethat F is not injetive. Then
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AF =
n⋃

i=1

{fi(t) : t ∈ R}for some polynomial maps fi(t) = (pi(t), qi(t)). By using a linear hangeof oordinates if neessary, we an assume that deg pi ≥ 1 and deg qi ≥ 1.Choose a positive integer k suh that 2k > deg pi, 4k > deg qi, and de�ne
ϕ(u, v) := (u + v2k, v + (u + v2k)2),whih is an automorphism of R

2. Then one an see that the branhes atin�nity of the set Aϕ◦F are ontained in the positive one of R
2. From thisit is easy to obtain the onlusion.4.5. Nonzero onstant Jaobian analyti maps. There exists a nonzeroonstant Jaobian analyti map F = (P, Q) : R

2 → R
2 whih is noninjetive,nonsurjetive, at most 2-to-1 and suh that for all |c| large enough, P−1(c)has exatly one onneted omponent and also the restrition of F to eahlevel P−1(c) is proper. It will be seen that this map is a sort of �algebraimap�.To onstrut F , �rst onsider the map F1 = (P1, Q1) : (0,∞) × R → R

2given by P1(x, y) = x(y2 − 1) and Q1(x, y) = xy(y2 − 4). Then:(1) det(DF1(x, y)) = x(y4 + y2 + 4) > 0 everywhere;(2) if c < 0 then P−1
1 (c) is the onneted set whih is the graph of themap y 7→ x = c/(y2 − 1) de�ned in (−1, 1);(3) if c > 0 then P−1
1 (c) has two onneted omponents whih are thegraphs of the maps x 7→ y =

√
(c + x)/x and x 7→ y = −

√
(c + x)/xde�ned in (0,∞);(4) P−1

1 (0) has two onneted omponents: {y = 1} and {y = −1};(5) F1 is not injetive beause F1(1, 2) = F1(1,−2) = (3, 0);(6) F1 is not surjetive beause (0, 0) /∈ F1((0,∞) × R);(7) for all c ∈ R \ {0}, F1 restrited to P−1
1 (c) is a proper map.Now onsider the analyti di�eomorphism H1 : (0,∞)×R → (0,∞)×Rgiven by H1(x, y) = (

√
2x, h(y)), where the di�eomorphism h : R → R is thesolution of the di�erential equation
h′ =

1

h4 + h2 + 4
, h(0) = 0.We an see that h(y) satis�es the algebrai equation (h(y))5/5 + (h(y))3/3

+ 4(h(y)) = y. Let F2 = F1 ◦ H1. We an hek that detDF2 ≡ 1.As H1 takes vertial lines onto vertial lines, there is a di�eomorphism
f : (0,∞) → R suh that H1({(x, f(x)) : x ∈ (0,∞)} is the onnetedomponent {(x,−

√
(5 + x)/x) : x ∈ (0,∞)} of P−1(5). De�ne the area pre-serving analyti di�eomorphism H2 : (0,∞)×R → (0,∞)×R by H2(x, y) =

(x, y+f(x)). Observe that H2 takes the positive �rst quadrant {(x, y) ∈ R
2 :
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x > 0, y > 0} onto the set {(x, y) ∈ R

2 : x > 0, y > f(x)}, whih in turn istaken by H1 onto {(x, y) ∈ R
2 : x > 0, y > −

√
(5 + x)/x}.We onlude that F3 = (P3, Q3) = F1 ◦ H1 ◦ H2, restrited to the �rstquadrant, has the following properties:(1) det(DF3(x, y)) = 1 everywhere;(2) if c < 0 then P−1

3 (c) is onneted;(3) if c ∈ (0, 5) then P−1
3 (c) has two onneted omponents, and if c ≥ 5then P−1

3 (c) is onneted;(4) P−1
3 (0) has two onneted omponents;(5) F3 is noninjetive and nonsurjetive;(6) for all c ∈ R \ {1}, F3 restrited to P−1

3 (c) is a proper map.Let H3 : R
2 → (0,∞) × R and H4 : R

2 → R × (0,∞) be the followingarea preserving di�eomorphisms:
H3(x, y) =

(
x +

√
x2 + 4, y

√
x2 + 4

x +
√

x2 + 4

)
,

H4(x, y) =

(
x

√
y2 + 4

y +
√

y2 + 4
, y +

√
y2 + 4

)
.Observe that the funtion k(x) = x+

√
x2 + 4 satis�es the algebrai equation

Fig. 1
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(k(x))2 − xk(x) = 4. It an be seen that H3 ◦ H4 takes R
2 onto the �rstquadrant and that F = (P, Q) = F3 ◦H3 ◦H4 is as required at the beginningof this setion.Now we summarize the properties of the map F = (P, Q) just on-struted:(1) det(DF (x, y)) = 1 everywhere;(2) if c ∈ (−∞, 0) ∪ [5,∞) then P−1(c) is onneted, and if c ∈ [0, 5)then P−1(c) has two onneted omponents; in this way the foliationindued by the Hamiltonian vetor �eld XP has exatly one Reebomponent, {P ≤ 0};(3) if c ∈ R \ {0}, then Q−1(c) has two onneted omponents, and

Q−1(0) has three onneted omponents; in this way the foliation in-dued by XQ has exatly two adjaent Reeb omponents with union
{Q ≤ 0};(4) F is noninjetive and nonsurjetive; more preisely, F−1(3, 0) onsistsof two points and (0, 0) /∈ F (R2);(5) for all c ∈ R \ {0}, F restrited to P−1(c) is a proper map.Figure 1 shows the foliations indued by the Hamiltonian vetor �elds

XP and XQ.
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