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Hölder 
ontinuity of weak solutions tonondiagonal singular paraboli
 systems of three equationsby Dmitry Portnyagin (Lviv)
Abstra
t. Hölder 
ontinuity of weak solutions is studied for a nondiagonal paraboli
system of singular quasilinear di�erential equations with matrix of 
oe�
ients satisfyingspe
ial stru
ture 
onditions. A te
hnique based on estimating linear 
ombinations of theunknowns is employed.1. Introdu
tion. In the present paper we study the Hölder 
ontinuityof weak solutions to a quasilinear nondiagonal paraboli
 system of threesingular equations in divergen
e form under spe
ial assumptions upon itsstru
ture.It is well known that the De Giorgi�Nash�Moser estimates are no longervalid in general for ellipti
 systems; the latter 
an be regarded as a spe
ial
ase of paraboli
 systems. An example of an unbounded solution to a linearellipti
 system with bounded 
oe�
ients was built up by De Giorgi in [11℄.Another example is due to J. Ne£as and J. Sou£ek who 
onstru
ted a non-linear ellipti
 system with 
oe�
ients su�
iently smooth, but with a weaksolution not belonging to W 2,2. These two and many other examples illus-trate that the regularity problem for ellipti
 systems is far more 
ompli
atedthan for se
ond order ellipti
 equations and that the smoothness propertiesof solutions are not only determined by the smoothness of data, but stronglydepend upon the stru
ture of the system.Until now a priori estimates of De Giorgi type have been extended onlyto a spe
ial 
lass of paraboli
 systems of equations, the so-
alled weakly
oupled systems.2000 Mathemati
s Subje
t Classi�
ation: Primary 35K50; Se
ondary 35D10, 35B65.Key words and phrases: nondiagonal paraboli
 systems, Hölder 
ontinuity of solutions,singular equations.This paper was written during the author's being a Ph.D. student at the Instituteof Mathemati
s of the Polish A
ademy of S
ien
es, whose �nan
ial support is gratefullya
knowledged. [205℄



206 D. PortnyaginThere exists yet another approa
h to establishing a priori estimates fora paraboli
 system of se
ond order di�erential equations. This approa
h isused in the book by Ladyzhenskaya, Solonnikov and Ural'tseva [13℄, in thebook by DiBenedetto [5℄ and in the papers [18℄ and [16℄. It 
on
erns notea
h 
omponent separately, but the sum of the squares of the 
omponentsof a solution. This applies to diagonal systems whi
h on freezing the leading
oe�
ients and dis
arding the right-hand sides and lower order terms redu
eto just one single equation rewritten several times in turn for all the unknownfun
tions; see also [8℄, [10℄, [9℄, [6℄, [3, p. 27℄, [2, pp. 32�33℄ and [1℄.The te
hnique we are utilizing has been employed earlier in [14℄ for semi-linear systems (see also [7℄, [15℄ and [12℄), and 
onsists in swit
hing to newfun
tions, for ea
h of whi
h the estimate is established in a 
onventional way,when
e the �nal 
on
lusion about ea
h 
omponent of the ve
tor fun
tion so-lution follows. This te
hnique allows for extension to nondiagonal systemswith nonlinearities in the spatial derivatives also.The main idea of our approa
h is as follows: instead of trying to establishestimates for ea
h 
omponent of a solution (u, v, w) we introdu
e some linear
ombinations of the 
omponents of the solution:
H1 = α1u+ β1v + w,

H2 = α2u+ β2v + w,(1.1)
H3 = α3u+ β3v + w,or more generally some fun
tions H of t, x, u, v, w, for ea
h of whi
h theestimates hold and from whose estimates we shall be able to derive estimatesfor the 
omponents of (u, v, w).In the present paper, restri
ting ourselves to systems of se
ond orderequations in divergen
e form with a spe
ial stru
ture, we demonstrate Hölder
ontinuity of solutions to a quasilinear singular paraboli
 system of threeequations in whi
h 
oupling o

urs in the leading derivatives and whoseleading 
oe�
ients depend on x, u, v, w and ux, vx, wx.

2. Basi
 notations and hypotheses. We shall be 
on
erned with asystem of three equations of the form
(2.1)





ut −
∂

∂xi
(A

(1)
i (x, u, v, w, ux, vx, wx)) = B(1)(x, u, v, w, ux, vx, wx),

vt −
∂

∂xi
(A

(2)
i (x, u, v, w, ux, vx, wx)) = B(2)(x, u, v, w, ux, vx, wx),

wt −
∂

∂xi
(A

(3)
i (x, u, v, w, ux, vx, wx)) = B(3)(x, u, v, w, ux, vx, wx),



Hölder 
ontinuity of weak solutions 207for x ∈ Q = (0, T ] × Ω. Boundary 
onditions of the Diri
hlet type areassumed:(2.2) {
(u− g1, v − g2, w − g3)(x, t) ∈W 1,p

0 (Ω) a.e. t ∈ (0, T ),

(u, v, w)(x, 0) = (u0, v0, w0)(x).Solutions to system (2.1) with Diri
hlet data (2.2) are de�ned as follows.Definition 2.1. A measurable bounded ve
tor fun
tion (u1, u2, u3) =
(u, v, w) is 
alled a weak solution of problem (2.1)�(2.2) if

uj ∈ C(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1,p(Ω)) ∩ L∞(Q)and for all t ∈ (0, T ],\
Ω

ujϕj(x, t) dx+
\\

Ω×(0,t]

{−ujϕj t +A
(j)
i ϕj xi} dx dτ

=
\
Ω

uj0ϕj(x, 0) dx+
\\

Ω×(0,t]

Bjϕj dx dτfor all bounded test fun
tions
ϕ ∈W 1,2(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1,p

0 (Ω)), ϕ ≥ 0.The boundary 
ondition in (2.2) is meant in the weak sense.Let us also de�ne the boundary norms that will 
ome in useful in further
onsiderations.Definition 2.2. LetΩ be a domain in R
n (here n is any natural number)and ∂Ω a portion of its boundary; let W (Ω) be any Sobolev spa
e. For afun
tion u de�ned on ∂Ω we set

‖u‖W (∂Ω) = inf
ψ

‖ψ‖W (Ω),where the in�mum is taken over all fun
tions ψ ∈ W (Ω) su
h that ψ(x) =
u(x) a.e. on ∂Ω. We denote by W (∂Ω) the fun
tion spa
e for whi
h theaforementioned norm is �nite.Let us des
ribe the notions, quantities and fun
tions that will appear inthis paper.Here and onward we adopt the following notations: Q = (0, T ] × Ω;
S = ∂Ω × (0, T ]; ∂Q ≡ {Ω × {0}} ∪ {∂Ω × (0, T ]}; Ω is a bounded domainin R

n with pie
ewise smooth boundary; x ∈ Ω; T > 0; t ∈ (0, T ]; 1 < p < 2;
p < n; i = 1, . . . , n; j = 1, 2, 3 and summation 
onvention over repeatedindi
es is assumed; u, v, w ∈ C(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1,p(Ω)); W 1,p

0 (Ω)is the spa
e of fun
tions in W 1,p(Ω) vanishing on ∂Ω in the sense of tra
esfor a.e. t ∈ (0, T ]. Throughout the paper, for brevity, |s| and |si| denote the



208 D. Portnyagindistan
e in 3n-dimensional and n-dimensional Eu
lidean spa
es respe
tively,i.e.
|s| =

( 3∑

j=1

n∑

i=1

(sji )
2
)1/2

, |si| =
( n∑

i=1

(sji )
2
)1/2

,

where sji stands for a 3n-
omponent ve
tor.By paraboli
ity of system (2.1) it is meant that the part without timederivatives is ellipti
. The notion of ellipti
ity of a system of di�erentialequations is understood in the following sense (see [4℄): there are λ > 0 and
0 < F = F (x) ∈ Lp/(p−1)(Q) su
h that for all sji ∈ R

3n, r(j) ∈ R
3, and

x ∈ R
n,(2.3) A

(j)
i (x, r, s)sji ≥ λ|s|p − F.It should be emphasized that we impose neither the Legendre nor theLegendre�Hadamard 
ondition. Both produ
e an obsta
le from the te
hni
alpoint of view in the approa
h we take, while the ellipti
ity 
ondition (2.3)turns out to be the most appropriate for our ends.Moreover, it is assumed that A(j)

i : Ω × R
3 × R

3n → R are measurablefun
tions subje
t to the following growth 
ondition: there exists Λ2 > 0 su
hthat for all sji ∈ R
3n, rj ∈ R

3 and x ∈ R
n,(2.4) |A

(j)
i (x, r, s)| ≤ Λ2|s|

p−1,and to the following stru
ture 
onditions: there exist αj , βj ∈ R with
det

∣∣∣∣∣∣∣

α1 α2 α3

β1 β2 β3

1 1 1

∣∣∣∣∣∣∣
6= 0

su
h that for all sji ∈ R
3n, rj ∈ R

3, and x ∈ R
n,

(2.5a) |α1A
(1)
i (x, r, s) + β1A

(2)
i (x, r, s) +A

(3)
i (x, r, s)

− λ1(x, r, s)(α1s
1
i + β1s

2
i + s3i )| ≤ ξ1(x, r, s) + F1,

(2.5b) |α2A
(1)
i (x, r, s) + β2A

(2)
i (x, r, s) +A

(3)
i (x, r, s)

− λ2(x, r, s)(α2s
1
i + β2s

2
i + s3i )| ≤ ξ2(x, r, s) + F2,

(2.5c) |α3A
(1)
i (x, r, s) + β3A

(2)
i (x, r, s) +A

(3)
i (x, r, s)

− λ3(x, r, s)(α3s
1
i + β3s

2
i + s3i )| ≤ ξ3(x, r, s) + F3;here λj = λj(x, r, s) > 0 and ξj = ξj(x, r, s) > 0 are some measurable

Ω×R
3 ×R

3n → R fun
tions of x, u, v, w, ux, vx, wx on whi
h the followinggrowth 
onditions are imposed: there exist Λ1, Λ2 > 0 su
h that for all
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sji ∈ R

3n, rj ∈ R
3 and x ∈ R

n,
(2.6) 0 < Λ1|αjs

1
i + βjs

2
i + s3i |

p−2 ≤ λj(x, r, s) ≤ Λ2|αjs
1
i + βjs

2
i + s3i |

p−2;

(2.7) ξj(x, r, s) ≤ ξ0|s|
ν , 0 < ν =

p(p− 1)(1 − κ1)

(n+ p)
,where ξ0 is a positive number;

Fj(x, t) ∈ Lσ(Q), σ =
(p+ n)

(p− 1)(1 − κ1)
, κ1 ∈ (0, 1),(2.8)moreover

α1, β2 > 1;(2.9)
α2, α3, β1β3 < 1;(2.10)

3max[1/p, Λ2] max[α−1
1 , β−1

2 , α3, β3] ≤ Λ1/(2
pp);(2.11)

6ξ0 ≤ Λ1/(2
p+1p).(2.12)Remark 1. It is not di�
ult to 
he
k by dire
t 
al
ulation, taking intoa

ount the fa
t that Fj ∈ L(p+n)/((p−1)(1−κ1)), that the stru
ture 
onditions(2.5a)�(2.5
) along with (2.6) and (2.12) imply the ellipti
ity 
ondition (2.3)with λ = Λ1/(2

p+1p) and F ≡ C1(|F1|+ |F2|+ |F3|)
p/(p−1) +C2, where C1,2are numbers depending only on the data.Remark 2. When α1, β2 → ∞ and α2, α3, β1, β3 = 0 our system turnsinto a diagonal one with a slight perturbation. Earlier su
h systems (
alledweakly nondiagonal systems) were studied in [19℄, [17℄, [20℄ for the degenerate
ase.The right-hand sides Bj(x, r, s) are assumed to be measurable Ω ×R

3 ×
R

3n → R fun
tions satisfying: there exist
ε ∈

(
0,min

{
p2(1 − κ1)

(n+ p)
, p− 1

}]

and Λ3 > 0 su
h that for all sji ∈ R
3n, rj ∈ R

3 and x ∈ R
n,(2.13) |Bj(x, r, s)| ≤ Λ3|s|

ε.In what follows for brevity we use the notations:
ũ0 =

{
u0(x), x ∈ Ω, t = 0,

g1(x, t), x ∈ ∂Ω, t ∈ (0, T );

ṽ0 =

{
v0(x), x ∈ Ω, t = 0,

g2(x, t), x ∈ ∂Ω, t ∈ (0, T );

w̃0 =

{
w0(x), x ∈ Ω, t = 0,

g3(x, t), x ∈ ∂Ω, t ∈ (0, T ).



210 D. PortnyaginLet us introdu
e in addition the following fun
tion spa
e:Definition 2.3.
W̃ (Q) = Lp

′

(W 1,p′(0, T );Ω) ∩ Lp(0, T ;W 1,p(Ω)), p′ =
p

p− 1
;i.e. a fun
tion u belongs to W̃ (Q) if the integral

T\
0

\
Ω

(|ut|
p′ + |∇u|p + |u|p + |u|p

′

)is �nite.The fun
tions gj(x, t), (u0, v0, w0)(x) in boundary data (2.2) are assumedto satisfy
ũ0 ∈ W̃ (∂Q), ṽ0 ∈ W̃ (∂Q), w̃0 ∈ W̃ (∂Q);and, in addition, for some αg ∈ (0, 1) and α0 ∈ (0, 1) their values on ∂Qsatisfy

gj(x, t) ∈ Hαg,αg/p(S), (u0, v0, w0)(x) ∈ Hα0(Ω × {0}),where Hαg,αg/p and Hα0 denote Hölder spa
es with exponents αg and α0respe
tively.3. Estimate for the sum of squares. We need to estimate the integralof the sum of the squares of the spatial derivatives of the 
omponents of asolution of problem (2.1)�(2.2).Our goal in this se
tion is to prove the following statement.
Theorem 3.1. Let (u, v, w) be a solution to problem (2.1)�(2.2)and sup-pose the hypotheses (2.5a)�(2.5
), (2.6), (2.7)�(2.12) and (2.13) are satis�ed.Then
sup

0<t<T

\
Ω

|u− ũ0|
2 + sup

0<t<T

\
Ω

|v − ṽ0|
2 + sup

0<t<T

\
Ω

|w − w̃0|
2

+

T\
0

\
Ω

(|∇(u− ũ0)|
p + |∇(v − ṽ0)|

p + |∇(w − w̃0)|
p) ≤ Cand

T\
0

\
Ω

(|∇u|p + |∇v|p + |∇w|p) ≤ Cwith a 
onstant C depending only on the data: Fj , ‖ũ0‖W̃ (∂Q)
, ‖ṽ0‖W̃ (∂Q)

,
‖w̃0‖W̃ (∂Q)

, p, n, Λ1, Λ2, ξ0, κ1, αj , βj , ε, mesQ, and independent of u, vand w.



Hölder 
ontinuity of weak solutions 211Remark 3. In the formulation of the theorem and in its proof, by ũ0, ṽ0and w̃0 are meant any fun
tions from W̃ (Q) 
oin
iding with ũ0, ṽ0 and w̃0on the paraboli
 boundary. Therefore the �nal statement remains valid withthe boundary norms.Proof. Multiply the �rst equation of (2.1) by u−ũ0, the se
ond by v − ṽ0,and the third by w − w̃0. After adding the results and integrating over Ω ×
(0, t) we obtain
(3.1)

\
Ω(t)

1
2(u− ũ0)

2 +
\

Ω(t)

1
2(v − ṽ0)

2 +
\

Ω(t)

1
2(w − w̃0)

2

+

t\
0

\
Ω

~A(1)∇(u− ũ0) +

t\
0

\
Ω

~A(2)∇(v − ṽ0) +

t\
0

\
Ω

~A(3)∇(w − w̃0)

≤

t\
0

\
Ω

|B(1)| |u− ũ0| +

t\
0

\
Ω

|B(2)| |v − ṽ0| +

t\
0

\
Ω

|B(3)| |w − w̃0|

+

t\
0

\
Ω

|ũ0t| |u− ũ0| +

t\
0

\
Ω

|ṽ0t| |v − ṽ0| +

t\
0

\
Ω

|w̃0t| |w − w̃0|,where integration by parts with respe
t to the time variable was performedin the �rst two terms and the initial 
ondition was taken into a

ount. Bythe ellipti
ity 
ondition (2.3) and growth 
onditions (2.4), the se
ond groupof terms on the left admits an estimate
t\
0

\
Ω

( ~A(1)∇(u− ũ0) + ~A(2)∇(v − ṽ0) + ~A(3)∇(w − w̃0))

=

t\
0

\
Ω

( ~A(1)∇u+ ~A(2)∇v + ~A(3)∇w − ~A(1)∇ũ0 − ~A(2)∇ṽ0 − ~A(3)∇w̃0)

≥

t\
0

\
Ω

λ(|∇u|p + |∇v|p + |∇w|p) −

t\
0

\
Ω

λ(|∇u|p−1 + |∇v|p−1 + |∇w|p−1)

× (|∇u0| + |∇v0| + |∇w0|) −

t\
0

\
Ω

(|F1| + |F2| + |F3|)

≥

t\
0

\
Ω

1
2λ(|∇u|p + |∇v|p + |∇w|p)

− C(p, λ)

t\
0

\
Ω

(|∇u0|
p + |∇v0|

p + |∇w0|
p) − C
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≥

t\
0

\
Ω

1
2λ(|∇(u− ũ0)|

p + |∇(v − ṽ0)|
p + |∇(w − w̃0)|

p)

−

t\
0

\
Ω

C̃(p, λ)(|∇u0|
p + |∇v0|

p + |∇w0|
p) − C.Here use is also made of Young's inequality and the inequality(3.2) |a+ b|p ≤ C(p)(|a|p + |b|p), ∀a, b ∈ R.In view of Young's inequality, the Sobolev inequality and growth 
ondition(2.13) the �rst three terms on the right of (3.1) 
an be estimated as follows:

t\
0

\
Ω

|B(1)| |u− ũ0| +

t\
0

\
Ω

|B(2)| |v − ṽ0| +

t\
0

\
Ω

|B(3)| |w − w̃0|

≤

t\
0

\
Ω

(|∇u| + |∇v| + |∇w|)ε(|u− ũ0| + |v − ṽ0| + |w − w̃0|)

≤ δ1C1(ε, p)

t\
0

\
Ω

(|∇(u− ũ0)| + |∇(v − ṽ0)| + |∇(w − w̃0)|)
p

+ δ2C2(p)

t\
0

\
Ω

(|u− ũ0| + |v − ṽ0| + |w − w̃0|)
p

+ C(C1,2, δ1,2, ũ0, ṽ0, w̃0,mesQ)

≤ δ3

t\
0

\
Ω

(|∇(u− ũ0)| + |∇(v − ṽ0)| + |∇(w − w̃0)|)
p + C3.Here it has been taken into a

ount that ε/p + 1/p < 1. In mu
h the sameway we 
an estimate the last three integrals on the right-hand side of (3.1):

t\
0

\
Ω

|ũ0t| |u− ũ0| +

t\
0

\
Ω

|ṽ0t| |v − ṽ0| +

t\
0

\
Ω

|w̃0t| |w − w̃0|

≤

t\
0

\
Ω

(|ũ0t| + |ṽ0t| + |w̃0t|)(|u− ũ0| + |v − ṽ0| + |w − w̃0|)

≤ ‖ |ũ0t| + |ṽ0t| + |w̃0t| ‖p′,Q

( t\
0

\
Ω

(|u− ũ0| + |v − ṽ0| + |w − w̃0|)
p
)1/p

≤ δ4

t\
0

\
Ω

(|∇(u− ũ0)| + |∇(v − ṽ0)| + |∇(w − w̃0)|)
p

+ C4(mesQ, δ4, ũ0, ṽ0, w̃0).



Hölder 
ontinuity of weak solutions 213Colle
ting the above estimates, from (3.1) we get\
Ω(t)

1
2 [(u− ũ0)

2 + (v − ṽ0)
2 + (w − w̃0)

2]

+

t\
0

\
Ω

1
2λ(|∇(u− ũ0)|

p + |∇(v − ṽ0)|
p + |∇(w − w̃0)|

p)

≤ δ5

t\
0

\
Ω

(|∇(u− ũ0)|
p + |∇(v − ṽ0)|

p + |∇(w − w̃0)|
p)

+ C5(mesQ,F, δ5, ũ0, ṽ0, w̃0).Choosing δ5 = 1
4λ yields

(3.3)
\

Ω(t)

1
2 [(u− ũ0)

2 + (v − ṽ0)
2 + (w − w̃0)

2]

+

t\
0

\
Ω

1
4λ(|∇(u− ũ0)|

p + |∇(v − ṽ0)|
p + |∇(w − w̃0)|

p)

≤ C4(mesQ,F, δ5, ũ0, ṽ0, w̃0).Now we take the supremum over t on the left-hand side of (3.3) to obtain
sup

0<t<T

\
Ω

|u− ũ0|
2 + sup

0<t<T

\
Ω

|v − ṽ0|
2 + sup

0<t<T

\
Ω

|w − w̃0|
2

+

T\
0

\
Ω

(|∇(u− ũ0)|
p + |∇(v − ṽ0)|

p + |∇(w − w̃0)|
p) ≤ C5with a 
onstant C5 depending on n, p, ε, λ, Fj , p, n, Λ1, Λ2, ξ0, κ1, αj , βj,

ε, mesQ and, by Remark 3, on the boundary norms ‖ũ0‖W̃ (∂Q)
, ‖ṽ0‖W̃ (∂Q)and ‖w̃0‖W̃ (∂Q)

of the fun
tions in the boundary 
onditions only. Hen
e these
ond statement of the theorem is self-evident.4. Hölder 
ontinuity of weak solutionsInterior regularity. We introdu
e the number q̂ ≥ 1 su
h that
q̂ =

(p+ n)

p(1 − κ1)
, κ1 ∈ (0, 1),and the numbers q and κ satisfying

q =
q̂p(1 + κ)

q̂ − 1
, κ =

pκ1

n
.(4.1)



214 D. PortnyaginLet K̺ be the n-dimensional 
ube 
entered at the origin with edge 2̺:
K̺ ≡ {x ∈ R

n | max
i

|xi| < ̺},and let [x0 +K̺] be its translate,
[x0 +K̺] ≡ {x ∈ R

n | max
i

|xi − x0i| < ̺};let Q(θ, ̺) be a 
ylinder of height θ built over the 
ube K̺:
Q(θ, ̺) ≡ K̺ × {−θ, 0},and [(x0, t0) +Q(θ, ̺)] be its translate,

[(x0, t0) +Q(θ, ̺)] ≡ [x0 +K̺] × {t0 − θ, t0};let
A±
k,̺ ≡ {x ∈ [x0 +K̺] | (H(x, τ) − k)± > 0},where ̺ and θ are positive numbers so small that [(x0, t0) + Q(θ, ̺)] ⊂ Q;set(4.2) M±

k ≡ ess sup
[(x0,t0)+Q(θ,̺)]

|(H − k)±| ≤ δ ≤ δ0,where δ0 = Λ1/4Λ2 is a positive parameter, and Λ1 and Λ2 are from (2.6);let ζ(x, t) be a pie
ewise smooth 
uto� fun
tion in [(x0, t0) +Q(θ, ̺)] with
(4.3)

ζ(x, t) ∈ [0, 1], |Dζ| <∞ for x ∈ [x0 +K̺],

ζ(x, t) ≡ 0 for x 6∈ [x0 +K̺].For every ϕ ∈ L1(Q) and 0 < h < T we introdu
e the Steklov averages:
ϕh(x, t) ≡





1

h

t+h\
t

ϕ(x, τ) dτ, t ∈ (0, T − h],
0, t > T − h,for all 0 < t < T . Re
all that for ϕ ∈ Lq(Ω × (0, T )) we have ϕh → ϕ as

h→ 0 in Lq(Ω× (0, T − ε)) for every ε ∈ (0, T ); and for ϕ ∈ C(0, T ;Lq(Ω)),
ϕh(t) → ϕ(t) as h→ 0 in Lq(Ω) for every t ∈ (0, T − ε), ∀ε ∈ (0, T ).A

ording to the methodology set forth in [5℄, for Hölder 
ontinuity ofweak solutions (Theorems 4.3 and 4.6 below) it is ne
essary to show thefollowing propositions, Theorems 4.1�4.5:
Theorem 4.1 (Lo
al energy estimates). Let (u, v, w) be a bounded solu-tion to the system and H = Hj be as in (1.1). There exist 
onstants C̃ and

δ0 that 
an be determined a priori only in terms of the data su
h that forevery 
ylinder [(x0, t0) + Q(θ, ̺)] ⊂ Q and for every level k satisfying (4.2)
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(4.4) sup

t0−θ<t<t0

\
[x0+K̺]

(H − k)2±ζ
p(x, t) dx

+ C̃−1
\\

[(x0,t0)+Q(θ,̺)]

|∇(H − k)±ζ|
p dx dτ

≤
\

[x0+K̺]

(H − k)2±ζ
p(x, t0 − θ) dx+ C̃

\\
[(x0,t0)+Q(θ,̺)]

(H − k)p±|∇ζ|
p dx dτ

+ C̃
\\

[(x0,t0)+Q(θ,̺)]

(H − k)2±ζ
p−1ζt dx dτ + C̃

{ t0\
t0−θ

|A±
k,̺(τ)| dτ

}p(1+κ)/q
.

Proof. It su�
es to prove (4.4) for the 
ube Q(θ, ̺) sin
e without loss ofgenerality (x0, t0) may be assumed to be the origin. A
ting as in the previousse
tion, multiply the �rst equation of system (2.1) by α (α = α1, α2, α3), these
ond by β (β = β1, β2, β3), then add the results and 
hoose as test fun
tions
ϕ = ±(Hh − k)±ζ

p,with ζ(x, t) satisfying (4.3). After integrating in τ over (−θ, t) with t ∈
(−θ, 0), letting h tend to zero, and making use of the stru
ture 
onditions(2.5a)�(2.5
) for the leading terms we get
(4.5)

\\
K̺×(−θ,t)

〈αA(1)+βA(2)+A(3),±∇(H−k)±ζ
p±p(H−k)±ζ

p−1∇ζ〉 dx dτ

≥ Λ1

\\
K̺×(−θ,t)

|∇H|pζp dx dτ

− Λ2

\\
K̺×(−θ,t)

|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)|∇H|ζp dx dτ

−
\\

K̺×(−θ,t)

F |∇H|ζp dx dτ

− pΛ2

\\
K̺×(−θ,t)

|∇H|p−1(H − k)±ζ
p−1|∇ζ| dx dτ

− pΛ2

\\
K̺×(−θ,t)

|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)(H − k)±ζ
p−1|∇ζ| dx dτ

− p
\\

K̺×(−θ,t)

F (H − k)±ζ
p−1|∇ζ| dx dτ.
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|∇w|2)1/2. Let us estimate various terms of the latter expression by Young'sinequality.For the �rst group of terms in (4.5), we get
(4.6)

\\
K̺×(−θ,t)

|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)|∇H|ζp dx dτ

≤ C2(p, Λ1, Λ2)
\\

K̺×(−θ,t)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H − k)± > 0] dx dτ

+ (Λ1/6Λ2)
\\

K̺×(−θ,t)

|∇H|pζp dx dτ ;

(4.7)
\\

K̺×(−θ,t)

F |∇H|ζp dx dτ

≤ C3(p, Λ1, Λ2)
\\

K̺×(−θ,t)

F p/(p−1)χ[(H − k)± > 0] dx dτ

+ (Λ1/6)
\\

K̺×(−θ,t)

|∇H|pζp dx dτ.

For the se
ond group of terms in (4.5) we obtain the following estimates:
(4.8) p

\\
K̺×(−θ,t)

|∇H|p−1(H − k)±ζ
p−1|∇ζ| dx dτ

≤ C4(p, Λ1, Λ2)
\\

K̺×(−θ,t)

(H − k)p±|∇ζ|
p dx dτ

+ (Λ1/6Λ2)
\\

K̺×(−θ,t)

|∇H|pζp dx dτ ;

(4.9) p
\\

K̺×(−θ,t)

|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)(H − k)±ζ
p−1|∇ζ| dx dτ

≤ (p− 1)
\\

K̺×(−θ,t)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H − k)± > 0] dx dτ

+
\\

K̺×(−θ,t)

(H − k)p±|∇ζ|
p dx dτ ;

(4.10) p
\\

K̺×(−θ,t)

F (H − k)±ζ
p−1|∇ζ| dx dτ

≤
\\

K̺×(−θ,t)

(H−k)p±|∇ζ|
p dx dτ+(p−1)

\\
K̺×(−θ,t)

F p/(p−1)χ[(H−k)±> 0] dx dτ.
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ontinuity of weak solutions 217Now we turn our attention to the right-hand sides of the system, i.e.to the terms 
ontaining B's. Making use of the growth assumptions (2.13)yields the following terms in the integral inequality:
±

\\
K̺×(−θ,t)

(αB(1) + βB(2) +B(3))(H − k)±ζ
p dx dτ

≤ Λ2(|α| + |β| + 1)
\\

K̺×(−θ,t)

|∇u,∇v,∇w|ε(H − k)±ζ
p dx dτ.

By the restri
tion on the set of levels in (4.2) we get
(4.11) ±

\\
K̺×(−θ,t)

(αB(1) + βB(2) +B(3))(H − k)±ζ
p dx dτ

≤ C7(p, α, β, Λ1, Λ2)
\\

K̺×(−θ,t)

|∇u,∇v,∇w|εχ[(H − k)± > 0] dx dτ.

Colle
ting all the above estimates, i.e. (4.6), (4.7) and (4.8)�(4.11), we obtainthe following inequality:
1

2

\
K̺

(H − k)2±ζ
p(x, t) dx+ (Λ1/2)

\\
K̺×(−θ,t)

|∇(H − k)±|
pζp dx dτ

≤
1

2

\
K̺

(H − k)2±ζ
p(x,−θ) dx

+
p

2

t\
−θ

\
K̺

(H − k)2±ζ
p−1ζt dx dτ + C̃1

\\
K̺×(−θ,t)

(H − k)p±|∇ζ|
p dx dτ

+ C̃2

\\
K̺×(−θ,t)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H − k)± > 0] dx dτ

+ C̃3

\\
K̺×(−θ,t)

|F |p/(p−1)χ[(H − k)± > 0] dx dτ

+ C̃4

\\
K̺×(−θ,t)

|∇u,∇v,∇w|εχ[(H − k)± > 0] dx dτ.

Taking the supremum over t ∈ (−θ, 0) yields
(4.12) sup

−θ<t<0

\
K̺

(H − k)2±ζ
p(x, t) dx+ (Λ1/2)

\\
Q(θ,̺)

|∇(H − k)±|
pζp dx dτ

≤
\
K̺

(H − k)2±ζ
p(x,−θ) dx dτ + C

\\
Q(θ,̺)

(H − k)p±|∇ζ|
p dx dτ
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+ C

\\
Q(θ,̺)

(H − k)2±ζ
p−1ζt dx dτ

+ C
\\

Q(θ,̺)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H − k)± > 0] dx dτ

+ C
\\

Q(θ,̺)

|F |p/(p−1)χ[(H − k)± > 0] dx dτ

+ C
\\

Q(θ,̺)

|∇u,∇v,∇w|εχ[(H − k)± > 0] dx dτ.

Estimating the last three terms on the right by Hölder's inequality and takinginto a

ount hypotheses (2.7), (2.13), and Theorem 3.1 we arrive at
(4.13)

\\
Q(θ,̺)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H − k)± > 0] dx dτ

+
\\

Q(θ,̺)

|F |p/(p−1)χ[(H − k)± > 0] dx dτ

+
\\

Q(θ,̺)

|∇u,∇v,∇w|εχ[(H − k)± > 0] dx dτ

≤ ‖∇u,∇v,∇w‖
p2(1−κ1)/(n+p)
q̂p2(1−κ1)/(n+p),Q

{ 0\
−θ

|A±
k,̺(τ)| dτ

}(q̂−1)/q̂

+ ‖∇u,∇v,∇w‖εq̂ε,Q

{ 0\
−θ

|A±
k,̺(τ)| dτ

}(q̂−1)/q̂

+ ‖F‖
p/(p−1)
q̂p/(p−1),Q

{ 0\
−θ

|A±
k,̺(τ)| dτ

}(q̂−1)/q̂
.

Applying the estimate\\
Q(θ,̺)

|∇(H − k)±|
pζp dx dτ

≤
\\

Q(θ,̺)

|∇(H − k)±ζ|
p dx dτ +

\\
Q(θ,̺)

(H − k)p±|∇ζ|
p dx dτ

to the se
ond integral on the left of (4.12) we �nally obtain (4.4).
Theorem 4.2 (Lo
al logarithmi
 estimates). Let (u, v, w) be a boundedsolution to the system and H = Hj be as in (1.1). There exist 
onstants Cand δ0 that 
an be determined a priori only in terms of the data su
h that for
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ylinder [(x0, t0) + Q(θ, ̺)] ⊂ Q and for every level k satisfying (4.2)we have the estimate
(4.14) sup

t0−θ<t<t0

\
[x0+K̺]

Ψ2(M±
k , (H − k)±, c)(x, t)ζ

p(x) dx

≤
\

[x0+K̺]

Ψ2(M±
k , (H − k)±, c)(x, t0 − θ)ζp(x) dx

+ C
\\

[(x0,t0)+Q(θ,̺)]

Ψ |ΨH(M±
k , (H − k)±, c)|

2−p|∇ζ|p dx dτ

+ (C/c2)

(
1 + ln

M±
k

c

){ t0\
t0−θ

|A±
k,̺(τ)| dτ

}p(1+κ)/q
,

where
Ψ(M±

k , (H−k)±, c) ≡ ln+

{
M±
k

M±
k −(H−k)± + c

}
, 0 < c < M±

k ,(4.15)

ln+ s ≡ max{ln s, 0} for s > 0,(4.16)and additionally it is assumed that ζ is independent of t.Proof. It su�
es to prove (4.14) for the 
ube Q(θ, ̺) sin
e we may assume
(x0, t0) = (0, 0). Choose as test fun
tions

ϕ = [Ψ2(Hh)]
′ζp,where prime denotes di�erentiation with respe
t to H. By dire
t 
al
ulationit is easy to verify that [Ψ2(Hh)]

′′ = 2(1 + Ψ)Ψ ′2 and ϕ is admissible. Asbefore, multiply the �rst equation of system (2.1) by α (α = α1, α2, α3),the se
ond by β (β = β1, β2, β3), and then add all three together. Afterintegrating in τ over (−θ, t) with t ∈ (−θ, 0) and with test fun
tion ϕ,letting h tend to zero, and making use of hypotheses (2.5a)�(2.5
) for theleading terms we get
(4.17)

\\
K̺×(−θ,t)

〈αA(1)+βA(2)+A(3), 2(1+Ψ)Ψ ′2∇Hζp+2pΨΨ ′ζp−1∇ζ〉 dx dτ

≥ 2Λ1

\\
K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇H|pζp

− 2Λ2

\\
K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)|∇H|ζp dx dτ
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− 2

\\
K̺×(−θ,t)

(1 + Ψ)Ψ ′2F |∇H|ζp dx dτ

− 2pΛ2

\\
K̺×(−θ,t)

ΨΨ ′|∇H|p−1(H − k)±ζ
p−1|∇ζ| dx dτ

− 2pΛ2

\\
K̺×(−θ,t)

ΨΨ ′|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)(H−k)±ζ
p−1|∇ζ| dx dτ

− 2p
\\

K̺×(−θ,t)

ΨΨ ′F (H − k)±ζ
p−1|∇ζ| dx dτ.

Let us estimate ea
h term of the last expression by Young's inequality. Forthe se
ond and third terms on the right of (4.17), we get
(4.18) 2Λ2

\\
K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)|∇H|ζp dx dτ

≤ (Λ1/3)
\\

K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇H|pζp dx dτ

+ C1(p, Λ1, Λ2)

×
\\

K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇u,∇v,∇w|p
2(1−κ1)/(n+p)ζp dx dτ

(4.19) 2
\\

K̺×(−θ,t)

(1 + Ψ)Ψ ′2F |∇H|ζp dx dτ

≤ (Λ1/3)
\\

K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇H|pζp dx dτ

+ C2(p, Λ1, Λ2)
\\

K̺×(−θ,t)

(1 + Ψ)Ψ ′2F p/(p−1)ζp dx dτ.

For the last three terms on the right of (4.17) the following estimates arevalid:
(4.20) 2pΛ2

\\
K̺×(−θ,t)

ΨΨ ′|∇H|p−1ζp−1|∇ζ| dx dτ

≤ C3(p, Λ1, Λ2)
\\

K̺×(−θ,t)

Ψ(Ψ ′)2−p|∇ζ|p dx dτ

+ (Λ1/3)
\\

K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇H|pζp dx dτ ;
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(4.21) 2p

\\
K̺×(−θ,t)

ΨΨ ′|∇u,∇v,∇w|p(p−1)(1−κ1)/(n+p)ζp−1|∇ζ| dx dτ

≤ 2
\\

K̺×(−θ,t)

Ψ(Ψ ′)2−p|∇ζ|p dx dτ

+ 2(p− 1)
\\

K̺×(−θ,t)

Ψ(Ψ ′)2|∇u,∇v,∇w|p
2(1−κ1)/(n+p)ζp dx dτ ;

(4.22) 2p
\\

K̺×(−θ,t)

ΨΨ ′Fζp−1|∇ζ| dx dτ

≤ 2
\\

K̺×(−θ,t)

Ψ(Ψ ′)2−p|∇ζ|p dx dτ

+ 2(p− 1)
\\

K̺×(−θ,t)

Ψ(Ψ ′)2F p/(p−1)ζp dx dτ.

Now we turn our attention to the right-hand sides of the system, theterms 
ontaining B's. Making use of the growth assumptions (2.13) yieldsthe following terms in the integral inequality:
(4.23) 2

\\
K̺×(−θ,t)

(αB(1) + βB(2) +B(3))ΨΨ ′ζp dx dτ

≤ 2Λ2 (|α| + |β| + 1)
\\

K̺×(−θ,t)

|∇u,∇v,∇w|εΨΨ ′ζp dx dτ.

From (4.2) and the restri
tion upon the set of levels k, taking into a

ountthe de�nition of Ψ gives
Ψ ′−1 = M±

k − (H − k)± + c < 2δ;(4.24)
Ψ ≤ ln(M±

k /c), Ψ ′ ≤ 1/c.(4.25)By (4.24) and (4.25), (4.23) 
an be rewritten as
(4.26) 2

\\
K̺×(−θ,t)

(αB(1) + βB(2) +B(3))ΨΨ ′ζp dx dτ

≤ C4(c, |α|, |β|, Λ2)(1 + ln(M±
k /c))

×
\\

K̺×(−θ,t)

|∇u,∇v,∇w|εχ[(H − k)± > 0] dx dτ.

Making use of (4.24) and (4.25) in (4.18), (4.19), and in (4.21) and (4.22),implies the following estimates:
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(4.27)

\\
K̺×(−θ,t)

(1 + Ψ)Ψ ′2|∇u,∇v,∇w|p
2(1−κ1)/(n+p)ζp dx dτ

≤ (1/c2)(1 + ln(M±
k /c))

×
\\

K̺×(−θ,t)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H − k)± > 0] dx dτ ;

(4.28)
\\

K̺×(−θ,t)

ΨΨ ′2|F |p/(p−1)ζp dx dτ≤
\\

K̺×(−θ,t)

(1+Ψ)Ψ ′2F p/(p−1)ζp dx dτ

≤ (1/c2)(1 + ln(M±
k /c))

\\
K̺×(−θ,t)

|F |p/(p−1)χ[(H − k)± > 0] dx dτ.

Apply inequalities (4.27) and (4.28) to the appropriate terms in estimates(4.18), (4.19), and in (4.21) and (4.22). Combining (4.18), (4.19), (4.20)�(4.22), and (4.26) yields\
K̺×{t}

Ψ2ζp dx ≤
\

K̺×{−θ}

Ψ2ζp dx+ C
\\

K̺×(−θ,t)

Ψ |Ψ ′|2−p|∇ζ|p dx dτ

+ (C/c2)(1 + ln(M±
k /c))

×
{ \\
K̺×(−θ,t)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H−k)±>0] dx dτ

+
\\

K̺×(−θ,t)

|F |p/(p−1)χ[(H − k)± > 0] dx dτ

+
\\

K̺×(−θ,t)

|∇u,∇v,∇w|εχ[(H − k)± > 0] dx dτ
}
.

Taking the supremum over t ∈ (−θ, 0) implies
(4.29) sup

−θ<t<0

\
K̺×{t}

Ψ2ζp dx

≤
\

K̺×{−θ}

Ψ2ζp dx+ C̃
\\

Q(θ,̺)

Ψ |Ψ ′|2−p|∇ζ|p dx dτ

+ (C̃/c2)(1 + ln(M±
k /c))

×
{ \\
Q(θ,̺)

|∇u,∇v,∇w|p
2(1−κ1)/(n+p)χ[(H − k)± > 0] dx dτ

+
\\

Q(θ,̺)

|F |p/(p−1)χ[(H−k)± > 0] dx dτ

+
\\

Q(θ,̺)

|∇u,∇v,∇w|εχ[(H − k)± > 0] dx dτ
}
.
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ontinuity of weak solutions 223Estimating the last four terms on the right of (4.29) by Hölder's inequality,as in (4.13), we arrive at (4.14).From Theorems 4.1 and 4.2, with the help of Lemma 2.2, Proposition2.1, Lemma 4.1, and Lemma 4.2 of Chapter I of [5℄, it follows that a weaksolution to system (2.1) is Hölder 
ontinuous in the interior of the domain Q:
Theorem 4.3 (Interior Hölder 
ontinuity). If H ∈ C(0, T ;L2(Ω)) ∩

Lp(0, T ;W 1,p(Ω)) is bounded and satis�es inequalities (4.4) of Theorem 4.1and (4.14) of Theorem 4.2 then there exist 
onstants C and α ∈ (0, 1) de-pending only upon the data, su
h that for all subdomains Q′ ⊂ Q, for everypair of points (x1, t1), (x2, t2) ∈ Q′,
|H(x1, t1) −H(x2, t2)| ≤ C

(
|x1 − x2| + |t1 − t2|

1/p

dist(Q′, ∂Q, p)

)α

with
dist(Q′, ∂Q, p) ≡ inf

(x,t)∈Q′

(y,s)∈∂Q

(|x− y| + |t− s|1/p).

For the proof of this theorem see [5, p. 77, Theorem 1.1℄.Regularity up to the boundary. Let us introdu
e some additional nota-tion. Set(4.30a) D±
k ≡ ess sup

[(x0,t0)+Q(θ,̺)]∩Q
|(H − k)±| ≤ δ ≤ δ0,and introdu
e the following restri
tions on the set of levels:

(4.30b)




k ≥ sup
[(x0,t0)+Q(θ,̺)]∩S

[αg1 + βg2 + g3]for the test fun
tion (H − k)+ζ
p,

k ≤ sup
[(x0,t0)+Q(θ,̺)]∩S

[αg1 + βg2 + g3]for the test fun
tion −(H − k)−ζ
p.Here δ0 is the positive parameter from (4.2). De�ne(4.31) Ψ(D±

k , (H − k)±, c) ≡ ln+

{
D±
k

D±
k − (H − k)± + c

}
, c < D±

k ,and
B±
k,̺(τ) ≡ {x ∈ [x0 +K̺] ∩Ω | (H(x, τ) − k)± > 0}.

Theorem 4.4. There are 
onstants C and δ0 determined only by the datasu
h that for �xed (x0, t0) ∈ S for every 
ylinder [(x0, t0) + Q(θ, ̺)] with θ



224 D. Portnyaginso small that t0 − θ > 0, and for every level k satisfying (4.30a)�(4.30b),
(4.32) sup

t0−θ<t<t0

\
[x0+K̺]∩Ω

(H − k)2±ζ
p(x, t) dx

+ C−1
\\

[(x0,t0)+Q(θ,̺)]∩Q

|∇(H − k)±ζ|
p dx dτ

≤
\

[x0+K̺]∩Ω

(H − k)2±ζ
p(x, t0 − θ) dx

+ C
\\

[(x0,t0)+Q(θ,̺)]∩Q

(H − k)p±|∇ζ|
p dx dτ

+ C
\\

[(x0,t0)+Q(θ,̺)]∩Q

(H−k)2±ζ
p−1ζt dx dτ +C

{ t0\
t0−θ

|B±
k,̺(τ)|

r/q dτ
}p(1+κ)/r

,

and , provided that the 
ut-o� fun
tion is independent of t for t ∈ (t0−θ, t0),
(4.33) sup

t0−θ<t<t0

\
[x0+K̺]∩Ω

Ψ2(D±
k , (H − k)±, c)(x, t)ζ

p(x) dx

≤
\

[x0+K̺]∩Ω

Ψ2(D±
k , (H − k)±, c)(x, t0 − θ)ζp(x) dx

+ C
\\

[(x0,t0)+Q(θ,̺)]∩Q

Ψ |ΨH(D±
k , (H − k)±, c)|

2−p|∇ζ|p dx dτ

+ (C/c2)

(
1 + ln

D±
k

c

){ t0\
t0−θ

|B±
k,̺(τ)| dτ

}p(1+κ)/q
.

The proof is a literal repetition of that of Theorems 4.1 and 4.2 withthe only di�eren
e that we have to 
onsider D±
k instead of M±

k , and B±
k,̺(τ)instead of A±

k,̺(τ).Initial regularity
Theorem 4.5. There are 
onstants C and δ0 determined only by the datasu
h that for every (x0, t0) ∈ Q and for every 
ylinder [(x0, t0)+Q(θ, ̺)] with

t0 − θ ≡ 0, if the 
ut-o� fun
tion ζ is independent of t for t ∈ (0, t0), then
(4.34) sup

0<t<t0

\
[x0+K̺]

(H−k)2±ζ
p(x, t) dx+

\\
[(x0,t0)+Q(θ,̺)]∩Q

|∇(H−k)±ζ|
p dx dτ

≤ C
\\

[(x0,t0)+Q(θ,̺)]∩Q

(H − k)p±|∇ζ|
p dx dτ + C

{ t0\
0

|B±
k,̺(τ)|

r/q dτ
}p(1+κ)/r

,
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(4.35) sup

0<t<t0

\
[x0+K̺]∩Ω

Ψ2(D±
k , (H − k)±, c)(x, t)ζ

p(x) dx

≤ C
\\

[(x0,t0)+Q(θ,̺)]∩Q

Ψ |ΨH(D±
k , (H − k)±, c)|

2−p|∇ζ|p dx dτ

+ (C/c2)

(
1 + ln

D±
k

c

){ t0\
0

|B±
k,̺(τ)| dτ

}p(1+κ)/q
,where q, κ satisfy (4.1), k ful�lls (4.30a) and in addition the following re-stri
tions are assumed :

k ≥ sup
[x0+K̺]∩Ω

H0 for (H − k)+,
k ≤ sup

[x0+K̺]∩Ω
H0 for (H − k)−.The proof is analogous to that of Theorems 4.1 and 4.2.Thus, summing up, from Theorems 4.4 and 4.5 we 
ome to the statement:

Theorem 4.6 (Hölder 
ontinuity up to the boundary). If H(x, t) fromTheorem 4.3 satis�es inequalities (4.32), (4.33) from Theorem 4.4, and(4.34), (4.35) from Theorem 4.5, the boundary data are Hölder 
ontinuouson S with exponent α̃jg, and the initial data are Hölder 
ontinuous in Ω withexponent α̃j0, then there exist 
onstants c > 0 and α ∈ (0, 1) depending onlyupon the data of the problem su
h that for any (x1, t1), (x2, t2) ∈ Q,
|H(x1, t1) −H(x2, t2)| ≤ c(|x1 − x2| + |t1 − t2|

1/p)α.For the proof of this theorem see [5, p. 78, Theorem 1.2℄. Hen
e theHölder 
ontinuity of the 
omponents of the solution themselves immediatelyfollows:
‖u‖Hα,α/p = ‖u∆‖Hα,α/p/|∆|

= ‖(α1u+ β1v + w)(β2 − β3) − (α2u+ β2v + w)(β1 − β3)

+ (α3u+ β3v + w)(β1 − β2)‖Hα,α/p/|∆|

= ‖(β2 − β3)H1 − (β1 − β3)H2 + (β1 − β2)H3‖Hα,α/p/|∆|

≤ (|β2 − β3|C1 + |β1 − β3|C2 + |β1 − β2|C3)/|∆|;

‖v‖Hα,α/p = ‖v∆‖Hα,α/p/|∆|

= ‖(α1u+ β1v + w)(α2 − α3) − (α2u+ β2v + w)(α1 − α3)

+ (α3u+ β3v + w)(α1 − α2)‖Hα,α/p/|∆|

= ‖(α2 − α3)H1 − (α1 − α3)H2 + (α1 − α2)H3‖Hα,α/p/|∆|

≤ (|α2 − α3|C1 + |α1 − α3|C2 + |α1 − α2|C3)/|∆|;
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‖w‖Hα,α/p = ‖(α1u+ β1v + w) − α1u− β1v‖Hα,α/p

≤ ‖H1 − α1u− β1v‖Hα,α/p

≤ ‖H1‖Hα,α/p + |α1| ‖u‖Hα,α/p + |β1| ‖v‖Hα,α/p,where ‖ · ‖Hα,α/p denotes the Hölder norm:
‖u‖Hα,α/p = sup

(x1,t1),(x2,t2)∈Q

|u(x1, t1) − u(x2, t2)|

(|x1 − x2| + |t1 − t2|1/p)α
.
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