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Canonial tensor �elds of type (p, 0) on Weil bundlesby Jacek Dębecki (Kraków)
Abstrat. We give a lassi�ation of anonial tensor �elds of type (p, 0) on anarbitrary Weil bundle over n-dimensional manifolds under the ondition that n ≥ p.Roughly speaking, the result we obtain says that eah suh anonial tensor �eld is a sumof tensor produts of anonial vetor �elds on the Weil bundle.Let A be a Weil algebra and TA the Weil funtor orresponding to A,whih is a produt preserving bundle funtor (see [2℄). Fix non-negativeintegers n and p. A anonial tensor �eld of type (p, 0) on TA is, by de�nition,a family of tensor �elds VM of type (p, 0) on TAM indexed by n-dimensionalmanifolds and satisfying for all suh manifolds M, N and every embedding

f : M → N the ondition
⊗p TTAf ◦ VM = VN ◦ TAf.(1) Reall that a derivation of the algebra A is a linear map D : A → A suhthat D(ab) = aD(b)+ bD(a) for all a, b ∈ A. The vetor spae of derivationsof A will be denoted by DerA. It is well known (see [1℄) that if n ≥ 1, thenthere is a one-to-one orrespondene between the anonial tensor �elds oftype (1, 0) (in other words, anonial vetor �elds) on TA and the derivationsof A. Namely, every D ∈ Der A indues a unique anonial vetor �eld D̃ on

TA suh that
D̃Rn(X) = (D(X1), . . . , D(Xn))(2)for every X ∈ An, and onversely, for every anonial vetor �eld V on TAthere is a unique D ∈ DerA suh that V = D̃. Our purpose is to generalizethis result to all p.Consider the tensor produt ⊗p A of the vetor spaes A. For every

r ∈ {1, . . . , p} and every a ∈ A we have the linear map Zr
a :

⊗p A →
⊗p Asuh that2000 Mathematis Subjet Classi�ation: Primary 58A32.Key words and phrases: produt preserving bundle funtor, Weil algebra.[271℄
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Zr

a(b1 ⊗ · · · ⊗ bp) = b1 ⊗ · · · ⊗ br−1 ⊗ abr ⊗ br+1 ⊗ · · · ⊗ bpfor all b1, . . . , bp ∈ A.
Definition. Let Derp A denote the vetor spae of p-linear maps D :

A × · · · × A →
⊗p A with the property that

(3) D(a1, . . . , ar−1, bc, ar+1, . . . , ap)

= Zr
b (D(a1, . . . , ar−1, c, ar+1, . . . , ap))

+ Zr
c (D(a1, . . . , ar−1, b, ar+1, . . . , ap))for every r ∈ {1, . . . , p} and all a1, . . . , ar−1, ar+1, . . . , ap, b, c ∈ A.Note that Der0 A = R and Der1 A = DerA.Consider the tensor produt ⊗p DerA of the vetor spaes DerA. Wehave the linear map Ip :

⊗p DerA → Derp A suh that
Ip(D1 ⊗ · · · ⊗ Dp)(a1, . . . , ap) = D1(a1) ⊗ · · · ⊗ Dp(ap)for all D1, . . . , Dp ∈ DerA and a1, . . . , ap ∈ A.

Lemma. Ip :
⊗p DerA → Derp A is an isomorphism of vetor spaes.Proof. The proof is by indution on p. For p = 0 and p = 1 there isnothing to prove. Suppose p ≥ 2 and the assertion of the Lemma is true for

p − 1. Let D ∈ Derp A.Fix a basis ε1, . . . , εa of the vetor spae A. For any a1, . . . , ap−1, b ∈ Athere are unique Ei
b(a1, . . . , ap−1) ∈

⊗p−1 A indexed by i ∈ {1, . . . , a} suhthat
D(a1, . . . , ap−1, b) =

a∑

i=1

Ei
b(a1, . . . , ap−1) ⊗ εi.From the uniqueness of Ei

b(a1, . . . , ap−1) we easily dedue that Ei
b ∈ Derp−1 Afor every i ∈ {1, . . . , a} and every b ∈ A.Fix a basis ∂1, . . . , ∂d of the vetor spae DerA. By assumption, Ip−1 isan isomorphism, and so Ip−1(∂l1 ⊗ · · · ⊗ ∂lp−1

) for l1, . . . , lp−1 ∈ {1, . . . , d}form a basis of the vetor spae Derp−1 A. Therefore for every i ∈ {1, . . . , a}and every b ∈ A there are unique F l1...lp−1i(b) ∈ R indexed by l1, . . . , lp−1 ∈
{1, . . . , d} suh that

Ei
b =

d∑

l1=1

. . .

d∑

lp−1=1

F l1...lp−1i(b)Ip−1(∂l1 ⊗ · · · ⊗ ∂lp−1
),whih is equivalent to

Ei
b(a1, . . . , ap−1) =

d∑

l1=1

. . .

d∑

lp−1=1

F l1...lp−1i(b)∂l1(a1) ⊗ · · · ⊗ ∂lp−1
(ap−1)for all a1, . . . , ap−1 ∈ A.



Canonial tensor �elds 273Taking, for every b ∈ A,
Gl1...lp−1(b) =

a∑

i=1

F l1...lp−1i(b)εi,we get a family of elements of A indexed by l1, . . . , lp−1 ∈ {1, . . . , d} suhthat
D(a1, . . . , ap−1, b) =

d∑

l1=1

. . .

d∑

lp−1=1

∂l1(a1) ⊗ · · · ⊗ ∂lp−1
(ap−1) ⊗ Gl1...lp−1(b)

for all a1, . . . , ap−1 ∈ A. Moreover, Gl1,...,lp−1(b) in this formula are uniquelydetermined, beause of the uniqueness of Ei
b(a1, . . . , ap−1) and F l1...lp−1i(b).From the uniqueness of Gl1...lp−1(b) we easily dedue that Gl1...lp−1 ∈ DerAfor all l1, . . . , lp−1 ∈ {1, . . . , d}.For any l1, . . . , lp−1 ∈ {1, . . . , d} there are unique H l1...lp−1m ∈ R indexedby m ∈ {1, . . . , d} suh that

Gl1...lp−1 =
d∑

m=1

H l1...lp−1m∂m.Hene
D(a1, . . . , ap) =

d∑

l1=1

. . .

d∑

lp=1

H l1...lp∂l1(a1) ⊗ · · · ⊗ ∂lp(ap)(4)for all a1, . . . , ap ∈ A, whih is equivalent to
D =

d∑

l1=1

. . .

d∑

lp=1

H l1...lpIp(∂l1 ⊗ · · · ⊗ ∂lp).Moreover, H l1...lp in these formulas are uniquely determined, beause ofthe uniqueness of Gl1...lp−1(b) and H l1...lp−1m in the previous formulas. Thismeans that Ip(∂l1⊗· · ·⊗∂lp) for l1, . . . , lp ∈ {1, . . . , d} form a basis of Derp A,whih implies that Ip is an isomorphism. This ompletes the proof.Let e1, . . . , en denote the standard basis of R
n. We will identify An with

A ⊗ R
n, and onsequently ⊗p An with ⊗p A ⊗

⊗p
R

n. Hene (2) may bewritten as
D̃Rn(X) =

n∑

s=1

D(Xs) ⊗ esfor every D ∈ DerA and every X ∈ An.We an now formulate our main result.
Theorem. If n ≥ p, then there is a one-to-one orrespondene betweenthe anonial tensor �elds of type (p, 0) on TA and the elements of Derp A.



274 J. D�bekiNamely , every D ∈ Derp A indues a unique anonial tensor �eld D̃ of type
(p, 0) on TA suh that

D̃Rn(X) =
n∑

s1=1

. . .

n∑

sp=1

D(Xs1 , . . . , Xsp) ⊗ es1
⊗ · · · ⊗ esp(5)

for every X ∈ An, and onversely , for every anonial tensor �eld V of type
(p, 0) on TA there is a unique D ∈ Derp A suh that V = D̃.Proof. Let D ∈ Derp A. Our �rst task is to onstrut D̃. Sine we anuse any hart on an n-dimensional manifold as f in (1), we see that if V, Ware two anonial tensor �elds of type (p, 0) on TA suh that VRn = WRn ,then V = W . Hene (5) guarantees the uniqueness of D̃. Let ∂1, . . . , ∂d bea basis of the vetor spae DerA. By the lemma, there are H l1...lp ∈ R for
l1, . . . , lp ∈ {1, . . . , d} suh that (4) holds. Put

D̃M =
d∑

l1=1

. . .

d∑

lp=1

H l1...lp ∂̃l1M ⊗ · · · ⊗ ∂̃lpMfor every n-dimensional manifold M . It is evident that this D̃ is a anonialtensor �eld of type (p, 0) on TA. From (4) we onlude that it satis�es (5),and the onstrution of D̃ is omplete.We now turn to the seond part of the theorem. Fix a anonial tensor�eld V of type (p, 0) on TA.Sine for every X ∈ An we have VRn(X) ∈
⊗p A ⊗

⊗p
R

n, there areunique smooth Bs1...sp : An →
⊗p A for s1, . . . , sp ∈ {1, . . . , n} suh that

VRn(X) =
n∑

s1=1

. . .

n∑

sp=1

Bs1...sp(X) ⊗ es1
⊗ · · · ⊗ esp(6)

for every X ∈ An. Hene for every open subset U of R
n and every embedding

f : U → R
n we an write (1) in the form

(7)
n∑

t1=1

. . .

n∑

tp=1

(Z1

T A ∂fs1

∂xt1
(X)

◦ · · · ◦ Z
p

T A ∂f
sp

∂x
tp

(X)
)(Bt1...tp(X))

= Bs1...sp(TAf(X))for all s1, . . . , sp ∈ {1, . . . , n} and every X ∈ TAU .From (7) with
f : R

n ∋ x 7→ (λ1x1, . . . , λnxn) ∈ R
n,where λ1, . . . , λn ∈ R \ {0}, we have

λs1 · · ·λspBs1...sp(X) = Bs1...sp(λ1X1, . . . , λnXn)



Canonial tensor �elds 275for all s1, . . . , sp ∈ {1, . . . , n} and every X ∈ An. By ontinuity, the sameis true for all λ1, . . . , λn ∈ R. The homogeneous funtion theorem (see [2℄)now shows that for any s1, . . . , sp ∈ {1, . . . , n} there is a p-linear Cs1...sp :
A × · · · × A →

⊗p A suh that
Bs1...sp(X) = Cs1...sp(Xs1 , . . . , Xsp)for every X ∈ An.From now on we use the assumption n ≥ p. Put

D = C1...p.Let r ∈ {1, . . . , p}. From (7) with s1 = 1, . . . , sp = p, U = {x ∈ R
n : xr > 0}and

f : U ∋ x 7→ (x1, . . . , xr−1, (xr)2, xr+1, . . . , xn) ∈ R
nwe have

2Zr
Xr(B1...p(X)) = B1...p(X1, . . . , Xr−1, (Xr)2, Xr+1, . . . , Xn)for every X ∈ TAU . This may be written as

2Zr
Xr

(D(X1, . . . , Xp)) = D(X1, . . . , Xr−1, (Xr)2, Xr+1, . . . , Xp).(8)In the same manner, with U replaed by {x ∈ R
n : xr < 0}, we an seethat (8) also holds for X ∈ TA{x ∈ R

n : xr < 0}, and so, by ontinuity, forevery X ∈ An. Now the polarization of (8) with respet to Xr shows that Dsatis�es (3), and onsequently D ∈ Derp A.Our next goal is to show that
Cu1...up(Xu1 , . . . , Xup) = D(Xu1 , . . . , Xup)(9)for all u1, . . . , up ∈ {1, . . . , n} and every X ∈ An. We will identify anysequene u1, . . . , up ∈ {1, . . . , n} with u : {1, . . . , p} → {1, . . . , n} given by

u(1) = u1, . . . , u(p) = up and denote by N(u) the number of elements of theset u({1, . . . , p}) for every suh funtion u. The proof of (9) is by indutionon N(u). Fix v : {1, . . . , p} → {1, . . . , n} and suppose (9) holds whenever
N(u) ∈ {N(v)+1, . . . , p}. Choose a subset R of {1, . . . , p} suh that for eah
r ∈ v({1, . . . , p}) the set v−1({r}) ∩ R has one element. There is a bijetive
w : {1, . . . , n} → {1, . . . , n} suh that w|R = v|R. Put

Sr =

{
{wr} if r ∈ R ∪ {p + 1, . . . , n},
{vr, wr} if r ∈ {1, . . . , p} \ R.From (7) with s1 = 1, . . . , sp = p and

f : R
n ∋ x 7→

( ∑

u1∈S1

xu1 , . . . ,
∑

un∈Sn

xun

)
∈ R

n

we have∑
u1∈S1

. . .
∑

up∈Sp

Bu1...up(X) = B1...p
( ∑

u1∈S1

Xu1 , . . . ,
∑

un∈Sn

Xun

)



276 J. D�bekifor every X ∈ An. This may be written as
(10)

∑

u1∈S1

. . .
∑

up∈Sp

Cu1...up(Xu1, . . . , Xup)

=
∑

u1∈S1

. . .
∑

up∈Sp

D(Xu1, . . . , Xup).

But if u1 ∈ S1, . . . , up ∈ Sp are suh that there is r ∈ {1, . . . , p} \R with theproperty that ur = wr, then Cu1...up(Xu1, . . . , Xup) = D(Xu1, . . . , Xup), onaount of our assumption, beause N(u) ∈ {N(v) + 1, . . . , p} in this ase.Subtrating all terms with suh indies u1, . . . , up from eah side of (10)gives Cv1...vp(Xv1 , . . . , Xvp) = D(Xv1 , . . . , Xvp), whih is due to the fatthat w|R = v|R. This ompletes the proof of (9).Applying (9) we an rewrite (6) as
VRn(X) =

n∑

s1=1

. . .

n∑

sp=1

D(Xs1 , . . . , Xsp) ⊗ es1
⊗ · · · ⊗ esp

for every X ∈ An. Hene VRn = D̃Rn , whih yields V = D̃ on aount of theabove remark. The uniqueness of D is obvious. This ompletes the proof.Combining the lemma with the theorem we obtain the following orollary.
Corollary. If n ≥ p, then every anonial tensor �eld of type (p, 0)on TA is a sum of tensor produts of anonial vetor �elds on TA. Morepreisely , if ∂1, . . . , ∂d is a basis of the vetor spae Der A, then for everyanonial tensor �eld V of type (p, 0) on TA there are unique H l1...lp ∈ R for

l1, . . . , lp ∈ {1, . . . , d} suh that
VM =

d∑

l1=1

. . .

d∑

lp=1

H l1...lp ∂̃l1M ⊗ · · · ⊗ ∂̃lpMfor every n-dimensional manifold M .The remainder of the paper is devoted to the following example.
Example. Consider the Weil algebra D

r
k of r-jets at 0 of smooth fun-tions R

k → R, where r and k are non-negative integers.We will denote by xi for i ∈ {1, . . . , k} the r-jet at 0 of the ith projetion
R

k → R and write xα = (x1)α1

· · · (xk)αk and |α| = α1 + · · ·+αk for α ∈ N
k,where N stands for the set of non-negative integers. In addition, let e1, . . . , ekdenote the standard basis of the module Z

k.Let D ∈ Der D
r
k. For every α ∈ N

k,
D(xα) =

∑

i∈{l∈{1,...,k} : αl>0}

αixα−eiD(xi),(11)



Canonial tensor �elds 277as is easy to hek by indution on |α|. Of ourse, for every i ∈ {1, . . . , k}there are unique Ki
α ∈ R indexed by α ∈ N

k suh that |α| ≤ r, for whih
D(xi) =

∑

α∈{β∈Nk : |β|≤r}

Ki
αxα.(12)

Sine (xi)r+1 = 0, from (11) it follows that 0 = (r+1)(xi)rD(xi). Combiningthis with (12) yields (r + 1)Ki
0(x

i)r = 0, and so Ki
0 = 0. Hene (12) an berewritten as

D(xi) =
∑

α∈{β∈Nk : 1≤|β|≤r}

Ki
αxα.(13)

Conversely, let Ki
α ∈ R for (i, α) ∈ {1, . . . , k} × {β ∈ N

k : 1 ≤ |β| ≤ r}.We prove that there is a unique D ∈ Der D
r
k suh that (13) holds. Obviously,we de�ne D(xi) for i ∈ {1, . . . , k} by (13), and next D(xα) for α ∈ N

k suhthat |α| ≤ r by (11). Thus we have de�ned a linear D : D
r
k → D

r
k, beausethe xα for α ∈ N

k suh that |α| ≤ r form a basis of the vetor spae D
r
k. Weonly need to show that

D(xγxδ) = xγD(xδ) + xδD(xγ)(14)for all γ, δ ∈ N
k suh that |γ| ≤ r, |δ| ≤ r. If |γ + δ| ≤ r, then xγxδ = xγ+δis an element of the basis in question, so we may use (11) three times toverify (14) in this ase. Clearly, the left hand side of (14) vanishes whenever

|γ + δ| ≥ r + 1. If |γ + δ| ≥ r + 2, then the right hand side vanishes onaount of (11). If |γ + δ| = r + 1, then the right hand side also vanisheson aount of (11) and the fat that the term Ki
0 is exluded from (13) forevery i ∈ {1, . . . , k}. This ompletes the proof.Summing up, the map J : Der D

r
k → R

{1,...,k}×{β∈N
k : 1≤|β|≤r} de�ned bythe requirement that

D(xi) =
∑

α∈{β∈Nk:1≤|β|≤r}

J(D)(i, α)xα

for all D ∈ Der D
r
k and i ∈ {1, . . . , k} is an isomorphism of vetor spaes.Counting elements of the set {1, . . . , k} × {β ∈ N

k : 1 ≤ |β| ≤ r} we obtain
dimDer D

r
k = k

((
r + k

k

)
− 1

)
.The above orollary now asserts that if n ≥ p, then the dimension of thevetor spae of anonial tensor �elds of type (p, 0) on TD

r
k equals

(
k

((
r + k

k

)
− 1

))p

.Of ourse, a anonial tensor �eld V of type (p, 0) on TA is alled symmetrior skew-symmetri if the tensor �eld VM is symmetri or skew-symmetri



278 J. D�bekifor every n-dimensional manifold. Therefore if n ≥ p, then the dimensions ofthe vetor spaes of symmetri and skew-symmetri anonial tensor �eldsof type (p, 0) on TD
r
k equal

(
k
((

r+k
k

)
− 1

)
+ p − 1

p

) and (
k
((

r+k
k

)
− 1

)

p

)

respetively.
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