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Zeros of solutions of certain higher order
linear differential equations

by HONG-YAN XU (Jingdezhen) and CAI-FENG Y1 (Nanchang)

Abstract. We investigate the exponent of convergence of the zero-sequence of solu-
tions of the differential equation

(1) FP 4 a1 () f* P+t ai(z)f + D(2)f =0,

where D(z) = Q1(2)e*®) +Qa(2)e™®) 4 Q3(2)e™*), Pi(2), P2(z), P3(z) are polynomials
of degree n > 1, Q1(2), Q2(2),Q3(z),a;(z) (j =1,..., k — 1) are entire functions of order
less than n, and k > 2.

1. Introduction and results. We shall assume that the reader is famil-
iar with the fundamental results and the standard notations of the Nevan-
linna value distribution theory of meromorphic functions (see [5, 8]). We
will use the notation o(f) to denote the order of growth of a meromor-
phic function f(z) and A(f) to denote the exponent of convergence of the
zero-sequence of f(z).

K. Ishizaki and K. Tohge [0} [7] have studied the exponent of convergence
of the zero-sequence of solutions of the equation

(2) "+ () PO+ Qo(2) f =0,
where P;(z), P>(z) are non-constant polynomials
Pi(z)=G2"+, P(z)=0z"+ -, GGe#0 (n,meN).

and Qo(z) is an entire function of order less than max{n,m}, and e*(*) and
e2(2) are linearly independent. They have obtained the following results:

THEOREM A ([7]). Suppose that n = m, and that (1 # (2 in (2). If (1 /(o
is non-real, then for any solution f Z 0 of (2), we have \(f) = co.

THEOREM B ([0]). Suppose that n = m, and that (1/C2 = p > 0 in (2).
If0 < p < 1/2 or Qo(z) =0, 3/4 < p < 1, then for any solution f # 0
of (2), we have \(f) > n.
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Recently, J. Tu and Z. X. Chen [9] investigated the exponent of conver-
gence of the zero-sequence of solutions of the differential equation

(3) "+ (@Qi(2)e"® + Qa(2)e™® + Q3(2)e™ @) f =0,
and obtained the following theorem:
THEOREM C ([9]). Let Q1,Q2,Q3 be entire functions of order less than
n, and Py(z2), Px(2), P3(2) be polynomials of degree n > 1,
Pi(z)=Gz"+ -, Pz) =0+, P3(2) =G+,
where (1, (2, (3 are complex numbers.

(i) If ¢1/C2 is mon-real and 0 < X\ = (3/C2 < 1/2, then for any solution
f#0 of (3), we have \(f) = co.

(ii)) If 0 < (1/C2 < 1/4 and 0 < X\ = (3/C2 < 1, then for any solution
f#0 of (3), we have A(f) > n.

It is natural to ask about the exponent of convergence of the zero-
sequence of solutions of the higher order linear differential equation (1). In
the present paper we shall investigate this problem and obtain the following
result which improves all the theorems mentioned earlier.

THEOREM 1.1. Let Pi(z), Px(2), P3(z) be as in Theorem C and Q1(z),
Q2(2),Q3(2),a(z) (j =1,...,k—1) be entire functions of order less than
n and k > 2.

(i) If (1/C2 is non-real and 0 < A = (3/C2 < 1/k, then for any solution

f#0 of (1), we have \(f) = oo.
(i) If 0 < (1/C2 < 1/2k and 0 < X\ = (3/C2 < 1, then for any solution
f#0 of (1), we have \(f) > n.

2. Notations and some lemmas. To prove the theorem, we need some
notations and a series of lemmas. Let Pj(z) (j = 1,2,3) be polynomials of
degree n > 1, Pj(z) = (oj +if3;)2" + - - -, aj, B € R. Define

d(Pj,0) =6;(0) = ajcosnh — Bjsinnd, 6¢€[0,2m) (j =1,2,3),
Sy =1{0:0;0) >0}, S;={0:0;(0)<0} (j=1,2,3).

Let f(z) and a(z) be meromorphic functions in the plane that satisfy

T(r,a) = o{T(r, f)},
except possibly for a set of r having finite linear measure. We then say that
a(z) is a small function with respect to f(z).

LEmMA 2.1 ([4]). Let f(z) be a transcendental meromorphic function
with o(f) =0 < oo, and I' = {(k1,71),- -, (km,Jm)} be a finite set of dist-
inct pairs of integers which satisfy k; > j; > 0 fori=1,...,m. Let e > 0 be
a given constant. Then there exists a set E C [0,2m) of linear measure zero
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v such that if ¢ € [0,27) \ E then there is a constant Ry = R1(p) > 1 such
that for all z satisfying arg z = ¢ and |z| = r > Ry, and for all (k,j) € T,
we have
F®(2)
)
LEMMA 2.2 (]2, @]). Suppose that P(z) = (o + pi)z" + -+ (o, are
real numbers, |a| + |B] # 0) is a polynomial of degree n > 1, and A(z)
(# 0) is an entire function with c(A) < n. Set g(z) = A(z)e'®), z = re'?,
d(P,0) = acosn — Bsinnf. Then for any given € > 0, there exists a set
H; C [0,27) of linear measure zero such that for any 6 € [0,27)\ (H1 U H3),
where Hy = {0 € [0,27) : 6(P,0) = 0} is a finite set, there is R > 0 such
that for |z| =r > R, we have:

(i) If 6(P,0) > 0, then

exp{(1 — &)d(P,0)r"} < |g(re®)| < exp{(1 +£)3(P,0)r"}.
(ii) If 6(P,0) <0, then

exp{(1 +¢)d(P,0)r"} < |g(re?)| < exp{(1 — £)d(P,0)r"}.

LEMMA 2.3 ([1]). Suppose m(z) is the canonical product formed with
the zeros {z, : n = 1,2,...,} (2, # 0) of an entire function f(z). Set
On ={z:]z—2zn| <|2a|7} (a (> A(f)) is a constant). Then for any given
e >0,

< ‘Z‘(kfj)(aflJrs).

()] > exp{—|z* D} for 2 ¢ | On.

n=1

LEMMA 2.4 ([3]). Let f(z) be an entire function of order o(f) = a <
+o0. Then for any given € > 0, there is a set E C [1,00) of finite linear
measure and finite logarithmic measure such that for all z satisfying |z| &
[0,1] U E, we have

exp{—r*"*} < [f(2)] < exp{r®Te}.
LEMMA 2.5 ([10]). Let Pj(z) (j = 1,2,3) be polynomials of degree n > 1,
Pi(z2) ="+ Bi(2), P(z) =pi1Cz" + Ba(z),  P3(2) = paC2" + B3(2),

where ( = a+i03, o, €R, ||+ |B8] #0,0 < p1 < 1,0 < pa < 1, and
Bi(z), Ba(z), Bs(z) are polynomials of degree at most n— 1. Let Q1(z) # 0,
Q2(2),Qs3(2) be entire functions of order less than n. Then for any given
e > 0, there ezist a set E of finite linear measure and a constant & (n—1 <
€ < n) such that

m(r, Que™ + Q2™ + Qse) = (L—e)m(r,e™) + O(r%),  r— o0 (r ¢ B).
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LeEMMA 2.6 ([I1]). Let f(2) be an entire function and write f(z) = me".
Then
k) ' k(k—1
(i) = (BYF 4k = ()F1 4 (2) (W)E2h" + Hyo(K')  (k>2),

7r

where Hy,_o(h') is a differential polynomial of degree no more than k—2 in b/,
and its coefficients are terms of the type c(n’ /m)%t --- () /1) where c is
a constant and s1,...,SE are non-negative integers; and

k+1 k l
(i) A A i = k(W) + Hy (W) (K >1),

f fr
where Hy_1(1') is a differential polynomial of degree no more than k — 1
in ', and its coefficients are terms of the type c(n'/m)*t - - (wF+1) fr)sker
where ¢ is a constant and S1, ..., Sp+1 are non-negative integers.

LEMMA 2.7 ([I1]). Let Ui(2),h(z),Q1(2), Pi(z) be entire functions sat-
isfying Uy = Q1h" — %(Q’l + Q1 PR Then

QT '™ = A1 o(Ur, Q1) + Buo1(QU)E (n > 2),
where Ay n—2(U1, Q1) is an algebraic expression in Ul(j), ng), Pl(j) (j =0,1,

., 1), involving addition, subtraction and multiplication, where the degree

of Ul(j) is mo more than 1 and the degree of ng) is no more than l; By(Q1)
is a differential polynomial of degree no more than d in Qu, its coefficients

are algebraic expressions in Pl(l) (i=1,...,d) and 1/k, involving addition,
subtraction and multiplication.

LEMMA 2.8. Let h(z) and cj(z) (j = 0,1,...,k — 1) be meromorphic
functions satisfying

cho1(2) (W) 4 cpa(2) (B2 + -+ e (2)W + co(z) = 0.
Then

k—1
m(r,h') < T(r,ei(2)) + O(1).
3=0

LEMMA 2.9. Let h be a meromorphic function of finite order, and
Ex_1(R') a differential polynomial of degree no more than k—1, whose coeffi-
cients are meromorphic functions a;(z) (j =0,1,...,k—1) with o(a;) < n.
Then for sufficiently large r,

m(r, (W) + By_q (1)) < km(r, 1) + O(r®),
where 0 < max{o(a;) : j=0,1,....k—1} <& <n.

REMARK 2.1. Lemmas 2.8 and 2.9 are immediate consequences of the
Valiron—-Mohon’ko theorem (see [8]) and/or Clunie technique.
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3. Proof of Theorem 1.1. Since (3 = A(2, A > 0, we have S; = S
and S5 = S; . We see that S;r and Sj_ have n components S;.; and Sj_k
respectively (7 =1,2,3; k=1,...,n). Hence we write

+ - + - _ - _
st=UsSh S;=USy (=123).
k=1 k=1

Furthermore, we define
k(A+1
Dy = {9 € Sfr OS; : (51(9) > (kj_l)éz(H)},

A+1
D21={9€Sfﬂsg_z52(9)> ;\r (51(9)}.

(i) Let f # 0 be a solution of (1). Suppose that A(f) < co. Write f = me”,
where 7 is the canonical product of the zeros of f, and A is an entire function.
From our hypothesis, we have o(7) = A(7) < co. From (1), we get

F) fE=1) /

(4) 7+ak,1 7 +~--+a1j;—|—D(z)=0,

By Lemma 2.6(i), we get
(5) (M) =B (W) — Qu(2)e"® — Qa(2)e™® — Q5(2)e™,

where Ej_1(h') is a differential polynomial of degree no more than k — 1
in 7', and its coefficients are terms of the type caj(z)(n'/m) - -- () Jr)sx
(j=1,...,k—1), where c is a constant, s, ..., s; are non-negative integers
and pis 0 or 1.

Eliminating e from (4), we have

(k+1) (k) g1 (k) (k—1) g1 " 1 gt
(LY o (B S g (20

f I f f I f Iy
(k) (k—1) /
—(Q/1+Q1P{)<ff+ak:—1f 7 +"'+a1J;+Q2€P2+Q3€P3>
f(kfl) f/
+ @ [ag_l 7 +--+a) f] + Q1(Qh + Qa2 Pj)el™

+ Q1(Q5 + Q3P3)e™ = 0.
By Lemma 2.6(ii), we can write this as
(6) KUK = Fl (W) + €™ [Qa(Q) + Q1 P)) — Qu(@Q + Qs Py)]
+e™1Qs(Q1 + Q1PY) — Qu(Qs + QsP3)),

where

(7) U =Q:h" — % (Q1+ QPN
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and Fl_| (1) is a differential polynomial of degree no more than k —1 in //,
with coefficients of the type c(aj(z))p(a;(z))q(Ql)l(Q’l)t(P{)“(Tr’/ﬂ)sl e
(W(k)/ﬂ')sk, where c¢ is a constant, si,...,s; are non-negative integers and
each of p,q,l,t,u is 0 or 1. Similarly, we obtain

(8)  KkUx(W)* 1 =FZ (W) + M [Q1(Qh + Q2P3) — Q2(Q) + Q1 P])]
+eP3[Q3(Q% + QaPy) — Qa2(Q4 + Q3 P3)],

where
1

(9) Us = Q2h" — z (Q3 + Q2PN
and F? (k') is a differential polynomial of degree no more than k — 1
in A/, with coefficients of the type C(CL]'(Z))p(a;(Z))q(Qg)l(Q/Q)t(Pé)u(ﬂ',/ﬂ')sl
- (m®) /)% where ¢ is a constant, s1, ..., S, are non-negative integers and
each of p,q,l,t,u is 0 or 1.

Let max{0(Q;),0(a;):i=1,2,3;j=1,...,k—1} <& <& <& < n.
From Lemma 2.4 we get
Qi(re”| Sexp(r®') (i=1,2,3), laj(z)| Sexp(r®) (j=1,....k 1),
for sufficiently large r and for any 6 € [0, 27). Applying the Clunie Lemma
[5, Lemma 3.3] to (5), for any given € > 0 we get

T(r,h') = m(r,h')

< m(r, Qref 4+ Qoef? + Qze™)

k k—1
+ O(Z m(r, 79 /1) 4 Zm(r, ai)) +S(r,n')

j= i=1
<O@" )+ S(r, b)),

which implies o(h') < n. It follows from (7) and (9) that o(U;) < n and
o(Uz) < n respectively.

In the following, we will show that there exists a set Ey C [0,27) with
m(Ep) = 0 such that if § € S5 \ Ep, then

(10) U1 (re?)| < O(exp{r®?}), 7 — oc.
If |W'(re?)| < 1, from Lemmas 2.1, 2.2 and 2.4 and (7), we have
i h (re' i 1 i i
1) ) < e+ P e Qe
1 Q! (re'? 4
+ - ’Ql( )| |Q1(T‘610)|

k Qi (re)|
< O(exp{r®?}), r — oo.
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Assume |1/ (re?)] > 1. Since F! (k') is the sum of a finite number of
terms of the type

H(z) = c<aj<z>>p<a;(z))Q(in(Qa)t(P{)“<1‘:)Sl - <”(k)>8k

T
% (h/)lo (h/’)ll e (h(v))lv—17

where lg, 1, ...,l,_1 are non-negative integers and lo+11+---+1l,—1 < k—1,
from Lemma 2.1 we get

[H(re')]
et
< |c| |aj(re™)[P|a;(re’®)|9|Qq (re™) 1| Q) (re™) || Py (re™) |
ﬂ’(reie) s1 ﬂ(k)(reie) Sk ‘h”('f’@ieﬂll |h(”)(’rei9)]l“—1
m(ret?) m(rei?) |1 (rei?)] |1 (rei?)|
< O(exp{r}).

(12)

Thus
1 10
W < O(exp{r®?}).
From (8), (13) and Lemma 2.2, we get
(14) kUi (re)]
|[Faa(re))]
= (et
— Qu(re”)((Q3(re”) + Qa(re”) Py(re™))|
1RO Qs (re) (@4 (re™) + @ (re) P (re))
— Qure)(Qb(re™) + Qs(re®) Pi(re”)|
< O(exp{r*?}), r— oc.

From (11) and (14), we obtain (10).

We note that there exist 6; (j = 1,2,3) satisfying §;(6) = 0 on the rays
arg z = éj +qm/n, where ¢ = 0,...,2n—1, which form 2n sectors of opening
7/n each, thus we may assume that 6; € [0, 7/n). Since (o = A(3, A > 0, we
have 6 = 635. Write 0, = 6; + qm/n, j = 1,2. If there are some integers q;
and g such that 614, = 0ay,, then 6; — 63 + (¢1 — ¢2)7/n = 0, and we have
tannf; = «;/B;, j = 1,2. This gives

(13)

+1e"0 | Qa(re”) (@) (re’”) + Qu(re) Pi(re™))

This contradicts the assumption that (3 /(s is non-real. Hence each compo-
nent of Sf and S; contains a component of Sf 05’; . The boundaries of the
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components of Sf“ ﬂS;r are some of the rays arg z = éjq. We fix a component
of Sfr NS, say S*. We may write

S*={0e€ S NS 07 <0< 6.(07)=6:(65) =0}
or
S*={0eSFNSy:05<0<6r, 6,(07) = 62(635) = 0}

Since every component of S;" and S; has opening 7/n, the rays arg z = 6]
and arg z = 03 are contained in Sj and S~ respectively. We handle the first
case, the proof of the second being similar. Then there exist 71,12 > 0 such
that

{6:0] <0 <07 +m}C Dy, {0:05—m2<6<05}C Dis.

Hence there exists a 0 € (S;?C N Dig) \ Ep for any k = 1,...,n. Take 0 <

k(],:\jll)52<02<01<61’0<81<1_%’0<52<%—1’0<53<
%—1. By Lemma 2.2, we have

(15) Q1M e™") 4 Qae2re™®) 4 Qgel(re™”)|

> ‘QlePl(reie)’ 1_ @ePz(reig)—Pﬂrew) - %eP:;(T‘BiG)—Pl(TGiQ) ‘
1 Q1

> exp{(1 - 1)} (1 — o(1))

> explor}(1—o(1)), 1 — oo

We assume that there exists an unbounded sequence {rq} such that 0 <
W (rge?)| < 1. From (5), (15) and Lemma 2.1, we get

exp{orrg}(1 = o(1)) < |1 (rge”)|* + | By—r (W (r4e™)))|
, "y i) |51 (k)(r eif) |

<1 (roeoyp| T TaeT) T (rge”)
S 12 llles(rae®) m(rqe”) m(rqe®)
X ’h/(rqeie)vo . ‘h(v) (qui9)|lv_1
) / AYES! (k)(r ez‘g) Sk

<1 (o gityp| g€ T (rge”)
AP m(rge®) m(rqe®?)

R (rqet?)

h L) (quie)
h!(reet?) R (ree?)

< O(exp{r§?}) (¢ — o0),

lv—l

which is not true. Hence we may assume that |h/(re??)| > 1 for all r suffi-
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ciently large. From (5

), (15) and Lemma 2.2, we get
exp{oirg (1 —o(1)) < |h

"(rge)|* + [ Br-a( h’(rqew))!

/
< / k‘ 1 W(qu )
g |14 5 el oy e e
W(k)(rqew) Sk h”(?“ eze) L h(v)( ) lo—1
m(rqe®) R (rqeet?) ' (rq 619)

IA

[ (rge®)[F (L + O(exp{r§})) (¢ — o0),

1.e.

o 1—o(1)
|h' (re 0)|k 2 1+ O(exp{réz})

Then we obtain for all r large enough

, 1
(16) |1 (re®)| > exp{k agr"}.

exp{o1r"} (r — o).

From Lemma 2.1, (6) and (16), we get
(17)  k|UL(re”)]

[ (re”)|
- |h/(7ﬂez’9)‘k71

e

Fa(re®) ; | (ret? , . A
e e (g 01+ 0w i)
Qe
e Qalre) + Qa4 )|
€P3 re*?) /
+W[|@3<re (B 101 e + e L)

Qulre?)]
Q) (re)] o
B+ 1Qutre) 1 Py(re m

< O(exp{r®}) + (1 + o(1)) exp{ (52(1 +e9) — W)r”}

k—1
+(1+0(1))exp{ <)\52(1+83) — (k:)az)?“n} (r — 00).
Since d2(1 + e2) — (k — 1)oa/k < 0 and Ada(1 4+ e3) — (k — 1)og/k < 0, this
gives that for all sufficiently large r,
(18) |UL(re')| < O(exp{r®?}).

Now we fix a v (= 7o) € (S5, N D12) \ Eo, k = 1,...,n. Then we find
1,72 € S5 \ Ep with y1 < v < v such that vy —~; < 7/n and v —7v < 7/n.

_|_

Flaure] ([

+1Qu(re)]
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We first prove that for any 8 with v; <0 <+, we have
(19) Ui (re”)| < O(exp{r®})  (r — o0).
Write y—~1 = 7/(n + 71) with 7y > 0. Since o(U;) < n, we have |U; (re??)| <
T2 with 0 < 72 < 71 for sufficiently large r. Set
9(2) = Ui(2) fexp((ze” 0FM)/2)8),

Then g(z) is regular in the region {z : 7 < argz < ~v}. Since 71 < argz =
0 <~ andy—7 < m/n, we infer that cosarg((ze~(71711)/2)8) > K for some
K > 0. In fact,

_T . s LT g (e /2y < g T < s <

2 2n — 2 - 2 T 2n
Hence for v1 < 6 < v,

™
B .

Uy (re®)
exp{Krés}
It follows from (10) and (18) that for some M > 0, as r — oo,

O(e™?)
— <M
exp{Kré&} —

lg(re”)| < < O(exp{r"™™})  (r — o0).

lg(re™)| <

and
O(e™?)
exp{Kré} =

By the Phragmén-Lindel6f theorem, we obtain (19). Similarly we see that
(19) holds for v < 6 < ~2. Hence we conclude that (19) holds for any
0 € [0,2n).

By a similar proof as before we can prove that for any 6 € [0, 27),

(20) |Us(re”)| < Ofexp{r})  (r — o0).

By (7) and (9), we have
(21) QUi — Qi = 1 W[Q:(Qh + Q) — Qa(@) + @uP)]
Since 0(Q;) < & < & (7 =1,2,3), by (5), (10), (20) and Lemma 2.9,

lg(re™)| <

(22) m(r, Q16P1(z) + Q2€P2(Z) 4 Q3€P3(Z)>
< km(r,h') + O(logr)
< km(r,U; — Us) + O(logr) < O(r%3)  (r — o0).

Since (1/¢z is non-real, S;” N S, contains an interval I = [y, 2] satis-
fying minges 61(0) = s > 0. By Lemma 2.2, there exists an R(I) (> 0) such



Zeros of solutions 133

that for any 0 € I and r > R(),
(@70 = exp((1 — )arr™),
Qe )| < exp((1 — )dar™),
\Q36P3(rei0)| <exp((1 —e)N\dar™).
Hence, we have
(23)  m(r, Q") 4 Q2™ 4 Q3™ 1))
Y2
> S log? |Q1eM1®) 4 Qoef2®) Q3| dh
P1
2
> | (1= 0(1)log" Q1" )] df
®1
P2
> | (1—o0(1)(1—e)sr™do
¥1
> (1 =o(1)(1 —e)sr™(p2 — 1)  (r — 0).
Combining (22) and (23) and recalling that {3 < n, we get a contradiction.
Hence, A(f) = oc.
(ii) Let f # 0 be a solution of (1). Write f = me”, suppose that A(f) < n.

From our hypothesis, we have o(7) = A(7) < n. Eliminating e/ from (5),
we have

(24) KUY = Fa(0) + €™ [Qa(Q) + Q1PY) — Qu(@ + Q2 )]
+ e [Qs(Q1 + QuP)) — Q1(Q5 + Qs P3)],
where
1
(25) U=Qih" = - (Q1+ Qi P)H,
From (24), (25) and Lemma 2.7, we have
(26)  cr1(2)(W)EL e o (W) 24 ()W
= co(2) + ¢[Q2(Q1 + Q1 P]) — Q1(Qh + Q2 P3)]
+e[Qs(Q1 + QL)) — Q1(Q5 + Qs P3)],

where ¢j(z) (j = 0,1,...,k — 1) is an algebraic expression in UM (I =
0,1,...,k=2),Q"(=01...,k=1), PP (s=0,1,...,1—1),1/k, 1/Q1 and
aj,a; (j =1,...,k — 1), involving addition, subtraction and multiplication.

Now we suppose that at least one of ¢j(z) (j = 1,...,k — 1) is not

identically vanishing and the right hand side of (26) does not vanish identi-
cally. Without loss of generality, suppose c;x—1(z) # 0. Then from (26) and
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Lemma 2.8, we have
(27)  T(r,h") =m(r, )
k—1
< T(r,ci(2) + m(r, e[Qa(Q) + QuP]) — Qu(Qh + Q2P))]
=0
+e[Q3(Q1 + Q1P]) — Q1(Q5 + Qs P3)]) + O(1).
Take max{o(Q1),5(Q2), 7(Q3), A(f)} < & < & < n. From (5), we obtain
(28)  T(r,Q1e"®) + Q) 4 Q3ef3)) < kT(r, 1) + O(log ).
By Lemma 2.5, we have
(29)  m(r, Q1) + Qae™?) 4 Qaef(?))
> (1 —e)m(r,e™) +0(r%) (r— oo, r ¢ E).
where E has finite linear measure. From (28) and (29), we obtain

(30) T(r,h') > %T(r, ePl) + O(r&“) (r—o0,r¢FE).

Since 0 < p = (2/C1 < 1/2k, (3= A2, 0 < A < 1, we get

§(P2,0) = pé(P1,0), Si, =85 =54, S;p=S53=53 (k=1,...,n).
By the same reasoning as in (11) and (14), we have

(31) U(re?)| < Ofexp{r®})  (r — o0)

for any 6 € Sy \ Ep, m(Ep) = 0. Also by the same reasoning as in (15)—(18),
we have

(32) U(re”)| < O(exp{r®})  (r — o)

for any § € S;"\ Eo, m(Ep) = 0. Since ¢(U) < n, by the Phragmén-—Lindel&f
theorem, we have

(33) U(re”)| < O(exp{r®})  (r — o)

for any 6 € [0, 27).
In the following, we estimate T'(r, ¢;).

From (33), Lemma 2.3 and the theorem on logarithmic derivatives, we
have
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k—1 k-1 k—1
(34) T(r,c;) < O(ZT(T‘, ng)) + Y m(r,a;)+ Zm(r, a;)
i=0 =0 =0
k-2
+ZmrP +S m(r,UDUY + m(r,U)
t=1

+ N(r,1/7) + O(1 0g7")>
<O@r®), r—o0,j=01,...,k—1,

and

(35)  T(r,e™[Q2(Q) + Q1P)) — Q1(Q + Q2P3)]
+eM[Q3(Q) + @Q1P)) — Q1(Q5 + QsP3)])
<O@r%) + T(r, ™) + T(r,e")
= (1+N)T(r,e™) + O(r%)
(1+ N)pT(r,e™) +0(r%), 1 — oo

<
nd (35), we get

From (27), (30), (34) a

(36) %T(r,ep) +00) < T(r, 1)

< (14 NpT(r,e™) +0(r®), r—oo,r¢E.
Thus (36) implies

(37) (126 - (1+A>po<1>>T<e,eP1> <0, r—o0,r¢E.

Since 0 < p = (2/C1 < 1/2k, 0 < A < 1, we get a contradiction. Hence

1=+ =c1 = co+e2[Qa(Q) + Q1 P]) — Q1(Qh + Q2P| + e [Q3(Q) +
Q1P)) — Q1(Q5 + Q3P4)] = 0. From (26), we have
(38) —co(2) = e™[Qa(Q) + Q1P)) — Q1(Qh + Q2 P)]

+eQ3(Q) + Q1P)) — Q1(Qf + Qs P3)).

We assume that the right hand side above is not identically zero; other-
wise, we have

oP2—Ps _ Q3(Q1 + 1 P) — Qi(Q5 + QsF)
Q2(Q) + Q1 P) — Q1(Qy + Q21)’
and since (3 = A(2, 0 < A < 1, a simple order consideration leads to a
contradiction. From (38), by (34) and Lemma 2.5, we obtain

(39) (1 —e)T(r,e™) +0(r®) <0, r— .
From (39), we have o(ef?) < & < n, a contradiction. Hence A(f) > n.
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