ANNALES
POLONICI MATHEMATICI
LXXVIIL1 (2002)

The Yojasiewicz exponent at infinity
for overdetermined polynomial mappings

by S. SPoODZIEJA (L6dZ)

Abstract. We prove that the study of the f.ojasiewicz exponent at infinity of overde-
termined polynomial mappings C"* — C™, m > n, can be reduced to the one when m = n.

Introduction. In the paper we study the Lojasiewicz exponent at in-
finity for overdetermined polynomial mappings, i.e. polynomial mappings
f:C" — C™, where m > n. In the case m = n this exponent is well known
(see [C], [CK1]-[CK4], [P1], [P2], [PT]). It is strongly related to the prop-
erties of properness and injectivity of polynomial mappings (see [H], [C],
[CK4], [CK3], [CK4], [P1], [P2], [PT]). Numerous papers have been devoted
to the estimation of this exponent from below and to the effective Nullstel-
lensatz (see [C], [B1], [Bz], [JKS], [K], [S], [BY], [CK5]). The deepest result in
this direction is the Kollar inequality [K]. We investigate it in Corollary 3.2.

We reduce the computation of the exponent of f: C* — C™, m > n, to
the case m = n (see Theorem 2.1 and Corollary 3.1). The key point of the
proof is the reduction of the study of the fibres of a polynomial mapping to
the case of m < n (Proposition 1.1). We obtain it by composing f with a
linear mapping. This method can be applied to obtain a characterization of
the Lojasiewicz exponent of a proper polynomial mapping (Corollary 3.3,
cf. [C], [P1]). Corollary 3.3 also gives a criterion for injectivity of polynomial
mappings (cf. [P1]).

Additionally, using the Lojasiewicz exponent at infinity we prove a cri-
terion of properness of polynomial mappings (Corollary 3.4, cf. [C], [P1]).

1. Fibres of polynomial mappings. In what follows we write “the
generic x € A” instead of “there exists an algebraic set V such that A\ V
is a dense subset of A and x € A\ V.
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For any m, k € N we denote by L(m, k) the set of all nonsingular linear
mappings C™ — C*, where for k = 0 we put C* = {0}. Let m > k. Denote
by A(m, k) the set of all linear mappings L = (Lq,..., Lx) € L(m, k) of the
form

L’L(y177ym):yl+ Z ai,jyja /L':]-a'”vka
j=k+1
where «; ; € C; A%(m, k) is the set of all L = (L1, ..., Lx) € A(m, k) such
that
Li(y1,- -y Ym) = 1.

ProposSITION 1.1. Let f = (f1,...,fm) : C* — C™ be a polynomial

mapping with deg f; > 0 for j =1,...,m, where m > n > 1.
(i) For the generic L € L(m,n),

(1) #[(Lo f)THO)\ F7H0)] < co.
(ii) For the generic L € A%(m,n), (1) holds.

The proof will be preceded by an easy lemma. We denote by Gy (C™)
the Grassmann space of k-dimensional linear subspaces of C™, k < m.

LEMMA 1.1. Let V. .C C™ be an algebraic set of dimension s.
(i) If s+ k < m, then for the generic H € G(C™),
HnV c{o0}.
(ii) If s+ k = m, then for the generic H € G(C™),
#HNV) < 0.

Proof of Proposition 1.1. In the proof of (ii) we will need a version of (i)
in the case of regular mappings. So, we prove (i) in the slightly general case
of regular mappings f = (f1,..., fm) : X — C™, where X is an irreducible
algebraic set, dim X < n and f; # const. Let W C C™ be the closure of
f(X) and k = dim W. Obviously k£ < n. We have two cases:

1°. k < n. By Lemma 1.1(i) there exists a Zariski open and dense subset
U C Gu—n(C™) such that for any H € U we have W N H C {0}. Hence,
the set Y = {L € L(m,n) : ker L € U} is a Zariski open and dense subset
of L(m,n). Moreover, for any L € U we have f~1(0) = (L o f)~1(0). This
gives (1) in this case.

2°. kE=mn. Let

I'={weW:dim f~!(w) > 0}.

By Corollary 3.16 and Proposition 2.31 of [M], I" is an algebraic set. More-
over dim I’ < n, since in the opposite case, by the definition of I' and
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Corollary 3.15 of [M], we have
n+1<dim I < dim f~YW) = n,

which is impossible. Thus, by Lemma 1.1, there exists a Zariski open and
dense subset U C G,,,—,(C™) such that for any H € U we have

(2) #(WNH) <
and
(3) I'nH c {o}.

Let, by (2), WNH = {w!,...,wP} and L € L(m,n) be such that H = ker L.
Then
(Lo f)~1(0) = 1 (w") U...U [~ (wP).

From (3) it follows that w' ¢ I' if w® # 0. In consequence for w* # 0 we
have #f~1(w?) < oo. This gives (1). Since {L € L(m,n) : ker L € U} is a
Zariski open and dense subset of L(m,n), we have the assertion in this case.
This gives (i).

To prove (ii), let X’ = f~1({0} xC™ ) and g : X’ — C™ ! be a regular
mapping of the form

9(z) = (f2(2), ..., fm(2)), 2€X".
Since f1 # 0, dim X’ < n — 1. From the first part of the proof, we now see
that for the generic M € L(m —1,n — 1),

(4) #[(M o g)~H(0)\ g71(0)] < 0.

Obviously the set U of all linear mappings M = (Ls,...,L,) € L(m — 1,
n — 1) of the form L;(wa,...,wy) = Li(wa,...,wy) + LY (Wpt1,. .., W),
i =2,...,n,such that Jac[L}, ..., L] ] # 0is a Zariski open and dense subset
of L(m —1,n —1). Moreover, (L},..., L) YoM € A(m —1,n—1). So, for
the generic M € A(m—1,n—1) we have (4). Since L = (w1, M) € A%(m,n)
for any M € U, we obtain (ii).

2. The Lojasiewicz exponent at infinity. In this section we prove
Theorem 2.1 on reduction of calculations of the Y.ojasiewicz exponent at
infinity of a mapping C* — C™ to the case C" — C".

Let f : C* — C™ be a polynomial mapping such that #f71(0) < cc.
Let

NOO(f) = {V € R . E|C>Q’R>() vxe(cn ’.’1}" > R = ‘f(l’)’ Z C|IL'|V}7

where |-| denotes the policylindric norm. We define the Lojasiewicz exponent
at infinity of the mapping f as sup Noo(f) and denote it by Lo (f).

THEOREM 2.1. Let f:C* — C™, m > n, be a polynomial mapping such
that #f~1(0) < oo. Then for any L € L(m,n) such that #(Lo f)~1(0) < o
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we have

(5) Loo(f) = Loo(L o f).
Moreover, for the generic L € L(m,n),

(6) *Coo(f):'coo(Lof)

The proof of this theorem will be preceded by two lemmas.

LEMMA 2.1. Let V. C C™ be an algebraic set of dimension s. If s < n,
then there exists a Zariski open and dense subset U C L(m,n) such that for
any L € U and for any & > 0 there exists 6 > 0 such that for any y € V,

Lyl <6 = |yl <e.

Proof. There exists a Zariski open and dense subset Uy C L(m,n) such
that for any L € Uy,

(7) V Nker L C {0}

(see Lemma 1.1(i)). By Sadullaev’s Theorem ([L], VIL,7.1), there exists a
Zariski open and dense subset U C U; such that for any L € U there exists
Cr, > 0such that V C {y € C™ : |y| < CL(1+ |L(y)|)}, which implies

(8) y eV Al >20L = |L(y)| > 1.

Let L e Uande >0.1f0 ¢ V, then either A; = {|L(y)| : y € VAly| <2CL}
is an empty set and we put 6; = 1, or A; # 0 and we put 6; = min A;. By
(7) we have 0; > 0. Putting § = min(é1, 1), by (8) and the definition of A,
we obtain |L(y)| > d for any y € V. This gives the assertion in this case.
If 0 € V, then either Ay = {|L(y)| : y € V Ae < |y| < 2CL} is an empty
set and we put 02 = 1, or A # () and we put d2 = min Ay. By (7) we have
02 > 0. Putting § = min(dz, 1), by (8) and the definition of Ay we obtain
the assertion in this case. This ends the proof.

LEMMA 2.2. Let f: C" — C™ with m > n be a polynomial mapping.
Then there exists a Zariski open and dense subset U C L(m,n) such that
for any L € U and any € > 0 there exist 6 > 0 and r > 0 such that for any
xeC”,

x| >r A|Lo f(x)|<d = |f(z)] <e.

Proof. Let W = f(C"). Then dim W < n. Assume first that dim W < n.
Then, by Lemma 2.1, there exists a Zariski open and dense subset U C
L(m,n) such that for any L € U and any € > 0 there exists § > 0 such that
for any y € W,

ILy)| <d = Jyl <e.
Then for any x € C",
|Lo f(z)|<d = |f(x)| <e.

Thus we have the assertion in this case.
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Let now dim W = n. Then, by Proposition 3.15 of [M], we easily see
that there exists an algebraic set V' C W such that dimV < n — 1 and the

mapping
9) flemyp-10n i CP\ fTHV) = WAV
is a finite covering. Thus it is a proper mapping. By Lemma 2.1, there exists

a Zariski open and dense subset U; C L(m,n) such that for any L € U; and
any € > 0 there exists § > 0 such that for any y € V,

(10) ILy)| <0 = lyl <e.

By Sadullaev’s Theorem there exists a Zariski open and dense subset Us C
L(m,n) such that for any L € U, there exists C, > 0 such that

(11) Wc{yeC™: |y <Crl+ L))}

Take any L € U; NUy and € > 0. Assume to the contrary that there exists
a sequence {x, } such that |x,,| — oo, |L(f(zy))] — 0 and

[f(zn)| > €.
Without loss of generality, by (11), we may assume that f(z,) — yo, where
yo € C™. Since the mapping (9) is proper, we see that yo € V. So, |yo| > ¢
and L(yp) = 0. This contradicts (10) and ends the proof.

Proof of Theorem 2.1. Let
U={LecL(m,n):#[(Lo f)'(0)] < oo}.

Let L € U. Then there exists M € L(m,m — n) such that L = (L, M) €
L(m,m) and Lo (f) = Lo (Lo f). Obviously for z € C™ we have |Lo f(z)| >
Lo f(z)], 50 Loo(Lo f) > Loo(L o f). This gives (5).

To prove the “moreover” part, let W = f(C"). Consider two cases:
Loo(f) > 0and Loo(f) < 0.

First, assume that Loo(f) > 0. Since dim W < n, Sadullaev’s Theorem
yields a Zariski open and dense subset U; C L(m,n) such that for any
L € Uy there exist r > 0 and M € L(m,m —n) such that (L, M) € L(m,n)
and for any y € W,

iyl >r = [M(y)| <[L(y)|.
So,
(12) lyl >r = (L, M)(y)| = |L(y)|.

By Proposition 1.1(i), U N U; contains a Zariski open and dense subset of
L(m,n). Let L € UNU; and M € L(m, m—n) be as above. Since L. (f) > 0,
there exists Ry > 0 such that | f(z)| > r for any € C™ with |z| > R;. Then,
from (12),

2> By = |(L,M)o f(z)| = Lo f(x)].
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Thus, Loo(Lo f) = Loo((L, M) o f). Since (L, M) is a linear automorphism,
we have Lo ((L, M) o f) = L (f), so we obtain (6) in this case.

Consider the case Lo(f) < 0. If 0 ¢ W, then L. (f) = 0 and, by
Lemma 2.2, for the generic L € L(m,n), there exist 6 > 0 and r > 0 such
that |L o f(x)| > § for any x € C™ with |z| > 7. Thus Lo (Lo f) = 0. This
gives (6) in this case. Now, let 0 € W and let Cy(W) be the tangent cone
to W at 0 € C™ (see [W], p. 510). By Sadullaev’s Theorem, there exists
a Zariski open and dense subset Us C L(m,n) such that for any L € U,
there exists M € L(m,m — n) such that (L, M) € L(m,m) and for any
y € Co(W),

M(y)] < LL).

Thus there exists € > 0 such that for any y € W with |y| < ¢,
[M(y)| < [L(y)]-

Hence, by Lemma 2.2, for L € U N U there exist § > 0 and r > 0 such that
for any z € C" with |z| > r we have

[Lof(z)| <d = [flx)] <e,
so, there exists M € L(m, m — n) such that (L, M) € L(m,m) and
[Lo f(z)] <d = |(L,M)o f(x)|=I[Lo f(z)l].

Thus, since Lo (f) < 0, we have Lo(Lo f) = C>O(( M)o f). Since (L, M)
is a linear automorphism, it follows that Loo(f) = Loo((L, M) o f), so we
have (6) in this case.

This ends the proof.

3. Corollaries. From Theorem 2.1 we easily obtain the following corol-
lary.

COROLLARY 3.1. Let f = (f1,...,fm) : C* — C™ be a polynomial
mapping, where m >n > 1 and #f71(0) < oo, d; = deg f; > 0,

do>...>dp >d;.
Then for the generic L = (L, ..., Ly,) € A%(m,n) we have

(13) degLjof=d; forj=1,...,n,
(14) #(Lo f)71(0) < oo,
(15) EOO(f)ZL:OO(LOf)'

Proof. By Proposition 1.1(ii) and Theorem 2.1, for the generic L €
A®(m,n) we have (14) and (15). By the assumption on the degrees d; and
the definition of A°(m,n), for the generic L € A%(m,n) we have (13). This
ends the proof.
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For (dy,...,dy) € Z™, define
. _fdi..dy if m <n,
Bnidy, ..., dm) = {dl...dnldm if m > n.
Proposition 1.10 of [K] gives immediately

KOLLAR INEQUALITY. Let f = (f1,..., fm): C* — C™ be a polynomial
mapping such that #(f~(0)) < co. Let d; = deg fj, d1 > ... > dm > 0.
Then

(%) Loo(f) > dm — B(n;dy, ..., dm).

For m = n = 2 this inequality was obtained by Chadzynski [C]. The
proof of Proposition 1.10 in [K] is based on Proposition 4.1 of [K], where it
is assumed that m < n. Reduction of the case m > n to the case m < n is
not clearly explained. Corollary 3.1 gives us such a reduction:

COROLLARY 3.2. Under the assumptions of the Kollar inequality, if (*)
holds for m < n, then it also holds for m > n.

Proof. For m > n the inequality (x) follows from Corollary 3.1 and from
(%) for m < n.

Let us give some corollaries on proper polynomial mappings.

COROLLARY 3.3 ([P41], for m =n). Let f = (f1,..., fm): C* — C™ be
a polynomial mapping with d; = deg f;, d1 > ... > d,,, > 0. If f is a proper
mapping, then

(16) ['oo(f)zdm/B(n,dlaadm)
If
(17) ﬁoo{f):dm/B(n;dlw--adm)a

then f is injective, and so C[f1,..., fm] = Clx1,...,zy].

Proof. From the assumption we have m > n. Since f is a proper map-
ping, it is well known that Lo.(f) > 0 (see [CK;], Corollary 2). From The-
orem 2.1 it follows that there exists L = (Lq,...,L,) € A(m,n) such that

(18) degLjof=d;, j=1,...,n,

Then L (Lo f) >0, and so Lo f is a proper mapping. Thus, by (18) and
Corollary 1.13 of [P1] we have
1 dm

(Lo f)> = .
Loollio f) 2 T7— B(nidy, ... dp)

Now (19) gives (16).
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Assume that (17) holds. Then, by (19),

d

L __m

Loolliof) = T

so, by Corollary 1.13 of [P1], Lo f : C* — C" is a polynomial automorphism.

This shows that f is injective, completing the proof.

REMARK 3.1. Let f = (f1,..., fm) : C" — C™ be a polynomial mapping
with d; = degfi, di>...>d, >0.1If
dm,
Loolf) < B(n;dy,...,dn)’
then Lo (f) < 0. Indeed, by Corollary 3.3, f is not a proper mapping. So,
by Corollary 2 of [CK1], Loo(f) < 0.

COROLLARY 3.4 ([C] for n = m = 2, [Pq] for m = n). Let f =
(fi,---sfm) : C* — C™ be a polynomial mapping with d; = deg f;, di >
o> dy > 00 If

B(nadh)dM) _dm < #f_l(o) < o0,
then f is a proper mapping. In particular the ring extension C[f1, ..., fm] C
Clx1, ..., xy,)] is integral.

Proof. From the assumption we have m > n. By Corollary 3.1, there
exists L = (Ly,...,L,) € L(m,n) such that

(20) degLjof=d;, j=1,...,n—1, degLyof=dpy,
(21) #7H0) < #(Lo f)7H(0) < oo,
(22) Loo(f) > Loo(Lo f).

By (21) and the assumption, B(n;dy,...,dp) — dm < #(Lo f)71(0) < oo,

so Lo f:C" — C" is a dominating mapping and for the generic y € C",
B(nidy,...,dm) —dm < #(Lo )" (y) < co.

Hence, from (20) and Proposition 1.3 of [P4] it follows that the mapping Lo f

is proper. Thus, from Corollary 3.3, Lo.(Lo f) > 0. So, by (22), Lo (f) > 0.

In consequence f is a proper mapping. The second assertion is an algebraic
equivalent of the first one.

REMARK 3.2. Let f = (f1,..., fm) : C" — C™ be a polynomial mapping
with d; = deg f;, d1 > ... > d;, > 0. From Corollaries 3.3 and 3.4 we see
that if max;—y,. ,md; > 1 and

B(n7d177dm) _dm < #fil(()) < 00,
then
Loo(f) > dpm/B(n;dy, ... dny).
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