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Growth and fixed points of meromorphic solutions of
higher order linear differential equations

by HABIB HABIB and BENHARRAT BELAIDI (Mostaganem)

Abstract. We investigate the growth and fixed points of meromorphic solutions of
higher order linear differential equations with meromorphic coefficients and their deriva-
tives. Our results extend the previous results due to Peng and Chen.

1. Introduction and statement of results. In this paper, we shall
assume that the reader is familiar with the fundamental results and the
standard notation of the Nevanlinna value distribution theory of meromor-
phic functions (see [H], [YY]). In addition, we will use o(f), o2(f) to de-
note respectively the order and the hyper-order of growth of a meromorphic
function f(2), and A(f), A(f), 7(f) to denote respectively the exponents of
convergence of the zero-sequence, of the sequence of distinct zeros and of
the sequence of distinct fixed points of f(z). See [H], [YY], [C2], [WY] for
notations and definitions.

Consider the second order linear differential equation
(1.1) "+ AL(2)eP @ 4+ Ag(2)efP) f =0,

where P(z),Q(z) are nonconstant polynomials and A;(z), Ao(z) (£ 0) are
entire functions such that o(A;) < deg P(z), 0(Ap) < deg Q(z). Gundersen
[Gu2, p. 419] showed that if deg P(z) # deg Q(z), then every nonconstant

solution of ([1.1)) is of infinite order. If deg P(z) = deg Q(z), then (1.1) may
have nonconstant solutions of finite order. For instance f(z) = e*+1 satisfies

f/l_|_ezf/_ezf :O
In [CS|], Chen and Shon have investigated the case when deg P(z) =
deg Q(z) and proved the following results.

THEOREM 1.1 ([CS]). Let Aj(z) (#0) (j =0,1) be meromorphic func-
tions with o0(A;) <1 (j =0,1), a, b be complex numbers such that ab # 0
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and arga # argb or a = c¢b (0 < ¢ < 1). Then every meromorphic solution
f(2) £ 0 of the equation
(1.2) F" 4+ Ar(2)e"* f' + Ag(2)e” f =0
has infinite order.
In the same paper, Chen and Shon have investigated the fixed points

of solutions, their 1st and 2nd derivatives and differential polynomials, and
proved

THEOREM 1.2 ([CS]). Let Aj(z) (j = 0,1), a,b, c satisfy the additional
hypotheses of Theorem [L.1] Let dy,dq,ds be complex constants that are not
all zero. If f(z) # 0 is any meromorphic solution of (1.2)), then:

(i) f,f', 1" all have infinitely many fized points and satisfy
Mf=2) =AM —2) = A" — 2) = 0,
(ii) the differential polynomial

g(z) = dgf” + dlf/ +dof
has infinitely many fized points and satisfies \(g — z) = oc.
Recently in [PC], Peng and Chen have investigated the order and hyper-

order of solutions of some second order linear differential equations and
proved the following result.

THrEOREM 1.3 ([PC]). Let Aj(2) (#0) (j = 1,2) be entire functions with
0(A;) <1, a1, az be complex numbers such that ajaz # 0, a1 # az (suppose
that |a1| < |ag|). If argay # 7 or a1 < —1, then every solution f (# 0) of
the equation

f// + 6—zf/ + (Alealz + A26a22)f — O
has infinite order and oo(f) = 1.

The main purpose of this paper is to extend the results of Theorem [I.3]to
some higher order linear differential equations. We will prove the following
results.

THEOREM 1.4. Let Aj(z) (#0) (j =1,2), Bi(z) (#0) and Bi(z) (I =
2,...,k—1) be meromorphic functions with

max{c(4;) (j =1,2),0(B) (I=1,....,k—1)} <1,
a1, ag be complex numbers such that ajas # 0, a1 # a (suppose that |ai| <
las]). If argay # m or ay < —1, then every meromorphic solution f (£ 0) of
the equation
(13) f(k) + Bkilf(kfl) 4ot Bgf” + Blefzfl + (Alealz + AQeGQZ)f -0
satisfies o(f) = 0.
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THEOREM 1.5. Let Aj(z) (j = 1,2), Bi(z) (Il = 1,...,k — 1), a1, a2
satisfy the additional hypotheses of Theorem . If f (# 0) is any mero-
morphic solution of (1.3)), then f, f' " all have infinitely many fized points
and

() = () = 7(f") = oe.

2. Preliminary lemmas. We define the linear measure of a set E C
[0,00) by m(E) = {;° xg(t)dt and the logarithmic measure of a set F C
(1,00) by Im(F) = {° (xr(t)/t) dt, where xp is the characteristic function
of a set H.

LEmMMA 2.1 ([Gul]). Let f be a transcendental meromorphic function
with o(f) = o < 00. Let € > 0 be a given constant, and let k, j be integers
satisfying k > j > 0. Then there exists a set Fy C [—7/2,37/2) of linear
measure zero such that if 1p € [—7/2,37/2) \ E1, then there is a constant
Ry = Ro(v) > 1 such that for all z with argz =1 and |z| > Ry,

¥ (z)
0(2)

LemMA 2.2 ([CS], [M]). Consider g(z) = A(z)e**, where A(z) #0 is a
meromorphic function of order o(A) =a <1, and a is a complex constant,
a = l|ale’? (¢ € [0,27)). Set Ex = {0 € [0,27) : cos(p + 0) = 0}, so Es is a
finite set. Then for any given € (0 < e <1 — «) there is a set E3 C [0,2m)
of linear measure zero such that if z = re®, 0 € [0,27) \ (B2 U E3), then for
r sufficiently large we have:

(i) If cos(p +6) > 0, then

(2.2) exp{(1 —e)rd(az,0)} <l|g(z)| < exp{(l+e)rd(az0)}.

(21) < ‘Z|(k—j)(a—1+€).

(ii) If cos(p+6) <0, then

(23)  exp{(1+2)r8(az,0)} < lg(2)] < expl(1 — e)rd(az, )},
where §(az,0) = |a|cos(p + 0).
LEMMA 2.3 ([PC]). Letn > 1 be a natural number, and Pj(z) = aj,2" +
- (j = 1,2) be nonconstant polynomials, where ajq (¢ = 1,...,n) are

complex numbers and aipas, # 0. Set z = re, ajn = |ajn|ei9f, 0; €
[—7/2,3m/2), 6(P;,0)=|aj,| cos(0;+nb). Then there is a set By C[—m/(2n),
37/(2n)) that has linear measure zero such that if 1 # 03, then there exists
aray argz = 0, with § € (—7/(2n),7/(2n)) \ (E4 U E5), satisfying either

(2.4) §(P1,0) >0, (Pr,0) <0,
or

(2.5) 5(Py,0) <0, 8(Py,0) >0,
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where Es = {0 € [-n/(2n),37/(2n)) : 6(P;,0) = 0} is a finite set, in
particular, it has linear measure zero.

REMARK (see [PC]). In Lemma we can obtain the same conclusion
if we replace 6 € (—7/(2n),7/(2n)) \ (E1 U Es) by 0 € (7/(2n),37/(2n)) \
(E4 U E5)

LEMMA 2.4 ([CS]). Let f(2) be a transcendental meromorphic function
of order p(f) = a < oo. Then for any given € > 0, there is a set Eg C
[—7/2,37/2) that has linear measure zero such that if 6 € [—m /2,37 /2)\ Es,
then there is a constant Ry = R1(0) > 1 such that for all z with argz = 0
and |z| > Ry,

(2.6) exp{—r"""} < [f(2)] < exp{r®TF}.

LemMA 2.5 ([GCC, p. 30]). Let n > 1, and let P, ..., P, be noncon-
stant polynomials of respective degrees dy, ..., d,. Suppose that when i # j,
deg(P; — Pj) = max{d;,d;}. Set A(z) = >, B;(2)eli®) | where Bj(z)
(# 0) are meromorphic functions satisfying o(B;j) < d;. Then o(A) =
maxi<j<n{d;}-

By induction, we can easily prove the following lemma.

LEMMA 2.6. Let f(z) = g(z)/d(2), where g(z) is a transcendental entire
function, and let d(z) be the canonical product (or polynomial) formed with
the nonzero poles of f(z). Then

1
(27) f(n) = a[g(”) + Dn,n—lg(n_l) + Dn,n—2g(n_2) + -+ Dn,lg/ + Dn,Og]
and

(n) (n) (n—1) (n—2) /
(2.8) ff = L —+ Dnm—lg + Dn,n—Qg 4+ Dn,l% + Dn,O,

where Dy, j is a sum of a finite number of terms of the type

d' J1 dm Jn
(.]17"%7")
Cjjy-j, are constants, and j + j1 + 2jo + - - + njp, = n.
LemMA 2.7 (|C1]). Let Ao, Ai,...,Ak—1, F' # 0 be finite order mero-

morphic functions. If f(z) is an infinite order meromorphic solution of the
equation

PO+ A fOD b Anf o Aof = T,
then A(f) = A(f) = o(f) = oc.
The following lemma, due to Gross [Gi], is important in the factorization

and uniqueness theory of meromorphic functions, and plays an important
role in this paper as well.
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LeMMA 2.8 ([Gx], [YY]). Suppose that fi(z),..., fn(2) (n > 2) are mero-
morphic functions and g1(2),...,gn(z) are entire functions satisfying the
following conditions:

(i) ZJ 1 fiz 2)edi®) = 0.

(ii) gj(2) — gr(z) are not constant for 1 < j <k <n.
(iii) For 1 <j<nand1<h<k<n, T(r,f;) = o{T(r,edn(H) =)}
(r — o0, r ¢ Ey), where E; is a set of finite linear measure.
Then fij(z) =0 (j =1,...,n).
LemMA 2.9 ([XY]). Suppose that fi(z),...,fn(z) (n > 2) are mero-

morphic functions and gi(z),...,g9n(2) are entire functions satisfying the
following conditions:

(i) 251 fi(2)e®) = fopa.
(ii) Ifl <j<n+1and1l <k <n, then the order of f; is less than the

order ofegk(z). Ifn>21<j<n+1andl1<h<k<n, then the
order of f; is less than the order of eI 9.

Then fi(2) =0 (j=1,...,n+1).

3. Proofs of the theorems

Proof of Theorem . First of all we prove that equation (1.3 cannot
have a meromorphic solution f # 0 with o(f) < 1. Assume there is such a

solution f. Rewrite as
(31) Buffe™® + Arfe™ + Apfe* = —{f® 4+ By f*7D -+ Ba "},
For ay # —1, by and Lemma we have
1=0{Bif'e?+ A fe"* + Ay fe®?*}
— o[ (f® 4 B O o B < 1,
a contradiction. For as = —1, by and Lemma we have:
(i) If Byf' + Aaf # 0, then
1=o{(B1f + Axf)e™ + Ay fe"*}
= o[ {f® + B f* V4 B} < 1
a contradiction.
(ii) If B1f' 4+ Aaf =0, then
1=o{Afe?} = o[—{f® + B f* V4 4+ Bof'}] <1

a contradiction. Consequently, o(f) > 1.

Now we prove that o(f) = oco. Assume that f # 0 is a meromorphic
solution of with 1 < o(f) = 0 < co. From (L.3), we know that the poles
of f(z) can occur only at the poles of A; (j =1,2)and B; (I =1,...,k—1).
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Let f = g/d, d be the canonical product formed with the nonzero poles of
f(z), with o(d) = f < @ =max{c(4;) (j =1,2),0(B;) (Il=1,...,k—1)}
< 1, g be an entire function and 1 < o(g) = o(f) = 0 < oco. Substituting
f =g/d into , by Lemmawe get

(3.2)
e + [Br—1 + Dp j—1] + [Br—2 + By—1Dg—1 k-2 + Dy j—2]
k-1 y k-1 ,
+--+ [32 + Dy o+ Z BiDi,g} % + [Blefz + D1 + Z BiDiJ] %
=3 =2
k—1
+ BlDl,()e*Z + Z BiD;o+ Do+ Ae®® 4+ Age®® = 0.
=2

By Lemma for any given € (0 < ¢ < 1 — «), there is a set Fg C
[—7/2,3m/2) of linear measure zero such that if 6 € [—7/2,37/2) \ Eg, then
there is a constant R; = R;(f) > 1 such that for all z with argz = 6 and
|z| > Ru,

(3.3) 1Bi(2)] < exp{r®*}  (I=1,....k—1).

laz|—l|a1]

By Lemma for 0 < e < min{la2|+|a1|,1 — a}, there exists a set Ey C
[—7/2,3m/2) of linear measure zero such that if 6 € [-7/2,37/2) \ E1, then

there is a constant Ry = Ro(#) > 1 such that for all z with argz = 6 and
2| =7 = R,

(3.4 92| o b9, G,k
g(z) — ’ ) s vy
d(j)(z) .
: < pRB=1te) =
(35) ‘d(z) ST , 7 , ’k,
and
d d" J2 d(k) Ik
(36) Dyl = Z Cm < > <d> (d>
d/ J1 d// J2 d(k) Ik
< Z ‘th Jk’ |/
d d
(J1-Jx)
< S (Gl BT 22140 L pkin(B-14e)
(91-+dk)

= Y Oy PR B,

(J1-+3k)
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From j1 + -+ kjr = k — j < k and (3.6]), we have

(3.7) Dy ;| < Mp*B=1+e)

where M > 0 is some constant. Let z = re i1 02

01,05 € [—71'/2, 37T/2).

CASE 1: argay # 7, that is, 61 # 7.

(i) Assume that 0; # 65. By Lemmas and for the above ¢, there
is a ray arg z = 0 such that § € (—n/2,7/2)\ (E1 UE4UE5sU Eg) (where Ey
and Fs5 are defined as in Lemma m F1UFE4U E5U Eg is of linear measure
zero), and either

, a1 = \alle , A2 = !a2\€

d(arz,0) >0, d(agz,0) <0,

d(a1z,0) <0, d(agz,0) > 0.
When d(a12,60) > 0 and 6(azz,6) < 0, for sufficiently large r we get

or

(3.8) |A1e"%| > exp{(1 —€)d(a1z,0)r},
(3.9) |A2e??| < exp{(1 —¢)d(azz,0)r} < 1.
By (3.8]) and (3.9) we have

(3.10) |A1e™® + Ae®?®| > |A1e™?| — | A2e??| > exp{(1 — €)d(a1z,0)r} —1
> (1 —o(1))exp{(1 —€)d(arz,0)r}.
By , we get
(k)

k—1)
(3.11)  |Aje™* + Age™?| < ‘g
g

g(
+ |Br—1 + Dy j—1]

(k=2)

+ |Bi—2 + By—1Dj—1 k-2 + Dy 2|

g’ g

Il
k—1

+|B1D1olle*| + > [BiDig| + [Diyl-
i=2

Since 0 € (—n/2,7/2), it follows that |e™?| = e7"%5¢ < 1. Substituting
B3), 34). (B-7) and (3-10) into (B-I1), we obtain
(3.12) (1 —o(1)) exp{(1 — &)d(aiz, 0)r} < MirM2 exp{ro*e},
where M, My > 0 are some constants. As §(a1z,0) > 0 and a4+ < 1 we
see that (3.12)) is a contradiction. When d(a;12,6) < 0 and 6(azz,0) > 0, a
similar proof also yields a contradiction.

(ii) Assume that 6; = 0. By Lemma for the above ¢, there is a ray
arg z = 6 such that 0 € (—7/2,7/2)\ (E1 UE4U E5U Eg) and 6(a;z,60) > 0.

k—1
+---+ BQ+Dk,2+ZBiDi,2
i=3

k-1
+ [|B1! le™*| + ‘Dm +) BiDi;
i=2



250 H. Habib and B. Belaidi

Since |a1]| < |az], a1 # ay and 0; = 6, it follows that |ai| < |az|, thus
8(agz,0) > 6(arz,0) > 0. For sufficiently large r, we have, by Lemma [2.2]

(3.13) |A1e®?| < exp{(1+¢)d(aiz,0)r},
(3.14) |A2e??| > exp{(1 — &)d(azz,0)r}.
By (B13) and F13) we et

(3.15) |Aje™* 4 Age®??| > |Age?*| — |A1e™?|
> exp{(1 —€)d(azz,0)r} —exp{(1 +¢)d(a1z,0)r}
= exp{(1 +¢)d(a1z, 0)r}lexp{nr} — 1],
where
n=(1-¢)d(azz,0) — (1+¢)d(arz,0).

Since 0 < € < IZ;I;I:I, it follows that

n = (1—¢)|az|cos(f2 +8) — (1 + ¢)|ai| cos(61 + 6)

= (1 —¢)|ag| cos(61 + 0) — (1 + ¢)|az| cos(01 + 6)

=[(1 —¢)|az| — (1 4 ¢)|a1|] cos(f1 + 0)

= [|laz| — |a1] — e(Jaz| + |ai1])] cos(61 + 6) > 0.
Then, from , we get
(3.16) |A1e? 4+ Age®*| > (1 — o(1)) exp{[(1 + &)d(a1z,0) + n|r}.
Since § € (—7/2,7/2), it follows that |e™?| = e7"? < 1. Substituting
(3-3), (.4), and (3.16)) into (3.11]), we obtain
(3.17) (1 —o(1)) exp{[(1 + €)d(a1z,0) + n)r} < Myr™M2 exp{rote}.
As §(a1z,0) >0,n7 >0 and o+ ¢ < 1 we see that is a contradiction.

CASE 2: a1 < —1, that is, 6, = 7.

(i) Assume that 6; # 6a; then 6y # 7. By Lemma for the above ¢,
there is a ray argz = 6 such that 0 € (—7/2,7/2)\ (E1 U E4 U E5 U Eg)
and d(azz,0) > 0. Because cosf > 0, we have d(a;z,0) = |ai|cos(0; + 6) =
—lai|cos @ < 0. For sufficiently large r, Lemma gives

(3.18) |A1e®?| < exp{(1 —¢&)d(ar1z,0)r} <1,
(3.19) |A2e®?*| > exp{(1 — €)d(azz, 8)r}.

By (3.18]) and (3.19) we obtain

(3.20)

|A1e? 4+ Age®®| > |A2e®?®| — |A1e™*| > exp{(1 — €)d(agz,0)r} — 1
> (1—o0(1)) exp{(1 — e)d(azz,0)r}.
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Since 0 € (—n/2,7/2), it follows that |e™?| = e7"%%¢ < 1. Substituting
, , and into , we obtain

(3.21) (1 —o0(1)) exp{(1 — €)6(azz,0)r} < Myr™2 exp{rote}.

As §(azz,0) > 0 and a + ¢ < 1 we see that is a contradiction.

(ii) Assume that 6; = 6o; then 6; = 6 = m. By Lemma for the
above ¢, there is aray arg z = 6 such that 0 € (/2,37 /2)\(E1UE4UE5UEg).
Then cosf® < 0, d(a1z,0) = |a1|cos(6h + 0) = —|ai|cosd > 0, §(azz,0) =
laz| cos(f2 + 0) = —|az|cosf > 0. Since |ai| < |az], a1 # az and 0; = 6,
it follows that |ai| < |az|, thus d(azz,0) > d(a1z,0), and for sufficiently
large r, we get (3.13)), (3.14)) and (3.16). Since 6 € (7/2,37/2), it follows

that |e7*| = e "% > 1. Substituting (3.3), (3.4), (3.7) and (3.16) into
(3.11)), we obtain

(3.22) (1 —o(1))exp{[(1 +&)d(arz,0) + n]r} < MirM2 exp{rote}ecos?,
Thus
(3.23) (1 —o0(1)) exp{yr} < Myr™M2 exp{rote},
where v = (1 + ¢)d(a12,60) +n + cosf. Since n > 0, cosf < 0, §(a1z,0) =
—|a1| cos @, a; < —1, it follows that

v=—(14¢)|ai|cos@ +cosd +n=—[(1+¢)|ai| — 1] cosf +n

> —[(14+¢)—1]cosf +n=—ccosf +n>0.

As a4+ ¢ < 1, we see that is a contradiction. Concluding the above
proof, we obtain o(f) =o0(g9) = c0. =

Proof of Theorem . Assume f (# 0) is a meromorphic solution of

(1.3)); then o(f) = oo by Theorem Set go(z) = f(z) — z. Then z is a
fixed point of f(z) if and only if go(z) = 0. Now, go(2) is a meromorphic

function and o(gg) = o(f) = co. Substituting f = go + z into (1.3]), we have

(324) g8 + Brorgl" TV 4+ Bagll + Bie gy + (A€ + Ape™%)gq

= —[Bie”* + zA1e"7 4 zAe"%].
We can rewrite (3.24) in the form

(3.25) gék) + ho,k—198k71) + -+ ho295 + ho196 + hoogo = ho,

where
ho = —lho + zhoo] = —Bie” * — zA1e"* — zAe%%.

We claim hg # 0. Suppose that —Bie™ — zA1e™* — zA2e*?* = 0; then
zAjel@tDz 4 o Apelaztl)z — _ B Hence, by Lemma we have A; = 0,
Ao =0 and By =0, a contradiction. Here we just consider the meromorphic
solutions of infinite order satisfying go(z) = f(z) — z, and by Lemma [2.7| we
conclude that \(go) = 7(f) = oo.



252 H. Habib and B. Belaidi

Now we consider the fixed points of f'(z). Set gi(z) = f'(z) — z. Then z
is a fixed point of f’(z) if and only if g;(z) = 0. Now, g;(z) is a meromorphic
function and o(g1) = o(f’) = o(f) = 0c. Set R(z) = A1e™* + Age®?*. Then
R = (A} + a1 A1)e™?* + (A} + a2 As)e*. Differentiating both sides of (L.3),
we have
(3.26)  fOY 4+ By ) 4 (Bl + Boo) f*Y + (Bi_y + By_3) f5 72

+ok (By 4 Bo)f" + (By + Bie ") [ + [(Bie ™) + RIf + R'f = 0.
By (L.3),
1
(3.27) f=—g "+ Beaf*V 4 Baf" + Bre " .

Substituting (3.27) into (3.26]), we have

/

R R
(3.28)  fU+D 4 <Bk_1 - R> F® (B,g_l + Bj_o— Bk—lR)f(k_l)

/

R R
+ (B,g_2 + By_g — Bk2R> FE2D oy <Bg + By — 33R> 7"
R
We can write (3.28]) in the form
(3.29) fED phy o O phy g o fE D by o by f haof = 0,
where hy; (j =0,1,...,k—1) are meromorphic functions defined by (3.28]).

Substituting f' = g1 +2, " = g, +1, f0+D = ¢ (j =2, .. k) into (3:29),
we get

R R
+ <B£ 4+ Bie % — BQ) f// + [(Ble_z)' + R — Ble_zR:| f/ =

(3.30) g%’“) +h1,k—1g§k71) +h1,k—29§k72) +- -+ h12g] +h119) +hiog1 = ha,

where

h1 = —(h11 + zh1p)
/ /

R R
= —| B+ Bie * — BQE + 2z(Bie ?) + zR — zBle_ZE

= —%{BQR — ByR' + 2R? + [BiR + (B} — B1)R — zB1R/]e”*}.
We claim hi # 0. Suppose that h; = 0; then
(3.31)  [BiAy + 2(B} — B1)A1 — 2B1(A} + a1 Ap)]elm~V?
+ [B1As + (B} — B1)As — 2B1 (A} + az As)]el2 71
+ [BLA] — Bo(A] + a1 A1)]e™? + [ByAs — Bo(AY + agAg)|e®??
+ 2241 Agel@1Ha2)2 4 20207 4 5 A2p2022 ),
By ajas # 0, a1 # ag, a1 < —1, |a1]| < |ag|, we see that:
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(i) 2a1 # B € {a1 — 1,a2 — 1,a1,a2,a1 + ag,2a2} = I, hence we write
in the form
(3.32) z A7 | Z age? =0,

Bel
where I} C I;. By Lemmas [2.8 and [2.9] we get A; = 0, a contradiction.

(ii) If 2a1 = ag — 1, then 2a2 # B € {a1 — 1,a1,a2,a1 + ag,2a1} = I,
hence we write in the form
(3.33) z A2 Z age? =0,

BE®
where Iy C 5. By Lemmas [2.8 and [2.9] we get A2 = 0, a contradiction.

(iii) If 2a; = ag, then 2a2 # B €{ar —1,a2 — 1,a1,a1 + ag,2a1} = I,
hence we write in the form
(3.34) zA2e2%2% 4 Z age’ =0,

BETl}
Where I'3 C I3. By Lemmas [2.8 and 2.9, we get A = 0, a contradiction. By
and Lemma . 2.7 we know that A(g1) = A\(f' — z) =7(f") =o(g1) =
U(f) = oo.

Now we consider the fized points of f"(z). Set ga(z) = f”(2) — z. Then z
is a fixed point of f”(z) if and only if g2(z) = 0. Now, g2(z) is a meromorphic
function and o(g2) = o(f”) = o(f) = co. Set G(z) = Bie~?. Differentiating
both sides of , we have

(3.35)
FED 4 By 0D (2B + B_o) f®) + (B, +2Bj_y + By_3) fFY
+ (Bl 5 +2Bj 34 Bj_g)f* 2 4. 4 (B + 2B, + By) f@
+ (Bé,+QBé+G)f/,/+ (B§/+2G/+R)f”+ (G/l+2R/)fl+R/lf — 0

By (3.27) and (3.35]), we have

/!
(836)  fE+D 4 By fAHY 4 <2B,;_1 +Broa — Z)f v

+(B \+2B}_5+ B3 — By_1— >f(’“ 2

/! /!
+ <B§( + 2By + By — B4];> @4 (Bg + 2By + G — ng;> T

!/ R// 1 1! / RII /
+( By +26"+ R By | f" + (G" + 2R = G | f =0,

Now we prove that G’ + R — GR’/R # 0. Suppose G’ + R — GR'/R = 0;
then
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(3.37) fre@ D7 4 foela2=Dz | 94, Ay elartar)z 4 g202mz 4 g202%02 _
where f; (j = 1,2) are meromorphic functions with o(f;) < 1. Set K =
{a1—1,a2—1, a1 +a2,2a1,2as}. By the conditions of Theorem (a1az # 0,
ay # ag, a1 < —1), it is clear that 2a; # a1 — 1, a1 + ag, 2as.

(i) If 2a1 # ag — 1, then we write in the form

A3e?mz 4 Z age? =0,
Bely

where It C K\ {2a;}. By Lemmas and we get A1 = 0, a contradic-
tion.

(ii) If 2a; = a9 — 1, then 2a9 # a3 — 1,a2 — 1,a1 + az,2a;. Hence, we

write (3.37) in the form
A§e2a2z + Z ageﬁz
Bels
where Iy C K\ {2a2}. By Lemmas and we get Ao = 0, a contradic-

tion.

Hence, G'+ R — GR'/R # 0 is proved. Set

=0,

3.38 V(z) =GR+ R>-GR and ¢(z)=G"R+2R'R— GR".
(3.38) (2)
By (3.28) and (3.38), we get
(3.39)
-R R R _
f= w(z){f(kﬂ) + <Bk—1 - > O 4 <B;'€1 + Bp—2 — Bk:—1> FE
<Bk2+Bk3—Bk2 >f<“ (33+Bg—33 )f
<32 Lo-B ) }
Substituting (3.38]) and ( into ( , we obtain
(3.40)
Rl/

FE 4 [Bk_l - fﬂ FED 4+ [23,;_1 + B2 = 5 — ji(Bk 1 — )} £

r R// R/ B
+ By + 2Bj_o + Bj—3 — Bi— 15 i(Bk 1+ Bk—2 — Bj— 1R>}f(k 2

) Rl/ ¢ Rl

. 1" / $HL v / o v (4)
+ +|:B4+2_B3+BQ B4R ¢<B4+Bg B4R>}f

[ o ¢ R/ n
+_B 4 +2B5+ G — BgR ¢<B3+B2 B?’R)]f

R// gb R/
2G7 By— — (B B "=0.

+ |BY +2G' + R - > 2]Z)<2+G QR)]f 0
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We can write (3.40)) in the form
(3.41)  fED gy D Loy o f ) o oy f7 4 oo f” =0,

where ho; (j =0,1,...,k—1) are meromorphic functions defined by (3.40).
Substituting f” = go + 2, " = g4 + 1, fUt? = géj) (j =2,...,k) into
(3.41)) we get

(k—1) (k—2)

k
(3.42) gé )+ ha k-195 + ha k—295 + -+ ha165 + haoge = ha,
where

—ho = ho 1+ zha,

R// ¢(Z) R/
hoo=DBY +2G' + R— By— — "2 By 4+ G — By—
2,0 2 + + 2 R 1/}(2) 2+ 2R )

R// ¢(Z) R/
ho1 = BY +2B)+ G — B3— — Bl 4+ By — B3— |.
2.1 3 + 2‘|‘ 3 R w(z) 3+ 2 3R

Set Dy = BY + 2B) and Dy = Bj + By. Obviously, D; (j = 1,2) are
meromorphic functions with o(D;) < 1. We get

Li(z Lo(z
(3.43) ha1 = wl((z)), 20 = 1;((2))’
(3.44) _:2 = %hm + ha,
where
(3.45)

Li(2) = D1G'R+ D1R* — D1GR + G'GR + GR* — G*R' — B3G'R"
— B3R"R — DyG"R + B3G"R' — 2DyR'R + 2B3R? + D,GR”,
(3.46)

Lo(z) = BYG'R + BYR* — BYGR' + 2GR + 3G'R* - 2GG'R' + R?
—3GR'R— ByG'R" — BoR"R — B5G"R — G"GR + B,G"R’
—2BSR'R+2ByR? + ByGR' + G*R.

Therefore, by (3.43)) and (3.44]), we have

b 1

Now we prove that he # 0. In fact, if hy = 0, then by (3.47)) we have

(3.48) %Ll(z) + Lo(z) = 0.
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By and , we can rewrite in the form
(3.49)
frela=Dz o pelea=D)z | go(a=2)z g o(aa=2)2 | g2z | pooasz | pop(artaz)z
4 feea=Dz a1z g (artas=1)z ABeBuz 4 A3cBae
+ BAT Age(Pa1t92)7 4 34y AZel1202)7 —

where f; (j = 1,...,10) are meromorphic functions with o(f;) < 1. Set
J = {a1—1,a2—1,a1—2,a2—2,2a172a2,a1+a2,2a1—1,2a2—1,a1+a2—1,
3a1,3ag,2a; + ag,a; + 2a2}. By the conditions of Theorem (arag # 0,
ay # ag, ap < —1), it is clear that 3a; # a1 — 1,a1 — 2,2a1,2a; — 1, 3aq,
2a1 + as, a1 + 2a2 and 3ag # 2a9, 3a1, 2a1 + az, a1 + 2as.

(i) If 3a1 # a2 — 1,a2 — 2, 2a2, a1 + az,2a2 — 1, a1 + ag — 1, then we write
(3.49) in the form

A3e3nz 4 Z age? =0,
Beln
where I'1 C J \ {3a;}. By Lemmas and we get A1 = 0, a contradic-
tion.

(ii) If 3a; = 7 such that v €{as — 1, aa — 2, 2as, a1 + ag, 2ay — 1,
a1 + ag — 1}, then 3ag # B for all § € J\ {3az}. Hence, we write (3.49) in
the form

A3e3%2% 4 Z age? =0,
Bel>
where I3 C J \ {3a2}. By Lemmas and we get Ay = 0, a contradic-
tion.
_ Hence, hy # 0 is proved. By Lemma and (3.42), we have A(go) =
Mf" = 2) = 7(f") = o(g2) = o(f) = oo. The proof of Theorem is
complete. m
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