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Con
erning the energy 
lass Ep for 0 < p < 1by Per Åhag (Sundsvall), Rafaª Czy» (Kraków)and Pha.m Hoàng Hiê.p (Hanoi)Abstra
t. The energy 
lass Ep is studied for 0 < p < 1. A 
hara
terization of 
er-tain bounded plurisubharmoni
 fun
tions in terms of Fp and its pluri
omplex p-energy isproved.1. Introdu
tion. Let Ω ⊆ C
n be a bounded hyper
onvex domain, i.e.,there exists a bounded plurisubharmoni
 fun
tion ϕ : Ω → (−∞, 0) su
hthat the 
losure of the set {z ∈ Ω : ϕ(z) < c} is 
ompa
t in Ω for every

c ∈ (−∞, 0). In this arti
le our 
lass of test fun
tions will be the 
onvex 
one
E0 (= E0(Ω)) 
onsisting of all bounded plurisubharmoni
 fun
tions ϕ de�nedonΩ su
h that limz→ξ ϕ(z) = 0 for every ξ ∈ ∂Ω, and TΩ(ddcϕ)n <∞, where
(ddc · )n is the 
omplex Monge�Ampère operator.Assume that u is a plurisubharmoni
 fun
tion de�ned on Ω and [ϕj ]

∞
j=1,

ϕj ∈ E0, is a de
reasing sequen
e whi
h 
onverges pointwise to u on Ω as
j → ∞. If there 
an be no misinterpretation a sequen
e [ · ]∞j=1 will be denotedby [ · ]. For p > 0 �xed, 
onsider the following assertions:(1) sup

j

\
Ω

(−ϕj)
p(ddcϕj)

n <∞,(2) sup
j

\
Ω

(ddcϕj)
n <∞.If the sequen
e [ϕj] 
an be 
hosen su
h that (1) holds, then we say that ubelongs to Ep, and if (2) holds, then u belongs to F . Finally, if both (1) and

(2) are satis�ed, then u ∈ Fp. For p = 0, we say by 
onvention that u ∈ F .The energy 
lasses Fp and Ep are two of the so 
alled Cegrell 
lasses. For
p ≥ 1, the 
lasses Fp and Ep were introdu
ed and extensively studied in [4℄and here we will study them for 0 < p < 1. For further information about theCegrell 
lasses see e.g. [4, 6, 7℄ and the referen
es therein. It follows from [4℄2000 Mathemati
s Subje
t Classi�
ation: Primary 32U15; Se
ondary 32W20.Key words and phrases: Cegrell 
lasses, 
omplex Monge�Ampère operator, Diri
hletproblem, pluri
omplex energy, plurisubharmoni
 fun
tions.[119℄ 
© Instytut Matematy
zny PAN, 2007



120 P. Åhag et al.that any fun
tion in Ep is in E and hen
e by [6℄ the operator (ddc · )n is wellde�ned on Ep, p ≥ 0 (see [6℄ for the de�nition of E).Now, let ep(u) be de�ned by
ep(u) =

\
Ω

(−u)p(ddcu)n

for p > 0. The integral ep(u) is the pluri
omplex p-energy of the fun
tion
u. As in [4, 11℄ the pluri
omplex p-energy will be used to study Ep. In [11℄,Persson proved that if p ≥ 1 and u0, u1, . . . , un ∈ E0, then\
Ω

(−u0)
pddcu1∧· · ·∧dd

cun ≤ Dn,pep(u0)
p/(p+n)ep(u1)

1/(p+n) · · · ep(un)1/(p+n)

(see also [8℄), where Dn,p is a 
onstant depending only on n and p. ThisHölder type inequality is a fundamental tool in [4℄. In Se
tion 2, we willextend this estimate to p > 0; as a dire
t 
onsequen
e, it follows that Fpand Ep are 
onvex 
ones (Corollary 2.4). The aim of this arti
le is to provethe following 
hara
terization of the Diri
hlet problem: Let n ≥ 1, p > 0,and µ a non-negative measure (not ne
essarily of �nite total mass). Thenthere exists a unique fun
tion u ∈ Ep su
h that (ddcu)n = µ if, and only if,there exists a 
onstant A > 0 su
h that\
Ω

(−ϕ)p dµ ≤ Aep(ϕ)p/(n+p)

for every ϕ ∈ E0 (Theorem 3.6). For p ≥ 1 this was proved in [4℄. A relatedDiri
hlet problem for the 
ase p = 0 was 
onsidered in [6℄.In Se
tion 4, we will prove, as an appli
ation of the framework indu
edby the energy 
lasses, that u ∈ E0 if, and only if,(1) u ∈ Fp for every p ≥ 0,(2) lim
z→ξ

u(z) = 0 for every ξ ∈ ∂Ω,(3) sup
p>0

ep(u)
1/p <∞.We end this arti
le by 
onstru
ting two examples whi
h motivate this 
har-a
terization.The authors would like to thank Urban Cegrell, Nguyen Van Khue, Sªa-womir Koªodziej and Ahmed Zeriahi for valuable help with this manus
ript.2. A Hölder type inequality. We will pro
eed as in [11℄ by usingLemma 2.1 below as a 
ounterpart of Lemma 5.1 in [11℄.Lemma 2.1. Let u, v∈PSH(Ω)∩L∞(Ω), limz→ξ u(z) = limz→ξ v(z) = 0for every ξ ∈ ∂Ω and T be a positive 
losed 
urrent of bidegree (n−1, n−1).



Energy 
lass Ep for 0 < p < 1 121For 0 < p < 1,\
Ω

(−u)pddcv ∧ T ≤ p
− 1

1−p

(\
Ω

(−u)pddcu ∧ T
) p

p+1
(\

Ω

(−v)pddcv ∧ T
) 1

p+1

.

Proof. Let 0 < p < 1 and w = −(−v)p. Then w ∈ PSH(Ω) ∩ L∞(Ω)and limz→ξ w(z) = 0 for every ξ ∈ ∂Ω. We have
(2.1)

\
Ω

(−u)pddcv ∧ T = −
\
Ω

(−u)p(ddc(−w)1/p) ∧ T

= −
1

p

\
Ω

(−u)p(−w)1/p−1ddc(−w) ∧ T

−
1 − p

p2

\
Ω

(−u)p(−w)1/p−2d(−w) ∧ dc(−w) ∧ T

≤
1

p

\
Ω

(−u)p(−w)1/p−1ddcw ∧ T =
1

p

\
Ω

(−u)p(−v)1−pddcw ∧ T.Hölder's inequality yields\
Ω

(−u)pddcv ∧ T ≤
1

p

[\
Ω

(−u)ddcw ∧ T
]p[\

Ω

(−v)ddcw ∧ T
]1−p(2.2)

=
1

p

[\
Ω

(−w)ddcu ∧ T
]p[\

Ω

(−w)ddcv ∧ T
]1−p

=
1

p

[\
Ω

(−v)pddcu ∧ T
]p[\

Ω

(−v)pddcv ∧ T
]1−p

.By 
ombining inequalities (2.1) and (2.2) we get\
Ω

(−u)pddcv ∧ T ≤
1

p

[\
Ω

(−v)pddcu ∧ T
]p[\

Ω

(−v)pddcv ∧ T
]1−p

≤
1

p1+p

[\
Ω

(−u)pddcv ∧ T
]p2[\

Ω

(−u)pddcu ∧ T
]p(1−p)

×
[\
Ω

(−v)pddcv ∧ T
]1−p

.Thus, the desired inequality is a
hieved.Theorem 2.2. Let u0, u1, . . . , un ∈ E0 and p > 0. Assume that X is anon-empty set , n ≥ 1 an integer and that F : Xn+1 → R is a fun
tion whi
his symmetri
 in the last n variables. If there exists a 
onstant C > 0 su
hthat
F (u0, u1, . . . , un) ≤ CF (u0, u0, u2, . . . , un)

p

p+1F (u1, u1, u2, . . . , un)
1

p+1 ,



122 P. Åhag et al.then
F (u0, u1, . . . , un)

≤ Cα(n,p)F (u0, . . . , u0)
p

p+1F (u1, . . . , u1)
1

p+1 · · ·F (un, . . . , un)
1

p+1 ,where α(n, p) is given by




α(1, p) = 1,

α(n, p) = α(n− 1, p) +
(p+ 1)(p+ n− 1)

p(p+ n)

(
1 +

α(n− 1, p)

p+ 1

)
.Moreover , if C ≥ 1, then

α(n, p) = (p+ 2)

(
p+ 1

p

)n−1

− (p+ 1).Proof. Cf. Theorem 4.1 in [11℄.Let p > 0. The mutual pluri
omplex p-energy (u0, . . . , un)p is de�ned by
(u0, . . . , un)p =

\
Ω

(−u0)
pddcu1 ∧ · · · ∧ ddcun.For p ≥ 1, Theorem 2.3 below was proved in [11℄. If p = 0, then (2.3) 
an beinterpreted as Corollary 5.6 in [6℄.Theorem 2.3. Let p > 0 and u0, u1, . . . , un ∈ E0. Then(2.3) (u0, . . . , un)p ≤ Dn,pep(u0)

p/(p+n)ep(u1)
1/(p+n) · · · ep(un)1/(p+n),where

Dn,p =





p−α(n,p)/(1−p) if 0 < p < 1,

1 if p = 1,

ppα(n,p)/(p−1) if p > 1,and α(n, p) = (p+ 2)
(p+1

p

)n−1
− (p+ 1).Proof. Let 0 < p < 1 and (u0, u1, . . . , un)p = F (u0, u1, . . . , un) in Theo-rem 2.2. The proof then follows from Lemma 2.1 and Theorem 2.2.Corollary 2.4. For any p ≥ 0, the 
lasses Fp and Ep are 
onvex 
ones.Proof. This follows as in [4℄ by using Theorem 2.3.If q > p > 0, then Fq ⊂ Fp, by Hölder's inequality. We will end thisse
tion by explaining why a similar result for Ep is not possible. Let q > p > 0be �xed. Then it follows from Example 2.3 in [5℄ that Ep \ Eq is non-empty.Example 2.6 below shows that Eq \ Ep is non-empty as well. First note thatif u1, . . . , uk ∈ E0, then(2.4) ep(u1 + · · · + uk) ≥

k∑

j=1

ep(uj).



Energy 
lass Ep for 0 < p < 1 123We will also need the following lemma.Lemma 2.5. Let p>0 and u, v∈E0. Then ep(u+v) → ep(u) as ep(v) → 0.Proof. Let 0 < p < 1. Hölder's inequality together with (2.3) and thefa
t that (−u− v)p ≤ (−u)p + (−v)p yields(2.5) ep(u) ≤ ep(u+ v) ≤ ep(u) + C

n∑

j=0

ep(u)
j

p+n ep(v)
p+n−j

p+n

and the 
ase 0 < p < 1 is proved. Assume now that p ≥ 1. Using Minkowski'sinequality we get(2.6) ep(u+ v)1/p ≤
[\
Ω

(−u)p(ddc(u+ v))n
]1/p

+
[\
Ω

(−v)p(ddc(u+ v))n
]1/p

.Employing (2.3) to estimate\
Ω

(−u)p(ddcu)n−j ∧ (ddcv)j for j = 1, . . . , nand \
Ω

(−v)p(ddcu)n−j ∧ (ddcv)j for j = 0, . . . , ntogether with (2.6) 
ompletes this proof.Remark. It follows from the estimate (2.5) and Example 3.11 in [4℄ that
(
⋂

p>0 Ep) \ F 6= ∅.Example 2.6. Let q > p > 0 and g = g(z, z0) be the pluri
omplexGreen fun
tion with pole z0 ∈ Ω. De�ne vj = jp max(g, 1/jp+n) ∈ E0.Then ep(vj) = (2π)n and eq(vj) = (2π)njn(p−q), hen
e limj→∞ eq(vj) = 0.Therefore, Lemma 2.5 implies that there exist integers sj su
h that thede
reasing sequen
e de�ned by uk = vs1
+ · · ·+ vsk


onverges pointwise to afun
tion u ∈ Eq. Inequality (2.4) implies that ep(uk) ≥ k(2π)n. Thus, u /∈ Ep.3. The Diri
hlet problemLemma 3.1. Let p ≥ 0 and K ∈ {Fp, Ep}. If u ∈ K and v ∈ PSH(Ω),
v ≤ 0, then max(u, v) ∈ K.Proof. For the 
ase p = 0 
f. [6℄ and for the 
ase p ≥ 1 see [4℄. Let 0 < p
< 1 and u ∈ Ep. Then by de�nition there exists a de
reasing sequen
e [uj ],
uj ∈ E0, whi
h 
onverges pointwise to u as j → ∞, and supj ep(uj) < ∞.Set wj = max(uj , v). Then [wj], wj ∈ E0, is a de
reasing sequen
e whi
h
onverges pointwise to max(u, v) as j → ∞, and supj ep(wj) ≤ supj ep(uj)
< ∞, hen
e max(u, v) ∈ Ep. If u ∈ Fp, then we additionally need to provethat supj

T
Ω(ddcwj)

n <∞. But uj ≤ wj , whi
h implies that supj

T
Ω(ddcwj)

n

≤ supj

T
Ω(ddcuj)

n <∞.



124 P. Åhag et al.For p ≥ 1, Lemma 3.2 below was proved in [4℄. By using Theorem 2.3together with Lemma 3.1 the proof of Lemma 5.4 in [4℄ is also valid for the
ase 0 < p < 1.Lemma 3.2. Let p > 0. If ψ ∈ PSH(Ω)∩C(Ω), ψ < 0, and u ∈ Ep, then
χA(ddcu)n = χA(ddc max(u, ψ))n,where χA is the 
hara
teristi
 fun
tion of the set A = {z ∈ Ω : u > ψ}.Lemma 3.3. Let p ≥ 0. If u, v ∈ Ep are su
h that u ≤ v, then\

Ω

(−ϕ)(ddcv)n ≤
\
Ω

(−ϕ)(ddcu)n

for every ϕ ∈ PSH(Ω) with ϕ ≤ 0.Proof. First assume that ϕ ∈ E0. Then integration by parts (see [6℄)implies that(3.1) \
Ω

(−ϕ)(ddcu)n =
\
Ω

(−u)(ddcϕ) ∧ (ddcu)n−1;but −u ≥ −v by assumption and therefore(3.2) \
Ω

(−u)(ddcϕ) ∧ (ddcu)n−1 ≥
\
Ω

(−v)(ddcϕ) ∧ (ddcu)n−1.By using integration by parts on
e again we get(3.3) \
Ω

(−v)(ddcϕ) ∧ (ddcu)n−1 =
\
Ω

(−ϕ)(ddcv) ∧ (ddcu)n−1

and therefore TΩ(−ϕ)(ddcu)n ≥
T
Ω(−ϕ)(ddcv) ∧ (ddcu)n−1 by (3.1)�(3.3).Continuing in a similar manner using integration by parts and the assump-tion u ≤ v yields the desired inequality when ϕ ∈ E0. The general 
ase thenfollows from Theorem 2.1 in [6℄ together with the monotone 
onvergen
etheorem.For p = 0, Theorem 3.4 below was proved in [6℄ (Theorem 5.15) and for

p ≥ 1 it follows from the proof of Theorem 6.2 in [4℄. Here we will use themethod of [4℄ to a
hieve the result for 0 < p < 1.Theorem 3.4. Let p ≥ 0. If u ∈ E and v ∈ Ep are su
h that (ddcv)n ≤
(ddcu)n, then u ≤ v.Proof. Assume that 0 < p < 1 and let h ∈ E0 ∩ C(Ω), not identi
ally 0.For ea
h m ≥ 1, Lemmas 3.1 and 3.2 imply that

(ddc max(v,mh))n = χ{v>mh}(dd
cv)n + χ{v≤mh}(dd

c max(v,mh))n.Koªodziej's theorem (see [10℄, and also Proposition 6.1 in [4℄) implies thatthere exists gm ∈ E0 su
h that (ddcgm)n = χ{v≤mh}(dd
c max(v,mh))n.



Energy 
lass Ep for 0 < p < 1 125Thus, (ddc(u+ gm))n ≥ (ddc max(v,mh))n. Theorem 5.15 in [6℄ shows that
max(v,mh) ≥ u+ gm, hen
e(3.4) v = lim sup

m→∞
max(v,mh) ≥ u+ lim sup

m→∞
gm.Let wm = supj≥m gj . Then w∗

m ∈ E0, where w∗ denotes the upper semi
on-tinuous regularization of the fun
tion w. Moreover, [wm] is a de
reasing se-quen
e whi
h 
onverges pointwise to lim supm→∞ gm as m→ ∞. Fix m ≥ 1and let j ≥ m. Lemma 3.3 and the fa
t that max(v, jh) ≤ gj ≤ w∗
m implythat

ep(w
∗
m) ≤ mp

\
Ω

(−h)p(ddcw∗
j )

n ≤ mp
\
Ω

(−h)p(ddcgj)
n

=

(
m

j

)p \
Ω

(−jh)pχ{v≤jh}(dd
c max(v, jh))n

≤

(
m

j

)p

sup
j≥m

ep(max(v, jh)) <∞and therefore w∗
m = 0. Hen
e, lim supm→∞ gm = limm→∞wm = 0 almosteverywhere and by inequality (3.4) it follows that v ≥ u.The next 
orollary was proved in [1℄ for p ≥ 1 and p = 0. Using exa
tlythe same methods together with Theorem 3.4 yields the �rst statement. These
ond statement follows from Example 3.7 in [1℄.Corollary 3.5. If u ∈

⋃
p≥0 Ep, then lim supz→ξ u(z) = 0 for every

ξ ∈ ∂Ω. Moreover , for ea
h p ≥ 0 there exists a fun
tion v ∈ Ep su
h that
lim infz→ξ v(z) = −∞ for every ξ ∈ ∂Ω.We now prove a 
hara
terization of the Diri
hlet problem in Ep for p > 0.For p ≥ 1 this was proved in [4, Theorem 6.2℄.Theorem 3.6. Let p > 0 and µ a non-negative measure. Then thereexists a unique fun
tion u ∈ Ep su
h that (ddcu)n = µ if , and only if , thereexists a 
onstant A > 0 su
h that(3.5) \

Ω

(−ϕ)pdµ ≤ Aep(ϕ)p/(n+p)

for every ϕ ∈ E0.Proof. Let 0 < p < 1. Assume that there exists a unique u ∈ Ep su
h that
(ddcu)n = µ. There exists a sequen
e [uj], uj ∈ E0, whi
h 
onverges pointwiseon Ω to u as j → ∞, and limj→∞ ep(uj) = ep(u) < ∞ (Lemma 2.1 in [7℄).Let ϕ ∈ E0. Then Theorem 2.3 implies that there exists a 
onstant C > 0



126 P. Åhag et al.su
h that TΩ(−ϕ)(ddcuj)
n ≤ Cep(ϕ)p/(p+n)ep(uj)

1/(p+n) and therefore\
Ω

(−ϕ)pdµ ≤ lim inf
j→∞

\
Ω

(−ϕ)p(ddcuj)
n ≤ Cep(u)

1/(p+n)ep(ϕ)p/(p+n)

≤ Aep(ϕ)p/(n+p).For the 
onverse assume that there exists a 
onstant A > 0 su
h that (3.5)holds. In parti
ular this assumption implies that µ vanishes on pluripolarsets and so Theorem 5.11 in [6℄ shows that there exist fun
tions φ ∈ E0 and
0 ≤ f ∈ L1

loc((dd
cφ)n) su
h that µ = f(ddcφ)n. Koªodziej's theorem (see [10℄,[4, Proposition 6.1℄) implies that there exist uj ∈ E0 su
h that (ddcuj)

n =

min(f, j)(ddcφ)n. Hen
e, supj ep(uj) < A(n+p)/p < ∞ and therefore thereexists u ∈ Ep su
h that (ddcu)n = µ. Uniqueness follows from Theorem 3.4.Using Theorem 3.6 together with the methods of [2℄ we obtainCorollary 3.7. Let n ≥ 1 and ψ ∈ PSH(Ω) with limz→ξ ψ(z) = 0 forevery ξ ∈ ∂Ω, and ϕ ∈ Lq((ddcψ)n), ϕ ≥ 0, 1 < q < ∞. Then there existsa unique fun
tion u ∈ En(q−1) su
h that (ddcu)n = ϕ(ddcψ)n. Moreover , ifT
Ω(ddcψ)n <∞, then u ∈ Fn(q−1).
4. A 
hara
terization of bounded plurisubharmoni
 fun
tions.The following well-known lemma is an elementary exer
ise in Lp-theory.Lemma 4.1. Let q > 1 and assume that u in Eq is not identi
ally 0. Then

lim
p→∞

ep(u)
1/p = inf

{
α ∈ R :

[\
Ω

χ{−u>α}(dd
cu)n

]
= 0

}
.

Proof. Set M = inf{α ∈ R :
T
Ω χ{−u>α}(dd

cu)n = 0}. Without loss ofgenerality we 
an assume that M > 0. Take 0 < M̃ < M . If A = {z ∈ Ω :

|u(z)| > M̃} and C1 =
T
Ω χA(ddcu)n, then C1 > 0 and

∞ > C2 =
\
Ω

(−u)q(ddcu)n ≥
\
A

(−u)q(ddcu)n ≥ M̃ qC1.

For p > q, it then follows that ep(u)
1/p ≥ (

T
A(−u)p(ddcu)n)1/p ≥ M̃C

1/p
1 .Thus(4.1) lim inf

p→∞
ep(u)

1/p ≥M,sin
e 0 < M̃ < M was 
hosen arbitrarily. Moreover, for p > q we have
ep(u)

1/p =
(\

Ω

(−u)q(−u)p−q(ddcu)n
)1/p

≤ C
1/p
2 M1−q/p.
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lass Ep for 0 < p < 1 127Hen
e(4.2) lim sup
p→∞

ep(u)
1/p ≤M.Inequalities (4.1) and (4.2) 
omplete the proof.Theorem 4.2. A fun
tion u belongs to E0 if , and only if ,(1) u ∈ Fp for every p ≥ 0,(2) lim

z→ξ
u(z) = 0 for every ξ ∈ ∂Ω,(3) sup

p>0
ep(u)

1/p <∞.Proof. Without loss of generality assume that u(z) < 0 for ea
h z ∈ Ω.Let u ∈ E0. Then properties (1) and (2) follow from the de�nition of E0and Fp. The fun
tion u is bounded by assumption and therefore ep(u)
1/p ≤

C1(
T
Ω(ddcu)n)1/p, where C1 ≥ 0 is a 
onstant. Thus, supp>0 ep(u)

1/p < ∞,sin
e limp→∞(
T
Ω(ddcu)n)1/p = 1.For the 
onverse, assume that u is a fun
tion satisfying (1)�(3). Let Mbe as in Lemma 4.1. Then M <∞ by (3). Moreover M > 0, sin
e u < 0 byassumption. Let A = {z ∈ Ω : u(z) < −M}. The set A is open, sin
e u isupper semi
ontinuous, TA(ddcu)n = 0 and −u ≤M on Ω \A.Now assume that u is unbounded, and let ε > 0 be su
h that ε|z|2 < Mon Ω. Set v(z) = max(u(z), ε|z|2 − 2M). Then v ∈ Fp ∩ L∞(Ω) for ea
h

p ≥ 0. As u is unbounded, the set {u < v} = {u < ε|z|2−2M} is non-emptyand open. Lemma 4.4 in [4℄ implies that T{u<v}(dd
cv)n ≤

T
{u<v}(dd

cu)n ≤T
A(ddcu)n = 0, sin
e {u < v} ⊂ A, but\

{u<v}

(ddcv)n =
\

{u<v}

(ddc(ε|z|2 − 2M))n = Cλ({u < v}) > 0,

where λ is the Lebesgue measure and C is a 
onstant depending only on
n and ε. This is a 
ontradi
tion, whi
h implies that u is bounded. Thus
u ∈ E0.Example 4.3. Let B = B(0, 1) be the unit ball in C

n and [ak] a sequen
ein B su
h that ak → ζ for some ζ ∈ ∂B. Let Tak
= Tk be the automorphismof B whi
h maps ak to 0, i.e.,

Tk(z) = Tak
(z) =

1

|ak|2

√
1 − |ak|2(〈z, ak〉ak − |ak|

2z) + ak(|ak|
2 − 〈z, ak〉)

1 − 〈z, ak〉
,where 〈x, y〉 =

∑n
j=1 xj ȳj is the usual inner produ
t in C

n. The real Ja
obianof Tk at z ∈ B is given by
|T ′

k(z)|
2 =

F (z, ak)

|1 − 〈z, ak〉|4n
,



128 P. Åhag et al.where F is a bounded fun
tion. Moreover for all 
ompa
t subsets K wehave maxz∈K |T ′
k(z)|

2 ≤ C1, where C1 is a 
onstant not depending on k.De�ne ϕj(z) = 2−j max(log |Tj(z)|,−1). Then ϕj ∈ PSH(B) ∩ L∞(B),
limz→ξ ϕj(z) = 0 for every ξ ∈ ∂B, and\

B

(ddcϕj)
n =

\
B

(
ddc 1

2j
max(log |Tj |,−1)

)n

=
1

2jn

\
B

(ddc max(log |Tj|,−2j))n

=
1

2jn

\
B

|T ′
k|

2(ddc max(log |z|,−2j))n

≤
1

2jn
(2π)n max

B(0,e−1)
|T ′

k|
2 ≤ C2

1

2jn
,

where C2 is a 
onstant not depending on j. Set
uk(z) = max

( k∑

j=1

1

2j
log |Tj(z)|,−1

)
.

Then uk ∈ PSH(B) ∩ L∞(B), limz→ξ uk(z) = 0 for every ξ ∈ ∂B and uk ≥∑k
j=1 ϕj . The 
omparison prin
iple (see e.g. [3℄) together with Lemma 2.5in [9℄ shows that uk ∈ E0. The fun
tion u de�ned by

u(z) = max

( ∞∑

j=1

1

2j
log |Tj(z)|,−1

)

belongs to F ∩ L∞(B) and therefore to Fp for all p ≥ 0. But u 6∈ E0, sin
e
lim infz→ζ u(z) ≤ limj→∞ u(aj) = −1.Example 4.4. Let B = B(0, 1) ⊆ C

2 and let [aj ] and [bj], 0 < aj , bj < 1,be de
reasing sequen
es whi
h 
onverge to 0 as j → ∞. For ea
h j ∈ N,de�ne ϕj : B → R ∪ {−∞} by ϕj(z) = aj max(log |z|, log bj). Then ϕj ∈
PSH(B) ∩ L∞(B) and limz→ξ ϕj(z) = 0 for every ξ ∈ ∂B. Moreover

ddcϕj ∧ dd
cϕk =

{
(2π)2a2

jdσbj
if j = k,

(2π)2ajakdσmax(bj ,bk) otherwise,where dσr is the normalized Lebesgue measure on ∂B(0, r), hen
e ϕj ∈ E0and therefore the fun
tion uk : B → R de�ned by uk =
∑k

j=1 ϕj is in E0.The fun
tions uk are radially symmetri
, i.e., uk(|z|) = uk(z), and
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(4.3)

\
B

(−uk)
p(ddcuk)

2 =
\
B

(−uk)
p
(
ddc

k∑

j=1

ϕj

)2

=

k∑

j,l=1

\
B

(−uk)
pddcϕj ∧ dd

cϕl =

k∑

j,l=1

(−uk(max(bj, bl)))
p(2π)2ajal

≤
k∑

j,l=1

(−uk(bj))
p/2(−uk(bl))

p/2(2π)2ajal = (2π)2
( k∑

j=1

(−uk(bj))
p/2aj

)2
.

Let z ∈ B be su
h that |z| = bj . Then
ϕk(z) =

{
ak log bk if k ≤ j,

ak log bj otherwiseand therefore ∑∞
k=1 ϕk(z) =

∑j
k=1 ak log bk +log bj

∑∞
k=j+1 ak = cj . Assumenow that the sequen
es [aj ] and [bj ] are 
hosen su
h that

(1) ∞∑

j=1

aj <∞,

(2) ∞∑

j=1

aj log bj = −∞,
(3) ∞∑

j=1

(−cj)
p/2aj <∞.

Let u : B → R ∪ {−∞} be de�ned by u = limk→∞ uk. Then u is plurisub-harmoni
, sin
e it is the limit of a de
reasing sequen
e of plurisubharmoni
fun
tions and u(1/2, 0) > −∞. Assumption (1) implies that TB(ddcu)2 <∞and from inequality (4.3) and assumption (3) it follows that
sup

k

\
B

(−uk)
p(ddcuk)

2 <∞.

Hen
e u ∈ Fp for ea
h p ≥ 0. But assumption (2) yields u(0) = −∞. Let nowthe sequen
es [aj ] and [bj] be de�ned by aj = 1/2j and bj = e−2j/j . Thesesequen
es de
rease to 0 as j → ∞, and by straightforward 
al
ulations, theysatisfy assumptions (1)�(3). Hen
e, the fun
tion de�ned on B by
u(z) =

∞∑

j=1

1

2j
max(log |z|, log e−2j/j) =

∞∑

j=1

max

(
1

2j
log |z|,−

1

j

)

belongs to Fp for every p ≥ 0, and limz→ξ u(z) = 0 for every ξ ∈ ∂B. But
u 6∈ E0, sin
e u is unbounded.
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