ANNALES
POLONICI MATHEMATICI
91.2-3 (2007)

A new invariant Kahler metric
on relatively compact domains in a complex manifold

by BO-YONG CHEN (Shanghai)

Abstract. We introduce a new invariant Kéahler metric on relatively compact do-
mains in a complex manifold, which is the Bergman metric of the L? space of holomorphic
sections of the pluricanonical bundle equipped with the Hermitian metric introduced by
Narasimhan—Simha.

1. Introduction. It is well-known that for a bounded domain in C",
there are three canonical invariant metrics, i.e., the Carathéodory, Bergman
and Kobayashi metrics (for their definitions and basic properties, see [6]).
Moreover, if the domain is pseudoconvex, then there exists a complete invari-
ant Kéhler—Einstein metric (cf. [1], [10]). For a relatively compact domain
in a complex manifold, these metrics might be degenerate (consider C™ and
its compactification P"*1). It is also known that the canonical line bundle
is closely related to the Bergman and Kéahler—Einstein metrics.

In this paper, we introduce an invariant Kahler metric on complex man-
ifolds with positive canonical bundle, which is in fact the Bergman metric
with respect to a certain weighted Bergman space. Generally, the Bergman
metric with respect to a weighted Bergman space is not invariant under the
group of holomorphic transformations. Here we use a special weight origi-
nally contained in the work of Narasimhan—Simha [11]. Equipped with this
weight, the associated Bergman metric turns out to be invariant.

We focus on the special case of relatively compact domains in complex
manifolds. We give a localization principle for the new invariant metric on
locally pseudoconvex domains in complex manifolds with positive canoni-
cal bundle; consequently, one can reduce the study to the case of bounded
domains of holomorphy in C". We also give a characterization for the exis-
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tence of this invariant metric on locally pseudoconvex domains in complex
manifolds with trivial canonical bundle.

This metric has the advantage of flexibility as regards completeness com-
pared to the standard Bergman metric and is easier to analyze than the
Kaéahler—Einstein metric. In fact, we conjecture that it is complete for any
locally pseudoconvex domains in complex manifolds with positive canoni-
cal bundle. Although we cannot prove it, we provide a powerful evidence
to support this conjecture by showing the completeness of the metric in
the “worst” case, i.e., the complement of an effective divisor in a compact
complex manifold with ample canonical bundle. It is well-known that if in
addition the divisor is ample, then its complement carries a complete (in-
variant) Kéhler—Einstein metric (cf. [7]). A little surprise is that the above
two metrics are not equivalent.

The paper is organized as follows: In Section 2, we give the definition of
the invariant metric and study its basic properties along the lines of [8]. In
Section 3, we give a localization principle for this metric. In Section 4, we
study the case of relatively compact Stein domains in a complex manifold
with trivial canonical bundle. The last section investigates the asymptotic
behavior of the metric on a hypersurface complement in a compact complex
manifold with ample canonical bundle.

2. Definition and basic properties. Let M be a complex manifold of
dimension n and Ky its canonical line bundle. Let I'(M, mK ) denote the
space of holomorphic sections of K]Q@m. For every integer m > 1, we define
a continuous pseudonorm || - ||, on I'(M, mKys) by

mn2 = m m/2
l|s]lm = { S [(—1)" /25 @ 5] } ,  se€l(M,mKy).
M

Consider a volume form 7,,, on M defined by

Tm = Sup [(—l)m"Q/QS ® 5]Y™.
lIsllm=1
Clearly 1/7,, is a non-negative Hermitian metric on Ky if 7, is not identi-
cally zero. This metric was introduced by Narasimhan-Simha [11] in order to
study the moduli space of compact complex manifolds with ample canonical
bundle (for recent applications in complex geometry see Tsuji [14]).

LEMMA 2.1. The form 7, is invariant under bitholomorphic mappings.

Proof. Let f : M — N be a biholomorphic mapping. For any s €
I'(N,mKy), we have ||f*s||;, = ||s|lm by the transformation formula for
integrals. Given p € M, take a sequence {si} in I'(N,mKy) such that
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IIsk|lm =1 and

Tm(f(p)) = lim [(—1)™ s, (f(p)) ® 54(f (p))]V/™.

k—oo
Then
[ 7m(®) = T(F(p)) = Jim [(=1)™sx((p)) @ 5 f ()]
= lim [(—=1)™/2 fs.(p) ® [ (p)]/™ < 7n(p)-

k—oo
The opposite inequality can be obtained similarly.

LEMMA 2.2. Let M and M’ be complex manifolds of complex dimensions
n and n' respectively. Then

Tn((p, 1), M x M) = 7in(p, M) @ T (p', M).
Proof. Take {sy} C I'(M,mKyr) and {s}.} C I'(M',mKyp) such that

[skllm = llsgllm =1 and

T (p, M) = lim [(—1)™"/2s;.(p) @ 51 (p)]V™,

k—o0

To(p, M') = lim [(—1)"™""/25},(p) ® s, (p)] /™.

k—o0
Fubini’s theorem implies
sk @ Sllm = llskllm - sk llm = 1.
Thus
. "2 E—
T (P2, M x M) > Lim [(=1)™ 251 @ s (p) @ st @ s, (p)] /"

= Tm(p7 M) ® Tm(p/7 M/)'
On the other hand, for any S € I'(M x M', mK ;) satisfying ||S]|m, = 1,
we have
[(—1)™ %28 @ S(p, p) Y™ < T (0, M) (= 1) 2| S ()12

2
< T (0 M) T (0, M) |SI2 01

= T (p, M) T (p', M').
Since S is arbitrary, the proof is complete.

Suppose now 7y, is nowhere vanishing. For any integer k£ > 1, one can
define an inner product of I'(M, kK s) as follows:
2
B (_l)kn /281 ® 5y
(81’ 82)m,k — S ®(k-1) .
M Tm,

Let || + [|;m% denote the induced norm and H? (M, kK)s) the Hilbert space
of holomorphic sections of kK which are finite with respect to || - ||, x. Let
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$1, 82, . . . be a complete orthonormal basis for Hfm (M, kK pr). The associated
Bergman kernel is

BM( — knz/QZ ®S]

Clearly, Bj; is independent of the ch01ce of the basis.
LEMMA 2.3. Bjs is invariant under biholomorphic mappings.

Proof. Since f*1,, = 7, for a biholomorphic mapping f from M to an-
other complex manifold N, one has || f*s||,, =||s]|r, forallse HZ (N,kKy).
Note that )

By = supl(~1)""" /25 @ 3
where the supremum is taken over all s € HZ? (N,kKy) with ||s[, = 1.
The assertion follows by a similar argument to that for Lemma 2.1.

By Lemma 2.2 and a similar argument, we obtain the following product
property.

LEMMA 2.4.

Byrxmr = By @ By

DEFINITION 2.5. We say that H2 (M, kK)y) is very ample if the follow-
ing conditions are satisfied:

(B1) Given any p € M, there exists s € H2 (M, kKy) such that s(p)

# 0.
(B2) For any holomorphic vector v at p, there exists s € H2 (M, kKy)

such that s(p) = 0 and v(s*)|, # 0 where s = s*dz; A--- Adzy in
local coordinates.
Write
Bu(2) = (=DM 2B% (2)(dey A -+ Adeg AdZy A -+ A dZ)PF
where Bj},(z) is a locally defined function. If B}, is nowhere vanishing, we
can define a Hermitian form

0? 07log By,
2 =
dsy; = E 823 97, dz] ® dz.

Clearly, ds?w is independent of the choice of the coordinate system, hence is
globally defined.

THEOREM 2.6. If Hzm(M, kKyp) is very ample, then ds3, defines a
Kahler metric which is invariant under biholomorphic mappings.

Proof. Given any p € M and a holomorphic vector v at p, take a com-
plete orthonormal basis s;, j = 1,2,..., such that

) =s3(0) = =0, (5B A0, (s5)p) = o(s7)(p) =+ =0,
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where
sj=si(dz1 A--- N dzp)®F.

Thus ,
* — s 2 $2 (p-v) = [v(s3) ()]

showing the Hermitian positivity of ds?\/[. By Lemma 2.3, one has

Bjis(p) = By (f ()15 (p)**

where J is the Jacobian determinant of a biholomorphic mapping f: M — N,
and consequently, f *ds?v = ds?\/[.

Lemmas 2.2 and 2.4 imply the following
THEOREM 2.7. ds3,, ;v = dsi; + ds3,.

EXAMPLE. Let M be a complex manifold and 2 a relatively compact
domain in M. Suppose that Kj; is ample on some neighborhood U of {2,
i.e., there is an integer mg such that I'(U,moKys) separates points in U
and gives a local coordinate system at each point of U. Clearly ds?y exists
on {2 for any m, k. In particular, it exists on relatively compact domains in
a Stein manifold.

REMARK 2.8. Kobayashi’s celebrated criterion for completeness of the
standard Bergman metric is still valid for this new invariant metric; the
proof is exactly the same as in [§].

Recall that a domain (2 in a complex manifold M is called locally pseu-
doconvez if for every p € 02, there is a coordinate polydisc A™ around p
such that 2N A™ is pseudoconvex in the usual sense. We have the following

BREMERMANN TYPE THEOREM. Let M be a complex manifold and {2 a
relatively compact domain in M. Suppose ds%z 18 a complete Kdhler metric
on §2 for some m,k. Then §2 is locally pseudoconvex.

Proof. Since the result is local, we may assume M = C". If (2 is not
pseudoconvex, then there exists a point p € 92 and a neighborhood U
of p such that every holomorphic function on {2 extends to 2 U U. By the
definition of 7,,, 7, extends to a positive continuous function on 2N U,
where 7, = (=1)"/27%5dzy A+~ Adzy AdZy A - - - A dZ,. Since H? (2,kKg)
is identical with the Hilbert space of holomorphic functions on 2 which
are square-integrable with the weight klog7,, the related Bergman kernel
extends to a positive real-analytic function on 2 U U, showing ds?2 cannot
be complete at p, a contradiction.

An immediate application is the following
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SIEGEL TYPE THEOREM. Let M be a complex manifold and 2 a rel-
atively compact domain in M such that ds?z exists for some m, k. If there
exists a properly discontinuous group I' of holomorphic transformations of {2
such that £2/I" is compact, then (2 is locally pseudoconver.

Proof. The invariant metric ds%z descends to a Kéahler metric on the
compact manifold £2/I"; which forces it to be complete on (2. The above
theorem applies.

REMARK 2.9. Larusson [9] has constructed a class of relatively compact
domains in P which have compact quotients, but are not locally pseudo-
CONVEX.

3. Localization principle. In this section, we give a couple of local-
ization principles.

THEOREM 3.1. Let M be an n-dimensional complex manifold and 2 a
relatively compact, locally pseudoconver domain in M. Suppose that Ky is
ample on some neighborhood U of 2. Then for sufficiently large m,k one
has, for every p € 912,

Crdshopn < dshy < Codsbhoan  on 2N A?/Q.

Here A™, A?/Q denote coordinate polydiscs with center p and radius 1 and
1/2 respectively, and C1,Cy are positive constants.

Proof. Fix a Kihler metric w on {2 (e.g., w is generated by I'(U, moK ).
Since {2 is locally pseudoconvex, there is a constant C3 > 0 such that
—logdpn + Csw is positive in the sense of currents, according to a theorem
of Elencwajg [5]. Here 00 denotes the boundary distance with respect to w.
By a smooth regularization of —logdy,, there exists a smooth exhaustion
function v on {2 such that

P —logy 4+ Cyw

gives a complete Kahler metric on {2 for sufficiently large Cy. Given zg €
nn A?/Q, one can choose s1,...,s € I'(U,myKys) such that

(—1)m°"/28j ® 3 < Csw®™  on {2, Zsj ®35;#0 on 2\ {2},
and
00 |s5(2)]> > 00]2, Vze A",
logz \s;‘-(z)|2 =log|z|* + O(1) near 0,

where s; = s3(dz1 /- ‘Adz,)®™ on A™ and Cs is a constant independent of
zo. Clearly, 7n, > Cw and its curvature @, > 0 (it is not known whether
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©r,,, dominates w!). Set
(—)mm 2y s @5
¢ =(n+1)log T :
Tmo

Clearly, ¢ is bounded above by a constant. Set m; = (n + 1)mg and define
a singular Hermitian metric h=t on m Ko by

— ®m1 p
h =T, e”.

Then h~! is smooth and positive outside zp and ©,,-1 dominates the Eu-
clidean metric on A™. Let x be a smooth cut-off function such that x|(_ 2/3]
=1 and x|[1,0) = 0. For any local section s € HZmO(Qﬂ A" (m1 + 1)K an),
we can solve du = s®09x(|z|) by the standard L2-theory on complete Kéhler
manifolds (compare [2], [13]) together with the estimate

() Pugm (-1t 25 g 5

§z h - QOSA" T%HH)

Since ¢ is bounded above by a constant, we conclude that S := x(|z]|)s—u €
I'(£2,(m1 + 1)Kg) is such that

-1 (m1+1)n2/2 Q -1 (m1+1)n2/2 =

®mq - ®my
Q Tmo QnAn Tmo

and S*(z0) = s*(20), (05*/0zj)(20) = (0s*/0zj)(20) for j =1,...,n, where
S*, s* are local representations of S, s. Thus the assertion follows.

QUESTION. Is ds?z complete under the hypothesis of Theorem 3.17
Next we give a localization principle for holomorphic fiber bundles.

THEOREM 3.2. Let m : M — B be a holomorphic fiber bundle such
that the base B is a compact complex manifold with ample canonical bundle
and the typical fiber F' is a bounded pseudoconver domain in C™. Then for
sufficiently large m, k one has, for every p € B and a coordinate polydisc Al

at p,
C’lds?r,l(Al) < ds%w < C’zdsfr,l(m) on W_I(All/Q).

Proof. Observe that M carries a complete Kéahler metric: as F' is a
bounded domain of holomorphy, it admits a complete Kahler—Einstein met-
ric wr which is invariant under the group of holomorphic transformations
of F'; one simply chooses the complete metric to be wrp + wp with wp an
arbitrary Kéhler metric on B. Similarly, 7,,(F') is also invariant under the
group of holomorphic transformations of F', hence one has the decomposi-
tion 7, (M) = T (B) @ 7y (F') for any m > 1. A similar application of the
L?-theory on complete Kihler manifolds yields the assertion.
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4. More examples on existence. The localization principle provides
enough examples for the existence of the invariant metric. In this section,
we give more examples.

THEOREM 4.1. Let M be a complexr manifold with trivial canonical
bundle (e.g. a torus) and 2 a relatively compact Stein domain in M. Sup-
pose the following conditions are satisfied:

(i) There exists a smooth, strictly plurisubharmonic exhaustion func-
tion 1 on 2 such that C1log1/dn < ¢ < Caylogl/dqn and 00 >
Csw, where w is a fived Hermitian metric on M and 0 denotes the
distance to 012 with respect to w.

(ii) There is a number a > 0 such that §,0,dV,, < oo, where dV,,
denotes the volume form with respect to w (e.g. 92 is Lipschitz).

Then ds%2 exists on {2 for sufficiently large m, k.
Theorem 4.1 will be proved by a number of lemmas.

LEMMA 4.2. For a > 0, we define

OX(0) = {f € 0(9): | |f208av, < oo}
0
where O(£2) is the sheaf of holomorphic functions on §2. Then for sufficiently
large a, 02(!2) separates points and gives local coordinate systems in {2.
Furthermore, there exist positive numbers ay, C such that

1f(p)? a
sup ———==——— >Cdp(p)~ ", Vpe
reo2(o) $o | f120% dV,,
Proof. By compactness of {2, for every p € {2 we have a coordinate
polydisc A™ around p such that w is equivalent to the Euclidean metric
on A™ with the implicit constants independent of p. By hypothesis (i), we

have B
00(CY +2(n + 1)x(|z]) log |z]) + Ricci(w) > w

for sufficiently large C. Equipping the anti-canonical bundle K?}(fl) with
the Hermitian metric
h = wheC¥—2(n+1x(|z])log 2|

and applying the L2-existence theorem [4] for Kf}(fl)—valued (n, 1)-forms
with respect to not necessarily complete metrics in a similar way as above,
we conclude that those f in O(f2) satisfying

S |f|2e Y dV, < oo
Q

separate points and give local coordinate systems in 2. The first assertion
follows immediately from v < log1/dg. To show the second assertion, we
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see that the above argument in fact gives a localization principle for the
Bergman kernel of the Hilbert space of holomorphic functions on {2 which
are square-integrable with weight C'¢, thus one can reduce to the case of
bounded pseudoconvex domains in C™. On the other hand, Demailly’s the-
orem [3] implies that this Bergman kernel always dominates e“?. This com-
pletes the proof.

LEMMA 4.3.

fe03(2) = sup|f(p)]*6a(p)*" ™ < co.
pEN

Proof. Since the assertion is local, we may assume {2 is a bounded domain
in C" and w is the Euclidean metric. By the sub-mean-value principle, we
have, for arbitrary p € {2,

2 ! 2dV < Cuda(p) 2"\ |fIP0haV
‘ﬂm‘gwﬂB@ﬂMMHBméwﬂﬂ < Codo(p) éurg

where B(p;r) denotes the Euclidean ball with center p and radius r. We are
done.

Let us fix a nowhere vanishing holomorphic section sg of Kjy.
LEMMA 4.4. If m > a, then for any f € O2(£2) we have
s = fs§™ € I'(2,mKg)
and 12
m
Isllm = { Jl(=D)™* 25 @ 3]/} < oc.
(9]
/m

. —Qa . .
Furthermore, T, dominates ¢, YT where aq is as in Lemma 4.2.

Proof. By Lemma 4.3, there is a constant C' > 0 depending only on the
L? norm of f in O2(£2) such that |f|> < C5,*"~* on 2. By hypothesis (ii)
we see that the conclusion holds when

m> Qn—l—a.
«

The second assertion follows from Lemma 2.2.

Proof of Theorem 4.1. Fix m > a > 1 such that the conclusions of
Lemmas 4.2 and 4.4 hold. By Lemma 4.4, we claim that for any f € O2(12),

s:= fsih e H (2,kKp)

provided

k—1
—< Jax >a or k> am + 1.
m al

Therefore, Lemma 4.2 implies the existence of ds%z.

CONJECTURE. Hypothesis (ii) in Theorem 4.1 is not necessary.
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REMARK 4.5. It is also interesting to consider relatively compact do-
mains in a complex manifold whose canonical bundle is neither positive nor
trivial. For instance, Nemirovskii [12] has constructed a smooth Levi-flat
Stein domain in the product of a compact Riemann surface and a one-
dimensional torus which is biholomorphically equivalent to the product of a
punctured Riemann surface (remove finitely many points from the original
Riemann surface) and an annulus. By Theorems 2.7 and 3.1, this domain car-
ries an invariant metric if the genus of the Riemann surface is larger than 1.

5. Asymptotic behavior. In this section, we study the asymptotic be-
havior of ds?, when 912 is relatively simple, namely, we consider the domain
2= M — D where M is a compact complex manifold and D is an effective
divisor with only simple normal crossings.

THEOREM 5.1. Let M be a compact complex manifold with ample canon-
ical line bundle and D an effective divisor with only simple normal cross-
ings. Then for sufficiently large m, k, ds?z is a complete Kdahler metric on (2.
Furthermore, the distance is equivalent to —log d where d¢ is the boundary
distance with respect to a Hermitian metric on M.

REMARK 5.2. If in addition D is ample, then {2 admits an invariant
Kéhler-Einstein metric whose distance is equivalent to log |logdp| (cf. [7]).
Thus als?2 is not equivalent to the Kdhler—Einstein metric.

Proof of Theorem 5.1. First fix a positive smooth Hermitian metric h of
Ky such that the curvature w := ©(h) gives a Kéhler metric on M. Write
D = Dy + -+ 4+ Dy where the irreducible components D; are smooth and
intersect transversely. Let o; be a holomorphic section of [D;] defining D; and
set 0 =01 ®---®oy. Let || - || denote the norm with respect to a Hermitian
metric for [D;] and also the norm for the product [D] = [D1] ® --- ® [Dy]
associated to the induced metric. Assume ||o|| < 1 for simplicity. It is easy
to verify that

Cw — log(~ log o)

defines a complete Kahler metric on (2 for large C' > 0. Setting

-1 mn2/28®§
H}%(Q,mKQ) = {s e I'(2,mKg): ||S||i,m = S }E®(¢21)||0||1/2 < OO}
(9]

Let Bg p,m denote the Bergman kernel of H,QL(Q, mKgq), i.e.,
Bopm = sup [(—1)m”2/23 ® 5.
llslln,m=1

LEMMA 5.3. There is an integer mg > 1 such that for all m > my,
Bg pm ts a smooth Hermitian metric on mKg such that

Chulloll™ < Bapm/h®™ < Cpllo|| 7.
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Proof. By compactness of M, there is an integer mg > 0 such that for
any m > mg and any p € (2, there is a coordinate polydisc (A", z) with

z(p) = 0 such that the singular Hermitian metric
1 i= hE=D)]|g||~1/2e=2(n+ Dx(|2]) log] 2]

is smooth and positive on 2 — {p} and dominates 99|z|> on 2N A". A
standard application of the L?-theory shows that the localization principle
holds for Bg j,m. Note that for any p € D, there is a coordinate polydisc
A" centered at p such that

(1) QNA" = (A%F x A+
for some 1 < k < N where A* denotes the punctured disc. It is clear that
s=s5"(dz1 A--- ANdzp)®™ € HF (2N A", mKp)
& Copea, = 0if oy < —1 for some 1 < i <k,
where

o a1 fo'
s = E Car-an?1 " Zp"

is the Laurent expansion. By the localization principle, the assertion follows.

Now fix such an mg > 1. Let 7,,, be defined as in Section 2. As ||o||~2/0
is integrable on (2, Lemma 5.3 implies 7, /h > C|o|~2/™. Let A" be a
coordinate polydisc around a boundary point p as in (1) and let z* € AN
be any point. Take s € I'(£2, moK ) such that

mo/2
Il = { §1=D™ s @ 5!/mo ™ < 1
0
T (2%) < 2[(=1)™0"*/25 @ 5(2*)]V/™o,
Considering the Laurent expansion of s*, we conclude that there exist pos-
itive integers \;, ¢ = 1,..., k, such that
(2) Tio (%) = [T Nl =/ me (=),
1<i<k
LEMMA 5.4. There exists an integer ko > 2 such that HZmO(Q, koK) is

very ample and the ratio of its Bergman kernel and h®* dominates ||| ~2.

and

Proof. The localization principle also holds for the Bergman kernel of
the Hilbert space

_1)\kn2/2 =
(-1) S®5 oo}

Hy e {5 €I(@kKa): | — oy
mo

2

provided k sufficiently large, and its Bergman kernel dominates ||o|~2 ac-
cording to (2). Since Hj, C Hme (£2,kKg), we are done.
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End of proof of Theorem 5.1. Lemma 5.4 implies the existence of ds?).
Consider again the coordinate polydisc A™ chosen as in (1). Given any
z* € 2N A™, suppose that the Bergman kernel at z* equals [(—1)k°”2/25 ®
5(2*)]/*o for some s € Hfmo((}, koK) with unit norm. As above, we con-
clude from (2) and Lemma 5.4 that there are positive integers 1, . .., [ such
that

|(95*/020) (") = loal ™" -+ llog| 757 flowl T (2%) - VI < i<k

The assertion follows immediately from the extremal property of the invari-
ant metric.
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