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Reproducing kernels for holomorphic
functions on some balls related to the Lie ball

by KEIKO Fujita (Saga)

Abstract. We consider holomorphic functions and complex harmonic functions on
some balls, including the complex Euclidean ball, the Lie ball and the dual Lie ball. After
reviewing some results on Bergman kernels and harmonic Bergman kernels for these balls,
we consider harmonic continuation of complex harmonic functions on these balls by using
harmonic Bergman kernels. We also study Szegé kernels and harmonic Szeg6 kernels for
these balls.

Introduction. In the complex Euclidean space C**! we consider the
function

)

B i e e e i e
(1) Ny(z) =
. 2
2

where ||z]|?2 = 2121 + -+ + Zn41Zns1 and 22 = 22 4+ - + 2721“ for z =
(21, -+, 2nt1) € C*L In [10], we showed that Np(z) is a norm on C**1 if
p > 1. Note that Na(z) = ||z|| is the complex Euclidean norm. By using
these norms we define N,-balls (see Section 1). Locally any holomorphic
function can be expanded into a double series by means of homogeneous
harmonic polynomials. In [6], we characterized holomorphic functions on
the Np-balls by the growth behavior of homogeneous harmonic polynomials.
Then we studied Bergman kernels for the Nj-balls in [2], [4] and [5]. In
general, explicit forms of Bergman kernels are known only for some special
domains. For the Np-balls, explicit forms are known only for the /Ni-ball
(the dual Lie ball), the Na-ball (the Fuclidean ball) and the Ny-ball (the
Lie ball). However in [2] we were able to express the Bergman kernel for any
Np-ball by a double series expansion (see Section 3).

J. Siciak [13] showed that harmonic functions on the real ball can be con-
tinued analytically to the Lie ball. On the other hand, they are in one-to-one
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correspondence with hyperfunctions on the sphere under the boundary value
operator. Therefore we are interested in complex harmonic functions, and
we have considered the harmonic Bergman kernel which is the reproducing
kernel of the Hilbert space of complex harmonic functions on the Np-balls
in [3] and [5] (see Section 3).

In this paper, we will prove that harmonic functions on the N,-ball with
radius r can be continued harmonically to the Lie ball with radius 21/7r by
using the harmonic Bergman kernel (Theorem 3.4).

So far we have not considered the Szegd kernels and harmonic Szegé ker-
nels for the Np-balls but it is easy to see that results similar to those on the
Bergman kernels and harmonic Bergman kernels hold for the Szegd kernels
and harmonic Szeg6 kernels, respectively. In Section 4, we will represent the
Szego kernels and the harmonic Szegd kernels by double series expansions
(Theorems 4.1 and 4.2) although explicit forms of the Szegd kernels are
known only for the Euclidean ball and the dual Lie ball.

In Section 5, we treat the two-dimensional case. The Nj-norm is then
equivalent to the Ly-norm, and J.-D. Park [12] obtained the Bergman kernels
and the Szegé kernels in explicit form for p = 4, 4/3. By employing his results
and an idea of Bell [1], we are able to get the harmonic Bergman kernels
and the harmonic Szeg6 kernels in explicit form for p = 4,4/3 in addition
top=1,2,00.

The author would like to thank Professor Mitsuo Morimoto for useful
discussion.

1. Nyp-ball. First we review the N,-norms defined by (1) (see [10] for
the details). For later convenience, we put

@) L(z,w) =z w4+ /(2 w)? — 22w?,
M(z,w) =z -w— /(2 w)? — 22w?,
where z - w = z1w1 + - - - + Zp41Wn+1. Then the Np-norm is represented by

Np(z) = (L(z, z)p/? J; M(z, 3)13/2) 1/p'

For p > 1, N,(z) is an increasing function of p:
Ni(z) < Ng(z2) < Na(z) < Ne(2), 1<s<2<t,

and lim;, . Np(2) = L(z), where
L(z) = 1212 + VI = 222

m m
= inf { Z laj| |z;ll; z = Zajxj, z; R a; €C,om e Z+}
j=1 j=1
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is the Lie norm. By using the notation (2), we have
L(2)? = max{L(z,z), M(2,%)}.

Note that Ni(z) = +/(||z]|> +12?])/2 = L*(z) = sup{|z - w|; L(w) < 1} is
the dual Lie norm. _
Define the open Np-ball B,(r) by

Ep(r) ={ze€C"; Ny(2) < r},

and set

B(r) = Boo(r) = (| By(r) = {z € C"™'; L(2) < r}.
p=1

By the definition, Ep(r) is an open convex and balanced subset of C"*1.
In particular, B,(r) is a domain of holomorphy in C**'. Since 271/PL(2) <
N,(2) < L(z), we have B(r) C B,(r) C B(2'/Pr).

2. Complex harmonic functions. We denote by (’)(Ep(r)) the space
of holomorphic functions on By (r) equipped with the topology of uniform
convergence on compact sets, and by O(By[r|) the space of germs of holo-

morphic functions on the closed Ny-ball
Bylr] = {z € €5 Ny(z) <}

equipped with the inductive limit locally convex topology. If f satisfies the
differential equation

0? 0?
A f(z) = <8_z%+m+87>f(2):0’

n+1
then f is called a complex harmonic function or a harmonic function. Put
Oa(By(r) = {f € O(By(r)); A:f(2) = 0},
Oa(Byplr]) = {f € O(By[r]); A.f(z) = 0}.

For harmonic functions on the Lie ball, the Poisson integral representation
is well-known. We denote by

p2n=1) (p4 — 22752)
(rt — 212z - + 22w?)(n+1)/2
the Poisson kernel. Then we have the following Poisson integral formula:

FORMULA 2.1 (Poisson formula). Let f € Oa(B(r)). Take o < 1 suffi-
ciently close to 1. Then

fw) =\ flox) K (x/o,w)dS.(x), w € B(er),
Sr

K. (z,w) =
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where the right-hand side does not depend on o, and dS, is the normalized
Lebesgque measure on the real sphere S, = {x € R"*Y; ||z|| = r}.

The Poisson formula gives the inverse mapping of the isomorphism in
the following theorem:

THEOREM 2.2 (J. Siciak, [13]). The restriction mapping gives a linear
topological isomorphism
Oa(B(r)) = Aa(B(r)),
where Aa(B(r)) is the space of harmonic functions on the real ball B(r) =
{x e R""L; ||z|| < r}.
This means that all harmonic functions on the real ball B(r) can be
continued harmonically to the Lie ball B(r).

The Poisson kernel K, (z,w) can be represented by means of homoge-
neous harmonic extended Legendre polynomials.

2.1. Homogeneous harmonic extended Legendre polynomials. Let Py, ,,(t)
be the Legendre polynomial of degree k and of dimension n + 1. Note that
Py, 1(t) is the Chebyshev polynomial and

k-1 & Ik +(n—1)/2 1) )
Peal®) = om0 l;(_ Wk a1y T 22

MG
P = Ty(p) = VIR G VTP

We define the homogeneous harmonic extended Legendre polynomial of de-
gree k and of dimension n + 1 by

Pon(zw) = <@>’“<W>kpk,n<¢% - j;_)

Then ﬁkm(z,w) = ﬁkm(w,z) and Azﬁk,n(z,w) = 0. We write Tk(z,w) for
]3;671(2,10). Note that Ti(z,w) = (L(z,w)¥ + M(z,w)*)/2. The dimension
N(k,n) of the space of homogeneous harmonic polynomials of degree k in
C"! is known to be

N(0,n) =1,
Nk,1) =2, k=12,...,
N(k,n)=2k+n—-1)(k+n-2)!/(ki(n—-1)!), n>2.
For z,w € C"*! with L(z)L(w) < r2, the Poisson kernel can be repre-
sented by an infinite sum of ng,n(z, w) as follows:

o

N(k,n) ~ .
K, (z,w) = Z % Py n(2,W).
k=0
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3. Bergman kernels and harmonic Bergman kernels

3.1. Bergman kernels in explicit form. Put

HO(By(r) = {f € 0(By(r); | ()P dVy, ., (w) < oo},
By(r)

where dVEp(r) is the normalized Lebesgue measure on Ep(r), and denote by

By (2, w) the Bergman kernel of H(’)(Ep(r)); that is, for f € H(’)(Ep(r)),
we have

fw)y= | f(z)Bpr(zw)dV ,)(2),  w € B(r).
Byp(r)

In the following, we write B, (z, w) for Be (2, w). For the Euclidean ball
Bs(r), the Bergman kernel is well-known:

24 p2ntd
By (z,w) = e w w '
2,0 (2, W) (r2 —z-w)"*2  (r2 — (L(z,w) + M(z,w))/2)"t2

For the Lie ball B(r), L. K. Hua [7] obtained the explicit form

pAnta
B, (z,w) =

(rt — 2r2z - w + 22w?)nt1
T,4n+4

(2 = L(z, )" (r2 — M(z,w))" 1"

For the dual Lie ball B (r), K. Oeljeklaus, P. Pflug and E. H. Youssfi [11]
obtained the explicit form (note that they call the dual Lie ball the minimal
ball)

+1)/2 1 x 2k yk
g e (2 D)X = (n+ 1 - 2k)(X? -Y))

By (z,w) = (X2—Y)n+2 ’

where X =1 —z-w/(2r?) and Y = z2w2/(4r*). Note that
X*-Y

(- (st ey

Ni(z) = (L(2,2)"? + M(2,2)"/?)/2, Nao(2)? = (L(2,%) + M(2,%))/2 and
L(2)? = max{L(z,%),M(2,%)}.

3.2. Double series expansions of Bergman kernels. For the Euclidean
ball and the Lie ball, the Bergman kernels are expanded into double series
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as follows:
. Z[kf ((n+1)/2)(k +n+ DIN(k — 20, n)
e (z,w)
2 e £ 2D (k — 1+ (n+ 1)/2)l(n + 1)!

X (ZQ)Z(IU ) Pk an(Z,@),

oo [k/2]
2L+ (n+3)/2)I'(k+n -1+ 1)N(k —2l,n)
(2, w) ;; 725+ DUk + (n+1)/2 — 1)
!

0
x (%) (@*)! P—gin(2,0).

Put

vl = ) ) Proaa(Gw)?dVy (), weS.
By(r)
Then for any p > 1, we have the following theorem:
THEOREM 3.1 (K. Fujita, [2]). The Bergman kernel of HO(EP(T)) is
given by
oo [k/2]

Z Z k,l,r )lﬁkle,n(z,ﬁ).

k=0 [=0

3.3. Harmonic Bergman kernels. Similarly, for harmonic functions on
the N,-ball, we define

HoA@p(r)):{feoA(Ep(r)); [ 1f(w)2av, () < o},

By (r)

and denote by B w) the harmonic Bergman kernel of H(’)A(Ep(r));
that is, for f € H(’)A( (7)), we have

S f(2) BA (z,w) dVép(r)(z), w € By(r).
By(r)
Tueorem 3.2 (K. Fujita, [3]). The harmonic Bergman kernel of
HOA(Bp(r)) is given by

oo
By (zw) =Y (B8,) 7 Prn(z,w).
k=0
3.4. Harmonic continuation. Thanks to Theorem 4.1 in [2] on the Berg-
man transformation (see Appendix), it is easy to see that the following
lemma holds:
LEMMA 3.3. Let wq be a point of the boundary 8§ o] of Ep[r]. Then as

a function of z, By, (z,w) belongs to O(Bp(r)) \ (’)( o(r])-
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For example, for p = 1,2, 00, we can see that z = wq is a singular point
of By, r(z,wp) from the explicit forms given in Section 3.1.

On the other hand, we have the following theorem (proved in [5] for the
2-dimensional case):

THEOREM 3.4. Let 1 <p < oo and f € HOA(EP(T)). Define
() Fw)= | 1) BAGw)dVg ().
By(r)
Then F € OA(B(2Y/Pr)) and F(w) = f(w) on Ep(r).
Proof. For w € 8Bp[r], put Gy(z) = Bﬁr(z,ﬁ). Then by Lemma 3.3, as
a function of z, G, (z) € O(By(r)) and we have

(4) lg§sup(H(ﬂ?ﬁ})_lf%m(»UOchsn)lﬂﬂEZ1/(2”@T)

by Theorem 2.2 in [6] (see Appendix), where || - ||¢(g,) denotes the supre-

mum norm on S;. For z € 8§p [r], since ]Sk’n(z, w) = JS;M(w, z), as a function

of w,
(o)

Ga(w) =D (Bid,)  Phnl(z,w) € Oa(B(2/Pr))
k=0
by (4) and Theorem 5.2 in [9] (see Appendix). Thus F'(w) € Oa(B (21/1”7"))
For w € B,(r) C B(2'/7r),

Fw)= | f()BE(zw)dVy () = f(w). s
By(r)
More precisely, the mapping f +— F' in (3) gives the inverse mapping of
the following isomorphisms:

THEOREM 3.5. The restriction mapping o gives the following linear
topological isomorphisms:

(5)  @:0a(B(2"7r)) = 0a(By(r)), a:Oa(B[2Y7r]) == Oa(By[r]).

Proof. 1If f € OA(Bp(r)), take o < 1 sufficiently close to 1 and consider
the mapping

B:f— F(w)= S f(02) Bﬁr(z/g,w) dVEP(T)(z), w € Bp(or).
By(r)
It is easy to see that the right-hand side does not depend on p for 0 < ¢ < 1.
Since we can take g arbitrarily close to 1 and a0 8 = fo«a = id is clear, we
have the first isomorphism in (5).
If f € Oa(By[r]), then take ¢ > 1 sufficiently close to 1. Then we have
the second isomorphism in (5) by the same argument. m
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4. Szegl kernels and harmonic Szegd kernels. We denote by
C (Ep [r]) the space of continuous functions on ép [7] and by L? (aép(r), dSp.r)
the space of square integrable functions on 8§p(7") with respect to the nor-
malized Lebesgue measure dS,, on 8§p(7’). Let H(’)(aép(r)) be the clo-
sure in L2(8§p(r),dsp,r) of the restrictions to 8§p(r) of the elements of
O(B,(r)) N C(Byr):

HOOB,(r) = {f € OB,(m) N C(Bylr)); | |f(w)dSy,(w) < oo}.
OBy (r)
We denote by S, (z,w) the Szegd kernel on HO(OB,(r)) and by
SPA”"(LZ:’ w) the harmonic Szegd k:err}vel on HOA(OBy(r)) = HO(OBy(r)) N
Oa(By(r)). That is, for f € HO(OBy(r)) we have

f(w) = S f(2) Spr(z,w) dSpr(2),  w € By(r),
OBy ()
and for f € HOA(('?EP(T)) we have
fw)y="§ ()85 G w)dS,(2),  we By(r).
OBy ()
For the complex FEuclidean ball, the Szegd kernel is known:

7,2n

(r2 —z-w)™
For the dual Lie ball, E. H. Youssfi obtained the explicit form in [14]:

P X (2(n + 1)X — (n— 2k)(X2 - Y))

(n+2)(X2-Y)ntl ’
where X =1—z-w/(2r?) and Y = 22w2/(4r%).

In the case of the Lie ball, the Shilov boundary X, of B(r) is known to
be

(6) Sor(z,w) =

(7)) Sip(z,w) =

2, ={e%2ecC ecR, zeb,},

which is called the Lie sphere. Thus for the Lie ball, the following kernel has
been considered instead of the Szegé kernel: If f € O(B][r]), then we have

fw) = | F) Hmw)de(z), we B,
S
where dX,. is the normalized Lebesgue measure on the Lie sphere and
r?(n-&-l)

Hy(z,w) = (= 22w £ 22
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is the Cauchy—Hua kernel (see Theorem 5.2 in [8]). Its double series expan-
sion is as follows:

— (2 (@) Py_app(z, 7).

We can also represent the Poisson formula (Formula 2.1) by an integra-
tion taken over the Shilov boundary using the Poisson kernel K, (z,w) as
follows: For f € Oa(B]r]), we have

fw)= | f(2) K:(z;w)dZo(2),  we B(r).
PR

Put

o= | 1) PG w)?dSpe(Q),  we St
9By (r)

Following [2], we can prove Theorems 4.1 and 4.2 below as in the case of the
Bergman kernel. We will omit the proofs.

THEOREM 4.1. The Szegd kernel of HO(@EP(’P)) is given by
oo [k/2]

ZZ%,:,T (D) (w?)! Py n (2, w).

k=0 [=0

THEOREM 4.2. The harmonic Szegd kernel of HOA(GEP(T)) is given by
e ~
Z akOr ) Prn(z,w).
k=0

5. 2-dimensional case

5.1. Bergman kernels in C?. For general n, ﬁ,?’lp , have not been calcu-

lated except for p = 2, 00. But in the case of n = 1, ﬁ;’fr can be calculated:
4 2k—21+2 2042\ 92k /p,.2k
1 DG+ D(3202) P (2222 ey
ke ™ 2\2 1 ( 2k+4
N(k =21, 1)I"(2)"T (%4 +1)

For z = (z1,22) € C? we have

2

Thus for p with 1 < p < oo, the N,-norm is equivalent to the L,-norm and
the Lie norm is equivalent to the supremum norm in C2. J.-D. Park [12] sum-

. P o P ]_/p
N (2) = (|z1+zz2! + |21 — iz ) . Noo(2) = L(2) = max|z1 % iz].



228 K. Fujita

med up the infinite sums in explicit form for p = 4,4/3 besides p = 1, 2, co.
His results are as follows. Put

f(a,b) = 3 — 6a + 6b + 3a® — 6ab — b,
g(a,b) = (2—a—b—a®+2ab—b*)(1—a—b).
For Y1 = L(z,@)/(2"/?r?) and Y5 = M(z,@)/(2'/?r2), define
Yi(m + 2arcsin Y1) (Y2, Y$)  Yao(m + 2arcsin Ya) f (Y2, Y{)

F(z,w) =
(z,w) 41— YR)32 41— Y2)32
g(Y127Y22)
27Y1Ys.
20-vH-vg)
Then

r2F(z, w r2F(z,w
B (o) — Gw) (,w)

(r* —2(z-w)2 + 22w?)3  (r* — Ni(z,w))%’

where N{(z,w) = (L(z,w)? + M(z,w)?)/2. Note that N{(z,%) = Ny(2)*.
Take a branch of L(z,w)Y? and M(z,w)"/?, and put w = €>7%/3,

. . LZ,E1/3 . 1 MZ7E1/3
Yi(j1) = w” 2(1/277,2)/3’ YVa(j2) = w” 2(1/2r2)/3 :
F(Y1(j1), Y2(j2))
F. i (z,w) = - - .
]1732( ) Yl(]1)2Y2(32)2

Then applying Theorem 1 of Bell [1], we have

Fjy 2 (2, w0)
< (1=Y1(j1)? = Y2(42)?)*

5.2. Harmonic Bergman kernels in C2. For the 2-dimensional N,-balls
we gave the harmonic Bergman kernels in explicit form for p = 1,2, 00 in
[3]. Put

P(s,t) = 1+ 25 — 24t + 60st + 4t*
+ 185t — 80s*t — 4t + 8st® — 245*% + 4053t — .
Then
r6P(z-w/(4r?), 22w? ) (4r*))
r? — L(Z, w)/4)4(T2 - M(Z,m)/4.)4
_ r15P(z - w/(4r?), 22w ) (4rh))
(=22 w/2 + 222 /16)4 ]

Bira(z,w) = (




Reproducing kernels on balls 229

By, A(z,w)
r8(2r —3rtz W+ 3rt(z - w)2 - 3r222w? /2 — (2 - W)3 + 32 - w2w? /4)
(r2 — L(z,w)/2)3(r?2 = M(z,w)/2)3
(2 =3rtz W+ 3P (2 W) - 3r?2*w? /2 — (2 W) 4 32 - wePw? /4) 1
B (rt —r2z - w + 22w? /4)3 ’
r® — 22w? (4r* — 4r’z2 - w + 2Pw?)
(r2 — L(z,w))%(r? = M(z,w))?
rd — 22ﬁ2(4r4 —4r?y W+ z2w2)
(r4 — 2r2z - w + z2w?)2
Note that the denominators of the kernels are consistent with Theorem 3.4.
By the work of J.-D. Park [12], we have

VrL(k/2+2) ) 3X(m+ 2arcsin X) X242
=S T X = t -
(k+1)/2) 4(1 — X2)5/2 2(1 — X2)2

-1

BT,A('Z’ w) =

Thus putting X; = L(z,@)/(2"/4)2, Xo = M(2,@)/(2"/*r)?, we have
3X1(m + 2arcsin X;)
4(1 — X32)5/2
X2+2 3Xo(m + 2arcsin X») X342
2(1 — X32)2 4(1 — X2)5/2 2(1 — X2)2

Next, consider the infinite sum

B4,7",A(Zv U}) =

Z k+1 )/2+5/2) Ly

Gays(X 3(k+1)/2)

Put
15X?(7 + 2 arcsin X) N X(—2X4+9X2+38)
4(1 - X2)7/2 2(1— X2)3
Then employing an idea considered in Theorem 1 of Bell [1] for Bergman
kernels, we can sum up G4 /3(X ) in explicit form as follows: for w = e2mi/3,

Gaya(X) = 2 (F(@X9) 4 FPXP) + F(XP3))

F(X) =

Thus we have
Busra(z,w) = Gayz(L(2,@)/(25%%)) + Gy 5 (M (2, @) /(24/%)) — 1.

5.3. Szegd kernels and harmonic Szegé kernels in C?. For the 2-dimen-
sional case, the coefficients ozz 1. can be calculated and Theorems 4.1 and 4.2
read as follows:
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THEOREM 5.1. In C2, the Szegd kernel Sy, (z,w) is given as follows:
B N (k= 20, )I(2/p)*T (26 +4)/p) () (@) Ty_au(z, D)
i I'(4/p)((2k — 21+ 2)/p)[((21 + 2)/p)22k/pr2k

(

(
O T(2/p)2I((2Kk + 21 + 4)/p) L(z, @) M (2, W)
N Z Z I'(4/p)C((2k +2)/p)T((20 + 2)/p)2(2k+21)/pr2k+2l :

By this theorem, (7) and (6), we have

oo o0

i 612k +2) (2 + 2)22k+212k+21
P = w = e wP A+ (P0?)?/16)
38 =Sz w44z w)? /4 — (22w2)?/16)2

oo o0

Sor(z,w) =

Sir(z,w) =

w

I'(k+1+2)L(z,w)*M(z, @)
D(k+1)0(1 + 1)2k+ip2k+2

ol

=0 1=0
(r2—z-w)?2 (r2— (L(z,w) + M(2,w))/2)?"

™~

4

By [12], for p = 4/3,4 we have

00 o0 7TF k+l+2)/ )L(Z,w)kM(z,m)l
S4rzw ZZ k+1)/2,.2k+21
L D((k+1)/2)D((1+ 1) /2) 20640 /27 28+

7rr422w2 7’4

C2(rt = 2(z - )2 + 220?)? (7“4 2(z - w)? + 22w

T4L(2,E)(T4 — 22w/ (2 - w)? — 22w )(71' + 2 arcsm( (2, )/(21/27~2)))
2(rt — 2(z - w)2 + 22w?)2(2r* — L(z,w)%)1/2

M (z,w)(r* + 22w/ (2 - )2 — 22w?%) (7 + 2arcsin(M (2, @)/ (2'/%r2)))

2(1“4 — 2(2 w) + 22w2%)2(2r4 — M (2,w)2)1/2 )

(3(k +1+2)/2)L(z,w)* M (z,w)"
S4/3r Z, w ZZ SF k—l—l /2) ( (l+ 1)/2)23(k+1)/2r2k+2l

L S L) (222 B () (2
:7224WWMWMWWWMWMWW3'

Furthermore, for the two-dimensional Lie ball we have the following explicit
form:
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L i 20k +1)(I+1) L(z,w)*M(z,w)"
- 2k+-21
—= (k+ l + 2) r

r2L(z, W) + r?M (z,w) — 2L(z,w)M (2, W)
(1—L(z,w)/r?)(1 — M(z,w)/r?)(L(z,w) — M(z,w))?
L(z,w)/r* + M(z,@)/r? - r? — L(z, W)
(L(z,w) — M(z,w))3/r6 r2 — M(z,w)

4rt(rlz - w — 2°w?)

2

(= 2022w+ 2202) (2 W)? — 22W2)

2rtz W o 12—z — ((z-W)? — 22w?)
(z-m)2 = 20232 P2 L w4 (1) — 2a?) 2
Recall that the Cauchy—Hua kernel related to the Shilov boundary of the
Lie ball (Lie sphere) mentioned in Section 4 is simpler:

2 1/2

T4

H.(z,w) =

rd — 212z . W+ 22w

THEOREM 5.2. In C2, the harmonic Szegd kernel SpA’T(z,w) is given as
follows:

N(k, 1)I(
< T(/p)I((

I'(2/p)I((2k + 4)/p)
T'(4/p)T((2k + 2)/p)22K/pr2k

2/p)I'((2k+4)/p) _
2k + 2) /p)22k/py2k Tiz )

E'qg

A
Syr(z,w)

£
I

(L(z,@)* + M(z,w)") — 1.

it

e
Il

0

For harmonic Szeg6 kernels, we can also sum up the infinite series in
explicit form for p =1,4/3,2,4 and p = co:

[e.9]

83 (zw) =3 GF(F@k Y L m)+ Mz ) -1
k=0

2k + 2)22ky2k
_ r*L(z,w)(r? — M(z,)/4)3 + r*M (2,W)(r* — L(z,w)/4)3
3(rt — 12z - w + 22w?/16)3
r?L(z,w)(r?— M(z,w)/4)* + 72 M (2,w)(r? — L(z,w) /4)?

-1
+ 4(rd — 12z - W + 22w?/16)2 ’
k+ 1
So(z,w) = Z s (L P M(zw)k) -1
k=0
r® — ri22w? 4 (22w?)?2 /16 — 22 - wztw? /2

(r4 —r2z - w + 22w? /4)? ’
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(z,w) Z vm D((k +2)/2) (L(z,W)* + M (z,w)*) — 1

SP
4 ((k + 1)/2)2k/2p2k

R

=F4(L(Z7W)/(21/27“2)) + Fy(M(z,m)/(2"/%%)) - 1,
where Fy(z) = 1/(1 —z?) + x(w + 2arcsinz?) /(2(1 — x?)%/2);

B(k+2)/2) —\k ok
4/37‘ 2 w 241—1 k‘—l—l /2)23k/2r2k(L(2’w) —|—M(Z,’UJ) )_1

= F4/3(L(27w)/(23/27’2)) + Fyya(M(2,)/(2%%%)) - 1,

where
2 2z(1 + xz2)Y/2  3(m 4 2arcsin 22)
F4/3($) - xQ(l — 562)2 + (1 _ $2)2 + 2$(1 _ 562)5/2 ’
and
o0
Nk, 1)2(k+1)~
Z Tk(z w)
2k ’
— k: + 2)r
ord 274

S P _Leo)Lem) | (2= M(z,w)M(z,m)

2rtlog(1l — L(z,w)/r?) n 2rtlog(1 — M(z,@)/r?)

L) Mz, 0)2 -1

_ gt r?z-w—2(z - w)? + 22w?

(r* — 2r22 - W + 22w?) 22W?
Lo M (z,w)%log(1 — L(z,w)/r?) + L(z,w)?log(1 — M(z,w)/r?)
(=%w?)? '
Recall that the Poisson kernel related to the Shilov boundary of the Lie ball
mentioned in Section 4 is simpler:

22

Koz w) = rd— 202z w+ 22w?

6. Appendix. In this section we quote some theorems to which we
referred in the proofs.
We denote by O'(B,(r)) and (’)’( »[r]) the dual spaces of O(B »(7)) and

(’)(ép[r]), respectively. For T' € O'(Bp|[r]) define BIT(w) = (T B (2, W),
where (,) is the canonical inner product on O'(B,[r]) x (’)( [r]). The

bilinear form
(fs 9>§p[r] = X f(0z)g(Z/0) dVgp(T)(Z)
Bylr]
is well-defined for f € (’)(Ep(r)) and g € (’)(Ep[r]).
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6.1 (Theorem 4.1 in [2]). The Bergman transformation Bl :T+— BLT(w)
establishes the following topological linear isomorphisms:

Bl : O'(By[r]) = O(By(r)), BL:O'(By(r)) = O(By[r]).
We have (T, f) = (f, B£T>§p[r] for T € O'(B,(r)) and f € O(B,(r)), as well
as for T € O'(B,[r]) and f € O(B,[r]).
2 (Theorem 2.2 in [6]). Let fx_o; be the homogeneous harmonic poly-

nomial of degree k — 2[. Then
oo [k/2]

ST frealz) € O(By(r)

k=0 [=0
. Nk — )N\ 7 VE
< limsup (<%> ”fk—QlHC(Sl)) <

k—o0 — 2l/py’

3 (Theorem 5.2 in [9]). Let fi be the homogeneous harmonic polyno-
mial of degree k. Then

> fulz) € Oa(B(r) & limsup (| fillces,) ™ < 1/r.

k—o0
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