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Commutators of weighted Hardy
operators on Herz-type spaces

by Canqin Tang, Feien Xue and Yu Zhou (Dalian)

Abstract. A sufficient condition for boundedness on Herz-type spaces of the com-
mutator generated by a Lipschitz function and a weighted Hardy operator is obtained.

1. Introduction. Let f be a non-negative integrable function on R+.
The classical Hardy operator is defined by

Hf(x) =
1
x

x�

0

f(t) dt,

and the celebrated Hardy integral inequality [9] is

‖Hf‖p ≤
p

p− 1
‖f‖p

when p > 1. The Hardy integral inequality has drawn considerable attention
(see [1], [8] and [13]).

In 1984, Carton-Lebrun and Fosset [3] defined a weighted Hardy operator
Uψ as follows:

Uψf(x) =
1�

0

f(tx)ψ(t) dt, x ∈ Rn,

for a fixed function ψ : [0, 1]→ [0,∞). In fact, Uψ is related to the Hardy–
Littlewood maximal operator in harmonic analysis. If ψ ≡ 1 and n = 1, then
Uψ is the classical Hardy operator. Carton-Lebrun and Fosset [3] found that
Uψ is bounded on BMO(Rn) under certain conditions on ψ. And Xiao [14]
proved that Uψ is bounded on Lp(Rn) iff

	1
0 t
−n/pψ(t) dt <∞.

On the other hand, the study of commutators of operators attracted
much attention. A well known result of Coifman, Rochberg and Weiss states
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that the commutator U b of a Calderón–Zygmund singular integral operator
U is bounded on Lp (1 < p < ∞) if and only if b ∈ BMO. Further results
are obtained in [12], [2], [10], [4], [6], [15] etc. In this paper we study the
commutator of the weighted Hardy operator, U bψ.

Definition 1.1. Let b a measurable, locally integrable function and
ψ : [0, 1] → [0,∞) be a measurable function. Define the commutator of the
weighted Hardy operator, U bψ, as

U bψf = bUψf − Uψbf.

In [5], Fu, Liu and Lu established a sufficient and necessary condition
on the weight function ψ to ensure the Lp (1 < p < ∞) boundedness of
U bψ when b ∈ BMO. And Fu [4] obtained the Lp → Lq boundedness of
the commutator of the classical Hardy operator when b ∈ Lipβ(Rn). Can
one generalize the boundedness to the commutators of the weighted Hardy
operator when b ∈ Lipβ(Rn)? We will find a sufficient condition on the
weight function ψ to get the boundedness on Herz-type spaces.

We first recall some definitions. Let q′ be the conjugate exponent of q,
that is, 1/q+1/q′ = 1. C will often be used to denote a constant, but it may
vary from line to line. Let Bk = {x ∈ Rn : |x| ≤ 2k}, Ck = Bk \ Bk−1 and
χk = χCk for k ∈ Z, where χE is the characteristic function of the set E.

Definition 1.2. Let 0 < β < 1. The Lipschitz space Lipβ(Rn) is defined
by

‖f‖Lipβ(Rn) = sup
x,h∈Rn, h 6=0

|f(x+ h)− f(x)|
|h|β

<∞.

Definition 1.3 ([11]). Let α ∈ R, 0 < p ≤ ∞ and 0 < q < ∞. The
homogeneous Herz space K̇α,p

q is defined by K̇α,p
q = {f ∈ Lqloc(R

n \ {0}) :
‖f‖K̇α,p

q (Rn) <∞}, where

‖f‖K̇α,p
q (Rn) =

{ ∞∑
k=−∞

2kαp‖fχk‖pLq(Rn)

}1/p
.

It is obvious that K̇0,q
q (Rn)=Lq(Rn) and for α∈R, K̇α,q

q (Rn)=Lq(Rn, |x|αq),
the Lebesgue space Lq(Rn) with power weight |x|αq. Therefore, the Herz
spaces are natural generalizations of the Lebesgue spaces with power weights.

Definition 1.4 ([7]). Let 0 < q < ∞, α ∈ R, 0 < p ≤ ∞ and λ ≥ 0.
The homogeneous Morrey–Herz space MK̇α,λ

p,q (Rn) is defined by

MK̇α,λ
p,q (Rn) = {f ∈ Lqloc(R

n \ {0}) : ‖f‖
MK̇α,λ

p,q (Rn)
<∞},
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where

‖f‖
MK̇α,λ

p,q (Rn)
= sup

k0∈Z
2−k0λ

{ k0∑
k=−∞

2kαp‖fχk‖pLq(Rn)

}1/p

with the usual modifications when p =∞.
Comparing the homogeneous Morrey–Herz spaces MK̇α,λ

p,q (Rn) with the
homogeneous Herz spaces K̇α,p

q (Rn), we see that MK̇α,0
p,q (Rn) = K̇α,p

q (Rn).

Now, we state our main result.

Theorem 1.1. Let ψ : [0, 1]→ [0,∞) be a measurable function, 0<β<1,
b ∈ Lipβ(Rn), 0 < q2 ≤ q1 < ∞. If

	1
0 t
−(α+β+n/q2−λ)ψ(t) dt < ∞, then U bψ

is bounded from MK̇
α+β+n/q2−n/q1,λ
p,q1 (Rn) to MK̇α,λ

p,q2(Rn).

Remark 1.2. If α + β + n/q2 − n/q1 = λ = 0, q1 = p and q2 = q, then
the conclusion of Theorem 1.1 is as follows: If

	1
0 t
−n/pψ(t) dt <∞, then U bψ

is bounded from Lp(Rn) to K̇α,p
q (Rn).

2. Proof of main theorem. In this section, we will prove our main
result. Before giving the proof, we state some lemmas we need.

Lemma 2.1 ([12]). For any x, y ∈ Rn, if f ∈ Lipβ(Rn), 0 < β < 1, then
|f(x)− f(y)| ≤ |x− y|β‖f‖Lipβ(Rn). For any cube I ⊂ Rn,

sup
x∈I
|f(x)− fI | ≤ C|I|β/n‖f‖Lipβ(Rn), where fI =

1
|I|

�
f.

The following lemma is easily proved. We omit the proof here.

Lemma 2.2. Let b ∈ Lipβ(Rn), and define

bk =
1
|Bk|

�

Bk

b(x) dx and btk =
1
|tBk|

�

tBk

b(x) dx

for k ∈ Z and t ∈ (0, 1). Then

|btk − bk| ≤ C|Bk|β/n‖b‖Lipβ(Rn).

Proof of Theorem 1.1. Observe that

‖(U bψf)χk‖Lq2 (Rn) =
{ �

Ck

∣∣∣ 1�
0

f(tx)(b(x)− b(tx))ψ(t) dt
∣∣∣q2dx}1/q2

≤
1�

0

{ �

Ck

|f(tx)(b(x)− bk)|q2 dx
}1/q2

ψ(t) dt
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+
1�

0

{ �

Ck

|f(tx)(btk − bk)|q2 dx
}1/q2

ψ(t) dt

+
1�

0

{ �

Ck

|f(tx)(b(tx)− btk)|q2 dx
}1/q2

ψ(t) dt

= I1 + I2 + I3.

Let r = 1/q2− 1/q1. Since t ∈ (0, 1), there exists a non-negative number
m such that 2−m−1 < t ≤ 2−m. By Hölder’s inequality and Lemma 2.1, we
have

I1 ≤
1�

0

( �

Ck

|f(tx)|q1 dx
)1/q1( �

Ck

|b(x)− bk|1/r dx
)r
ψ(t) dt(2.1)

≤ C|Bk|β/n+r‖b‖Lipβ(Rn)

1�

0

{ �

Ck

|f(tx)|q1 dx
}1/q1

ψ(t) dt

≤ C‖b‖Lipβ(Rn)2
kn(β/n+r)

1�

0

1∑
i=0

‖fχk−m−i‖q1t−n/q1ψ(t) dt.

Similarly, since 0 < β < 1 and 0 < tβ < 1, we can deduce that

I3 ≤ C‖b‖Lipβ(Rn)2
kn(β/n+r)

1�

0

1∑
i=0

‖fχk−m−i‖q1t−n/q1ψ(t) dt,(2.2)

Finally, by Lemma 2.2 and 1 < q2 ≤ q1, we obtain

I2 ≤ C‖b‖Lipβ(Rn)|Bk|β/n
1�

0

{ �

Ck

|f(tx)|q2 dx
}1/q2

ψ(t) dt(2.3)

≤ C‖b‖Lipβ(Rn)|Bk|β/n+r
1�

0

{ �

Ck

|f(tx)|q1 dx
}1/q1

ψ(t) dt

≤ C‖b‖Lipβ(Rn)2
kn(β/n+r)

1�

0

1∑
i=0

‖fχk−m−i‖q1t−n/q1ψ(t) dt.

Combining of (2.1)–(2.3), we have

‖(U bψf)χk‖q2 ≤ C‖b‖Lipβ(Rn)2
−kn(β/n+r)

1�

0

1∑
i=0

‖fχk−m−i‖q1t−n/q1ψ(t) dt.

Denote s = α+ β + n/q2 − n/q1. We will consider the following two cases.
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Case 1: p > 1. Then

‖U bψf‖MK̇α,λ
p,q2

≤ C‖b‖Lipβ(Rn) sup
k0∈Z

2−k0λ
1�

0

( k0∑
k=−∞

2ksp‖fχk−m−1‖pq1t
−np/q1ψ(t)p

)1/p
dt

+ C‖b‖Lipβ(Rn) sup
k0∈Z

2−k0λ
1�

0

( k0∑
k=−∞

2ksp‖fχk−m‖pq1t
−np/q1ψ(t)p

)1/p
dt

≡ A1 +A2,

where

A1 ≤ C‖b‖Lipβ(Rn)

1�

0

sup
k0∈Z

2−(k0−m−1)λ

·
( k0−m−1∑

k=−∞
2ksp‖fχk‖pq12(m+1)(s−λ)pt−np/q1ψ(t)p

)1/p
dt,

and

A2 ≤ C‖b‖Lipβ(Rn)

1�

0

sup
k0∈Z

2−(k0−m)λ

·
( k0−m∑
k=−∞

2ksp‖fχk‖pq12m(s−λ)pt−np/q1ψ(t)p
)1/p

dt,

and so

‖U bψf‖MK̇α,λ
p,q2
≤ C‖b‖Lipβ(Rn)‖f‖MK̇s,λ

p,q1

1�

0

{2(m+1)s + 2ms}t−(n/q1−λ)ψ(t) dt

≤ C‖b‖Lipβ(Rn)‖f‖MK̇s,λ
p,q1

1�

0

t−(α+β+n/q2−λ)ψ(t) dt.

Case 2: 0 < p < 1. Then

‖U bψf‖MK̇α,λ
p,q2

≤ C‖b‖Lipβ(Rn) sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2ksp
[ 1�

0

‖fχk−m−1‖q1t−n/q1ψ(t) dt
]p}1/p

+ C‖b‖Lipβ(Rn) sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2ksp
[ 1�

0

‖fχk−m‖q1t−n/q1ψ(t) dt
]p}1/p

≡ B1 +B2,
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where

B1 ≤ C‖b‖Lipβ(Rn) sup
k0∈Z

{ k0∑
k=−∞

2ksp
[ 1�

0

2−(k−m−1)s

·
( k−m−1∑
i=−∞

2isp‖fχi‖pq1
)1/p

t−n/q1ψ(t) dt
]p}1/p

≤ C‖b‖Lipβ(Rn)‖f‖MK̇s,λ
p,q1

sup
k0∈Z

2−k0λ

·
{ k0∑
k=−∞

2kλp
[ 1�

0

2(m+1)(s−λ)t−n/q1ψ(t) dt
]p}1/p

and

B2 ≤ C‖b‖Lipβ(Rn)‖f‖MK̇s,λ
p,q1

· sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
[ 1�

0

2m(s−λ)t−n/q1ψ(t) dt
]p}1/p

,

and so

‖U bψf‖MK̇α,λ
p,q2

≤ C‖b‖Lipβ‖f‖MK̇s,λ
p,q1

sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
[ 1�

0

t−(α+β+n/q2−λ)ψ(t) dt
]p}1/p

≤ C‖b‖Lipβ(Rn)‖f‖MK̇s,λ
p,q1

1�

0

t−(α+β+n/q2−λ)ψ(t) dt.

Thus the proof of Theorem 1.1 is finished.
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