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On prolongation of higher order connections

by MIroOsLAV DoOUPOVEC (Brno)
and WrLODZIMIERZ M. MIKULSKI (Krakow)

Abstract. We describe all bundle functors G admitting natural operators trans-
forming rth order holonomic connections on a fibered manifold ¥ — M into rth order
holonomic connections on GY — M. For second order holonomic connections we classify
all such natural operators.

1. Introduction. Given a fibered manifold ¥ — M, the bundle J"Y
of all r-jets of local sections of Y is called the rth holonomic prolongation
of Y. The rth nonholonomic prolongation J"Y is defined by iteration: JY =
JY, JY = JYJ"7'Y — M). One can also define the 7th semiholonomic
prolongation J'Y (see e.g. [19]). Then we have J'Y c J'Y C J'Y.

An rth order nonholonomic connection on a fibered manifold ¥ — M
is a section @ : Y — J"Y. Such a connection is called semiholonomic or
holonomic if it has values in J' Y or J'Y, respectively. We recall that higher
order connections were introduced in the groupoid form by Ehresmann [7],
and Kolar [I2] extended the Ehresmann theory to the case of any fibered
manifold. In particular, for r = 1 we obtain the concept of a general connec-
tion, which can be equivalently interpreted as the lifting map

(1) Y xp TM — TY.

If Y = TM is the tangent bundle, then the linear morphism TM — J'TM
is exactly the classical linear connection on M, which can also be defined
as a covariant derivative V : X(M) x X(M) — X(M). Finally, the right-
invariant connection on a principal bundle P — M is called principal.

By prolongation of connections we understand geometric constructions
(more precisely natural operators D) transforming a connection © on
Y — M into a connection D(©) of the same type on GY — M, where
(G is some bundle functor. Such geometric constructions have motivation in
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mathematical physics, mainly in quantum mechanics and higher order dy-
namics [11], [27]. In [3] we classified all natural operators transforming first
order connections on ¥ — M into first order connections on GY — M
(see Proposition 1| below). This paper will be devoted to the similar prob-
lem for higher order connections. In Example [2] we generalize the vertical
prolongation VlF of first order connections to the vertical prolongation VI
of rth order holonomic connections for any r. The first main result is The-
orem [l where we classify all bundle functors G that admit prolongation of
rth order connections. The rest of the paper will be devoted to second or-
der holonomic connections, which are most important in applications. In
contrast to part (ii) of Proposition , in Theorem |2| we show that pro-
longation of second order connections depends on linear liftings of vector
fields.

By [12], higher order connections are useful in the theory of higher order
absolute differentiation. In [5] we showed applications of such connections in
the geometric description of higher order geometric object fields. Using an
rth order holonomic connection, the second author [23] recently generalized
to the lifting map Y x 3y FM — FY for any bundle functor F' of order r
on the category of all smooth manifolds and all smooth maps. This allows us
to define the lifting of geometric objects on M (i.e. sections of F'M — M)
to geometric objects on Y. For other applications of higher order connections
see e.g. [1], [I7], [26]. We also recall that linear holonomic connections TM —
J'TM (i.e. principal connections on the rth order frame bundle P"M =
inv J§(R™, M)) were also studied in [9] and [10].

Let G : FMp, n — FM be a bundle functor, where M is the category
of fibered manifolds and their fibered maps and FM,,, is the subcate-
gory of fibered manifolds with n-dimensional fibers, m-dimensional bases
and their fibered embeddings. Prolongation of holonomic connections can be
expressed as a natural operator in the sense of [I4] in the following way. An
F M n-natural operator D : J" ~ J"G transforming rth order holonomic
connections © on FM,, ,-objects Y — M to rth order holonomic connec-
tions D(O) on GY — M is a family of F M, ,-invariant regular operators
(functions) D : Con"(Y — M) — Con"(GY — M) for all FM,, ,-objects
Y — M from the space Con" (Y — M) of all rth order holonomic connec-
tions on Y — M into the space Con"(GY — M) of all rth order holonomic
connections on GY — M. Invariance means that if ©; € Con" (Y7, — M)
and @y € Con"(Yy — Mpy) are f-related for an FM,, p,-map f : Y7 — Yo,
then D(O1) and D(O3) are G f-related. Regularity means that D transforms
smoothly parametrized families of connections into smoothly parametrized
ones.

In what follows, we denote by M f the category of smooth manifolds and
all smooth maps, by M f,, the subcategory of m-dimensional manifolds and
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local diffeomorphisms and by FM,, the category of fibered manifolds with
m-~dimensional bases and fiber respecting mappings over local diffeomor-
phisms. We recall that the rth order jet functor J" : FM,, — FM,, C FM
sends any FM,,-object Y — M into the fibered manifold J"Y — M and
any FM,,-map f : Y — Y; covering a local diffeomorphism f : M — M;
into the map J'f : J'Y — J"Y) given by J"f(jlo) = j;(x)(f oo oi_l),
jro € J"Y. All manifolds and maps are assumed to be infinitely differen-
tiable.

2. Prolongation of higher order connections. Let F': Mf, — FM
be a natural bundle. Then the F-vertical functor V¥ : FMpmp — FM is
defined fiberwise by VY = |J,c,, F(Yz) and analogously for morphisms
[15]. If F is defined on Mf, then V¥ can be defined on FM,, (even on
the whole category FM). Next, if F = T4 : Mf — FM is a Weil functor
determined by a Weil algebra A, then VI FMy — FMy C FM is
called the wvertical Weil functor, which will be briefly denoted by V4. In
particular, for the tangent functor F© = T we obtain the classical vertical
bundle VY.

Given a connection I' : Y — J'Y on Y — M, we can define the first
order connection V{ I on V'Y — M by the lifting map

VED - vEY xyy ™M — 1VEY, VEr(w, X,) =vI(IXx),, veViy),,

x € M, where X € X(M) is a vector field on M, I'X € Xpoj(Y) is the I'-
horizontal lift of X and V' (I'X) denotes its flow prolongation to V'Y [15].
For prolongation of first order connections we have proved in [3]:

PROPOSITION 1.
(i) A bundle functor G : FMy,n — FM admits an F My, n-natural

operator D transforming connections I' on'Y — M into connections
D(I') on GY — M if and only if G is isomorphic to the vertical
functor VE for some natural bundle F : Mf, — FM.

(ii) For G = V¥ such an operator D is unique and D(I') = Vi T.

In this section, part (i) of Proposition [I| will be extended to rth order

holonomic connections for any r. We start with the following example.

EXAMPLE 1. Let m be a natural number. By [2], for every rth order jet
functor J : FM,, — FM we have an exchange F M,,-natural equivalence
kA7 VAT — JVA. So for any rth order holonomic connection © : Y —
J'Y on an FM,,-object Y — M we have VA0 : VAY — VAJ'Y, and the
composition
(2) VA© .= kM o vA0  VAY - JVAY

is an rth order holonomic connection on VAY — M.
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PROPOSITION 2. Let i : A1 — Ay be a homomorphism of Weil algebras,
p: T4 — T4 (denoted by the same symbol) be the corresponding M f-
natural transformation between Weil functors T4, TA42 : Mf — FM, and
f: VA — VA2 be the corresponding FM,,-natural transformation (fiber-
wise extension of p) between the vertical Weil functors VA1, VA2 - FM,, —
FM. Let @ :Y — JY be an rth order holonomic connection on an F M,,-
object Y — M. Then V1O s ji-related to VA20. More precisely, Jfi o
VAo =vA20o0 .

Proof. By [2], the FM,,-natural transformations /" and fi commute
for any natural transformation g : 741 — T42. Then we have VA20 o i =
k427 oV A200 1 = kA2 0o VAO = J oA o V4O = J 1o VAIO. u

As a direct consequence we immediately obtain

LEMMA 1. Let © : Y — J"Y be an rth order holonomic connection on
an F M,-objectY — M. Then VPITCL@ VDY — JVPRY s a Gk -invariant
rth order holonomic connection on VPRY — M, where DE = JE(R™, R) is
the Weil algebra of k-jets at 0 € R™ of maps R — R, GE = inv J¥(R", R"),
is the kth order differential group in dimension n, and the action of G on DE
is given by j§ - j5f =5 (f o).

Proof. Indeed, Gﬁ—invariance means exactly that V}P) If‘@ is related to itself
by the extension g : VDRY — VPRY of the automorphism g : D — DF of
Weil a;lgebras (left translation by g € GE of the action of G on DF) for any
g c Gn L]

We recall that two FM-morphisms f,g : ¥ — Y determine the same
(0,k,0)-jet at y € Y if ]S(f\Ym) = jfj(g|YI) (see [14]). Using Lemmawe
can generalize Example [I] as follows.

EXAMPLE 2. Let F': M f, — FM be a natural bundle of order k. Let
© :Y — J"Y be an rth order holonomic connection on an FM,, ,-object
Y — M. We define an rth order holonomic connection VF¥O : VIY —

TVEY on VFY — M as follows. Let Py’ = inv Jigio) (R™",Y) be the

space of (0,k,0)-jets at (0,0) € R™"™ of F M, ,-maps R™" — Y. It is a
principal GE-bundle over Y (the projection P,?{fj{oY — Y is the target one)

with the right action of G& given by jig's"®- j§¢ = j') (@ o (idrm x ¥)). By

an order argument, VY = PB{]?{OY[FOR"] is the associated bundle with G-

fiber FyR" (we have the well-defined identification [j((’)ko’g)!l/, v] = VEU(v)),

where the left action of GE on FyR" is the standard one. By Lemma the re-
k

striction Pﬁ’,;f“,;?r@ : Pg{ﬁ{OY — JTPY?{%OY of VP”@ - VDRY — JTVDRY to the

open subbundle PTOn’fi{OY cVhny (the inclusion is given by the identification
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(Ookd) U= j§(5p|{0}xR")) is a Gk-invariant rth order holonomic connection on

PT?@@()Y — M. We define
VEO(w) == j.([o,v]), w=I[p,v],pe (Po’k’OY)y, veE R yeYs,,

xz € M, whereo : M — PO K0y is a local section with jro = P&knor@( ) and
[o,0] : M — VY is a section of VFY — M given by z — [o(x),v]. Using
Gk—lnvarlance of Pmnré and a local coordinate argument, one can easily
show that the definition of V'O (w) is correct (i.e. independent of the choice
of p and v with w = [p,v] and of the choice of o with PR%%.0(p) = jl0o).
By the canonical character of the construction of VI'© we have the cor-
responding FM,, ,-natural operator VI transforming rth order holonomic

connections @ on Y — M into rth order holonomic connections V'O on
VY — M.

Quite analogously to Proposition [2] we have

PROPOSITION 3. Let p : Fi — Fy be an M f-natural transformation
between bundle functors Fy, Fy : Mf — FM of order k, and ji : V' — V2
be the corresponding F My, -natural transformation (fiberwise extension of )
between the vertical bundle functors V1 V2 . FM,, — FM. Let © : Y —
J"Y be an rth order holonomic connection on an F M., n-object Y — M.
Then VIO is fi-related to VI2O. More precisely, J"jio VI1O = V20 o fi.

Proof. Let w = [p ] eVvhy pe Pyonﬁ{OY, v € F1pR™. Then ji(w) =
[p, 11(v)]. Denoting Po%0.0(p) = jro, we have VE2O(fi(w)) = j%([o, u(v)])
= ji(folo,v]) = J (o, v])) = T a(V O (w)). =

Now we show that for F' = T4, the connection VF'6 from Example [2] is
exactly VAO from Example .

PROPOSITION 4. For any Weil algebra A and any rth order holonomic
connection © :' Y — JY on an FM,, n-object Y — M we have VTTA@ =
V4O, where VTTAQ is as in Evample [2| for F = T4 and VA6 is as in
Ezample [1]

Proof. Let v € (VAY), = (VI'Y),, y € Y. We prove (VI"0), =

(VAO),. By F M,y n-invariance we can assume that ¥ = Y®" is the triv-

ial bundle over R™ with the fiber R", y = (0,0) and v € (VAYR")((),O) =

(VTAYRH)(O,O) = T;'R™. Let k be the order of A (i.e. of T4). It is a simple
k k

observation that (Vyn O) ik idgn = (PYES.0) = (VrO)

§&idgn = J?é (;g)(ldRm x idgn) € (VPRYR") ) = (TP"R™)g = (TFR™)g. For,

k n
write (P%knoT@) = (VP"@) = jjo, where o : R™ — P,%’ff{OYR

& idgn jkidgn» Where

] ldR’!L j(l)c ian
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k
is a section. Then we have (V?D"@)jgidw = ji([o,jEidgn]) = jho =
k
(Phisier®) s idgn = (V6)
formation p : TF = TP% — T4 defined by w(jky) = TA~y(v) such that
1(j¥ idgn) = v. By Propositionsandwe have (VI 0), = (VI 0)
~ 1y TE ~ 1 1y,DE
= J"a((Vr e)jg ian) = J"a((Vr Q)jg ian) = (Vflg)g(

¥ idgn Moreover, there is an M f-natural trans-

(5 idgn)
A

jkidgn) = (Vi ©)y.

Now we generalize part (i) of Proposition [1| to higher order connections.

THEOREM 1. A bundle functor G : FMy, , — FM admits an F M, -
natural operator D transforming rth order holonomic connections @ on
Y — M into rth order holonomic connections D(©) on GY — M if and
only if G = VT for some bundle functor F : Mf, — FM.

Proof. The “if” implication is an immediate consequence of Example [2}
The converse implication can be proved by using almost the same arguments
as for Theorem 3 in [4]. More precisely, the converse implication follows
immediately from Lemmas [2 and [3] below. m

LEMMA 2. Let G : FMy, — FM be a bundle functor. Suppose G
admits an F M., ,-natural operator D transforming rth order holonomic
connections © on'Y — M into rth order holonomic connections D(©) on
GY — M. Then the natural bundle G' : Mf,, — FM corresponding to G
defined by G'M = G(M x R™) and G'f = G(f x idgn) is of order 0.

Proof. Suppose G is of minimal order s > 1. Let M be an m-manifold.
Let ©;; be the trivial rth order holonomic connection on the trivial bundle
M x R" — M (ie. Op(z,y) = ji(y), where g : M — M x R" is the
constant section z +— (z,y)). Applying D, we have the rth order holonomic
connection D(Oyr) on G'M — M. Denote by D°(6O);) the underlying first
order connection of D(O);) on G'M — M. Since Oy is invariant with
respect to F M, ,-maps of the form f x idgrn, the first order connection
D°(Opr) on G*M — M is M fy,-invariant. Denoting by XP°(©m) ¢ x(G' M)
the horizontal lift of a vector field X on M with respect to D°(O)y), we have
the M f,,-natural operator B : T ~» T'G' transforming vector fields X on
m-manifolds M into vector fields B(X) := XP°(®m) on G'M (the notion
of such operators will be recalled in the next section). Clearly, the order
of B is zero. Further, as B(X) is projectable over X, we have B(X) =
G'X + V(X) for some vertical type M f,,-natural operator V : T ~» TG*,
where G' : T ~» TG' is the well-known flow operator corresponding to
G'. As G! is of minimal order s, so is the operator G'. By Lemma 1 from
[22], V is of order < s — 1. Then B is of minimal order s > 1, which is
a contradiction. m



Prolongation of higher order connections 285

LEMMA 3. Let G : FMpy — FM be a bundle functor of order s.
Suppose that the natural bundle G* : Mf, — FM (as in Lemma [2)
corresponding to G is of order 0. Then G = VI for some natural bundle

F:Mf, — FM.
Proof. This follows directly from Proposition 9 and Corollary 3 in [3]. =

REMARK 1. By Theorem [l if G is not isomorphic to V¥ (e.g. G = J¥),
then prolongation of connections from Y — M to GY — M requires the use
of some additional geometric object. Given an arbitrary bundle functor G on
F M n, the second author [23] recently constructed an rth order holonomic
connection G(©,V) on GY — M from an rth order holonomic connection
© on' Y — M by means of a torsion free classical linear connection V on M.
This generalizes the classical geometric construction from [I4] to first order
connections.

3. Prolongation of second order holonomic connections. We re-
call that the product of two connections €1 : Y — J"Y and @ : Y — J*Y
is a connection @1 %Oy : Y — J" Y defined by ©1 * Oy := J*O1 065. Then
the rth order Ehresmann prolongation of I' : Y — J'Y is a semiholonomic
connection '~ : Y — J'Y defined by induction:

r'Y.=rs«r:y -7y, rv0.-rr-2,r.y .7y
In what follows, if © : Y — J?Y is a second order connection on Y — M,
then ©° : Y — J'Y will denote its underlying connection.

ExAMPLE 3. Let V{" be the operator from Proposition [l We have an
F My, n-natural operator VE2 . J2 s J2VF transforming second order holo-
nomic connections @ on Y — M into second order holonomic connections,

Vi .= c@lec«vFeo) . viy — j2vly
on V'Y — M, where VI'0° « VFo° : VI'y — T*VFY is the second or-
der semiholonomic Ehresmann prolongation of Vf'©° : VI'y — JWWVFfy
and C? : J°Y — J2Y is the well-known symmetrization of second order

semiholonomic jets (see e.g. [9]).

In [5] we have proved that the symmetrization J'Y — J'Y exists only
for 7 < 2. This means that the operator V2 cannot be generalized to r > 2.

By [6], second order holonomic connections © : Y — J?Y on Y — M
are in bijection with couples (I, A) of first order connections I on Y — M
and tensor fields A : Y — S?T*M ® VY. This bijection is given by

I'=0° and A=0-CO(I'«T),

where the difference is on the affine bundle J2Y — J'Y with the vector
bundle S2T*M ® VY. Indeed, © and C®)(I" x I') have the same underlying
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first order connection, so that we can take the difference. The inverse bijec-
tion is given by (I, A) — C®)(I'* I') + A. In what follows, if O is a second
order holonomic connection on Y — M, then the equality © = (I, A) means
that (I, A) corresponds to © in the above bijection.

Clearly, if © = (I', A), then V26 = (VI'T",0), where VI I is from Propo-
sition [l] and 0 : VFY — S?T*M ® VVFY is the zero tensor field.

Let F : Mf, — FM be a natural bundle. We recall that a natural
operator A : T ~ TF is an M f,-invariant family of regular operators A :
X(N) — X(FN) for any n-manifold N, where X (V) is the set of vector fields
on N. An operator A is called linear if A: X(N) — X(FN) is R-linear for
any n-manifold N. A simple example of such an A : T ~~ TF is the flow
operator F transforming vector fields X € X(N) with the flow ¢; into vector
fields FX € X(FN) defined by the flow F¢,;. Clearly, the flow operator F
is linear. There are many papers where classifications of all natural (linear)
operators A : T ~ T'F for some F are presented (see e.g. [8], [13], [14], [18],
201, 211, [25)).

ExXAMPLE 4. Given an M f,-natural linear operator A : T ~~ TF, we
construct an FM,, ,-natural operator DA J2 s JAVE transforming sec-
ond order holonomic connections @ on Y — M into second order holonomic
connections D4(0) on VIY — M. Let © = (I', A) be a second order holo-
nomic connection on Y — M, where I is a first order connection on ¥ — M

and A:Y — S?T*M ® VY is a tensor field. We define
DA(O) == (V[T A%,

where VI'T: VI'Y — JIVIY is from Proposition [1| and

AL VY - SPT*M e VVEY
is defined as follows. Given w,v € T,M, © € M, we have the vector field
A(u,v) € X(Yy), where Yy, is the fiber of Y over z. Applying A we obtain the
vector field A(A(u,v)) on F(Y;) = (VFY),. Write A% (u,v) := A(A(u,v)).
By linearity of A, AA(u,v) depends linearly on u and v. Since A(u,v) is
symmetric in u, v, so is AA(u v).

Clearly, if © = (I, A), then DA(0) = V20 + A4, where V260 is from
Example |3] l, A4 s from Example and addition is on the affine bundle
JVEY — vy,

In the next section we prove the following second main result of this
paper.

THEOREM 2.

(i) A bundle functor G : FMpy,, — FM admits an F My, ,-natural

operator D : J? ~ J2G transforming second order connections © on
Y — M into second order connections D(©) on GY — M if and
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only if G is isomorphic to the vertical bundle functor VE for some
natural bundle F : Mf, — FM.

(ii) For G = VI the space of all such natural operators D is an affine
space with the corresponding vector space of all M fn-natural linear
operators A : T ~ TF transforming vector fields X on n-manifolds
N to vector fields A(X) on FN.

Part (ii) of Theorem [2| follows directly from

THEOREM 2. Let F : Mf, — FM be a natural bundle. Let D : J? ~
J2VE be an F My, n-natural operator. Then there exists a unique M f,,-
natural linear operator A : T ~ TF such that D = DA.

REMARK 2. By Theorem [l} part (i) of Theorem [2| is true also for rth
order holonomic connections for any r. On the other hand, the problem is
open whether one can generalize Theorem 2’ to rth order holonomic connec-
tions, r > 2. It is a simple observation that for » > 2, holonomic connections
©:Y — JY on FM,, ,-objects Y — M cannot be in canonical bijection
with systems (I, Aq,. .., A,_1) of first order connections I" : Y — J'Y and
tensor fields A; : Y — S T*M@VY fori=1,...,r— 1. Indeed, if we had
such a bijection, then we would have an FM,, ,-natural operator A given
by A(I') = (I,0,...,0) transforming general connections I" on ¥ — M into
rth order holonomic connections A(I") : Y — J"Y on Y — M. But this is
impossible for r > 2 (see [9]).

4. Proof of Theorem [2, Part (i) of Theorem [2]is exactly Theorem
for r = 2. We also present the following alternative (independent of The-
orem [I)) proof of part (i). The “only if” implication can be deduced as fol-
lows. Suppose we have an FM,, ,-natural operator D : J? ~ J2G. Let
I' :' Y — JY be a connection on Y — M. Applying symmetrization
C® . 7°Y — J2Y to the Ehresmann prolongation I' x I" : 'Y — 7Y
we obtain a second order holonomic connection C(I'+ I') : Y — J?Y.
Using D we get a second order holonomic connection D(C'®)(I" % I')) on
GY — M. Write D(I') = (D(CP) ("« I'))° : GY — J'GY for the un-
derlying connection of D(C®)(I"  I')). So we have an FM,y, ,-natural op-
erator D : J' ~» J'G. By Proposition [I, G = VF for some natural bundle
F: Mf, - FM. The “if” implication is an immediate consequence of Ex-
ample[3] Of course, the above alternative proof of Theorem [I]for r = 2 cannot
be extended to other 7, because there is no symmetrization J' Y — J'Y if
r> 2.

The rest of this section will be devoted to the proof of Theorem 2,
which also proves (ii) of Theorem [2| Let z!,...,2™,y!, ..., y" be the usual
coordinates on R™ x R™.
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Proof of Theorem 2'. Let © = (I', A) be a second order holonomic con-
nection on Y — M (the notation is taken from the previous section). We
can write

D(O) = (VT + Ai(I, A), Ay(I, A))

for unique FM,, ,-natural operators A; and Ay transforming pairs (I, A)
as above into tensor fields Ay (I, A) : VY — T*M @V VEY and Ay (T, A) :
VY - S2T*M @ VVEY.

Using Ay we define an M f,,-natural linear operator A : T ~» TF as
follows. Let X be a vector field on an n-manifold N. We have the trivial
connection I'y : — JYYN on the trivial bundle YV = R™ x N over R™.
We also have a tenbor field AX := (dr'odz )@ X : YN — S2T*R" VYV,
Write

A(X) = (Ay(ITy, A),u® @) : FN = (VEYN)y — (VVIYY)o = TFN,

where u°® = %‘ 0 € ToR™. Because of the canonical character of the con-
struction, the family A : T ~» TF is an M f,-natural operator. By Proposi-
tion 42.5 in [14], A is of finite order. Using invariance of Ay with respect to the
base homotheties on R™ we get the homogeneity condition A(t?X) = t2A(X)
for t > 0. Then A is linear by the homogeneous function theorem (Theorem
24.1 in [14]).

Now we show that A (I, A) = 0 and Ay(I', A) = A4, where A4 is from
Example [4] Let y € Y be a point. It is sufficient to show that A; (I, A) =0
and Ay(T', A) = A4 over y. Choose a sufficiently large natural number r and
a torsion free classical linear connection on M. By Proposition 2.2 in [24]
there exists a “special” fibered chart ¥ on Y with ¢ (y) = (0,0) such that

76 (0« (0, =) = j (I (0, —)) and

, ; o
J%o,m(% ) =3 (0,0) (FR" + Z Z al]x da? ® )

k=114j5=1

for some numbers afj € R with afj = —a?i. So, taking into account invariance
of Ay and As with respect to the “special” fibered charts we may assume
that Y = Y®" y = (0,0) € R™ x R", jg(r(o —) = j5(Irn(0,—)) and

; 0
](10,0)(F) = Ji (0,0) <F]Rn -I—Z Z a;;x i ® >

k=11t,7=1

for some numbers afj € R with afj = —aé?i. Let w € (VFYRn)(QO). It remains
to verify that A;(I', A),, = 0 and Ay(I, A),, = AL,

Using invariance of Ay, Ay and A4 with respect to fiber homotheties for
t > 0 (they preserve w) we can additionally assume that (I, A) are suffi-
ciently close (in the compact open C'*°-topology) to (Ign,0). So, assuming
that the above r is sufficiently large, by the nonlinear Peetre theorem (more
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precisely by Theorem 19.10 in [I4] for K = {w} and f = (Ik»,0)), we can
additionally assume that the coefficients of I" and A (in the usual coordi-
nates on R x R™) are polynomials of degree < r. Now, applying invariance
of Ay with respect to the base homotheties tidgm X idgn for ¢ > 0 (they
preserve w) and the homogeneous function theorem we get A (I, V), = 0.
Similarly, using invariance of Ay with respect to the base homotheties and
the homogeneous function theorem and next using invariance of Ay with
respect to maps from GL(m) x {idg~} (they preserve w) and the invari-
ant tensor theorem (Theorem 24.4 in [14]) we deduce that As(I, A),, de-
pends linearly on the value 4 o) only. By polarization, it suffices to verify
(Ag(I A)yyu © u) = (A u @ u) for any u € TyR™ and any I', A, w as
above. Consequently, using invariance of As with respect to linear maps from
Gl(m) x Gl(n) it suffices to show that

(AT, Ay, u® ® 1) = (AL u® ©u°)
for I' = I'gn and A = (dz' ©dz') ® 8%17 where u° = %‘0 € ToR™. But this
equality is an immediate consequence of the definitions of A and A#.

If Ao(I', A) = AP for another M f,,-natural linear operator B : T ~ TF,
then A(52r), = (A, u°ou’) = (AS uwou’) = B(3%),,. so that A= B. =

w

Open problem. By [6], second order nonholonomic connections @ on
Y — M are in bijection with triples (I, I'1, A) of first order connections I', I'}
on'Y — M and tensor fields A :Y — @?T*M ® VY. It seems that using a
similar (but more technically complicated) proof to the one of Theorem 2’ one
can also completely describe all M, ,,-natural operators D : J? = J2vF
transforming second order nonholonomic connections ©® on Y — M into
second order nonholonomic connections D(6) on VY — M.

5. Applications of Theorem If F' is the identity functor on M f,,
then V'Y =Y. By [14], the vector space of all M f,,-natural linear operators
A : T ~ T is one-dimensional (generated by A = id). Then we have the
following corollary of Theorem 2':

COROLLARY 1. Let D : J? ~~ J? be an F My n-natural operator. Then
there exists a unique number o € R such that D(0) = VE20 + aA for all
second order connections © = (I, A) on'Y — M, where F is the identity
functor on M f,.

If F = T is the Ehresmann functor of (p, r)-velocities, then VvEy = VoY
is the vertical bundle of (p,r)-velocities. The basis of the vector space of
all M fp-linear operators A : T ~» TT] is formed by Morimoto lifts
LY T s T, for all p-tuples of nonnegative integers A = (A1,...,Ap)
with 0 < |A| < r (see [§], [13]). So we have
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COROLLARY 2. Let D : J? ~~ JQVP” be an F M., n-natural operator.
Then there exist unique real numbers ay such that D(©) = VIr?0 +

o a)\ALW (where the sum is over all p-tuples X\ of nonnegative integers
with 0 < |X| <r) for all second order connections © = (I, A) on'Y — M.

If F = T4 is the Weil functor corresponding to a Weil algebra A, then
VY = VAY. All M f,-linear natural operators B : T ~» TT# are op(a) o
TA:T ~ TTA for all a € A, where T4 : T ~» TT# is the flow operator and
op(a) : TTAN — TTAN is the natural affinor on TAN corresponding to
a € A (see [13]). Thus the vector space of all M f,,-natural linear operators
B : T ~ TT4 is dimg(A)-dimensional. So we have the following corollary of
Theorem 2, which generalizes Corollaries 1, 2.

COROLLARY 3 ([16]). Let A be a Weil algebra. Let D : J? ~ J?VA
be an F M, n-natural operator. Then there is a unique a € A such that
D(O) = VT420 4 AP@T? for gll second order connections © = (I',A) on
Y - M.

Let T"*N = J"(N,R)g be the space of all r-jets from an n-manifold
N into R with target 0. Since R is a vector space, T"*N has a canonical
structure of a vector bundle over IV, which is called the rth order cotangent
bundle. The dual bundle T")N = (T™*N)* is called the rth order tangent
bundle. For every map f : N — Nj the jet composition A — A o (57 f),
€ N, A€ (T" N1)f(z), defines a linear map (T"*N1) ¢(y) — (T7*N)z. The
dual map ngr)f (TIN), — (T(”)Nl)f(x) is called the rth tangent map of f
at z. This yields a vector bundle functor T, which is defined on the whole
category M f of all manifolds and maps. Clearly, for » = 1 we obtain the
classical tangent functor T and for 7 > 1 the functor T(") does not preserve
products. Obviously we have the canonical inclusion TN ¢ T N. Using
fiber translations on TN, we can extend every section X : N — T'N to a
vector field V(X) on T")N. This defines a linear M f,-natural operator V :
T ~ TT" . In [20] the second author classified all M f,-natural operators
T ~» TT). From this result we obtain directly that all linear M f,,-natural
operators T ~» TT() are of the form ¢;7" + ¢;V, ¢; € R. If F = T(") then
we have VE = V() . FMpp — FM.

COROLLARY 4. Let D : J? ~ J2V() be an F M n-natural operator.

Then there exist unique real numbers c1,co such that D(O) = V29 4
e AT + ¢y AV for all second order connections © = (IA) onY — M.

If F = T* is the cotangent functor, then VY = V*Y. By [14], all
linear M f,,-natural operators A : T' ~ TT™* are linear combinations (with
real coefficients) of the flow operator 7* and the operator V' defined by
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V(X)y = (w, Xz) C,, where C is the Liouville vector field of the cotangent
bundle and X € X(N), w € Ty N, x € N. Thus we have

COROLLARY 5. Let D : J? ~~ J?V* be an F M n-natural operator.
Then there exist unique real numbers cy,co such that D(O) = VI 20 +
1 AT+ o AV for all second order connections © = (I, A) on'Y — M.

Quite analogously to Corollary [4 one can generalize Corollary [5] to the
rth order cotangent bundle F' = T"*. Indeed, the second author [2I] de-
scribed all linear natural operators T ~» T"*, which enables us to describe
all natural operators D : J2 ~» J2V7*.
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