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On the Lojasiewicz exponent near the fibre
of polynomial mappings

by HA Huy Vul and NGUYEN HoNG Duc (Hanoi)

Abstract. We give the formula expressing the f.ojasiewicz exponent near the fibre
of polynomial mappings in two variables in terms of the Puiseux expansions at infinity of
the fibre.

1. Introduction. Let M, N, L be finite-dimensional real vector spaces
andlet g: X — N and f: X — L be semialgebraic mappings, where X C M.
For a set S C X, put

Loo(gls) :==sup{r €e R: IC,R > 0,Vz € S (||| > R = ||g(x)|| > C||z||")}-
For A € L, put
Loo,f—2(9) = sup{Leo(g|f-1(7)): U C L is a neighbourhood of A}.

Motivated by results of [H|, [C-K1]|, [C-K2|, [P], [KOS], ... on bifurcation
values at infinity of polynomial functions, the number L r—x(g), called the

Lojasiewicz exponent at infinity of g near the fibre f~1()\), was introduced
and studied in [Sk] and [R-S]. The authors of [R-S| proved that:

(1) Loos-a(9) € QU {+00}.
(ii) There is a semialgebraic stratification L = S1U---U.S; such that the
function v: L 3 X — L r—2(g) is constant on each stratum S;.

Our aim in this paper is to study Lo r—a(g) in the case when f and
g are polynomials in two real or complex variables. In this very restric-
tive setting we can give complete results about the Lojasiewicz exponent at
infinity near the fibre in the complex case. In brief, our results are the fol-
lowing. Let f(z,y) be a non-constant monic polynomial in z, i.e. f(z,y) =
2%+ a1 (y)z?t + -+ ag(y), where a; € Cly] and dega; < i. Then:
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(i) The set of A € C such that L s—x(g) = —o0o coincides with a cer-
tain set A(f, g) which is defined in terms of the Puiseux expansions
at infinity of g = 0.

(ii) If Lo, r—2(g) # —o0 then

Loo,f—a(g) = min{deg g(xi(y), y)}
in the complex case, and

Loo,j—2(9) = min{deg g(x7'(y), )}
in the real case, where x;(y) runs over the set of Puiseux expansions
at infinity of the fibre f=!()\), and x?fi(y) is the real approximation
of z;(y).
(iii) If f,g are complex polynomials in two variables, then the function

v: C\ A(f,9) = QU {Foo}, A= L s-r(9),
is constant.

The paper is organized as follows. In Section 2 we describe the process
of sliding of [K-P| in the form which is most convenient for us. The main
results are stated and proved in Section 3.

2. Sliding. In this section we prove some lemmas about the process of
sliding in both complex and real cases.
If o(7) is a series of the form

o(T) = apr® + terms of lower degree  with ag # 0,

then the number « is denoted by deg ¢.
Let f: C?> — C be a polynomial. For a series

z=y) =y + ey N+
where ¢; € C,n; € Z and ¢; # 0,n1 > ng > -+, we put

1 1 .
M(X,Y) = f<X + ¢<Y> , Y) = e XYV,
(2]

For each ¢;; # 0, let us plot a dot at (¢, j/N), called a Newton dot. The set
of Newton dots is called the Newton diagram. The boundary of its convex hull
is the Newton polygon of f relative to ¢, to be denoted by P(f, @) or P(M).

Assume that z = ¢(y) is not a Puiseux root at infinity of f = 0. Then
the Y-axis contains at least one dot of M. Let (0, hps) be the lowest one. We
see that hyy = —deg f(¢(y),y).

By the highest Newton edge Hyr of M we mean the edge of P(M) with
one extremity (0, hps) and such that all Newton dots of M lie on or above the
line containing Hps. Let 0y = tan ¢, where ¢ is the angle between Hjy; and
the X-axis. Note that if (¢, j/N) is a Newton dot of M then pri+j/N > hyy,



Lojasiewicz exponent 45

and (i,7/N) € Hyy if and only if Opri + j/N = hyr. If . = p(y) is a Puiseux
root at infinity of f = 0, we set hy; = 400 and 0y = +00.

We associate with H)js the polynomial epf(z) := epr(x, 1), where

eM(X,Y)= Y e XYV
(4,3/N)EH

LEMMA 2.1. Let M(X,Y) = M(X +¢Y?,Y). We have:

(a) If 0 > 0y, then hﬁ = hy and 9]\7 = 0.

(b) If 0 = Oy and c is a non-zero root of ey (x), then hyy > hyr and

91\7 > 0Oy

(c) If 0 =0n and epr(c) # 0, then hgp = hyr and 037 = O

Proof. (a) Let (0, hpr) and (io, jo/IN) be the extremities of Hjy. It is clear
that the coefficient cop,,, of XYM in M is 20 cijct, 0i+j/N = hp. Since
Ori+ j/N > hy and by the hypothesis 8 > 6,7, we see that copn,, = con,,-
Therefore (0, has) is a Newton dot of M.

Analogously, we can show that (ig, jo/N) is also a Newton dot of M and
all Newton dots of M lie on or above H;. Thus Hy = HM. Hence hM = hy
and QM = (9]\/[.

(b) Let (0, 3) be any Newton dot of M on the Y-axis. Since 6 = ), and
the coefficient of X°Y? in M is 29i+j/N:6 cijci7 it is clear that 8 > hjs and
therefore h]T/f > h.

Since ep(c) = 0, Hy; does not contain the dot (0, hys). Hence hor > hyy.

As in the proof of (a), (io,jo/N) is a Newton dot of M. Therefore

hM — QMiO :jo/N > hM— HMiO > hM — QMZ'().
Thus QZT/f > 0.

(c) follows easily from the proof of (b). =

If ¢ is a non-zero root of ex7(x), the series 1(y) = @(y) + ey~ will be
called a sliding of p(y) along f. A recursive sliding ¢ — ¢; — -+ produces

a limit, pso, Where voo(y) = wi(y) if f(pi(y),y) = 0. The series po is a
Puiseux root at infinity of f = 0 and will be called a final result of sliding ¢
along f.

LEMMA 2.2. Let f,g: C?> — C be two polynomials. For a series x = p(y),
put

M(X7 Y) = f(X + 90(1/Y)7 1/Y)7 N(Xv Y) = g(X + 90(1/Y)7 1/Y)
We have:

(a) If O > O, then deg g(voo(y), y) = deg g((y),y)-
(b) If Oar = On, then deg g(poo(y), y) < degg(e(y),y)-

Here © = v (y) is a final result of sliding ¢ along f.
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Proof. Assume that ¢(y) — ¢1(y) — -+ — @oo(y) is a process of sliding
of ¢ along f, where po(y) = ¢(y) and pi+1(y) = pi(y) + ciy™". Put
Moy=M, M;i1(X,Y)=M(X+cY%Y),
No=N, N 1(X,Y)=N(X+¢Y%Y)
We get
Me(X,Y) = f(X+p(1/Y),1/Y),  Noo(X,Y) = g(X+p0(1/Y),1/Y).
Since 0; = 0y, by the definition of sliding, Lemma 2.1(b) implies 6; < 0;4;.
(a) Since Oy > 6Oy, applying Lemma 2.1(a), we have hy, = hy and
On, = On. Therefore
01 >90:9M>0N:9N1-
Again by Lemma 2.1(a), we get
th = th and (9]\[2 = 9]\[1.
Applying Lemma 2.1(a) infinitely many times we finally obtain hy,_ = Ay,
which means that deg g(¢oo(y), y) = deg g(v(y), y)-

(b) Suppose that 8); = . Assume that k is a natural number such that
en;(¢;) = 0 and 6y, = Oy, for i = 0,1,...,k — 1, but either ey, (c) # 0
or Oy, # On,. Since en,(¢;) = 0 and 6y, = Oy, for i = 0,1,...,k — 1,
Lemma 2.1(b) gives hy,,, > hy, for i =0,1,..., k. Therefore hy, > hy.

CLAIM. hNkJrl > hy and 9Nk+1 < 9Mk+1'

To see this, we have to consider several cases.
If Opr, > O, then by Lemma 2.1(a),

h]\/kJrl = hNk > hy and 9Nk+1 = QNk < GMk < 0Mk+1.

If Opr, = On,,, then en, (cr) must be non-zero and Lemma 2.1(c) yields
hNn,., = hn, and On,., = On,. As before, we see that hy, , > hy and
9Nk+1 < 9Mk+1'

If Opr, < On,, then as in the proof of Lemma 2.1(b), if (ig, jo/N) is the
other extremity of Hy, |, it is also the other extremity of Hy, . Therefore

hNk+1 = QMkiQ —l—j()/N > QNk71i0 +j0/N = hNkfl > hy,
9Nk+1 = b, < 0Mk+1'

Now, using the claim and by the same argument as in the proof of (a),
we get

hy < h]\[k+1 =hn,,.
Hence deg g(¢poo(y), y) < degg((y),y). =

Let us consider a series x = A(y) of the form

= ANy) = ary™ +ay™ +---,
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where a1 > as. If a1,...,as-1 € R and as € R, we put
A (y) = ary™ 4+ as Y™ + ey,

where ¢ is a generic real number. We call AR (y) the real approzimation of
A(y).

LEMMA 2.3. Let f,g: R> — R be polynomials. For a series x = p(y),
put

M(X,)Y) = f(X +¢(1/Y),1/Y), N(X,Y)=g(X +¢(1/Y),1/Y).
Let & = @oo(y) be a final result of sliding ¢ along f and % (y) be the real
approzimation of pso(y). We have:

(a) If Orr > On, then deg g(o5,(y), y) = degg(e(y), y).
(b) If Oar = O, then deg g(wh (1), y) < degg(e(y),y).
(y),y) < deg f(o(y),y)-

Proof. (a) If puo(y) = ©(y) then ¢% (y) = ¢(y) and then automatically
deg 9(¢p(y), y) = deg g(5, (), ). Otherwise, we write

Poo(y) = @(y) = boy™ + - + b1yt by 4

where By = —0p > 51> -+, by, b1,...,bs—1 € R and b; ¢ R for some s > 0.
We write ¢(y) as a sum p(y) = ¥ (y) + v(y) with

= Z acy®, YY) = Z aay”.

OC>B.5 O‘SBS

In particular with g = f, we have deg f (%,

Clearly
Poo(y) = U(y) + (boy™ + - + bs1y™ 7 + by™ + ) +4(y).
Therefore
P (y) = YY) +boy™ + -+ b1y® T+ ey
= ¢(y) +boy™ + -+ b1y + ey’ —a(y)
= »(y) + aoy™ + ary™ + -+,
where 0y = ag > a1 > -+ - . By putting
Mo= M, MZ+1(X Y) MZ(X + a;Y %, Y),
No= N, Ni+1(X, Y) = NZ(X + a; Y~ Y),
we get
Since, by the hypothesis, 6y > 0x and 0y = —Fy (= —ap < —a1 < --+),

the same argument as in the proof of Lemma 2.2(a) gives hy, = hy. Hence

deg (0% (¥), y) = deg g(2(y), ).
(b) Now assume that 6p; = Ox. Let k be a natural number such that

en;(a;) =0 and Oy, = O, for i =0,1,...,k — 1, but either ey, (ax) # 0 or
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On,, # On, . It is clear that £ < s. Since 0y = 0, by the same argument as
in the proof of Lemma 2.2(b) we get deg g(¢~ (y),y) < degg(v(y),y). =

3. Main results. Let f,g: K*> — K, with K = C or R, be polynomial
functions and let A € K. Put
~ . .deggod
_a(g) = inf SBIOT
EOO,f )\(g) 11% deg @
where @ runs over the set of meromorphic function at infinity such that

deg® >0, deg(f—A)o® <0.

If f is monic in z, then @ can be written in the form = = ¢(y) with degp < 1

and d )
eggo
dog @ eg g(0(y),y)

According to [Sk, Theorem 2.1, we know that

Looj-2(9) = Loos—2(9)-

THEOREM 3.1. Let f and g be polynomials in two complex variables
(z,y). Assume that f is monic in x. Let v = z;(y), i = 1,...,d, (respec-
tely, v = Z;(y), j = 1,...,5) be the Puiseur expansions at infinity of
f(z,y) — XA =0 (respectively, of g(x,y) = 0). Let

Alf,9) = {¥ € C: Ay = lim f(7;(y),), j=1,..., s}
Then:
(a) Loo,f—r(g9) = —00 if and only if X € A(f,g).
(b) 1f Locry-r(9) # —00 then
Lo f—2(9) = min{deg g(z;(y),y) : i =1,...,d}.
Proof. (a) Put
l= mjn deg g(zi(y),y).

It is obvious that A € A(f,g) if [ . Let I > —o0. Since L r—-2(9)
—00, there is a curve z = y(y) meromorphlc at infinity such that

deg(f(v(y),y) —A) <0 and degg(v(y),y) <.
Put
M(X,Y)=f(X +7(1/Y),1/Y) =X, N(X,Y)=g(X +~(1/Y),1/Y).

First, we see that 0); < 0. Indeed, assume that this is not the case. Take a
final result v (y) of sliding v(y) along f — A. This series will be a Puiseux
root at infinity of f — A: f(Yeo(y),y) — A = 0. Then Lemma 2.2 yields

deg g(Voo(y), y) < degg(v(y),y) <1,
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a contradiction. Now applying Lemma 2.2(a) with 0y, < x5 we get
deg(f(Foo(y), y) — A) < deg(f(v(y),y) —A) <0,

where Yoo (y) is a final result of sliding v(y) along g. Hence A € A(f, g).
(b) Let * = ¢(y) be a meromorphic curve at infinity which satisfies
deg(f (o), ) — %) < 0. Put
M(X,Y) = f(X +o(1/Y)) =X, N(X,Y) =g(X +¢(1/Y)).

Since £ooyfﬂ)\(g) # —o00, we can show as before that 6y, > 6. Therefore
Lemma 2.2 yields deg g(¢voo (¥)(y), y) < deg g(p(y),y), where oo (y) is a final
result of sliding ¢(y) along f — A. Thus

Loo,f-a(g) = infdeg g(¢2(y), y) 2 min degg(i(y),y)-
Since the opposite inequality is always satisfied, the assertion follows. m

THEOREM 3.2. With the notations of Theorem 3.1, the function 9(\) =
Lo, t—2(g) is constant on C\ A(f,g).

Proof. Suppose 0, A & A(f,g). We only need to prove that ¥(0) > J(\).
By Theorem 3.1 with 0 € C\ A(f,g), there is a Puiseux root at infinity
x = (y) of f such that ¥(0) = degg(v(y),y). Put

M/\(Xv Y) - f(X + W(l/Y)v l/Y) - A N(X7 Y) - g(X + ¢<1/Y)7 I/Y)

We shall show that 67, > 0. By contradiction suppose that 05, < 6y. Let
©Yoo(y) be a final result of sliding ¢(y) along g. By Lemma 2.2(a),

deg f(Poo(y),y) = deg f(»(y),y) <O,

which is impossible, because 0 is not in A(f, g).
Now, since 6y, > 6y, Lemma 2.2 shows that deg g(¢oo(¥),y)
where @oo(y) is a final result of sliding ¢(y) along f — . Thus ¥(0) >

We denote by
Jo = {(U,U) S C23 EI{Zn} C (CQ’ Zn — 00, é(zn) - (u’v)}

the Jelonek set of @ = (f,g): C> — C2. The following proposition is also a
consequence of [C-K2, Theorem 1].

(0),

< v
J(A). =

PROPOSITION 3.1. Let & = (f,g): C? — C2? be a polynomial mapping
with f, g monic in x. Let (u,v) € C2. Then:

(a) (u,v) € Jg if and only if either there exists a Puiseur expansion at
infinity x = x(y) of f(x,y) = u such that deg(g(x(y),y) —v) < 0, or
there exists a Puiseuz expansion at infinity x = Z(y) of g(x,y) = v
such that deg(f(Z(y),y) —u) < 0.

(b) (u,v) € Jg if and only if either Log f—u(g — v) 01 Log,g—u(f — u)

1§ —O00.
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Proof. (a) Let us proceed as in [Sk|. Suppose that (u,v) € Jg. For every
§ > 0 there is 2 € C? such that

12° > 1/ and [[(f(2%) = u,g(°) —v)|| < 0.

Let B = {z € C?: ||z|| < 1}. The mapping H: B > z +— z/(1 — ||2||?) € C?
is a rational homeomorphism. Hence, the set
X :={(2,0) € Bx(0,400): ||[H(z)|| >1/¢ and
[(F(H () — w9 (H (=) ~ )| < 6)

is semialgebraic and there is a sequence of points (wk, dk) € X convergent
to a point (w’,0) such that w® € OB. Therefore by the curve selection
lemma, there exists a curve ¥ = (¢,v): (R, +00) — X, meromorphic at
infinity, such that lim; .. ¥ = (w°,0). By putting ¢ = H o , we obtain the
curve ¥ = (i, 1) meromorphic at infinity such that degy > —degvy > 0,
deg(f —u) o < 0 and deg(g — v) o < 0. We can take ¢ in the form
z = ¢(y), so deg(f(p(y),y) —u) <0 and deg(g(¢(y),y) —v) < 0. Put

M(X,Y)=f(X4+¢(1/Y),1/Y)—u, N(X,Y)=g(X+¢(1/Y),1/Y)—0.
Then hAps > 0 and Ay > 0.

If Opr > O, let x = z(y) be a final result of sliding ¢ along f — u. By
Lemma 2.2, deg(g(z(y),y) —v) < 0.

If 6)y < Oy then Lemma 2.2(a) yields deg(f(Z(y),y) — u) < 0, where
x = z(y) is a final result of sliding ¢ along g — v.

(b) follows easily from (a) and Theorem 3.1. m

THEOREM 3.3. Let f,g: R? — R be real polynomials monic in . Let
A€R. Let x = x;(y), i =1,...,d, be the Puiseur expansions at infinity of
f(z,y) — X =0 and X (y) be the real approzimation of z;(y). Put

Ve(f) = {zi(y): deg(f(2}(y),y) — A) <0}

Let x = zj(y),j = 1,...,s, be the real Puiseur expansions at infinity of
g(z,y) =0. Put

Ar(f,9) = {reR: lim f(7;(y),y), 5 =1,...,s}

(If g(z,y) = 0 has no real Puiseux root at infinity, we put Ar(f,g) = 0.)
Then:
(a) If Loo,fo—r(gc) # —o0 then
Lo f—2(g) = min{deg g(z*(y),v): 2(y) € V&(f)}.

(b) Loc.sn(g) = —00 if and only if X € Ar(f, ).
(€) Loo,f—r(g) = 400 if and only if X & Jy.
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Proof. (a) Let * = ¢(y) be a meromorphic real curve at infinity with
deg(f(e(y),y) — A) <0. Put

M(X)Y) = f(X+¢(1/Y),1/Y) = A

and
N(X,Y) =g(X +¢(1/Y),1/Y).
First, we show that 63y > Oy. In fact, otherwise let ¥ be a final result
of sliding ¢ along ¢g. By Lemma 2.2, deg(f(#(y),y) — A) < 0 and therefore
Lo, fo—a(gc) = —oo, which is impossible.
Since 037 > 0y, Lemma 2.3 yields
deg g(¢% (y), y) < deg g((y), y),
deg(f(¥% (1), y) — A) < deg(f(p(y),y) — A) <0,

where ¢ (y) is a final result of sliding ¢(y) along f — A. Thus

Loo,j—2(g) > min{deg g(z™(y),y): 2(y) € Ve(f)}.

The opposite inequality always holds.
(b) Assume that Lo f—x(g9) = —00. Clearly, if

k := min{deg g(«"(y),y): x(y) € Va(f)} = —o0

or

L= min{deg g(T%(y),y): 9(@(y),y) = 0,deg(f(T"(y),y) — A) < 0} = —oc
then A € Ar(f,g). Assume that k and [ are finite. Since L r—1(g) = —o0,
there exists a real curve x = ¢(y) such that

deg(f(¢(y),y) =A) <0 and  degg(p(y),y) < min{k,}.
Put

M(X,Y) = f(X +¢(1/Y),1/Y) = A, N(X,Y) =g(X +¢(1/Y),1/Y).
If 5 > Oy, then Lemma 2.3 yields deg(f(¢% (y),y) — \) < 0 and

deg g(0% (y),y) = deg g(¢(y),y),

where = v (y) is a final result of sliding ¢ along f — A. This contradicts
the fact that degg(v(y),y) < k.
If 0pr < On, then by Lemma 2.3, if z = ¢ (y) is a final result of sliding ¢

along g then deg(f(P5(y),y) —A) < 0 and deg (25, (y), y) < degg(0(y), ),
which is impossible, since deg g(¢(y),y) <.

(c) Straightforward. m

REMARK 3.1. Parts (b) and (c) of Theorem 3.3 are known by [R-S,
Remark 2.4] and [Sp, Theorem 3.5].
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