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Carathéodory solutions of hyperbolic
functional differential inequalities
with first order derivatives

by ADRIAN KArRPowICZ (Gdansk)

Abstract. We consider the Darboux problem for a functional differential equation:

0%u ou ou .
axay (I,y) - f(x7y>u(x,y)7u(x7y)a 87.23(:67:[/)7 @($7y)> a.e. 1 [O7a] X [07 b]a

u(l‘,y) = ’(l)(flﬁ,y) on [7a07a] X [7b0vb] \ (O,CL] X (07 b]v

where the function u(,,,) : [—ao, 0]x [—bo, 0] — R is defined by u(, ,)(s,t) = u(s + z,t + )
for (s,t) € [—ao,0] x [—bo, 0]. We give a few theorems about weak and strong inequalities
for this problem. We also discuss the case where the right-hand side of the differential
equation is linear.

1. Introduction. Put I = [0,a] x [0,b], D = [—ap,0] x [=by,0],
I = [—ap,a] X [=bg,b], Iy = I*\ I. We always assume that a,b > 0 and
ag,bo € Ry, where R, = [0,4+00). We denote by C(D,R¥) and L'(D,RF)
the spaces of continuous functions and of Lebesgue integrable functions from
D into R¥, respectively. The symbol | - | denotes the maximum norm in R¥,
Moreover, ||w||op denotes the usual supremum norm of w € C(D,R¥). The
inequality z < y in R* means that x; < y; for each i € {1,...,k}, and
similarly for “>” “>" and “<”. A function f = (f1,..., fx) : I x C(D,RF) x
R* x RF x R¥ — RF of the variables (z,v,w,n,,v) is said to be quasi-
monotonically nondecreasing with respect to n if each f; is nondecreasing
with respect to every 7; for j # 4. This function is said to be nondecreasing
with respect to the functional argument w if the inequality w; < wo im-
plies that f(z,y,w1,n,p,v) < f(z,y,ws,n, pu,v). Here w; < wy means that
wi(s,t) < wsa(s,t) for all (s,t) € D.
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We consider the linear problem

d%u ou

(%cay (may) = C(‘T7y)u(x7 y) + M(xa y) %(:r,y)

1 0
( ) + N(xay)aiZ(‘ray) + P(.’If',y)U(ij) a.e. in I,
U(ﬂj‘7y) = ¢($7y) on IO)

where P(z,y) : C(D,R¥) — R is a linear operator for every (x,y) € I and
C, M, N are square k x k matrices.
We also consider the nonlinear problem

*u ou ou ,
8x8y(x’y) - f<x7y7u(x,y)7u(x7y)a 87%(:(}7:[/)’ ay(mvy)) a.e. in I,

u(z,y) = Y(x,y) on I,

where f: I x C(D,RF) x RF x R¥ x RF — RF,
In both problems, u, ) : D — R* is defined by the formula Uy y)(5,1) =

u(s +x,t+y) for (s,t) € D and ¢ : Iy — R¥ is a given continuous function.
By a solution of the problem we mean an absolutely continuous function on 1
and continuous on I* which has the derivatives du/dx, Ou/dy, 0*u/0zdy
almost everywhere on I, which satisfies the differential equation almost ev-
erywhere on I and the initial condition everywhere on Iy. Now we give two
examples of the operator P(z,y).

EXAMPLE 1. Let ]B(x,y) = (ﬁij(x,y)),ﬁjzl be a square k x k matrix,
where p;; € LY (I,R), v1 : I — [—ag,a], v2 : I — [~bo,b] and (y1(z,y) —
z,v2(x,y) —y) € D for all (z,y) € I. If for every (z,y) € I, we define the
operator P(z,y) : C(D,R¥) — RF by the formula

P(z,y)w = P(z,y)w(n(z,y) — z,72(z,y) — y),
then

P(x,y)u(zyy = Px, y)u(vi(z,y), 12(x,v)).
Consequently, as a special case of (1) we get the following equation with a
deviated argument:
0%u
0xdy

<$7y) - C(:U,y)u(a:,y) +M(x7y> gl;<$7y)

+ N(z,y) gZ(-’L‘, y) + Pz, y)u(vi(2,y),72(z,y)) ae. in I,

If we want to get an integro-differential equation then for every (z,y) € I,
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we define
0 0
P(z,y)w=P(z,y) | | w(s t)dsdt,

—ap —bg

and consequently we have
x oy
P(z,y)u(zy) = P(z,9) S S u(s,t)dsdt.
T—ao y—bo

This paper is devoted to the study of hyperbolic functional differential
inequalities for the Darboux problem. In each section we consider both the
linear and nonlinear problems. For the nonlinear problem we always assume
that f satisfies the Lipschitz condition. In most of the presented theorems we
consider the case of weak inequalities. In the last section we study strongly
monotone flows. In [4] we considered a simpler Darboux problem, where f
was independent of du/0x and du/dy. Theorems about ordinary differential
inequalities can be found in [3], [5]-9], and for hyperbolic inequalities in [1],
2, [4, 5], [9]

2. Weak inequalities. In this section we will be concerned with weak
inequalities for the linear and nonlinear problems.

THEOREM 1 (nonnegativity). Suppose that:

(I) For every (x,y) € I we have a linear map P(z,y) from C(D,R¥

)
into R¥ which is positive in the sense that w >0 implies P(x,y)w >0
for (z,y) € I.

(H) C(x’y) = (C’ij(l‘?y))f,j:h M(I‘,y) = (mi]'('rvy))?,jzlv N(x,y) =
(n,-j(:c,y))ﬁjzl are k x k matrices, where c;j,m;j,n;; € L'(I,R)
and m;j(z,y),nij(z,y) > 0 a.e. in I for i # j. There is a function
I € LY(I,R) such that

x y
l(z,y) > 3Sl(z,y) szl(:c,z) dz a.e.in I,
0 0

1Pz, y)w| < Uz, y)|wllo  and |eij(x,y)| <U(z,y)  ae inl,

o

T

CU(CU,y) > 2Sl(2’,y) dz
0

l(z,z)dz a.e.inl fori##j,

ci(z,y) > =l(x,y) +3

Ol 8 O e @

y
l(z,y)dzgl(ac,z) dz  ae. inl,
0

x )
mij(z, )l < \U(z,9)dz, |ng(z,y) < \l(x,2)dz ae ind,
0 0

where 1,7 =1,..., k.
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(IT1) w is a function absolutely continuous on I and continuous on I*;
ou/0z, Ou/dy, 0*u/dxdy exist a.e. on I; Ou/Oz is continuous with
respect to the second variable on I; and Ou/dy is continuous with
respect to the first variable on I. Furthermore,

0%u ou
>C M
6,wy(sv,y) > Cla,y)ulz,y) + M(z,y) 5 (z,y)

@) Ny 2

a9 (7,y) + P(z,y)u(zy) a.e inl,

Ot (£,0) 2 0 on [0,d],

U(ZE,y) >0 on IO) P}
X

;Z(o,w >0 on [0,b].

Then u(x,y) >0 on I.
Proof. Let v(z,y) = e!@¥qy(z,y), where

zy
y):SSh (21,29)dzodzy  for (z,y) € I7,
00
J:y for (z,y) € I
for (z,y) € I* \ I.
—\l(x, 2)dzv(x, y)}

—\i(z,y) dzv(w,y)},

we get
2, ~
5o (@) 2 Cla (o) + Ma,y) 5 o,0)
+F(00) G ) + Q) o) o
where
x y
C(z,y) =C(z,y) + [l(x,y) Sl(z,y)d Sl(a: z) dz}
0 0

- Sl(:v, 2)dz M(z,y) — Sl(z,y) dz N(z,y),
0 0

x

M(:Uay) :M(:):,y)+gl(z,y)dzE,
0
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_ Yy
N(z,9) = N(z,y) + \ Iz, 2) d= E,
0
Qe y)w = "V Pz, y)w

and E denotes the unit matrix.
Note that 6(:1:, Y), M(x,y),ﬁ(:v,y) > 0, and that Q(z,y) is a linear and
positive operator from C(D,RF) into R* for every (z,y) € I.
Define o : I* — R by po(z,y) = e2k+DH@Ev)+2+y and . [* — RF by
r(z,y) = (e(z,y), ..., o(x,y)). Then
327“ x Y
S (2y) =20k + 2)l(z,y)r(w,y) + 4k + 2)*\1(z,y) dz |
0y 5 5

lz,2z)dzr(x,y)

T Yy
+2(k+2) | 1(z,9) dz r(z,y) + 2(k + 2) | 1z, 2) dzr(2,y) + r(z,y),

0 0

)

Q) (e 7)) = TV Pz, y) (e 1) 0y

Using suitable estimates for 6(1:, Y), M(:p, Y), N(:): y) and P(z,y), we get
y

0< C(x,y)r(z,y) < {(k + Di(z,y) + (2k—1) S l(z,y) dle(m, z) dz}r(w, Y),
0 0

0< M(z,y) gr( y) < {2(k+2)(k+1)§l(z,y) dz\i(z,2) dz
0 0

T

+(k+1) S l(z,y) dz}r(:z:, Y),

0

0< N(z,y) gy(x y) < {2(k+2)(k+ 1) {1z, ) dz iz, 2) dz
0 0

Y

+(k+1) S Uz, z) dz}r(m, ),

0
1Q(z, y) (e 1) (4| < V(@ y) | ePRFIHETERY | < (2 y)r(a,y).
Thus

Clag)r(any) + M(a,w) 5 (o.) + Nep) 5 00) + Qe )e ey

0
< (k4 2)l(z, y)r(z,y) + (4k? + 14k + 7 :Svl dz S lz,z)dzr(x,y)
0 0
T Y 2
+ (k + 1)Sl(z,y) dzr(z,y) + (kK + I)Sl(x z)dzr(z,y) < 888y( L Y).

0 0
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For each € > 0, define v.(x,y) = v(x,y) + er(z,y). From linearity of Q(x,y)
we obtain

02 e ~ r 0 5
B) G (o) = Closyueta,y) + Mlry) 57 ,9)
N7 a 5 _
+ N(2,y) o= (2,y) + Qe y) (e o) ay).

0y

Since ve(x,y) = v(z,y) + er(z,y), we have

0ve _ _H(zy) u R H(z,y)
or (xay) =e %(x,y)—i—gl(x,z)dze U(flf,y)

0

y
+ 5[2(11: +2) S l(x,2)dz + 1}7’(337?/)7
0

a x
T (w,y) = @ T2, y) + {12, y) dz eTEDu(z,y)
0

+ 6[2(14: +2) S l(z,y)dz + l}r(x,y).
0

Note that

0ve Ove
0 I —(x,0 0 0 —
’UE(LU,y) >0 on I, O (.f, ) > U on [ ,(I], 8y

Since v is continuous and dv./0z is continuous with respect to the second
variable and v, /Jy is continuous with respect to the first variable on I, we
see that there exists ¢ > 0 such that

(0,y) > 0 on [0, b].

ve(x,y) > 0 on I, =TI\ (¢,a] x (¢, b,

Ove
%(x7y) >0 on [0,(1] X [07 C]v
(Z}j(ac,y) >0 on0,d x [0,b].

Thus all terms on the right hand side of (3) are nonnegative on [0, ¢] x [0, ¢].
Therefore 9%v. /0xdy > 0 on I\ (c,a] x (c, b]. Integrating this inequality with
respect to y we see that dv./0z is nondecreasing with respect to the second
variable. Similarly, Ov. /0y is nondecreasing with respect to the first variable
on [0,¢c] x [0, ¢]. Next we find that v, dv./Jx, Ov. /Dy are nonnegative and
nondecreasing with respect to appropriate variables on I. \ (I* \ I). We
continue in this fashion to deduce that v, Ov./0z, Jv. /Oy are nonnegative
and nondecreasing with respect to appropriate variables on I. Letting e — 0
we conclude that v > 0, which implies that w > 0on I. u
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REMARK 1. Since vg, Qv /0z, v /Oy > 0 on I, we have v > 0 on I and
Ov/0z,0v/0y > 0 a.e. on I. Furthermore, v is absolutely continuous, which
implies that it is nondecreasing with respect to the first and second variables.
Since u(x,y) = e H@¥y(z,y) it follows that there are disjoint index sets
a and ( such that aU 8 = {1,...,k} and u;(z,y) > 0 on I*\ I for i € «
and uj(z,y) = 0 on A;, uj(z,y) > 0 on Bj for j € 8. Here A; and B; are
disjoint sets such that A; U B; = I and [R% + (z9,y0)] NI C B; for each
(CL‘o,yo) S A]’ N Bj.

REMARK 2. From the proof of Theorem 1 it follows that

y

%(a:,y) + S l(z,2)dzu(z,y) >0 ae. in I,

ox 5

ou T .

8—y(m,y) + Sl(z,y) dzu(z,y) >0 a.e. in [.
0

THEOREM 2 (weak inequalities). Suppose that:

(I) The function f : I x C(D,RF) x R¥ x R¥ x R¥ — R¥ of the vari-
ables (x,y,w,n, p,v) is nondecreasing with respect to w, p, v and
quastmonotone nondecreasing with respect to 1.

(IT) For each A > 0 there exists a function | € L'(I,R) such that

l(z,y) > 3g§l(z,y) dzgil(x,z) dz a.e onl,
0 0
(4) i, y, @0, 7,1, 7) = filw, y,w,n, p,v)| < Uz, y)([[w = wllo + |7 —nl)
+ §l(z,y) dz | — pl +§l(x,z) dz|v —v|,
0 0
(5) fil@,y, ., o v) = fil@, y,w,m 1, v) ,
> [—l(:r,y) +3 S l(z,y)dz S Uz, z) dz} (M — mi)
) oy 0
—|—2Sl(z,y) dzgl(:v, z)dz | —nli,
0 0

for lwllo; [@llo, Inl, [7] < A and 1 <7, where |ul; = max{|u;| : j # i},

(IT1) w, v are functions absolutely continuous on I and continuous on I*;
ow/dz, Ov/dx, dw/dy, Ov/dy, 0*w/0xdy, 0*v/0xdy exist a.e.
on I; Ow/dx, Ov/0x are continuous with respect to the second vari-
able on I; and Ow /0y, Ov/dy are continuous with respect to the first
vartable on I. Furthermore,
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0% ov ov
< = il
8:):8y(x’y) = f<x7ya U(m,y)’v(xay)? 8x(x’y)’ 8y<x’y)> and

0*w ow ow
> —_— - €. 14
8a:ay(x’y) = f(xaya w(x,y)aw(x7y)7 o (Ji,y), ay (x7y)> a.e. in I,

U(ﬂj‘7y) S’w(l‘,y) on IO;

ov ow ov ow
=z <= = <= .
Go@0 < S0 oo, Z04) < G0y om0y

Then v(z,y) < w(x,y) on I.

Proof. Suppose |v(z,y)l,|w(z,y)] < A—1 for all (z,y) € I and [ be
the function in (II) corresponding to A. Define V (z,y) = e!@¥y(z,y) and
W(z,y) = e"@Vy(z,y), where H(z,y) is as in the proof of Theorem 1.
Then

(92V H 8'1) 81}
- < (w,y) - -
920y (z,y) <e f(w,y,v(x,y),v(w,y), 5y (V) 9y (x,y)>
x y
+ efl@y) [l(:r,y) + Sl(z, Y) dzgl(w, z) dz]v(x, Y)
0 0
+ @) §l(z y)dz @(a: y) + et @) Zsll(:x z)dz @(1‘ Y).
0 ) 81‘ 9y 0 ? ay )
From
O oV {
(w.0) = e (9L o) [l 2) 2V (0) )
ox 0 5
v Hiwea OV i
5, (L:Y) = ¢ Hizy) <8(:v,y)—gl(z,y)sz(w,y)>,
0
we have )
oV H(
< xvy)
() < D (G ),
where

(G0)(w.9) = £ (001 000, G ), 5 0) ) + ot

+ G_H(w’y)ZZ(xv y) al (-T, y) + e_H(x’y)ZS(xv y) aal(x’ y)’
Y

ox
with
x )
ll(l',y) = l(ﬂf,y) - Sl(zvy) dZSl(QT,Z) dZa
0 0
T )

la(z,y) = Sl(z,y) dz, l3(z,y) = Sl(:v, z)dz.
0 0
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Similarly, we get
0*W
0xdy

where (Gw)(z,y) is defined by a formula similar to that for (Gv)(z,y).
Fix an arbitrary point (2o, yo) € I. We will show that if

(2,9) = "V (Gw) (. y),

v(z,y) <w(z,y) for (z,y) € [xo — ao, o] X [yo — bo, Yol

and
ov ow ov ow
6 - < = d —- <=
(6) D (z0,90) < 97 (0,%0) an 3y (20, y0) < oy (%0, Y0),
then
(7) (Gv)(wo,y0) < (Gw)(wo, yo)-
Let T denote the index set such that

6Uj aw]' .

7 < 27

9 (20, 90) < I (o,y0) forjeT,
and R denote the index set such that

%Q;j(%o,yo) < %U:;j(fﬁo,yo) for j € R.

Furthermore, set 7/ = {1,...,k} \T and R’ = {1,...,k} \ R. Some of these
sets may be empty. Let (w” (z0,v0), v7 (x0,%)) € R* denote the vector
whose jth coordinate is w;(zo,yo) if j € T', and v;(xo, yo) if j € T”. Moreover,
lulg = max{|u;| : j € S}, where S is some index set.

From (6) it follows that

a a Yo

aii(x&y()) - 87:(37071/0) S S l($07 Z) dz (’U)(JJ(), yO) - U(‘r()vy()))a
0

v ow i

(ij(ﬂ?o,yo) - a*y(wo,yo) < (S) 1(2,90) dz (w(o, yo) — v(w0, Y0))-

Therefore for j € T and k € R’ we have

ov; Ow; v

(8) |52 (@o.m0) = 5 (wo,po)| < § Lo, 2) dz (wj (o, yo) — vj(x0.30)).
0
ovu, owy, T

(9) aiy(fco,yo) - Ty($0,y0) < S 1(2, y0) dz (wi (20, yo) — vk (20, 0))-
0

In order to prove (6)=-(7) we will use the monotonicity of f with respect to
w, 1, v, quasimonotonicity of f with respect to 1, assumptions (4), (5), and
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inequalities (8), (9). Then

(Gv)i(z0, yo)
A(wT, o™ A(wh, v
< f. - ' 7 - ' 7
< fi <$0,yo,w(m,y0),v($0, Y0), P (w0, yo), By (o, yo)>

o Yo

+ (l(:vo,yo) - (S) l(z,y0) dz (S) I(xo,2) dz)vi(xo,yo)

ow;

s CHee oW,
+ e~ H@ow0) 1, (24, yo) 97 (w0, yo) + e~ T@W0) 15 (2, y) Ty(ﬂcojyo)
ow ow
S fl <f170, Yo, w(mo,yo)vw(x()a yO)a al’ (J/‘Oa yO)v aiy(x(]v yﬂ))
o Yo
+ (l(fﬂo,yo) =3 | 1(z,90) dz | U(xo, 2) dz>wi(x07y0)
0 0
o Yo
+2 {1z, 90) dz | I(wo, 2) dz vi(wo, yo)
0 0
o Yo
—2 | Uz y0) dz | Uzo, 2) dz |w(zo, y0) — v(z0, v0)];
0 0
o ov ow
+ (S) Z(Z;?JO) dz %(x()ay()) - %(3707%) o
Yo
ov ow
l dz |22 _ 4
+ (S) (wo, 2) dz ay(ﬂ?o,yo) oy (z0,%0) .
i ow; i ow;
+ e H@0w0)1, (30, yo) —— (w0, yo) + e~ H @) 15 (20, yo) —— (0, Yo)
ox oy
ow ow
< i {20, 40, Wiy 40), w(@0, Y0), 5 (20, Y0), 5 (20, y0) | +11(z, yo)wi(o, yo)
Y )
o Yo
-2 S l(Z,yo) dz S l(.%'(],Z) dz |w($0>y0) - U(x07y0)|
0 0
o Yo
+ S l(zayO) dz S l(l’o,Z) dz‘w(x(]ay()) - U(:U07y0)’T’
0 0
Yo X0
4§ Uwo,2) dz § Uz, o) d folo,v0) — (0, u0)
0 0

ow; _ ow;
+ e H@0w0) 1y (24, y0) o (w0, y0) + e~ H @V I3(0, o) 9y (%0, v0)

ox Oy
< (Gw)i(wo, yo)-
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BSH@Y+T+y and r R : I* — RF by
y) = eH(zy) r(x,y). Defining we(z,y)
e H(z, y)w ({L‘ y) W(l‘,y) + 5R($7y)

Define o : I* — R by o(x,y) =
r(z,y) = (o(®,y), ..., 0(z,y)), Rz,
= w(z,y) + er(x,y) and We(z,y) =
we have

W,

€ > H(
(%ay(%y)_e V(Gw)(z,y

) + e i, y)r(z, )
Y T

+16§l dlexz dzr:cy)—i—élxl(z,y)dzr(a?,y)
0 0

+ 4Sl(x, z)dzr(z,y) + r(l‘,y)}.
0

We can choose € > 0 sufficiently small in order that |(w.),(z,y)| < A for
each i € {1,...,k}. Thus

[(Gwe)i(w, y) — (Gw),(z, y)|
ow,

ow,
= ot 5 . G )

ow

ow
- f’t <x7y7w(z,y)7 W(l',y), 87<x7y)7 ag]<x7y)> + Ell(l’,y)ri(l',y)

+ ee_H(’”’y)b(an ) @(% y)+€€_H($’y)l3(x7 Y) ?(CB’ y)‘
)

ox

T

< ta)(erlo +lerl) + e d | 5 0
0

y
+ Sl(x,z) dz
0

& —H(oc,y) 8RZ
€ 8y(rc,y)‘ﬂh(ffc,y)@(w,y)+€ ely(z,y) o (z,v)

e ety a,)| G ,9)| < 221, ol

+€lg(m,y)[3lg(w,y)+l]g(x,y)+€l3(ac,y)[3h2(x,y)+1]g(x,y)+ellg(:c,y)
+ 512('%73/)[4[3(1‘7 y) + 1]@('%3/) + 5l3(x7y)[4l2(x7y) + 1]9('%" y)

x y
= 3el(z,y)o(x,y) + 13¢ S l(z,y)dz S l(x,z)dz o(x,y)
0 0

z Yy

+e S l(z,y)dz o(z,y) + sgl(:v, z)dz o(x,y).
0 0
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From the above inequality we get
(10) eV (Gu.)(z,y) < @V (Gu) (=, y)

+ geH@y) {3l(az, y)r(z,y)

z y
+13 S l(z,y)dz S l(z,z)dzr(x,y)
0 0
x Yy
+ JUzy) dzre,y) + (i@, 2) dzr(e,y) |
0 0
< OWe
< Buay V)
We note that
ws(‘/Evy) > W(l',y) Z ’U(Jj',y) on IOa
O (0,0) > 2%(2,0) > 2(2,0)  on [0,
o x, D €, z 5 x, on [0, al,
ow, ow ov
e = > .
dy 0,y) > By (0,y) > ay(O,y) on [0, b]
Therefore there exists ¢ > 0 such that
(11) wa(xay) >’U(.T,y) on IC:I*\(C,CL] X (C7b]7
ow, ov
(12) W(l}y) > %($7y) on [O,Cl] X [O? C]v
ow, ov
13 @) > @) onl0.dx 0.1
From (11) and (12) we have
oW, ov
ox (xay) > %(x?y) on [Oa a] X [070]'
From (11) and (13) we get
oW, ov
ay (CC,y) > aiy(x7y) on [O,C] X [Oab]
Thus

we(x,y) >v(x,y) on I.U Iy,

oW, ov oW, ov
5 (z,y) > %(x,y) and 9y (z,y) > a—y(az,y) on [0,c] x [0, c].

Taking an arbitrary point (zg,yo) € [0,¢| x [0, c] we deduce from (7), (10)
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the inequality

W,
S (0st) = e (G (@, 30) > 0 () o, 10)
0*V
Z 8:1:(93/ (:L‘an())'
Thus
82
(14) 920y (We =V)(x,y) >0 on [0,c] x [0,c].

Similarly to the proof of Theorem 1, from the continuity of dw/dx, dv/dx,
Or/dx with respect to the second variable, and dw/dy, dv/dy, Or /Oy with
respect to the first variable, and from (14), we see that a@(W —V) is nonde-
creasing with respect to the second variable, and (W —V') is nondecreasing

with respect to the first variable on [0, ¢] x [0, ¢]. Therefore 5;(We = V) and
aay(W V) remain positive on I.. Repeating this reasoning for the set I,

we find that W, — V, é?%(I/V V), 3y(W V) are positive on I. Thus
We > V on I. Letting ¢ — 0 we get W > V on I, which implies w > v
onl. =

REMARK 3. Analysis similar to that in Remark 1 shows that there are
two disjoint index sets o and 8 such that a U 5 = {1,...,k}, wi(z,y) >
vi(x,y) on I*\ Iy for i € o, wi(z,y) = vj(x,y) on Aj, and wj(z,y) > v;(z,y)
on B; for j € 3, where A; and B; are as in Remark 1.

REMARK 4. From the proof of Theorem 2 we obtain

y
+Sl:cz dzv(z,y) < g:(w,y)—i— l(z,z)dzw(z,y) ae. onl,
0
QSE ow
0

3y l(z,y)dzw(x,y) a.e. on I.

Y+ \U(z,y)dzv(z,y) < —(z,y) +

Ot 8 Ot @

In [4] we discussed Theorems 1 and 2 for hyperbolic equations, in the case
where f was independent of du/0z, du/0y. Note that the assumptions in
[4] are similar to those given above. Of course, in the present paper we have
additional conditions in Theorems 1 and 2 on the first partial derivatives
of u, v and w. Moreover, in [4] we assume only that ¢;; > 0 a.e. on I
for ¢ # 7, while in the present paper we need a stronger assumption that
cij(z,y) > 2§51z, y) dz ) l(x,z) dz a.e. on I for i # j. Now, we give an
example which demonstrates that in Theorem 1 the assumption ¢;; > 0 a.e.
on [ for ¢ # j is not sufficient.
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EXAMPLE 2. We consider the system of inequalities
0%y 2 z Ouq Ous
- > — == - .e.in I
Sy @0z ()= [T G ) Gy ne i,

8ZUQ
0xdy

(15)
= (@ y) = (wy — Dua(z,y) a.e. in I,
where I = [0,a] x [0, a]. We can verify that uy(x,y) = —2%y? and us(z,y) =
el =% satisfy (15). We have

w1 (z,0) = uy (0, y) = %7;1 (z,0) =

uz(z,0) = u2(0,y) = e.

Moreover,

ou Ous Oua .
8y(0 Y) = (%(w 0) = 8y(O ,y) =0,

2
C11(5Uay) = —— 612(%3/) = 021(%9) =0, 022(1‘,9) =xy— 1,

JTy
ma1(z,y) \/> mig(z,y) =4z, mai(z,y) = maa(z,y) =0,
ni1(z,y) = niz2(2,y) = na1(x,y) = naz(z,y) = 0.

We can verify that for a sufficiently small all assumptions of Theorem 1 are
satisfied for I(z,y) = 2/3/2%y? except cij(x,y) > 2§;1(z,y) dz ) l(x, 2) dz
for i # j. Since u; < 0 on I\ Iy, the assertion of Theorem 1 does not
hold.

We can also note that the second inequality in (15) shows that it is pos-
sible that %(O,y) <0, %(w,@) <0 for z € (0,al, y € (0,b] and ug > 0 on
I\ I.

3. Weak inequalities for first order partial derivatives. We can
find in [4] an example which shows that the assumptions in Theorem 1 are
not sufficient to prove that du/0x,du/0y > 0 on I. Now we show that this
can be proved under some additional assumptions.

THEOREM 3. Suppose that:

(I) For every (x,y) € I we have a linear map P(z,y) from C(D,RF)
into RF which is positive in the sense that w >0 implies P(z,y)w>0
for (z,y) € I.

(D) C(z,y) = (cij(=, y))z] 1 M(z,y) = (mij(, y))z] 1 N(z,y) =
(nij(x,y)) _, are k x k matrices, where c;j,m;j,n;; € L'(I,R)
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and cij(xz,y) > 0, mij(z,y) > 0, ngj(x,y) > 0 a.e. in I. There is
a function | € L*(I,R) such that

|P(z,y)w| < Uz, y)llwlo, cij(z,y) <Uz,y) ae inl,
T Yy

mij(x,y) < Sl(z,y) dz, nij(z,y) < Sl(a:,z) dz a.e. inl.
0 0

(ITT) w is a function absolutely continuous on I and continuous on I*;
Ou/0x, Ou/dy, 0*u/0xdy exist a.e. on I; Ou/Ox is continuous with
respect to the second variable on I; and Ou/dy is continuous with
respect to the first variable on I. Furthermore,

9%u ou

8x8y ((L’,y) = C’(x,y)u(a;, y) + M(‘rv y) %(.’L',y)

0
+ N(z,y) a—Z(:E, y) + P(w,y)ue,) ae inl,

ou ou
> —_— > — > .
u(es)=0 onfo. G@0)=0 on0al G0.9)20 on 0.1
Then
ou ou
> el > it >
u(z,y) >0, ax(flr,y)_O, ay(w,y)_O on I
Proof. Let
ou ou
1 _ oH(zy) 2% 2 — H(zy) Z
vi(w,y) =e &C(af,y) and vi(z,y) =e 8y(aw)-
Then
0! > iz y) de ot Hev (o P
(16) (Ty(:t,y)_ﬂ (z,y)dzv (z,y)+e {C(z,y)u(z, y)+ Pz, y)uy)
0
+ M(z,y)v* (z,y) + N(z,y)v*(z, ),
2 Yy
(17) ov

87y(x7 y) = S l(‘ra Z) dz 1)2 (‘Ta y)—i_eH(x’y){C(xv y)'LL(.CC, y)+P(IL’, y)u(z,y)}
0

+ M(z,y)v' (z,y) + N(z,y)v*(z,y).

Define o : I* — R, r : I* — R¥ by the formulas p(z,y) = 2 (@y)+aty

r(z,y) = (o(z,y),...,0(z,y)) and let p'(z,y) = @V L (3 y), p?(z,y) =
eH("”’y)g—;(x,y). Then
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y
P'@,y) = {2k i@, 2) dz + 1} D (a,y),
0
PA(a,) = {201z ) dz +1 T (a,y),
0
op 0 0
a—py(:z‘,y) = {2k:l(:£,y) +2k(2k+ 1) S I(z,9) dle(:c, z)dz
0 0
T Y
+(2k+1) S l(z,y)dz + 2k S l(x,z)dz + l}eH("”’y)r(:E, Y),
0 0
op? M Y
a—m(:v,y) = {2kl(aj, y) +2k(2k + 1) S l(z,y) dle(a;, z)dz
0 0
T Y
+ 2k S l(z,y)dz+ (2k + 1) S l(x,2)dz + l}eH(x’y)r(x, Y).
0 0
Note that
0<C(z,y)r(z,y) < ki(z,y)r(z,y),  [P@,y)reyl <z y)r(z,y),

0< M(z,y)p(z,y) < {2k2§z dzill
0 0

+k S l(z,y) dz}eH(x’y)r(x, Y),
0

Thus

18)  0< \i(z,y)dep'(2,y) + " EVH{C (@, y)r(z,y) + P(z, )@y}

O e &

+ M(z,y)p" (z,y) + N(z,y)p°(z,y)

p
< {(n+1)l(az,y)+2k(2kz—|—l 3§l dzgl(a:,z)dz
0 0

+ k::fl(z, y)dz+ (k+1) S l(z,z) dz}eH(w’y)r(ac, Y)
0 0
al( Y),

*By
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(19)  0< YUz, 2) dzp*(2,y) + " CV{C (2, y)r(z,y) + Pl@,y)rey
0
+ M (z,y)p' (2, y) + N(z,y)p°(2,y)
l(z,y)dz S l(x,2)dz
0

< {(k + Dl(z,y) + 2k(2k + 1)

O e B

z y
+(k+1) S l(z,y)dz + k S l(x,z) dz}eH("”’y)r(x, Y)
0 0
op?
< — .
< %y (z,y)
Define
vl(z,y) = @) gia(x, y) =o' (z,y) +ep' (,y),

H(zy) 9%

vi(z,y) = afy(x,y) =v*(z,y) +ep’(z,y).

From (16)—(19) and from the linearity of P(z,y) we have

ovl M
(20) a; (z,y) > \l(z,y) dzvl(z,y)
0
+ @O (2, y)g- (2, y) + P2, y)(4) (ng) }
+ M (z,y)p"(z,y) + N(z,y)p*(x,y),
02 Y
(21) 5y () 2 Vi, 2) dzv2(z,y)
0

+ e O(w, y)ge (2, y) + P(@,y) (@) )}

+ M (z,y)p' (z,y) + N(z,9)p* (@, ).
We see that there exists ¢ > 0 such that
¢(x,y) >0, pY(z,y)>0 and p*(z,y) >0 onl. =TI\ (c,a] x (b,

vi(z,y) >0 and vZ(z,y) >0 on [0,c x [0,c].

Thus all terms on the right sides of (20) and (21) are nonnegative. Therefore
vl /0y > 0 and 9v?/0z > 0 on [0,¢] x [0, c]. Thus v! is nondecreasing with
respect to the second variable and v? is nondecreasing with respect to the
first variable on [0, ¢| x [0, ¢]. Therefore g. is nondecreasing with respect to

the first and second variables. This implies that Ov}/dy > 0 and Ov?/dz > 0
on I.\ (I*\ I). Continuing we find that dv! /0y > 0 and dv?/0x > 0 on I.
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Therefore v} > 0 and v2 > 0 on I. From the definitions of v! and v? we
know that dq./d0z > 0 and dq./0y > 0. Letting ¢ — 07 we get du/dzx > 0
and Ju/dy > 0 on I. Of course this implies u > 0 on /. m

THEOREM 4. Suppose that:

(I) The function f : I x C(D,RF) x R¥ x RF — R of the variables
(x,y,w, 1, v) is nondecreasing with respect to w, p and v.
(I) For each A > 0 there exists a function | € L'(I,R) such that

|f(x,y,w,,u,u) - f(mayawaﬁav”

T Y
<l(z,y)|lw—wlo + Sl(z, y)dz |p— | + Sl(a;, 2)dz v — 7
0 0

for [wllo, [[@]lo < A.

(ITI) w, v are functions absolutely continuous on I and continuous on I*;
Ow/dz, Ov/dx, Ow/dy, Ov/dy, O*w/0xdy, 0*v/dxdy exist a.e.
on I; Ow/dx, Ov/dx are continuous with respect to the second vari-
able on I; and Ow /0y, Ov/dy are continuous with respect to the first
variable on I. Furthermore,

0%v v v

8.2(}8:(/( ) <f<$ Y,v (my)aam,(xay%&y('ray)) and

0w ow ow _

a$8y< ) >f<JZ‘ Y, Uz ,y)aax(x?y)aay(x7y)> a.e. in I,

(x7y) < ’UJ(CC,y) on IO7

ov ow ov ow
= <= = < 2= .
S0 < @0 onfod, 5l0.0) <5000 on by
Then
81) 8w Bv 8w

Proof. Let |v(m,y)\,|w(:p,y)| < A —1 for all (aj,y) € I and [ be the
function in condition (II) corresponding to A, and define

ov ow
Via,y) =) = o —(z,y), Wl(z,y) ="V %(%y),

ov ow
2 H(:L",y) 2 _ JH(zy) %
Viag) = M0 Do), Wary) = M0 Sy,

Then
oVt owt
aiy(x,y) < eH(:E,y) (le)(x’y)v ay (‘T7y) > eH(:E,y) (le)(ﬂf,y),
oV? ow?
o @) £ MG ay), () 2 MG o),
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where

; i ov ov i .
(@) = (200000 G o) G o) Vi) ) fori e (1.2,

gl(xvvauu7 v, U) = f($7y7w7u) V) + eiH(myy) l(Z,y) dz g,

gz(ﬁ,?/,wyﬂa Va U) = f(CC, y,w,,u, V) + B*H(lﬁ,y) l(.T, Z) dZ 07

Qleer @ O e 8

and (Gw)(z,y) is defined by a similar formula to (Gv)(x,y). It is easily seen
that ¢g* are nondecreasing with respect to w, u, v and o.

Define o : I* — R by o(z,y) = e2@¥)+e+y and r R R? : I* — RF
by r(z,y) = (o(z,y), .-, o(z,y)), R (x,y) = " (2, y) and R*(z,y) =
MW G (2, y). Defining we(z, y) = w(z,y)+er(z,y), Wiz,y) = W(z,y)+
eR"(z,y), where ¢ € {1,2}, we have

1
OV (@) 2 M9 (G ) 2, )
dy
x y
+ eet@y) {l(m, y) +6 S l(z,y)dz S l(z,2)dz
0 0
T Y
+3 S l(z,y)dz + 2 S l(x,z)dz + l}r(ac, Y),
0 0
2
e (@) 2 MO (G a.)
x y
+ et (@) {l(:c, y) + 6 S l(z,y)dz S l(x,2)dz
0 0
T Y
+2 S l(z,y)dz + 3SZ(ZC, z)dz + 1}7"(:Jc,y).
0 0

Moreover, we can choose € > 0 so small that |w.(z,y)] < A. From the
Lipschitz condition for f we have

|Gtw.(z,y) — Glw(z,y)| < 5{[(1:, y)+6 S l(z,y) szl(x, z)dz
0 0

+2{i(z,y) dz + | 1(z, 2) dz}@(:v, v);
0 0
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x Y
|G?w,(z,y) — G*w(z,y)| < 5{[(1:, y)+6 S l(z,y) szl(x, z)dz
0 0
T Y

+ S l(z,y)dz+ 2 S l(x,2) dz}g(x, Y).
0 0
From the above inequality we get
MV (G, ) (2, y) < V(G w)(x,y)

x Yy

+ 56H($’y){l(x, y)+6 S l(z,y)dz S l(x,2)dz
0 0
x y
Sl z,Y dz+gl x z)dz}r(a:,y)
0 0
<O e
< gy Y)
Similarly, we obtain
2
D (G a,9) < T ()
Note that
we(z,y) > w(z,y) > v(z,y) on Iy,
ow, ow ov
o (x,0) > 87(35,0) > 5 —(2,0) on [0,a],
Ow, ow v

Ty(O,y) 3y +-(0,y) > Jy +-(0,y)  on [0,0].

Therefore there exists ¢ > 0 such that

we(z,y) > v(z,y) onI. =TI\ (¢,a] x (c,b],
ow, ov

o (x,y) > %(x,y) on [0,a] x [0, ],

ow, ov

a9y (x,y) > Fy(m,y) on [0, c] x [0, b].
From monotonicity of G' and G2 on (0, c] x (0, ] we have

W2 "
> @y (L > oHwy) (1 >
By =(z,y) > e (G we)(w,y) > e (G v)(z,y) a9 (z,y),
8W2 8v2
o () 2 M (G (2,) 2 V(G ,9) 2 S (2,),

for (z,y) € (0, ] x (0, c]. Therefore W} — V! is nondecreasing with respect to
the second variable, and I/VE2 — V2 is nondecreasing with respect to the first
variable on (0,c] x (0,c]. Thus similarly to the proof of Theorem 2 we get

ovt
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Ow,/0x — Ov/0x > 0 and dw./Jy — Ov/dy > 0 on I. Letting € — 0 we get

ow ov
- > -
5 (DY) = 5-(@y)  onl,
ow ov

— > — .
3y (z,y) > 8y(ﬂc,y) on [

From the above it is clear that w > von I.

4. Strong inequalities. In this section we will be concerned with strong
inequalities. First, we present some definitions and assumptions. A measur-
able set B C I is called dense at (07,07) if BN (0,¢) x (0,¢) has positive
measure for every € > 0. Let g and h be functions from I into R*. We write
g(z,y) < h(z,y) at (01,01) if {(z,y) € I : g(z,y) < h(z,y)} is dense at
(07,07). In the one-dimensional case a measurable set A C [0, a] is called
dense at 07 if AN (0,¢) has positive measure for every € > 0. We write
g(x,0) < h(x,0) at 07 if {z € [0,a] : g(x,0) < h(x,0)} is dense at 0.
Similarly, we define g(0,y) < h(0,y) at 0T.

AssuMPTION 1. C = (cij)f’jzl is such that for every pair (o, 3) of dis-

joint nonempty sets with a U 8 = {1,...,k} there are i € « and j € 3 such
that cij(z,y) > 2§ 1(z,y) dz §§ I(z, 2) dz at (0F,0T).

ASSUMPTION 2. M = (mij)ﬁjzl is such that for every pair (o, ) of
disjoint nonempty sets with « U § = {1,...,k} there are i € a and j € 3
such that mg;(z,y) < §; 1(z,y) dz at (07,07).

ASSUMPTION 3. N = (nij)ﬁjzl is such that for every pair (a, 3) of dis-
joint nonempty sets with a« U = {1,...,k} there are i € @ and j € (3 such
that ng;(x,y) < §; l(x,z) dz at (07,07).

We write P(x,y) in the matrix form Pj;(z,y), where P;j(x,y) is a positive
linear operator which acts on functions w € C(D,R?').

DEFINITION 1. P(z,y) is called irreducible at (07,0") if for every pair
(a, B) of disjoint nonempty index sets with aUS = {1,...,k} there are i € «
and j € 8 such that P;(z,y)w > 0 at (07,0%) for all w € C(D,R!) such
that w(s,t) > 0 on D.

THEOREM 5 (positivity). Under the assumptions of Theorem 1 we have
u > 0 on I under each of the following conditions:

(I) w(x,0) >0 or u(0,y) >0 at 07;

0%u ou
(IT) 920y (z,y) > C(x,y)u(z,y) + M(z,y) %(:r,y)

ou
+ N(z,y) @(x, Y) + P(z,y)u(,) at (07,07);
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(IIT) w(x,0) # 0 or w(0,y) # 0 at 0% and C satisfies Assumption 1;
(IV) u(z,0) # 0 or u(0,y) # 0 at 0T and M satisfies Assumption 2;
(V) u(z,0) #0 or u(0,y) # 0 at 0" and N satisfies Assumption 3;
(VI) u(x,0) #0 or u(0,y) # 0 at 0% and P is irreducible.

Proof. 1t is easy to see that the assertion of Theorem 5 follows from con-
ditions (I) and (II). In order to prove that this is also the case for conditions
(III), (IV) and (V) we first assume that § (as in Remark 1) is nonempty and
we note that a is nonempty too. This is due to the fact that if u(x,0) # 0
or u(0,y) # 0 at 0% then there is d such that ug(z,y) > 0 on I. Let j € 3
(that is, uj(x,y) = 0 at (0T,07)). Moreover, from Theorem 1 we have u > 0
on I. Therefore at (07,07) we have

k
> . .
a$ay ($a y) = ;Cﬂ(may)uz(w,y)

Bui
+Zm]z$y acy —i—Znﬂxy) ay(way)

k

> Z cji(w, y)ui(z,y) — S o, 2)dz Y myi(x, y)ui(x,y)

i=1

Sl (z,v) dZZn]z (7, y)ui(x,y)
=1

0
:Z iz, y)ui(x,y)

<i<k
1#]

[y
.

l(x,2)dz g myi(x, y)ui(z,y)
1<i<k
i#]

x
— Nz dz Y i, y)ui(,y).
0 1<i<k
i#
Suppose that condition (III) holds. Then from the estimates for m;;(z,y),
nij(x,y), cij(x,y) and from Assumption 1 we get

O e @

82Uj M Y
IR (i) = 2z p) d= (i, 2) d2] wiw, y)
1<i<k 0 0
i#j

Y

[cjd(:n, y) — 2 S l(z,y)dz S l(z,2) dz] ug(z,y) > 0.
0 0

v
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Thus u;(z,y) is increasing with respect to z and y at (0%,0%) and this
contradicts the fact that j € 3.
Analogously, if we assume condition (IV) we get

0%u; M Y Y
Soo ) = D2 [2)ie ) dz i@, 2) dz = Vi, 2) dz (o)
1<i<k 0 0 0
i
T Y
— J1zy) d= {U(w, 2) dz i, )
0 0

T Y Y
> H l(z,y)dz S l(x,2)dz — Sl(x, z)dzmjq(x, y)] uq(z,y) > 0.
0 0 0
Thus u;(z,y) is increasing with respect to = and y at (07, 07), contrary to
Jjep.
The proof is similar if we assume condition (V) instead of (IV).
It is easily seen that if we assume (VI) and if there exist j € # and d € «

92w .
then axg; (z,y) > Pjr(z,y)uq(z,y) > 0 at (07,0T), contrary to j € 5. =

ASSUMPTION 4. The function f is such that for each pair («, () of
nonempty disjoint index sets such that a U 8 = {1,...,k} there exist i € «
and j € 8 such that for some ¢ > 0 and for all (x,y) € (0, ] x (0, ] we have

fj(l‘ava’nvu’ V) < fj(‘r’va + e(r,y)eivn + a(xvy)eiaﬂy V)
T y
-2 S l(zv y) dz S l(l‘, Z) dz |‘9($7 y)|a
0 0
where 0(z,y) € C(I*,R) is zero on Iy and positive on I.

THEOREM 6 (strong inequalities). Under the assumptions of Theorem 2

we have v < w on I under each of the following conditions:

(1) v(z,0) < w(x,0) or v(0,y) < w(0,y) at 07;

ov ov
(II) f(ﬂ?, Ys /U(x,y)7/1}(x’ y)7 %($7 y)7 @(Iv y))

ow ow TSN
< f<x7y7w(:c7y)aw($ay)a O (:r,y), ay (x,y)) at (0 70 )7
(IT1) v(z,0) # w(x,0) or v(0,y) # w(0,y) at 0T and f satisfies Assump-
tion 4.

Proof. 1t is easy to see that the assertion follows from conditions (I) and
(IT). Suppose that (III) holds. Let av and 3 be as in Remark 3. Thus v;(z,y) <
wi(z,y) fori € a, and v;(x,y) = wj(x,y) on Aj and vj(z,y) < w;(x,y) on B;
for j € 8. Note that there exists ¢ > 0 such that [0,¢) x [0,¢) C A;. Indeed,



76 A. Karpowicz

if v(z,y) < w(z,y) on [0,c) x [0,c) for some ¢ > 0 then v(z,y) < w(zx,y)

on I. Therefore there exist ¢ > 0 and Az = [0,¢) x [0,¢) such that Az C A;
for each j € 5. We note that « is nonempty, because from v(zx,0) # w(zx,0)
or v(0,y) # w(0,y) at 0T it follows that there exists ¢ such that v;(x,y) <
w;(x,y) on I. Assume that 3 is nonempty. Choose (zg,y9) € Az Choose
d € o such that

lwq (o, yo) — va(wo, yo)| = max{|w;(wo, yo) — vi(zo,y0)| : i € a}
= max{|w;(zo, yo) — vi(xo,y0)| : i € aU f}.
Then

ow ow 9?wh
(22) fﬁ(l‘o,yo,w(xo,yo),w(xo,yo),ax(fo,yo)aay@m?/o))ém(%ayo)
0208

ov ov
= m(ﬂfmyo) < fﬁ <x07y03’0(z0,y0)7U(mOmyO)? (70, Y0), ay(mo,yo))

Ox
If O(z,y) = wy(z,y) — vg(z,y) then from the assumption we have

ov ov
i (96‘07 Y05 V(wo,y0)> V(05 Y0), %(1‘07 Y0), 67/(1‘0, yo))

/ ’ 8’0 (91)
< fﬁ (‘TOa Yo, (U{d} 7w{d})(x0,y0)7 (v{d} 7w{d})(x07 90)7 7(330) y0)7 @($0) y0)>

oz
Zo Yo
=2 | 1(z,50) dz | (w0, 2) d [wa(z0, yo) — va(wo, yo)-
0 0

Let T, T", R, R be as in the proof of Theorem 2. Then from monotonicity
of f, quasimonotonicity of f and the fact that w®(zq,v0) = v°(z0, o) and
w(zo,yo) > v(xo,yo) we have

/ ’ 0 0
fﬁ (-T()a Yo, (v{d} )w{d})(mo,yo)a (v{d} ; w{d})(m(]v y0)7 87;(:607 y0)7 8; (CC(], yO))

o(wT v o(wh, v
S fﬁ (xﬂv Yo, w(xo,yo)a ’LU(.I'O, 3/0)7 a.’E)(mO, 3/0)7 (ay)(x(h Z/O)) .

From the Lipschitz condition of f and the estimates

< | U=o, 2) dz (wi(o, yo) — vi(z0, w0)),
0

< S I(z,90) dz (wj(x0, yo) — v;(z0,%0)),
0

6vi 8'11)1'
%($07y0) - %(330,1/0)

6’Uj 811]]'
82} (x07y0) - 8y (1’071/0)
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fori e T', 7 € R', we have

O(w”, v™) O(w", o)
fﬂ (‘rOa Yo, w(xo,yo)v w(x(% y0)7 T(x()v yO)a T(x()v yO))

ow ow
< fﬂ (370, Yo, w(zo,yo)a 'LU(CC(), y0)7 E(x(b yO)a aiy(x(% Z/O))

o Yo

+{1(z,90) dz {10, 2) dz [[w(z0, yo) —v(w0, yo) |1 +|w (0, yo) —v(x0, y0) | 1]
0 0

From the above inequalities and the definition of d we get

ov ov
(23) fﬁ (an Yo V(z,y0)» ’U(an yO)v %(x()a yO)v Fy(x()a yO))

ow ow
< fﬁ <.’IJO, Yo W(zg,yo)» w((I,'(), yO): 67($07 90)7 aiy(l'O? y0)> .

Thus (22) and (23) give a contradiction. Therefore [ is an empty set. m

REMARK 5. We note that for classical solutions of differential inequal-
ities, first a theorem about strong inequalities is proved. Next using this
theorem and an extra condition (for example the Lipschitz condition on f)
we prove a theorem about weak inequalities. In this paper we see that in
the case of Carathéodory solutions, first a theorem about weak inequalities
is proved. Next using this theorem and an extra condition (for example see
Assumption 4) we prove a theorem about strong inequalities.
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