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On the Euler characteristic of the link
of a weighted homogeneous mapping

by Piotr Dudziński (Gdańsk)

Abstract. The paper is concerned with an effective formula for the Euler charac-
teristic of the link of a weighted homogeneous mapping F : Rn → Rk with an isolated
singularity. The formula is based on Szafraniec’s method for calculating the Euler charac-
teristic of a real algebraic manifold (as the signature of an appropriate bilinear form). It
is shown by examples that in the case of a weighted homogeneous mapping it is possible
to make the computer calculations of the Euler characteristics much more effective.

Let F : Rn → Rk, where n > k + 1, be a polynomial mapping and let
L = {x ∈ Sn−1 | F (x) = 0}. Let χ(L) denote the Euler characteristic of L.
There is an algebraic formula, due to Szafraniec [7], which expresses χ(L)
in terms of the signature of an appropriate bilinear form (provided that L
is smooth).

The aim of this paper is to show that in the weighted homogeneous
case the general formula for the Euler characteristic of L can be replaced
by a simpler one. It makes practical (computer) calculations of the Euler
characteristic more effective. Actually, in some cases the general method is
ineffective because of huge computations.

The basic idea is to consider the intersection of F−1(0) with the hyper-
planes {xn = 0} and {xn = 1}. We prove that the Euler characteristic of L
is determined by the behavior of F on these spaces, so the formula for χ(L)
becomes simpler (we consider only the case when the manifold L is of even
dimension, for otherwise its Euler characteristic is zero).

We also consider the simpler invariant χ(L)/2 (mod 2); we give a simple
formula which requires only calculating the dimension of an appropriate
algebra (instead of computing a signature).

There is a computer program by Andrzej Łęcki to compute the dimen-
sions of quotient algebras and signatures of bilinear forms on these algebras;
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however, reducing the dimension of the domain of F makes the use of the
program considerably more effective.

Let d1, . . . , dk, w1, . . . , wn be positive integers. For x = (x1, . . . , xn) ∈ Rn
and λ ∈ R we write λ.x = (λw1x1, . . . , λ

wnxn) and x′ = (x1, . . . , xn−1) ∈
Rn−1, so x = (x′, xn) ∈ Rn.

Let F : Rn → Rk be a polynomial mapping such that every Fi is a
weighted homogeneous polynomial of degree di with respect to the weights
wt(xj) = wj , i.e. Fi(λ.x) = λdiFi(x) for every x ∈ Rn, λ ∈ R.

Renumbering the variables if necessary, we may assume that wn is odd
(there is at least one odd weight). Let c be the smallest positive integer
such that each wj divides c. Let aj = c/wj and ω(x) =

∑n
j=1 x

2aj
j /(2aj).

Put Σr = {x ∈ R | ω(x) = r2c}, Γr = {x ∈ R | ω(x) ≤ r2c} and Lr =
F−1(0) ∩Σr. Note that if x ∈ Lr then λ.x ∈ Lλr for every λ 6= 0.

Write G(x′) = F (x′, 1) and H(x′) = F (x′, 0) for every x′ ∈ Rn−1. As-
sume that

rank[DG(x′)] = k for every x′ ∈ G−1(0),(1)

rank[DH(x′)] = k for every x′ ∈ H−1(0)− 0.(2)

As a consequence of (1) and (2) we obtain

Lemma 1. rank[DF (x)] = k for every x ∈ F−1(0)−0 and F−1(0) meets
each Σr transversally.

Proof. Suppose that rank[DF (x)] < k for some x ∈ F−1(0), x 6= 0.
Clearly, DjH(x′) = DjF (x′, 0) for j = 1, . . . , n − 1, hence if xn = 0 then
rank[DH(x′)] < k.

Assume that xn 6= 0. Each Fi is a weighted homogeneous polynomial,
hence it satisfies the Euler formula:

n∑

j=1

wjxjDjFi(x) = diFi(x)

for i = 1, . . . , k. In particular, if xn 6= 0, then the last column of the matrix
[DF (x)] is a linear combination of the n − 1 preceding columns. Again by
weighted homogeneity of each Fi we have

λwjDjFi(λ.x) = λdiDjFi(x),

and thus
DjFi(λ.x) = λdi−wjDjFi(x).

Therefore, rank[DF (λ.x)] = rank[DF (x)] for λ 6= 0. Then, letting λ =
x
−1/wn
n we have λ.x ∈ F−1(0) ∩ {xn = 1} = G−1(0) and rank[DG(x′)] < k,

where λ.x = (x′, 1), which proves the first claim.
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In order to prove the second assertion of the lemma, we shall show that
the rank of the matrix

M =



D1ω(x) . . . Dnω(x)
D1F1(x) . . . DnF1(x)

. . .
D1Fk(x) . . . DnFk(x)




is k + 1 for every x ∈ F−1(0) ∩ Σr. We may assume that x1 6= 0. Let
us multiply the first column of M by w1x1 and then add to it a linear
combination of the form

∑n
j=2 wjxjAj , where Aj denotes the jth column

of M . Then the first column becomes



∑n
j=1 wjxjDjω(x)∑n
j=1 wjxjDjF1(x)

. . .∑n
j=1 wjxjDjFk(x)


 .

Again, by the Euler formula we have
n∑

j=1

wjxjDjFi(x) = diFi(x)

for i = 1, . . . , k and n∑

j=1

wjxjDjω(x) = 2cω(x),

so the first column has the form 


2cr2c

0
0
. . .
0


 .

Thus the first row of M cannot be written as a linear combination of the
remaining rows. So the first part of the lemma yields the assertion.

Therefore each Lr is a smooth (n − k − 1)-dimensional compact mani-
fold and χ(Lr) = χ(L) (the independence of the link from the function ω
has been proven in [3]; in our case it may be observed that L and Lr are
homeomorphic by flowing along a vector field tangent to F−1(0)). The Euler
characteristic of every compact odd-dimensional manifold is zero, so from
now on we shall assume that n− k is odd.

Note that H is also weighted homogeneous, hence the same reasoning
shows that H−1(0) meets each Σ̃r = Σr ∩ {xn = 0} transversally and

(3) χ(H−1(0) ∩ Σ̃r) = 0.

We shall denote by π the projection on the nth coordinate in Rn.
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Lemma 2. For sufficiently large r,

χ(Lr ∩ {−1 ≤ xn ≤ 1}) = 0.

Proof. It is easy to check (by the same method as in the proof of Lem-
ma 1) that the rank of the matrix




D1π(x) . . . Dn−1π(x) Dnπ(x)
D1ω(x) . . . Dn−1ω(x) Dnω(x)
D1F1(x) . . . Dn−1F1(x) DnF1(x)

. . .
D1Fk(x) . . . Dn−1Fk(x) DnFk(x)




is k + 2 for every x ∈ L1 ∩ {xn = 0}. This means that π|L1 has no critical
points in the hyperplane {xn = 0} (see [4]). Hence for small ε > 0, π|L1 has
no critical points in the set L1 ∩ {−ε ≤ xn ≤ ε}.

So L1 ∩ {xn = 0} is a deformation retract of L1 ∩ {−ε ≤ xn ≤ ε},
and then by (3), χ (L1 ∩ {−1 ≤ xn ≤ 1}) = 0. The proof is completed by
observing that if r = ε−1/wn , then x 7→ r.x maps homeomorphically the set
L1 ∩ {−ε ≤ xn ≤ ε} onto Lr ∩ {−1 ≤ xn ≤ 1}.

Theorem 3. χ(L) = 2χ(F−1(0) ∩ {xn = 1}).

Proof. Clearly,

χ(L) = χ(Lr)

= χ(Lr ∩ {−1 ≤ xn ≤ 1}) + χ(Lr ∩ {xn ≥ 1})
+ χ(Lr ∩ {xn ≤ −1})− χ(Lr ∩ {xn = ±1}).

By Lemma 2, χ(Lr ∩ {−1 ≤ xn ≤ 1}) = 0 for large r. Using similar argu-
ments to those above we can prove that for large r, Lr meets {xn = ±1}
transversally and then χ(Lr ∩ {xn = ±1}) = 0.

If x ∈ Lr ∩ {xn ≥ 1} then set γ(x) = x
−1/wn
n . Then x 7→ γ(x).x maps

Lr ∩ {xn ≥ 1} homeomorphically onto the set F−1(0) ∩ {xn = 1} ∩ Γr,
which for large r is a deformation retract of F−1(0) ∩ {xn = 1} = G−1(0).
Moreover, the map x 7→ (−1).x is a homeomorphism between Lr∩{xn = 1}
and Lr ∩ {xn = −1} (recall that wn is odd), so the proof is complete.

Let I(H) ⊂ R[x′] = R[x1, . . . , xn−1] be the ideal generated byH1, . . . ,Hk

and all (k + 1)× (k + 1)-minors ∂(ω,H1, . . . ,Hk)/∂(xj1 , . . . , xjk+1).
If dimR[x′]/I(H) <∞ then there are a finite number of singular points

of H−1(0) and of critical points of ω restricted to the smooth part of H−1(0).
But the map H is weighted homogeneous, hence H−1(0) is transversal
to each Σ̃r, so there are no critical points of ω on the smooth part of
H−1(0). It follows by the same method as in the proof of Lemma 1 that
if (x1, . . . , xn−1) ∈ H−1(0) is a singular point of H−1(0), then for every



Euler characteristic of the link 5

λ 6= 0, (λw1x1, . . . , λ
wn−1xn−1) is also a singular point of H−1(0). Thus we

have proved

Lemma 4. If dimR[x′]/I(H) < ∞ then rank[DH(x′)] = k for every
x′ ∈ H−1(0)− {0}.

There is an algebraic formula, due to Szafraniec [7], which expresses the
Euler characteristic of an algebraic manifold as the signature of an appro-
priate bilinear form. There is also an algebraic method for verifying assump-
tion (1).

Assume that dimR[x′]/I(G) = d < ∞. According to [7], there is a
certain (explicitly defined) linear functional φ : R[x′]/I(G) → R. Set M =
∂(G1, . . . , Gk)/∂(x1, . . . , xk) and define a bilinear form ΦM : R[x′]/I(G) ×
R[x′]/I(G)→ R by ΦM (f, g) = φ(Mfg).

Theorem 5. Assume that ΦM is non-degenerate. Then G−1(0) is a
smooth manifold and χ(G−1(0)) = signatureΦM .

For the proof see [7].
Therefore we have

Theorem 6. Assume that dimR[x′]/I(H) < ∞ and dimR[x′]/I(G) <
∞ and that ΦM is non-degenerate. Then χ(L) = 2 · signatureΦM .

Since ΦM is non-degenerate, signatureΦM ≡ dimR[x′]/I(G) (mod 2),
hence we obtain a simpler formula for the simpler invariant χ(L)/2 (mod 2):

Corollary 7. Under the assumptions of Theorem 6,

χ(L)/2 ≡ dimR[x′]/I(G) (mod 2).

In [2] another formula is given which expresses χ(L)/2 (mod 2) in terms
of the dimensions of appropriate local algebras in the case of F : Rn → R
with a non-isolated singularity.

Example 1. Let F (x, y, z, t) = x2zt+ t2 + x5yz + y2z2 + x3y + x2y2 +
xy3 + y5. The polynomial F is weighted homogeneous of degree 10 with
respect to the weights w1 = 1, w2 = 2, w3 = 3, w4 = 5. Then H(x, y, z) =
x5yz+y2z2 +x3y+x2y2 +xy3 +y5 and G(x, y, z) = x2z+1+x5yz+y2z2 +
x3y+x2y2 +xy3 +y5. It is easily seen that G−1(0) is non-empty. A computer
calculation shows that dimR[x′]/I(H) = 140 and dimR[x′]/I(G) = 142 and
that the form ΦM is non-degenerate and signatureΦM = χ(L) = 0.

Example 2. Let F1(x, y, z, t, u) = xyz + xu+ z2 + yt, F2(x, y, z, t, u) =
u+yz+xt+x2z. The polynomials are weighted homogeneous of degrees 6 and
5 respectively, with respect to the weights w1 = 1, w2 = 2, w3 = 3, w4 = 4,
w5 = 5. Then H1(x, y, z, t) = xyz + z2 + yt, H2(x, y, z, t) = yz + xt + x2z,
G1(x, y, z, t) = xyz+x+z2+yt, G2(x, y, z, t) = 1+yz+xt+x2z. A computer
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calculation shows that dimR[x′]/I(H) = 57 and dimR[x′]/I(G) = 33, the
form ΦM is non-degenerate and signatureΦM = 1 so χ(L) = 2.
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