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Loewner chains and quasiconformal extension
of holomorphic mappings

by Hidetaka Hamada (Kitakyusu) and
Gabriela Kohr (Cluj-Napoca)

Abstract. Let f(z, t) be a Loewner chain on the Euclidean unit ball B in Cn. Assume
that f(z) = f(z, 0) is quasiconformal. We give a sufficient condition for f to extend to a
quasiconformal homeomorphism of R2n onto itself.

1. Introduction. Becker [Be] showed that if a holomorphic function f
on the unit disc U satisfies∣∣∣∣

zf ′′(z)
f ′(z)

∣∣∣∣ ≤
c

1− |z|2 (0 < c < 1),

then f is univalent on U and extends to a quasiconformal homeomorphism of
C onto itself. Pfaltzgraff [Pf2] generalized the above result to quasiregular
locally biholomorphic mappings on the Euclidean unit ball B in Cn. He
showed that if a quasiregular locally biholomorphic mapping f on B satisfies

‖[Df(z)]−1D2f(z)(z, ·)‖ ≤ c

1− ‖z‖2 (0 < c < 1),

then f is biholomorphic on B and extends to a quasiconformal homeomor-
phism of R2n onto itself. Chuaqui [Ch] obtained a quasiconformal exten-
sion of a quasiconformal strongly starlike mapping f with ‖[Df(z)]−1f(z)‖
uniformly bounded on the Euclidean unit ball B in Cn. The first author
[Ha] extended this result to a bounded balanced domain Ω in Cn with C1

plurisubharmonic defining functions, and the authors [Ha-Ko3] generalized
it to the unit ball with respect to an arbitrary norm on Cn. The authors
[Ha-Ko2] also gave a quasiconformal extension of a quasiconformal strongly
spirallike mapping f of type α with ‖[Df(z)]−1f(z)‖ uniformly bounded on
a bounded balanced domain Ω in Cn with C1 plurisubharmonic defining
functions. To prove the above results, they imbed f in a Loewner chain.
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On the other hand, Graham–Hamada–Kohr [Gr-Ha-Ko] investigated a
family of normalized biholomorphic mappings on the unit ball with respect
to an arbitrary norm on Cn which arises in the study of Loewner chains,
namely the family of mappings which have a parametric representation. For
the case of the unit polydisc, these maps were studied by Poreda [Por1],
[Por2]; on the Euclidean ball, they were studied extensively by Kohr [Ko].
In [Gr-Ha-Ko], growth and covering theorems for these mappings as well as
coefficient estimates were obtained.

In this paper, we will give a sufficient condition for a normalized qua-
siconformal biholomorphic mapping f on B which can be imbedded in a
Loewner chain to extend to a quasiconformal homeomorphism of R2n onto
itself. We also show that the results in [Ch], [Ha-Ko2], [Ha-Ko3], [Pf2] and
[Re-Ma] can be reduced to ours.

2. Preliminaries. Let Cn denote the space of n complex variables
z = (z1, . . . , zn)′ with the Euclidean inner product 〈·, ·〉 and the Euclidean
norm ‖z‖ =

√
〈z, z〉. The symbol ′ means the transpose of vectors and ma-

trices. The origin (0, . . . , 0)′ is denoted by 0, and L(Cn,Cm) is the space
of continuous linear operators from Cn into Cm with the standard operator
norm. Let I denote the identity in L(Cn,Cn).

Let Br = {z ∈ Cn : ‖z‖ < r} and let B = B1. In the case of one
complex variable, Br is denoted by Ur and U1 by U . If G ⊂ Cn is an open
set, let H(G) denote the set of holomorphic mappings from G into Cn. If
f ∈ H(Br), we say that f is normalized if f(0) = 0 and Df(0) = I.

We recall that a mapping F : B× [0,∞)→ Cn is called a Loewner chain
if F (·, t) is biholomorphic on B, F (0, t) = 0, DF (0, t) = etI for t ≥ 0 and

F (z, s) ≺ F (z, t), z ∈ B, 0 ≤ s ≤ t <∞,
where the symbol ≺ means the usual subordination.

It is known that starlikeness can be characterized in terms of Loewner
chains: f is a normalized starlike mapping if and only if f(z, t) = etf(z),
z ∈ B, t ≥ 0, is a Loewner chain [Pf-Su]. For the analytical characterization
of starlikeness, the reader may consult [Su1] and [Su2] (cf. [Ha]).

Now, we recall the notion of spirallikeness due to Gurganus [Gu] and
Suffridge [Su3]. Let A ∈ L(Cn,Cn) be such that m(A) > 0, where

m(A) = inf{<〈Az, z〉 : z ∈ Cn, ‖z‖ = 1}.

A normalized locally biholomorphic mapping f ∈ H(B) is called spiral-
like relative to A if f is biholomorphic on B and f(B) is a spirallike domain
with respect to A, that is,

e−sAf(B) ⊂ f(B), s ≥ 0,
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where

e−sA =
∞∑

k=0

(−1)k

k!
skAk.

Suffridge [Su3] showed that if f is a normalized locally biholomorphic
mapping on B, then f is spirallike relative to a linear operator A with
m(A) > 0 if and only if

<〈[Df(z)]−1Af(z), z〉 > 0, z ∈ B \ {0}.
If A = e−iαI, where α ∈ R, |α| < π/2, and f is spirallike relative to A,

we say that f is spirallike of type α ([Ha-Ko1]).
The authors [Ha-Ko1] showed that spirallikeness of type α has the fol-

lowing characterization in terms of Loewner chains: f is spirallike of type α
if and only if

f(z, t) = e(1−ia)tf(eiatz), z ∈ B, t ≥ 0,

is a Loewner chain, where a = tanα.
Let

h(z, t) = iaz + (1− ia)e−iat[Df(eiatz)]−1f(eiatz).

Then we have

<〈h(z, t), z〉 =
1

cosα
<{〈e−iα[Df(eiatz)]−1f(eiatz), eiatz〉} > 0

for any z ∈ B \ {0}. Let z ∈ ∂B and let ζ ∈ U \ {0}. Then

<
〈
h(ζz, t)

ζ
, z

〉
=

1
|ζ|2 <(〈h(ζz, t), ζz〉) > 0.(2.1)

Let

φz(ζ, t) =
〈
h(ζz, t)

ζ
, z

〉

for ζ 6= 0 and φz(0, t) = 1. Since h(0, t) = 0 and Dh(0, t) = I, φz(·, t) is a
holomorphic function on U and <φz(ζ, t) > 0 for ζ ∈ U from (2.1).

If we put

σz(ζ, t) =
φz(ζ, t)− 1
φz(ζ, t) + 1

,

then σz(·, t) is a holomorphic function on U such that σz(0, t) = 0 and
|σz(ζ, t)| < 1 for ζ ∈ U .

Definition 2.1. f is said to be strongly spirallike of type α if φz(U, 0) is
contained in a compact subset of the right half-plane independent of z ∈ ∂B.
Or, equivalently, there exists a c with 0 < c < 1 such that |σz(ζ, 0)| ≤ c
uniformly for z ∈ ∂B, ζ ∈ U .

When α = 0, the above definition coincides with the definition of strongly
starlike mappings due to Chuaqui [Ch] (cf. [Ha]).
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Let M denote the well known set of mappings with “positive real part
on B”, that is,

M = {p ∈ H(B) : p(0) = 0, Dp(0) = I, <〈p(z), z〉 > 0, z ∈ B \ {0}}.
The following lemma is proved in Graham–Hamada–Kohr [Gr-Ha-Ko].

Lemma 2.2. For each r ∈ (0, 1) there exists a constant M = M(r),
independent of p, such that ‖p(z)‖ ≤M(r) for ‖z‖ ≤ r, p ∈ M.

Using Lemma 2.2 and [Por3, Theorem 6], the authors of [Gr-Ha-Ko]
obtained the following lemma.

Lemma 2.3. Let ht(z) = h(z, t) : B × [0,∞)→ Cn satisfy the following
conditions:

(i) for each t ≥ 0, ht(·) ∈ M;
(ii) for each z ∈ B, h(z, t) is a measurable function of t ∈ [0,∞).

Let ft(z) = f(z, t) : B×[0,∞)→ Cn be such that f(·, t) ∈ H(B), f(0, t) = 0,
Df(0, t) = etI for each t ≥ 0 and f(z, ·) is a locally Lipschitz continuous
function of t ∈ [0,∞) locally uniformly with respect to z ∈ B. Suppose that

∂f

∂t
(z, t) = Df(z, t)h(z, t) a.e. t ≥ 0,

for all z ∈ B. Further , assume that there exists an increasing sequence {tm}
such that tm > 0, tm →∞ and

lim
m→∞

e−tmf(z, tm) = F (z)

locally uniformly on B. Then f(z, t) is a Loewner chain and

lim
t→∞

etv(z, s, t) = f(z, s)

locally uniformly on B for each s ≥ 0, where v = v(z, s, t) is the solution of
the initial value problem

∂v

∂t
= −h(v, t) a.e. t ≥ s, v(s) = z.(2.2)

Remark 2.4. (i) In the case of one complex variable, every Loewner
chain satisfies the assumptions of Lemma 2.3 (cf. [Pom, Theorem 6.2]).

(ii) Let f(z, t) be a Loewner chain which is locally Lipschitz continuous
in t locally uniformly with respect to z ∈ B. In [Gr-Ha-Ko, Theorem 1.10],
it was shown that there exists a mapping h = h(z, t) such that h(·, t) ∈ M
for each t ≥ 0, h(z, t) is measurable in t for each z ∈ B, and for almost all
t ≥ 0,

∂f

∂t
(z, t) = Df(z, t)h(z, t) for all z ∈ B.

Therefore, if {e−tf(z, t)}t≥0 is a normal family, then f(z, t) satisfies the
assumptions of Lemma 2.3.
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Let Ω,Ω′ be domains in Rm. Let ‖ · ‖ be the Euclidean norm on Rm
and K > 0 be a constant. A homeomorphism f : Ω → Ω ′ is said to be
K-quasiconformal if it is differentiable a.e., ACL (absolutely continuous on
lines) and

‖D(f ;x)‖m ≤ K|detD(f ;x)| a.e. in Ω,

where D(f ;x) denotes the (real) Jacobian matrix of f and

‖D(f ;x)‖ = sup{‖D(f ;x)(a)‖ : ‖a‖ = 1}.

Let G be a domain in Cn and let K > 0 be a constant. A holomorphic
mapping f : G→ Cn is said to be K-quasiregular if

‖Df(z)‖n ≤ K|detDf(z)|, z ∈ G,

where

‖Df(z)‖ = sup{‖Df(z)(a)‖ : ‖a‖ = 1}.

We remark that a K-quasiregular biholomorphic mapping is K2-quasicon-
formal.

3. Main results

Lemma 3.1. Let f(z, t) be a Loewner chain which satisfies the assump-
tions of Lemma 2.3. If there exists a constant c1 > 0 such that

c1‖z‖2 ≤ <〈h(z, t), z〉

for z ∈ B \ {0}, t ≥ 0, then there exists a constant d such that

‖f(z, t)‖ ≤ det‖z‖

for z ∈ B, t ≥ 0.

Proof. Since h(·, t) ∈ M,

‖z‖2 1− ‖z‖
1 + ‖z‖ ≤ <〈h(z, t), z〉 ≤ ‖z‖2 1 + ‖z‖

1− ‖z‖(3.1)

for z ∈ B \ {0} by [Pf1, Lemma 2.1]. Fix s ≥ 0 and z ∈ B \ {0} and let
v(t) = v(z, s, t) be the solution of the initial value problem (2.2). Then

∂‖v‖
∂t

= − 1
‖v‖ <〈h(v, t), v〉 < 0 a.e. on [s,∞).

Since ‖v(t)‖ → 0 as t→∞, there exists a t0 > 0 such that ‖v(t)‖ < 1/2 for
t ≥ t0. If ‖z‖ > 1/2, then, for t > t0, we have
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log
(‖et−sv(z, s, t)‖

‖z‖

)
= −

t�

s

‖v(τ)‖
<〈h(v(τ)), v(τ)〉

d‖v(τ)‖
dτ

dτ −
‖z‖�

‖v(t)‖

1
x
dx

≤
1/2�

‖v(t)‖

1 + x

x(1− x)
dx+

‖z‖�

1/2

1
c1x

dx−
‖z‖�

‖v(t)‖

1
x
dx

≤
1/2�

0

2
1− x dx+

1�

1/2

1
c1x

dx ≤
(

2 +
1
c1

)
log 2

by the assumption and (3.1). If ‖z‖ ≤ 1/2, then, for t > t0, we have

log
(‖et−sv(z, s, t)‖

‖z‖

)
= −

t�

s

‖v(τ)‖
<〈h(v(τ)), v(τ)〉

d‖v(τ)‖
dτ

dτ −
‖z‖�

‖v(t)‖

1
x
dx

≤
‖z‖�

‖v(t)‖

1 + x

x(1− x)
dx−

‖z‖�

‖v(t)‖

1
x
dx

≤
1/2�

0

2
1− x dx ≤ 2 log 2

by (3.1). Letting t→∞, we obtain the conclusion.

Let f(z, t) be a Loewner chain such that f(z, 0) is quasiconformal. The
following theorem gives a sufficient condition for f(z, 0) to have a quasicon-
formal extension to R2n.

Theorem 3.2. Let f(z, t) be a Loewner chain which satisfies the as-
sumptions of Lemma 2.3. Assume that the following conditions are satisfied :

(i) ‖Df(z, t)‖ ≤ M1(t)
(1− ‖z‖)α , z ∈ B, t ≥ 0,

where M1(t) is locally bounded with respect to t and α is a constant with
0 ≤ α < 1;

(ii) there exists a constant c1 > 0 such that

c1‖z‖2 ≤ <〈h(z, t), z〉
for z ∈ B \ {0}, t ≥ 0;

(iii) there exists a constant c2 > 0 such that ‖h(z, t)‖ ≤ c2 for z ∈ B,
t ≥ 0;

(iv) f(z, t) is K1-quasiconformal for each t.

Then f(z, t) has a continuous extension to B (again denoted by f(z, t))
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and

F (z) =
{
f(z, 0), z ∈ B,
f(z/‖z‖, log ‖z‖), z 6∈ B,

is a quasiconformal homeomorphism of R2n onto itself.

Proof. By assumption (i) and [Pf2, Lemma 2.2], ft(z) = f(z, t) has a
continuous extension to B and

‖f(z, t)− f(w, t)‖ ≤M2(t)‖z − w‖1−α(3.2)

for z, w ∈ B, where M2(t) is locally bounded on [0,∞).
Fix s ≥ 0 and z ∈ B \ {0} and let v(t) = v(z, s, t) be the solution of the

initial value problem (2.2). Then

∂‖v‖
∂t

= − 1
‖v‖ <〈h(v, t), v〉 ≤ −c1‖v‖ a.e. on [s,∞)

by assumption (ii). Then we have

‖v(z, s, t)‖ ≤ ‖z‖e−c1(t−s)(3.3)

for 0 ≤ s < t. Therefore, v(B, s, t) ⊂ B for 0 ≤ s < t. Since fs(z) =
ft(v(z, s, t)) for 0 ≤ s < t, z ∈ B, and fs is continuous on B, we have
fs(B) ⊂ ft(B) for 0 ≤ s < t. Then

v(z, s, t) = f−1
t (fs(z)), z ∈ B,

defines a continuous extension of v to B. For z ∈ B, we have

‖z − v(z, s, t)‖ =
∥∥∥
t�

s

h(v, τ) dτ
∥∥∥ ≤ c2|t− s|(3.4)

for 0 ≤ s < t by assumption (iii). Since v is continuous on B, this estimate
holds for z ∈ B. Suppose that fs(z1) = fs(z2) for z1, z2 ∈ B. Then for t > s,
we have

ft(v(z1, s, t)) = ft(v(z2, s, t)).

Since v(B, s, t) ⊂ B for 0 ≤ s < t and ft is univalent on B, we obtain
v(z1, s, t) = v(z2, s, t). Letting t → s, we have z1 = z2 by (3.4). Therefore,
fs is univalent on B.

For 1/2 < r < 1, let f r(z, t) = r−1f(rz, t) (t ≥ 0) and let

F r(z) =
{
f r(z, 0), z ∈ B,
f r(z/‖z‖, log ‖z‖), z 6∈ B.

We will show that F r converges uniformly on compact subsets of R2n to
F as r → 1, is ACL, is differentiable a.e., has outer dilatation bounded
a.e. with a bound independent of r, and is a homeomorphism of R2n onto
itself. Then by [Vä, Theorem 21.7 and Corollary 37.4], F is a quasiconformal
homeomorphism of R2n onto itself, since F |B = f(z, 0) is nonconstant.
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By Lemma 3.1 and assumption (ii), we have

‖f(z, s)‖ ≤ c3e
s‖z‖(3.5)

on B × [0,∞) for some constant c3. Let z ∈ B. Then

‖F r(z)− F (z)‖ = ‖r−1f(rz, 0)− f(z, 0)‖
≤ r−1‖f(rz, 0)− f(z, 0)‖+ (r−1 − 1)‖f(z, 0)‖
≤ r−1M2(0)‖rz − z‖1−α + (r−1 − 1)c3‖z‖

by (3.2) and (3.5). Let z ∈ R2n \B. Then

‖F r(z)− F (z)‖ =
∥∥∥∥r−1f

(
r
z

‖z‖ , log ‖z‖
)
− f

(
z

‖z‖ , log ‖z‖
)∥∥∥∥

≤ r−1
∥∥∥∥f
(
r
z

‖z‖ , log ‖z‖
)
− f

(
z

‖z‖ , log ‖z‖
)∥∥∥∥

+ (r−1 − 1)

∥∥∥∥f
(

z

‖z‖ , log ‖z‖
)∥∥∥∥

≤ r−1M2(log ‖z‖)(1− r)1−α + (r−1 − 1)c3‖z‖

by (3.2) and (3.5). Thus, F r converges uniformly on compact subsets of R2n

to F .
Since ‖Df r(z, t)‖ = ‖Df(rz, t)‖ ≤M1(t)/(1− r)α by assumption (i), we

have

‖f r(z, t)− f r(w, t)‖ ≤ M3(t)
(1− r)α ‖z − w‖(3.6)

for z, w ∈ B, where M3(t) is locally bounded on [0,∞). Using the relation
f(z, s) = f(v(z, s, t), t) for 0 ≤ s < t, (3.4) and (3.6), we have

‖f r(z, t)− f r(z, s)‖ = r−1‖f(rz, t)− f(rz, s)‖(3.7)

= r−1‖f(rz, t)− f(v(rz, s, t), t)‖
= ‖f r(z, t)− f r(r−1v(rz, s, t), t)‖

≤ M3(t)
(1− r)α ‖z − r

−1v(rz, s, t)‖

≤ c2M3(t)
r(1− r)α |t− s|

for z ∈ B, 0 ≤ s < t. If z, w ∈ B, then

‖F r(z)− F r(w)‖ = ‖f r(z, 0)− f r(w, 0)‖ ≤ M3(0)
(1− r)α‖z − w‖(3.8)

by (3.6). If z, w ∈ R2n \B and ‖z‖ ≥ ‖w‖, then
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‖F r(z)− F r(w)‖ =
∥∥∥∥f r
(

z

‖z‖ , log ‖z‖
)
− f r

(
w

‖w‖ , log ‖w‖
)∥∥∥∥(3.9)

≤
∥∥∥∥f r
(

z

‖z‖ , log ‖z‖
)
− f r

(
w

‖w‖ , log ‖z‖
)∥∥∥∥

+

∥∥∥∥f r
(

w

‖w‖ , log ‖z‖
)
− f r

(
w

‖w‖ , log ‖w‖
)∥∥∥∥

≤ (2 + r−1c2)
M3(log ‖z‖)

(1− r)α ‖z − w‖

by (3.6) and (3.7). If z ∈ B, w ∈ R2n \B, then there exists a real number t
with 0 < t < 1 such that ζ = (1− t)z + tw ∈ ∂B. Therefore,

‖F r(z)− F r(w)‖ ≤ ‖F r(z)− F r(ζ)‖+ ‖F r(ζ)− F r(w)‖

≤ M3(0)
(1− r)α ‖z − ζ‖+ (2 + r−1c2)

M3(log ‖w‖)
(1− r)α ‖ζ − w‖

≤ 1
(1− r)α {M3(0) + (2 + r−1c2)M3(log ‖w‖)}‖z − w‖

by (3.8) and (3.9). Thus, F r satisfies a local Lipschitz condition (with expo-
nent 1) in R2n. Hence F r is ACL in R2n and by a theorem of Rademacher–
Stepanov [Sa, p. 311], it is (real) differentiable a.e. in R2n.

Next, we will show that F r has outer dilatation bounded a.e. with a
bound independent of r. Let ft = ut + ivt and let F r = ur + ivr. Then we
have

‖D(ur, vr;x, y)‖2n ≤ K1|detD(ur, vr;x, y)| in B,

since
D(ur, vr;x, y) = D(u0, v0; rx, ry) in B

and ft is K1-quasiconformal in B. For z 6∈ B, let ζ = r‖z‖−1z ∈ B \{0} and
let ζ = ξ + iη. Then

D(ur, vr;x, y) = ‖z‖−1D(ut, vt; ξ, η)(I +M(ξ, η)),

where t = log ‖z‖ and

M(ξ, η) = r−1
(<(h(ζ, t)− ζ)
=(h(ζ, t)− ζ)

)
grad ‖(x, y)‖,

as ∂f(z, t)/∂t = Df(z, t)h(z, t). Since M(ξ, η) has rank 1,

det(I +M(ξ, η)) = 1 + trM(ξ, η) = r−1‖ζ‖−1<〈h(ζ, t), ζ〉
≥ c1r

−1‖ζ‖ ≥ c1

by Lemma 3.1 and assumption (ii). Then we have

|detD(ur, vr;x, y)| = ‖z‖−2n|detD(ut, vt; ξ, η)| |det(I +M(ξ, η))|(3.10)

≥ ‖z‖−2nc1|detD(ut, vt; ξ, η)|.
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Since grad ‖(x, y)‖ is uniformly bounded, ‖M(ξ, η)‖ = r−1‖h(ζ, t) − ζ‖ ·
‖grad ‖(x, y)‖ ‖ is uniformly bounded for r near 1 by assumption (iii). Thus

‖D(ur, vr;x, y)‖ ≤ ‖z‖−1‖D(ut, vt; ξ, η)‖ ‖I +M(ξ, η)‖(3.11)

≤ K2‖z‖−1‖D(ut, vt; ξ, η)‖
for some constant K2 > 0.

By (3.10), (3.11) and assumption (iv), we have

‖D(ur, vr;x, y)‖2n ≤ K2n
2 ‖z‖−2n‖D(ut, vt; ξ, η)‖2n

≤ K1K
2n
2 ‖z‖−2n|detD(ut, vt; ξ, η)|

≤ K1K
2n
2 c−1

1 |detD(ur, vr;x, y)|
on R2n \B.

Finally, we will show that F r is a homeomorphism of R2n onto itself. It
is clear that F r is continuous on R2n. From (3.3), we have

fs(Br) ⊂ ft(Br) for 0 < r < 1 and 0 ≤ s < t.(3.12)

Using (3.12) and the fact that ft is univalent on B, we can show that F r is
univalent on R2n. By [Pf1, Lemma 2.2], we have

‖f(z, s)‖ = lim
t→∞

et‖v(z, s, t)‖ ≥ es ‖z‖
(1 + ‖z‖)2

for all z ∈ B, s ≥ 0. Then

‖F r(z)‖ = r−1
∥∥∥∥f
(
r
z

‖z‖ , log ‖z‖
)∥∥∥∥ ≥

R

(1 + r)2(3.13)

on ‖z‖ = R with R ≥ 1. Since

F r({‖z‖ = R}) = r−1flogR({‖z‖ = r})
for any R > 1, F r({‖z‖ = R}) is the boundary of the domain GR =
r−1flogR({‖z‖ < r}). By (3.12), we have F r({1 < ‖z‖ < R}) ⊂ GR \F r(B).
Hence F r({1 < ‖z‖ < R}) = GR \F r(B), since F r is a local diffeomorphism
on R2n \ B by (3.10), continuous and univalent on R2n. Then using (3.13),
we can show that F r is a surjective map onto R2n. Let R2n ∪{∞} = S2n be
a one-point compactification of R2n. We extend F r to S2n by F r(∞) =∞.
Then F r is a continuous bijective mapping from S2n onto itself by (3.13).
Therefore, F r is a homeomorphism from S2n onto itself. Thus F r is a hom-
eomorphism from R2n onto itself. This completes the proof.

Remark 3.3. If there exists an E(z, t) : B × [0,∞)→ L(Cn,Cn) which
is holomorphic in z, E(0, t) = 0 for t ≥ 0 and ‖E(z, t)‖ ≤ c < 1 for z ∈ B,
t ≥ 0 such that h(z, t) = [I − E(z, t)]−1[I + E(z, t)](z) for z ∈ B, t ≥ 0,
then we can show that conditions (ii) and (iii) of Theorem 3.2 are satisfied
as in [Pf1].
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Example 3.4. We give an example which shows that condition (ii) in
Theorem 3.2 cannot be omitted. Let B be the Euclidean unit ball in C2. Let

f(z) = (z1 + az2
2, z2)′.

Then f is starlike if and only if |a| ≤ 3
√

3/2 by Example 3 in [Su3]. Put
a = 3

√
3/2. Since f is starlike, f(z, t) = etf(z) is a Loewner chain which

satisfies the assumptions of Lemma 2.3. Since Df(z, t) = etDf(z) and f
is a polynomial, condition (i) is satisfied. As h(z, t) = [Df(z)]−1f(z) =
(z1 − az2

2, z2)′, condition (iii) is satisfied. Because ‖Df(z)‖ is uniformly
bounded in B2, detDf(z) = 1 and Df(z, t) = etDf(z), condition (iv) is sat-
isfied. Since 〈h(z, t), z〉 = ‖z‖2−az1z

2
2 tends to 0 as (z1, z2)→ (1/

√
3,
√

2/3),
condition (ii) is not satisfied. Further, we show that

F (z) =
{
f(z, 0), z ∈ B,
f(z/‖z‖, log ‖z‖), z 6∈ B,

is not quasiconformal. For z 6∈ B, F (z) = (z1 + az2
2/‖z‖, z2). By a direct

computation, we have detDF (x, y) = 0 for z1 = k/
√

3, z2 =
√

2 k/
√

3 with
k > 1, but ‖DF (x, y)‖ 6= 0. This implies that F is not quasiconformal.

4. Applications. Ren–Ma [Re-Ma, Theorem 2] obtained the following
theorem. We prove this result by using Theorem 3.2.

Theorem 4.1. Let f : B → Cn be a normalized holomorphic mapping
on B and let G(z) be a nonsingular n×n matrix , holomorphic as a function
of z ∈ B. Suppose that G(0) = I and the following assumptions hold :

(i) ‖[G(z)]−1Df(z)− I‖ ≤ c, z ∈ B;
(ii) ‖ ‖z‖2[[G(z)]−1Df(z) − I] + (1 − ‖z‖2)[G(z)]−1DG(z)(z, ·)‖ ≤ c,

z ∈ B, where 0 ≤ c < 1;
(iii) there exists a K ≥ 1 such that ‖G(z)‖n ≤ K|detG(z)|, z ∈ B.

Then f is univalent and quasiregular on B and extends to a quasiconformal
homeomorphism of R2n onto itself.

Proof. We will show that

f(z, t) = f(ze−t) +G(ze−t)(et − e−t)z
satisfies the conditions of Theorem 3.2.

Indeed, f(·, t) ∈ H(B), f(0, t) = 0, Df(0, t) = etI, t ≥ 0, and f(z, ·) ∈
C∞([0,∞)), z ∈ B. On the other hand, it is obvious that limt→∞ e−tf(z, t)
= z locally uniformly on B. Straightforward computations show that

∂f

∂t
(z, t) = Df(z, t)h(z, t), z ∈ B, t ≥ 0,
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where h(z, t) = [I −E(z, t)]−1[I + E(z, t)](z), and

E(z, t) = − e−2t{[G(ze−t)]−1Df(ze−t)− I}
− (1− e−2t)[G(ze−t)]−1DG(ze−t)(ze−t, ·)

for all z ∈ B and t ≥ 0. Using condition (i), we see that

‖E(z, 0)‖ ≤ c < 1, z ∈ B,
and using the maximum modulus theorem for holomorphic mappings into
complex Banach spaces and condition (ii), we deduce for t > 0 that

‖E(z, t)‖ ≤ max
‖z‖=1

‖E(z, t)‖ ≤ c < 1.

Thus ‖E(z, t)‖ ≤ c < 1 for z ∈ B and t ≥ 0. Since E(0, t) = 0 for t ≥ 0,
conditions (ii) and (iii) of Theorem 3.2 are satisfied by Remark 3.3. Hence
f(z, t) is a Loewner chain by Lemma 2.3.

Moreover, in view of the second condition in the hypothesis, we deduce
that

(1− ‖z‖2)‖[G(z)]−1DG(z)(z, ·)‖ ≤ 2c.

Then with a similar reasoning to the one in [Pf2, Theorem 2.1], we conclude
that there exists an absolute constant M > 0 such that

‖G(z)‖ ≤ M

(1− ‖z‖)c , z ∈ B.

Hence we obtain
‖Df(z, t)‖ = et‖G(ze−t)(I − E(z, t))‖

≤ et M

(1− ‖ze−t‖)c (1 + c) ≤ M(1 + c)et

(1− ‖z‖)c ,

and therefore the first condition from Theorem 3.2 holds.
It remains to show that f(z, t) is K1-quasiconfomal in B for all t ≥ 0.

Indeed, from the third condition in the hypothesis, it is easy to deduce that

‖Df(z, t)‖n = ent‖G(ze−t)(I −E(z, t))‖n

≤ ent‖G(ze−t)‖n(1 + c)n ≤ entK|detG(ze−t)|(1 + c)n

=
|detDf(z, t)|
|det[I − E(z, t)]| (1 + c)nK

≤ K
(

1 + c

1− c

)n
|detDf(z, t)|.

This completes the proof.

In particular, we obtain the following corollary.

Corollary 4.2. Let f : B → Cn be a normalized holomorphic mapping
on B and let a : B → C be a holomorphic function such that a(z) 6= 0,
z ∈ B, and a(0) = 1. Suppose that the following assumptions hold :
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(i) ‖Df(z)− a(z)I‖ ≤ c|a(z)|, z ∈ B;

(ii)

∥∥∥∥‖z‖2[Df(z)− a(z)I] + (1− ‖z‖2)
da

dz
(z)z′

∥∥∥∥ ≤ c|a(z)|,

where 0 ≤ c < 1.

Then f is univalent and quasiregular on B and extends to a quasicon-
formal homeomorphism of R2n onto itself.

In particular, for a(z) ≡ 1, we obtain a result due to Brodskĭı [Br].
If G(z) = Df(z), z ∈ B, in Theorem 4.1, we get Pfaltzgraff’s quasicon-

formal extension result [Pf2, Theorem 2.1]. In this case, condition (iii) is
equivalent to the condition that f is quasiregular on B.

We next consider quasiconformal extension of quasiconformal strongly
spirallike mappings of type α. The authors [Ha-Ko2] obtained the following
theorem. We prove this result by using Theorem 3.2.

Theorem 4.3. Let f be a quasiconformal , strongly spirallike mapping
of type α with ‖[Df(z)]−1f(z)‖ uniformly bounded on B. Then f(z) has a
continuous extension to B (again denoted by f) and

F (z) =
{
f(z), z ∈ B,
‖z‖1−iaf(z/‖z‖1−ia), z 6∈ B,

is a quasiconformal homeomorphism of R2n onto itself.

Proof. Let

f(z, t) = e(1−ia)tf(eiatz), z ∈ B, t ≥ 0,

where a = tanα and

h(z, t) = iaz + (1− ia)e−iat[Df(eiatz)]−1f(eiatz).

Then it is easy to show that f(z, t) is a Loewner chain which satisfies the as-
sumptions of Lemma 2.3. We will show that f(z, t) satisfies the assumptions
of Theorem 3.2. Clearly, ‖h(z, t)‖ is uniformly bounded for z ∈ B, t ≥ 0.
This implies assumption (iii). Let φz and σz be as in Section 2. There exists
a constant c such that |σz(ζ, 0)| ≤ c < 1 uniformly for z ∈ ∂B. Since

<〈h(z, t), z〉 = <
{

1
eiat
〈h(eiatz, 0), z〉

}

= ‖z‖2<φz̃(‖z‖, 0), z̃ = eiatz/‖z‖,
for z ∈ B \ {0}, we obtain

‖z‖2 1− c‖z‖
1 + c‖z‖ ≤ <〈h(z, t), z〉 ≤ ‖z‖2 1 + c‖z‖

1− c‖z‖ , z ∈ B \ {0},(4.1)

by applying the Schwarz lemma to σz̃(·, 0) as in Pfaltzgraff [Pf1, Lemma 2.1].
This implies assumption (ii).
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Let w(z) = [Df(z)]−1f(z). Since h(z, 0) = iaz + (cosα)−1e−iαw(z), we
have

‖z‖2 1− c‖z‖
1 + c‖z‖ ≤

1
cosα

<〈e−iαw(z), z〉 ≤ ‖z‖2 1 + c‖z‖
1− c‖z‖

for z ∈ B \ {0} from (4.1). Therefore,

‖z‖ 1− c‖z‖
1 + c‖z‖ ≤

‖w(z)‖
cosα

.

Also, from (4.1) and Lemma 3.1, we have ‖f(z, t)‖ ≤ det‖z‖ for z ∈ B,
t ≥ 0, where d is a constant. Then, using Df(z)w(z) = f(z), we have∥∥∥∥Df(z)

(
w(z)
‖w(z)‖

)∥∥∥∥ =
‖f(z)‖
‖w(z)‖ ≤

d(1 + c)
cosα (1− c)

for z 6= 0. By the Cauchy–Riemann equations, this implies that
∥∥∥∥D(u, v;x, y)

(
< w

‖w‖ ,=
w

‖w‖

)′∥∥∥∥ ≤
d(1 + c)

cosα (1− c)(4.2)

for z 6= 0, where f = u+ iv and z = x + iy. Since D(u, v;x, y)′D(u, v;x, y)
is a positive semi-definite symmetric matrix, its eigenvalues are real and
nonnegative. Denote them by λ2

1(x, y), . . . , λ2
2n(x, y), where 0 ≤ λ1(x, y) ≤

. . . ≤ λ2n(x, y). Since f is quasiconformal, we have λ2n(x, y) ≤ Kλ1(x, y)
for some constant K. Then

‖D(u, v;x, y)‖ = λ2n(x, y) ≤ Kλ1(x, y) ≤ K d(1 + c)
cosα (1− c)

for z 6= 0 from (4.2). Thus ‖Df(z)‖ is uniformly bounded in B. Since
Df(z, t) = etDf(eiatz), we have ‖Df(z, t)‖ ≤ Met for z ∈ B, t ≥ 0 and
f(z, t) is K1-quasiconformal for t ≥ 0, where K1 is a positive constant. This
implies assumptions (i) and (iv), and completes the proof.

If we put α = 0 in Theorem 4.3, we obtain the following corollary, which
was obtained in [Ch] (cf. [Ha], [Ha-Ko3]).

Corollary 4.4. Let f be a quasiconformal , strongly starlike mapping
with ‖[Df(z)−1f(z)‖ uniformly bounded on B. Then f(z) has a continuous
extension to B (again denoted by f ) and

F (z) =
{
f(z), z ∈ B,
‖z‖f(z/‖z‖), z 6∈ B,

is a quasiconformal homeomorphism of R2n onto itself.

We remark that the mapping in Example 3.4 shows that the assumption
of strong starlikeness in the above corollary cannot be omitted.

Remark 4.5. We now consider generalizations of our results to the unit
ball B with respect to an arbitrary norm ‖ · ‖ on Cn. For each z ∈ Cn \ {0},
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let
T (z) = {z∗ ∈ L(Cn,C) : z∗(z) = ‖z‖, ‖z∗‖ = 1}.

This set is nonempty, by the well known Hahn–Banach theorem. Let

M = {p ∈ H(B) : p(0) = 0, Dp(0) = I, <z∗(p(z)) > 0,

z ∈ B \ {0}, z∗ ∈ T (z)}.
Then Lemmas 2.2 and 2.3 hold without any change. If we replace the con-
dition

c1‖z‖2 ≤ <〈h(z, t), z〉
by

c1‖z‖ ≤ <z∗(h(z, t)),

then Lemma 3.1 and Theorem 3.2 hold. Remark 3.3, Theorem 4.1 and Corol-
lary 4.2 also hold if c < 1/3. Theorem 4.3 and Corollary 4.4 hold without
any change.
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[Ko] G. Kohr, Using the method of Löwner chains to introduce some subclasses
of biholomorphic mappings in Cn, Rev. Roumaine Math. Pures Appl. 46
(2001), 743–760.

[Pf1] J. A. Pfaltzgraff, Subordination chains and univalence of holomorphic map-
pings in Cn, Math. Ann. 210 (1974), 55–68.



100 H. Hamada and G. Kohr

[Pf2] J. A. Pfaltzgraff, Subordination chains and quasiconformal extension of holo-
morphic maps in Cn, Ann. Acad. Sci. Fenn. Ser. A I Math. 1 (1975), 13–25.

[Pf-Su] J. A. Pfaltzgraff and T. J. Suffridge, Close-to-starlike holomorphic functions of
several variables, Pacific J. Math. 57 (1975), 271–279.

[Pom] C. Pommerenke, Univalent Functions, Vandenhoeck & Ruprecht, Göttingen,
1975.

[Por1] T. Poreda, On the univalent holomorphic maps of the unit polydisc of Cn which
have the parametric representation, I—the geometrical properties, Ann. Univ.
Mariae Curie-Skłodowska Sect. A 41 (1987), 105–113.

[Por2] —, On the univalent holomorphic maps of the unit polydisc of Cn which have
the parametric representation, II—necessary and sufficient conditions, ibid.,
114–121.

[Por3] —, On the univalent subordination chains of holomorphic mappings in Banach
spaces, Comment. Math. 128 (1989), 295–304.

[Re-Ma] F. Ren and J. Ma, Quasiconformal extension of biholomorphic mappings of
several complex variables, J. Fudan Univ. Natur. Sci. 34 (1995), 545–556.

[Sa] S. Saks, Theory of the Integral , Warszawa, 1937.
[Su1] T. J. Suffridge, The principle of subordination applied to functions of several

variables, Pacific J. Math. 33 (1970), 241–248.
[Su2] —, Starlike and convex maps in Banach spaces, ibid. 46 (1973), 474–489.
[Su3] —, Starlikeness, convexity and other geometric properties of holomorphic maps

in higher dimensions, in: Lecture Notes in Math. 599, Springer, 1976, 146–159.
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1 M. Kogălniceanu St.
3400 Cluj-Napoca, Romania

E-mail: gkohr@math.ubbcluj.ro
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