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Triangularization properties of power linear maps
and the Structural Conjecture

by MICHIEL DE BONDT (Nijmegen) and DAN YAN (Beijing)

Abstract. We discuss several additional properties a power linear Keller map may
have. The Structural Conjecture of Druzkowski (1983) asserts that certain two such prop-
erties are equivalent, but we show that one of them is stronger than the other. We even
show that the property of linear triangularizability is strictly in between. Furthermore, we
give some positive results for small dimensions and small Jacobian ranks.

1. Introduction. Throughout this paper, we will write K for any field
of characteristic zero, K for its algebraic closure, and K[z] = K[z1,...,zy)
for the polynomial algebra over K with n indeterminates x = 1, ..., z,. Let
F = (Fy,...,F,) : K™ — K™ be a polynomial map, that is, F; € K|[x] for
all 1 <14 < n, or briefly F' € K[z|". We view F' and z as column matrices,
and write 0 = 01,...,0y,, where 9; = 9/0x;. Just like F' = (F1,..., F,), we
view any other tuple whose elements are separated by commas as a column
vector. Let M" be the transpose of a matrix M and write

81F1 82F1 cee anFl
jF _ (8(Ft))t _ 61F2 82F2 s 8nF2

We say that a polynomial map F' is a Keller map if det 7F € K*. The well-
known Jacobian Conjecture, raised by O.-H. Keller in 1939 in [Kel], states
that a polynomial map F' : K™ — K" is invertible if it is a Keller map. This
conjecture is still open for all n > 2. In [Dru, Th. 3|, Ludwik Druzkowski
showed that it suffices to consider polynomial maps F' : C* — C" of the
form F = z 4 (Az)*3, where A € Mat,,(C) and M*¢ is the dth Hadamard
power (repeated Hadamard product with itself) of a matrix M.
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In the same paper, Druzkowski also formulated the following Structural
Conjecture. Write M |,—¢ for the substitution of = by G in a matrix M.

STRUCTURAL CONJECTURE. If F = x+ (Az)*® and det JF = 1, then
the following conditions are equivalent:

(JC) det((TF)|o=v, + (TF)|z=vy) # 0 for all v1,vy € C".

(xx) There exist bj € C" and ¢; € C" such that c;bi = 0 for every

1>3j>1, and F has the form x + Z?z_ll(cﬁx):%bi.

Actually, Druzkowski writes F' = x + 2?21(‘13'33)3% instead of F =
z + (Az)*3, where e; is the jth standard unit vector. Hence ag- corresponds
to the jth row A; of A. Since the vectors ¢; and b; are viewed as column
matrices, the matrix product c;bi has only one entry, which we regard as an
element of C.

We call a polynomial map F over K linearly triangularizable if there
exists a T' € GL,(K) such that the Jacobian of T-!F(Tx) is a triangular
matrix. For Keller maps of the form F = x + H with H homogeneous
of degree d > 2, the existence of such a T automatically means that the
diagonal of

J(T'F(Tz)) =T YTH)|sersT

is zero, because [J H has to be nilpotent due to the Keller condition.

We embed the Structural Conjecture in a more general context, where F'
has the form = + H such that JH is nilpotent, and compare its conditions
with linear triangularizability and other properties. We give positive results
in special cases and counterexamples in general. When we give counterex-
amples, we produce one of the form F' = z + H with H homogeneous of
degree d and one of the form F = x + (Ax)*¢, for every d > 3 and possibly
also for d = 2.

2. Triangularization. In the following proposition, the conditions (JC)
and (xx) of the Structural Conjecture are included in a chain of six prop-
erties. Furthermore, we consider maps = + H such that H has no constant
terms instead of being homogeneous.

PROPOSITION 2.1. Let F = x + H be any polynomial map of degree d
over K. Consider the following conditions:

(JC7) F' is invertible;
d—1

(JC) det(z jF\x:vi) e K*  for all v; € K™
i=1

(JCT) det <Zn: jF\x:vi) € K* forall v; € K™;
i=1
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and the ezistence of b € K™, ¢; € K" and d; € {1,...,d} such that c}bi =0
for every i > j > 1, and one of the following holds:

N

(%) H = Z(cgm)dibi for some N € N;
i=1
n—1

(%) H = Z(czx)dibi;

(xxx%) H= Z(ch)dibi and by,...,by_1 are linearly independent.
i=1
Then (IC7) <= (IQ) = ICT) < () < () < ().
Furthermore, (JC~|), (JC) and (JCT)) are satisfied when d < 2.

Proof. Notice that the last two implications are trivial. The first two
follow from [GBDS, Cor. 2.3] and |[GBDS|, Th. 3.5] respectively. The last
claim follows from the first two implications and [GBDS| Prop. 3.1].

To show the third implication, assume holds and take vy, ...,v, € K
arbitrary. Then

n n N N n
§ = Y (T = 303 bl et = 3 by (S (o))
=1 k=1

k=1 k=1 1i=1

SN+1 each term will have a factor ¢t - b;

It follows that in the expansion of ¥
such that ¢ > j > 1, which is zero by assumption. Hence SN+1 — 0. Thus S

is nilpotent and det(} | J F|y=v,) = det(nl, + S) =n" € K*. m

In the last section, we will show that - and +*
+ + , even in the case where H is homogeneous power lin-
ear, ie. H = Y1 (ctz)%e; for some ¢; € K™ and a d > 1. But first, we
formulate a lemma and a theorem about the starred equations. We call H
nonhomogeneous power linear if H = Y"1 (ctx)die; for some ¢; € K™ and
some d; > 1.

LEMMA 2.2. Let N € N and suppose that there exist b;,c; € K" and
d; € N such that

N
H = Z(c}x)dibi.
i=1
Then the following statements are equivalent:
(i) There exists a o € Sy such that cg(j)ba(i) =0 for every 1 > j > 1.

(ii) There exists a T € GL,,(K) such that the Jacobian of T~ (ciTx)%b;
is lower triangular with zeroes on the diagonal for all i < N.
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Furthermore, if by,...,bn are linearly independent and o is as in (i), then
in (ii) we can choose T € GL,(K) such that
(1) bo(iy = Ten—nN1i for eachi.

Proof. We prove that (i) and (ii) are equivalent, showing the last claim
along the way.

(ii)=(i). Suppose that (ii) holds. For each j, let m; be the number of
trailing zero coordinates of T®c;. By reordering the terms of H, we can
obtain m; > m, for i > j > 1. By (ii),

(2) T(T7HETx) ;) = T, - di(ciTx) %L T

is lower triangular with zeroes on the diagonal. Hence the number of leading
zero coordinates of T1b; is at least n — m; > n — m; for i > 5 > 1.
Comparing the numbers of leading and trailing zero coordinates, we get
cg»bi = c}T -T71b; = 0 for i > j > 1, which is (i) with o = 1. So we can take
o = 1 when m; > mj4 for each j already before reordering the terms of H.

(i)=(ii). Suppose that (i) holds. Again by reordering the terms of H,
we can obtain ¢ = 1. Suppose that the vector space spanned by the column

vectors by,...,by has dimension r. Then there are 7(1) < --- < 7(r) such
that b-(1, ..., by is a basis of this vector space. Now choose 7(1)+---+7(r)
as large as possible. Then b; is linearly dependent on b, (x), br(x11),-- -, br(r)

for all £ and all ¢ > 7(k — 1), where 7(0) = 0 and where zero vectors are
linearly dependent on the empty set. Furthermore, cjb.) = cibr(py1) =
-+ =¢jbyy = 0 for all k and all + < 7(k) on account of (i) with o = 1.

Take T' € GL,,(K) such that the last r columns of T" are b(y), ..., br¢),
in that order. Then we have with 0 = 1if b1, ..., by are linearly indepen-
dent. Take ¢ < N arbitrary. It suffices to show that is lower triangular
with zeroes on the diagonal. This is trivial when b; = 0, so assume that
b; # 0. Then by definition of r and 7, there exists a k& > 1 such that
(k) > i > 7(k — 1). As we have seen above, b; is linearly dependent on
b’?’(k‘)? b’?’(k‘-‘rl)’ s 7b7'(r) and Cffb’r(k:) = Cng(k-l—l) == CEbT(T) =0.

Hence T7'b; is linearly dependent on €n—rtk> n—rtk+ls---s€n and
AT enyik = ciTen_yigr1 = =ciTe, =0 by definition of T. Conse-
quently, all nonzero entries of are within the submatrix consisting of
rowsn—r+k,...,nand columns 1,...,n—r+k — 1. Since ¢ was arbitrary,
we obtain (ii). =

THEOREM 2.3. Let x + H be any map of degree d > 1 over K such that
H(0)=0. Then:

(i) H is of the form () if and only if there exists a T € GL,(K)
such that the Jacobian of T-YH(Tx) is lower triangular with ze-

roes on the diagonal, i.e. H is linearly triangularizable and JH s
nilpotent.
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(ii) H is of the form if and only if there exist bj,c; € K" and
T € GL,(K) such that H = S.'(ctz)%b; and the Jacobian of
Tfl(ch:L')dib,- s lower triangular with zeroes on the diagonal for
allt <n-—1.

(iii) H is of the form if and only if there exists a T € GL,(K)
such that each component of T~ H(Tx) is a power of a linear form
and the Jacobian of T~YH(Tx) is lower triangular with zeroes on
the diagonal.

Proof. Since the three results have similarities, we structure the proof
as follows.

Only-if-parts. All only-if-parts follow immediately from (i)=(ii) of Lem-
ma except the claim in (iii) that each component of ' H(T'z) is a power
of a linear form. So assume that H is of the form . By and ,

we have
n—1

1H Tl’ ZT b o (i) = Z(Cg(i)Tx)di€i+1
i=1
for some o € S,,_1. So Tle(T:r) is of the desired form.

If-parts. The if-part of (ii) follows immediately from (ii)=(i) of Lem-
ma To prove the if-part of (i), suppose that T-'H(Tx) has a lower
triangular Jacobian with zeroes on the diagonal. Then there exists an r € N
such that we can write the (i + 1)th component of T-'H(Tz) as a lin-
ear combination of r powers of linear forms C;T:L‘ in K[zq,...,x;], for each
i > 1. Furthermore, the first component of T H(T'z) is zero on account of
H(0) = 0. Hence

n—1 r
TVH(Ta) =Y ) (chy gy Ta) D4
=1 j5=1
n—1 r
=T (e Ta) e Tes.
i=1 j=1

Taking b,.(;_1)4; = T'ei4+1 for all ¢ and all j with 1 < j <r, we have

n—1 r r(n—1)
. d;
H = § : E : Cr(i=1)+5T 7<L71)+]br(i—1)+j = § (sz) bi.
=1 j=1 =1

Furthermore, for each j, the Jacobian of (c;Tx)dj T~'b; only has nonzero
entries in the submatrix consisting of row ¢ + 1 and columns 1,...,7, by
definition of ¢; and b;, where i = [j/r]. Hence the Jacobian of (c}Tx)dJ' Tt
is lower triangular with zeroes on the diagonal for all j. Now the if-part
of (i) follows from (ii)=-(i) of Lemma[2.2] The if-part of (iii) follows as well,
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because we can take r = 1 in that case, so that 7(n — 1) = n — 1 and the
b;’s are linearly independent. =

3. Positive results. First, we formulate a theorem about maps z + H
with H homogeneous and J H nilpotent.

THEOREM 3.1. Assume that H € K|x]" is homogeneous of degree d > 1,
and JH s nilpotent. Then we have (kx%)) (and hence five =’s) if n < 2,
and (and hence three =’s) if n =3 or n =4 = d + 2. Furthermore, the
implication chain = (JCcT) = holds when n =4 = d + 1.

If H is in addition power linear, then the above claims even hold with
the estimates on n replaced by estimates on vk JH.

Proof. We show the equivalent properties in (i) and (iii) of Theorem [2.3
respectively instead of and . We start with the cases where H is
only homogeneous.

The case n < 2 follows from [Chel, Lem. 3|, and the case n = 3 follows
from [BEL Th. 1.1]. The case n = 4 = d + 2 follows from a corresponding
strong nilpotence result in [MO], and the equivalence of strong nilpotence
and the property in (i) of Theorem which is proved in [EH]. The case
n =4 = d+ 1 follows from [B1, Th. 4.6.5] and the fact that F = =z + H
with H as in [BIl Th. 4.6.5] does not satisfy , because the rightmost
two columns of (JF)|,—(1,1,00) + (TF)|z=(1,—1,0,0) are equal, where H =
(0, )\x:f, x2<l‘1x3 — 1’2%’4) —|—p(m1, 1‘2), x1($1x3 — .%‘21'4) + q(xl, mz))

Assume from now on that H is in addition power linear. The case
rk JH < 2 follows from [TB|, Th. 4.7], because K = C is not used in its proof,
or from Theorem below. The cases tk JH =3 and tk JH =4 =d + 2
follow via |[Chel, Th. 2] from the cases n = 3 and n = 4 = d + 2 respectively.
The case tk JH = 4 = d + 1 follows from the case n =4 = d + 1 by using a
variant of |Chel Th. 2], namely with replaced by = . To prove
this variant, one can follow the proof of [Chel Th. 2] to see that in that proof
it suffices to show that F; = T~ 1o F o T satisfies if I does. =

In Theorem below, which is the nonhomogeneous variant of Theo-
rem |3.1, we must replace the estimates on n and rk JH of Theorem by
estimates on n + 1 and rk JH + 1 respectively, except the estimate n < 2

for = , and the estimate rk JH < 2 for , which can be

maintained.

THEOREM 3.2. Assume that H € K[z]™ has degree d, H(0) =0 and JH
is nilpotent. Then we have (and hence five =’s) if n < 1, both and
() = (x| (and hence four =’s) if n =2, and (and hence three =s)

if n =3 =d+ 1. Furthermore, the implication chain (JC)) = (JCT|) =
holds when n =3 = d.
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If H is in addition power linear, then the above claims even hold when we
replace the estimates on n by estimates on tk JH, and additionally
(and hence five =’s) holds when tk JH = 2.

Furthermore, if we replace and by their equivalents in (i)
and (iii) of Theorem then the condition H(0) = 0 is no longer nec-
essary.

Proof. We show the equivalent properties in (i) and (iii) of Theorem
respectively instead of and . We start with the cases where H only
has a nilpotent Jacobian.

The case n = 1 is trivial, because H = 0 in that case. Notice that in
the cases n = 2 and n = 3 = d + 1, the homogeneization 22, H(z,,,0)
of H has a strongly nilpotent Jacobian on account of Theorem [3.1] By
substituting x,4+1 = 1, we see that the Jacobian of H itself is strongly
nilpotent as well. By the equivalence of strong nilpotence and the property
in (i) of Theorem which is proved in [EH], we have the latter property,
and hence also , when n = 2 or n = 3 = d + 1. This gives the case
n =3 =d+ 1, and also the case n = 2, because and are trivially
equivalent when n = 2.

In order to prove the case n = 3 = d, assume that H does not have the
property in (i) of Theorem By [B1, Cor. 4.6.6], we may assume that
the first component of T-1H(Txz) equals A € K for some T € GL3(K).
Following the proof of [BIl, Th. 4.6.5], we see that T H(Txz) = (X, 1 (22 —
z123)+p(21), (T2 —2123)+¢(21)) for some T € GL3(K). Since the rightmost
two columns of (JF)|y—(,0,0) + (T F)|z=(-i,0,0) are equal, we see that
does not hold, as desired.

Assume from now on that H is in addition (nonhomogeneous) power
linear. The casestk JH =3 =d and tk JH = 3 = d + 1 follow in a similar
manner to the casestk 7TH =4 =d+ 1 and tk JH = 4 = d+ 2 respectively
in Theorem So assume that rk JH < 2. Take A and p as in Lemma [3.3
below. If u*H is a power of a linear form, then we take T' € GL,(K) such
that A' and p' are the first two rows of 77!, in that order, and for the
remaining rows of T~! we transpose standard unit vectors. Since A\* and pt
generate the row space of JH, we see that A\'T = e and p'T = ey generate
the row space of J(T~'H(Tz)). Using additionally that u*H € K[\'z], we
find that T-'H(Tx) € K x K[z1] x K[z1,22]" 2 has a lower triangular
Jacobian with zeroes on the diagonal. So we have (i) of Theorem and
hence also .

Now assume that p'H is not a power of a linear form. By Lemma
below,

(3) ptH = v (\2)® 4+ (W)
where 7 > 2, v € (K \ {0})" and {0,1} > \*H < d; < --- < d,. Take
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T € GL,(K) such that A® is the first row of 7! Let V € Mat,.,({0,1})
with V;; = 1 if and only if deg H; = d;. Without worrying about linear
independence of rows at this stage, take for each ¢ with 2 < ¢ < r the
(i 4+ 1)th row of T~ equal to T;ll = yflut * V;, where * is the Hadamard
product and V; is the ith row of V. Then the (¢ + 1)th component Tzf:lH
of T H is v; ! times the homogeneous part of degree d; of , which is
v, (M) % = (Ata)%, for each i with 2 < i < 7.

Still without worrying about linear independence of rows, take the second
row of 7! equal to

Tyt = vt (= (o (Vo t -+ V).
Since pu'*V; = VZTZ:}I for each i with 2 < i < r by definition of T~!, we have
(4) Tt =t (u = (T + o+ 1Y)
and the second component of T~1H equals

TQ_IH = 1/1_1 ('u,tH — (V2T3_1H R l/rTT__i_llH))

= v (W H — (r2(N'2)®2 + - 4 v (A2) ),

which by (@) is equal to vy tvy (A\tx)4 = (Atz)®. Thus for eachi € {1,...,r},
the (i + 1)th component of T~ H is equal to (Atz)%.

Since {0,1} 2 \'H < d; < --- < d,, we have denglH:deg MNH < \'H
and the degrees of the first  + 1 components of T~'H are strictly increas-
ing. Hence as Tfl = A #£ 0, the first » + 1 rows of 77! are indeed lin-
early independent. Take transposed standard unit vectors for the remaining
rows of T71. As \'T = e, the first 7 + 1 components of T~1H(Tx) are
A H, acclll, . .,xf?, so T"'H(Tz) € K x K[z1]" x K[z]*~"~!. Furthermore,
we see that T~'H(Tx) is power linear.

By , we have > 7| leerll = ', so pu' is a linear combination of the
first » + 1 rows of T'. Since A' and u' generate the row space of JH
and are linear combinations of the first © + 1 rows of T~!, we see that
AT and pT generate the row space of (J7H) - T and are linear combi-
nations of e}, ..., et 41~ From the fact that H is (nonhomogeneous) power
linear, we deduce that the row space of (JH) - T is the same as that of
J(T~'H(Tz)). Hence T"YH(Tx) € K|x1,...,7,41]" Since we have shown
above that T~ H(Tz) € K x K[z1]" x K[z]"~"! as well, we can deduce
that T-'H(Tx) € K x K[z1]" x K[z1,...,2,41]" ""!. Hence T~ H(Tx)
has a lower triangular Jacobian with zeroes on the diagonal. So we have (i)
of Theorem and hence also (4)). m

LEMMA 3.3. Assume that H € K[Ax,..., Apz|", where A;j is the jth
row of a matric A € Mat,(K) such that tk A < 2 and JH is nilpotent.
Then there exist linearly independent A\, € K™ such that p*H € K[\'x]
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has no terms of degree less than \*H € {0,1}, and \' and p* generate the
row space of A.

Proof. Using the case n = 2 of Theorem (instead of the case n = 3
of Theorem , by similar techniques to the proof of the case rk 7H = 3
of Theorem [3.1| we deduce that there exists a T' € GL, (K) such that ATz €
K[z1,79)" and the Jacobian of T~'H(Tx) € K[z, x2]" is lower triangular
with zeroes on the diagonal. By a subsequent linear conjugation on the
first two coordinates, we can even have in addition the first component of
T~YH(Tx) contained in {0, 1}, and the second component without constant
term if the first component already has one.

Now take for A' the first row of T~! and for u' the second row of T 1.
Then \'H(Tz) € {0,1} and ATz € K|z, x2]". Furthermore, u*H(Tz) €
K|[z1] only has terms of degree greater than deg \'H(7T'z), and hence no
terms of degree less than A'H(T'x) (€ {0,1}) itself. Thus substituting = =
T~ 'z gives the desired results. m

Notice that in the case where H is power linear and Tk JH = 1 in
Theorem (3.2, we can even get T~ H(Tz) € k[z1]™ in (iii) of Theorem [2.3
namely by taking A' in the row space of 7 H. This is similar to the case where
H is power linear and rk JH = 2 in Theorem [3.1] in the proof of which T is
taken such that 7~V H (Tx) € k[z1,22]" in (iii) of Theorem [2.3] It is however
not always possible to take T such that T-'H(Txz) € k[zy,z2]" in (iii)
of Theorem [2.3] when H is power linear and rk JH = 2 in Theorem [3.2}
consider e.g. H = (0,24, 2971, (z9 + 23)%).

Theorems [3.1] and [3:2] contain positive results with estimates on rk JH,
but for power linear H only. Theorem below however brings two results
with estimates on rk 7 H without the requirement that H is power linear.
Furthermore, the homogeneous counterexamples @D and later in this
article show that the estimates in Theorem cannot be improved, even if
we have the extra condition that H is homogeneous.

THEOREM 3.4. Assume that H € K[z]" has degree d, H(0) =0 and JH
is nilpotent. If tk TH =1 ortk JH = 2 =d, then H is of the form .

Furthermore, if we replace by its equivalent in (i) of Theorem
then the condition H(0) = 0 is no longer necessary.

Proof. We show the equivalent property in (i) of Theorem instead
of . The case rk J H < 1 follows from the corresponding strong nilpotence
result in (2) = (3) of [B2, Th. 4.2], and from the equivalence of strong
nilpotence and the property in (i) of Theorem which is proved in [EH].

So assume that rk JH = 2 = d and suppose without loss of generality
that H(0) = 0. The additional claim that the diagonal is zero follows from
the nilpotency of J H, so we do not need to worry about that any more. By
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Lemmal3.5{below, there exists a T € GL, (K) such that for H := T~ H(Tz),
we have one of the following cases, which we treat separately.

e H € K[x1,2z2]". Then by Theorem (ﬁl,ﬁg) has the property
in (i) of Theorem Hence we can choose T such that Jy, 4,(Hi1, Hz) is
lower triangular. It follows that J H is lower triangular as well, which is the

property in (i) of Theorem

e Hy=---= H, =0. Then by [El Th. 7.2.25], we have
(Hy, Ho) = (bg(axi — bxa) + d, ag(az; — bxy) + ¢),
where a,b,c,d € K[r3,...,7,] and g is a univariate polynomial over

Klx3,...,x,). Hence aHy —bHo € K23, x4, . .., ,). Using that deg(Hy, Hy)
= 2, we see that either ¢ is constant, or both a and b are constant.

In both cases, there exists a nontrivial K-linear combination of H,y and
H, which is in Kl[zs,...,2,]. By choosing T appropriately, we can get
H, € Klzs,...,xy,], in which case JH is upper triangular. By a subse-
quent conjugation of H with the map (z,,Zp_1,...,1), we get the desired
lower triangular form of the Jacobian, which gives the property in (i) of
Theorem [2.3]

e Hy = H? # 0and Hy = --- = H, = 0. If Hy € Klzy,..., ),
then JH is upper triangular, and a subsequent conjugation of H with
the map (zn,Zp—1,...,71) gives the desired result. So assume that H, ¢
Klxy,...,z,]. Applying polynomial extension of scalars to the case n = 3 =
d + 1 of Theorem it follows that there exists a T € GL3(K (24, . .., Tpn))
such that Jz(T~'(H,, Ho, I:I3)|3E:T5c) is lower triangular with zeroes on the
diagonal, where & = x1, x2, 3.

By clearing denominators in the first row of 771, we see that there is a
nonzero A € K[zy,,...,x,]* such that M Hy+XoHs+ \sHs € Klzyg,...,zp].
Since Hy and Hs have different positive degrees with respect to Z, it follows
that A1 # 0 and H, € K[ﬁg,x4, ey T

Now take S € GL, (K) such that the ith row of S~! equals e! for all i > 4
and the third row of S~! equals J Hs. Then only the first three components of
S—1H(Sz) are nonzero, and we have H3(Sz) = x3 and (Sz); = z; foralli > 4.
Consequently, the first three components of S‘lﬁ(Sa:) are in K[zs,...,2y)].
Hence the Jacobian of S~'H (Sx) is upper triangular, and a subsequent conju-
gation of H with the map (Zp, Tp-1,---,x1) gives the desired lower triangular
form of the Jacobian. This gives the property in (i) of Theorem "

LEMMA 3.5. Assume that H € K[z]" has degree 2, H(0) = 0 and
rk JH < 2. Then there exists a T € GL,(K) such that H := T-'H(Tz)
has one of the three forms that are specified in the proof of Theorem[3.4]

Proof. We can choose T such that ﬁl, .. ,ﬁr have linearly independent
quadratic parts over K, H,1, ..., Hs are linear forms which are independent



Triangularization of power linear maps 257

over K, and Hyyy = Hyjo = --- = 0. If s < 2, then H = T-'H(Tz) has
the second form in the proof of Theorem so assume that s > 3. We
distinguish three cases.

er < 1. Then ﬁg and H. 3 are linear forms which are independent over K.
Hence we can take S € GL,(K) such that the first two rows of S~1 are
JHy and JHs. By the chain rule, J(Hy(Sz)) = €} and J(Hs3(Sz)) = eb,
so Hy(Sx) =1 and Hs(Sz) = . Hence H(Sx) € K[z, z5]" and S~ H(Sz)
= (TS)"'H((TS)x) has the first form in the proof of Theorem

e r > 3. Since rk JH = 2, the rows of J(H;, Ha, H3) are linearly de-
pendent over K (z) and hence also over K[z]. By looking at leading homoge-
neous parts, we see that rk j(Hl, H,, Hg) < 2, where H; is the leading and
quadratic homogeneous part of H; for each i < 3. By [BI, Th. 4.3.1], there
exist linear forms p,q such that Hy, Ho, H3 are linearly dependent over K
on p?, pq and ¢2. Furthermore, p and ¢ are independent over K, and p?,
pq and ¢? are in turn linearly dependent over K on Hi, HQ, Hs. Thus there
exists an L € GL3(K) such that L(H, Ha, Hs) = (p*,pq, ¢°).

Take S € GL,(K) such that the first two rows of S~! are Jp and Jg¢, in
that order. Then L(H;(Sz), Hy(Sxz), H3(Sz)) = (2%, 3122, xz) The 2-minor
determinants of J, 4, (22, 2122, 73) are 273, 4r179 and 227, which are also
linearly independent over K. It follows that

det Tuy 20,24 (L(ﬁl(S:c), ﬁg(Sx), ﬁg(SiL‘))) #0

if 2 > 3, and the last column of the Jacobian matrix on the left hand side,
which can only be constant, is nonzero. Hence L(H(Sz), Ho(Sx), H3(Sz)) €
K|x1,22)3. Since the first two rows of its Jacobian are linearly independent
over K, and L is invertible, H(Sxz) € K[z, z2]" as well. So S~'H(Sz) =
(TS)"YH((TS)x) has the first form in the proof of Theorem

er =2. If s > 4, then we can proceed as in the case r < 1, but with Hy
and H, instead of Hy and Hs. So assume that s = 3.

Since multiplication of the third row of J H by 2Hs does not change
the rank of JH, we have rkJ(Hy, Hy, H) < 2. Let H; be the leading
homogeneous part of H; for each i < 3. If H? is linearly independent over
K of Hy and Hs,, then we can proceed as in the case r > 3 to obtain
H;(Sz) € K[z1, 5] for each i # 3 and H3(Sz)? € K[z1,x3] for some S €
GL,(K). So S~YH(Sz) = (T'S)"'H((TS)x) has the first form in the proof
of Theorem [3.4] in that case.

Now assume that .F_Ig is linearly dependent over K on H 1 and H,. Then
we can choose T such that Hy = H? 3. If the linear part of H2 is dependent
over K on H 3, then we can choose T" such that even Hy = H3. Since s = 3
we see that H = T~V H(Tx) has the third form in the proof of Theorem
in that case.
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Finally, assume that the linear part of H, is independent over K of Hs.
Then Hy — H? and Hj are linear forms which are independent over K. Since
j(Hg — H3) JHy — 2H3JH3, we can replace Ho by Hy — H3 without
affecting the Jacobian rank of H, and proceed as in the case r < 1 to infer
that e} and e} are in the row space of J H(Sz) for some S € GL, (K). Hence
H(Sz) € K[z, 29" and S~ H(Sz) = (T'S)"'H((TS)z) has the first form
in the proof of Theorem n

4. Lemmas. The lemmas in this section are required for the proofs that
the counterexamples in the next section are indeed counterexamples.

LEMMA 4.1. Let d > 1 and ay,...,a2412 € K" be pairwise linearly
independent. Suppose that for all j > min{3,d?} and all k with 3 < k <
d+2, the set {a;, ax, aryq} consists of two or three vectors which are linearly
independent (depending on whether j € {k,k + d} or not). If

2d+2

() Y Ailaja)! =
i=1

for some \; € K, not all zero, then A1 A2 # 0.

Proof. Assume that holds. Since a; and ag are linearly independent,
we may assume without loss of generality that A3 # 0. If d = 1, then
A1 = 0 implies that either a; or ao is linearly dependent on a3 and ay4,
which is a contradiction. Hence the following cases remain:

e d = 2. Since ay4, a5 and ag are linearly independent and d = 2, we may
assume without loss of generality that ai,as,ag are linearly independent
vectors. Consequently, there exists a by € K™ such that bla; = blag = 0 #

btas. Applying b9 to gives

where pu; = 2/\ibt1ai for all ¢. Since as, aq,as are linearly independent and
s # 0, we have us # 0 as well. Hence Ao # 0. In a similar manner, A\ # 0
follows.

e d > 2. Since a3, agyrs and aggqio are linearly independent, there exists
a by € K™ such that bhagio = bhasgio = 0 # bhas. Applying b40 to gives

d+1 2d+1
Z“Z (atz)d~! + Z pi(atz)4=1 =0
i=d+3

where p; = d\;bha; for all 7. Since pg # 0, it follows by induction on d that
pips # 0. Hence AjAo £ 0. n
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LEMMA 4.2. We have

© (e it =0 (D

i=0 i=0
and if d > 2 and (g € K is a primitive dth root of unity, then
-1 -1
(1) DG + oo+ 23)" + Y CilChmn + w0 — w3)* = 2% .
i=0 i=0

Proof. We first prove @ Assume that @ holds when we replace d by
d — 1. By substituting xo2 = x1 4+ x3 on both sides, we obtain
d—1 d—1

2 (d i 1) (o1 i)™ = D (-1 <d i 1> (21 + (i + )zg)*

i=0 i=0
d
(d—1 . _
= _ ;(—1)2 <Z B 1> (z1 4 da3)? 1
As (il) = (‘f:ll) + (d 1) both sides combine to
d
(d
0= ;(-1)’(@,) (z1 +ix3)d = 781 Z < > xy + ix3)?.

Hence the left hand side of (6) is in K[zs]. By a symmetry argument, (6]
follows by induction on d, because the case d = 0 is trivial.
Assume that d > 2 and that (4 € K is a primitive dth root of unity. By

substituting o = x2 + x3 in

d—1
(8) D GG + o)t = dPaf !

i=0
we get . So in order to prove , it suffices to show . This can be done
as follows:

d—1 d—1 d d '
> Gilcian + o) = 6> (%) (Ghn i
1=0

Il
N\
S.oQ,
N——

8

=i,

8

N Q

0y
TN
TIMI

s

.

+

=

:( )dl 121_d2 129, u

Notice that is not true for d = 1, because we are using the fact that
Zfl OICJH = 0 for j = d, which does not hold for d = 1.
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LEMMA 4.3. To write x5 g as a linear combination of ¢ and other
dth powers of linear forms, at least d such powers are necessary besides :c‘li.

Proof. The case d = 1 is easy, so let d > 2 and suppose that :U‘li_lxg
can be written as a linear combination of z{, (a§z)?, ..., (a%, )% Assume
without loss of generality that n > 2d+2 and that the vectors ey, as, ..., aq+1
are pairwise linearly independent. By applying d» to this linear combination,
we obtain

v = Ng(ake)? + Ma(afe)” + -+ Aaryalal ow)?
where d = d — 1. Take a; = e; and take ag linearly independent of
a1,as,...,aq12. Next, take a; linearly independent of aq,...,a;—; for all

i with d’' + 3 < i < 2d’ + 2. Then Lemma with d replaced by d' gives a
contradiction. =

5. Counterexamples. We start by giving counterexamples « + H to

(JC7) = (IC) and (JCT)) = (), such that H is homogeneous of degree d >

3 and d > 2 respectively. Using known techniques, these counterexamples
can be improved to counterexamples of the form z + (Az)*?.

THEOREM 5.1. Ifn=4 and d > 3, then
(9) H = :U‘ll_S (O, 0, z2(z123 — T224), T1(T 123 — x2x4))
is a homogeneous counterezample of degree d to (JC|) = (JC).
If n=">5 and d > 2, then
(10) H = (0,028 oy, 0% ey — 28 L as, 2971 ay)

is a homogeneous counterezample of degree d to (JCT]) = ().
Furthermore, there exist a power linear counterezample to (JC~|) = (JC))

for each d > 3, and a power linear counterezample to (JCT|) = (&) for each
d>2.

Proof. Assume first that n = 4 and H is as in @ Since the compo-
nents of H are composed of the invariants x1, xo, x123 — xox4 of x + H, we
see that x + H is a quasi-translation, i.e. x — H is the inverse of x + H.
One can compute that the trailing principal 2-minor of (d — 1)I4 + (d — 2)-
(TH)|5=1,0,00) T (TH)|g=(1,c,0,0) equals

<d —1+c —c? >

d—1 d—-1-c¢
and that its determinant equals ¢?(d —2) + (d—1)2. So if we take ¢ = 4=L i,
then

det ((d - 1)14 + (d - 2)(jH)|x:(1,0,0,0) + (jH)|x:(1,c,O,O)) = 07
which contradicts (JC7)) = (JC).
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Assume next that n = 5 and H is as in . Then one can compute that

0000 O
0000 O
JH=] % = 0 b 0
* x a 0 —b
* x 0 a O

for certain polynomials a, b. The form on the right hand side does not change
by substitution and adding copies of JH with different substitutions, so
S0 (T H)|y=v, is nilpotent for all v; € K™. This gives (JCT).

On the other hand, (JH)|z,—0 - (T H)|zy—0 is a lower triangular matrix
with diagonal (0,0,z¢ 23~ 29712471 0), so (TH)|sy=0 - (TH)|zy=0 is
not nilpotent. By [EH], we see that H is a counterexample to (JCT)) = ().

To obtain power linear counterexamples, we can use the concept of GZ-
pairing of [GZ]. For that purpose, let H be any of the above two maps. By
[GZ, Th. 1.3], there exist N > n and A € Maty(K) such that =+ H
and X + (AX)*? are GZ-paired through matrices B € Mat, y(K) and
C € Maty ,(K), where X = (z1,...,2N).

Take M € Maty y—n(K) whose columns form a basis of ker B and de-
fine T = (C' | M). Then one can show that T is as in the proof of [Che,
Th. 2], with F = X 4+ (AX)* and F; = (z + H,...). Now one can use
similar techniques as in the proof of Theorem to deduce that (AX)*?
is a counterexample as also is H, or use the following invariance results for
GZ-pairing. The GZ-invariance of follows from [GZ, Th. 1.3(9)] and
that of () from [LDS| Th. 3(2)]. The GZ-invariance of and can
be proved with the techniques of [GZ, proof of Th. 2.4]. u

EXAMPLE 5.2. Let x = (21,...,25) and X = (x1,...,213). Take H as
in and
G = (0,0, (x4 — 21)°, (za + 21)%, 23, (x4 — 22)°, (24 + 22)°,
(w3 — 1’1)ga (w3 + $1)37 $§a (w5 — 362)3, (w5 + $2)3, 93%)

Then ker 7, G is trivial and 6 H = B(G, where

10 0 000 0 0 O0OOUOO0O
0100 0O0O0OO0OO0OOOOUO
B = 0 0 00-21 1000 0 O0O0
0 0000001 1-2-1-12
0 01 1-20 0000 O0O00O0
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has full rank. Hence there exists a matrix C such that BC' = I5. Conse-
quently, x + H and X + %G(BX) are GZ-paired through B and C.

In the next theorem, we give threedimensional counterexamples F' =

x+ H to = and = , such that H is homogeneous of

degree d > 3. The techniques in the proof of the previous theorem to get
counterexamples of the form F = x + (Az)*? do not work, so we improve

our counterexamples to that form by hand.

THEOREM 5.3. Assume that d > 2, and either

(11)

Hiio
Hiys
Hiyy

Hyqio
or
H,y
Hy
Hj
Hy

(12) E =

Hgyo
Hgys
Hgyq

Hsgyo

for some v € K, where (g is a primitive root of unity of K in the case

of . Then 2d +2 > 6,
d

0
v
d d
Ty — Ty

(:U1 + 2$3)d

(:L‘l + dl‘g)d
(CCQ + l’3)d
(1'2 =+ 21’3)d

(1‘2 + dl‘g)d

0

d
l‘ililﬂ?g

(Caw1 + w2 + 23)¢

(€4 oy + g + w3)

(

(951 + o — xg)d

(Caw1 + 2 — 23)?

d—1

d
9 a1+ — 3)

/d d .
(13)  d(z1+w3)'=Hz+ ) (-1) (i)ﬂr,-+2 =) (-1y

=2

=1
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in the case of and
(14) (o1 +ap+w3)? = 2d°Hs — (oHa — (GHs — -+ — (7 " Haaso
in the case of (12)), and there exists a T € GLagy2(K) such that T(H(T 'z))
is power linear if n = 2d + 2.

If 3<n<2d+2, then H= (Hy,...,H,) is of the form and we
have the following:

(i) If H is of the form , then c1 and cy are linearly independent
linear combinations of e; and es.
(ii) H is of the form if and only if either H is as in (L1)), or H
18 as in with Hy =0=d — 2.
(iii) H is of the form if and only if H 1s as in with Hy # 0.
Proof. Since JH is lower triangular with zeroes on the diagonal, it fol-
lows from (i) of Theorem that H is of the form (¥). By (6) and in
Lemma we get and respectively. So H is a linear triangular-
ization of a power linear map if n = 2d + 2.
In the case of , set
at2+i:v = x1 + 173, aElHH:I: = T + 173,
fori=1,...,d. In the case of , set

t o il t il
gt = (g w1+ @2 + a3, Agyopi =Gy T1+ T2 — T3,

for i = 1,...,d. Then H; = (a}x)? for all i > 4 and the left hand side of
or respectively is a multiple of (agaj)d. Hence the linear span S of
Hs, ..., H, is contained in that of (a§z)?, ..., (ab, ,2)%.

(i) We have

CraM. If pu*H and poHy are both linearly dependent over K on the
same power of a linear form in x1 and xo for some u € K™, then u is a
linear combination of e1 and es.

To prove the claim, assume that u*H and ppHs are as above. Then there
exists a nontrivial linear combination as of e; and ey such that both p'H
and g Hy are linearly dependent on (abz)?. On account of Hy = 0, we have

02§ + (ugHa — p*H) + p3Hz + paHy + - + pn Hy, = 0
Take a; = e4. By and respectively, there exists a A € K22 with
A1 = 0 such that
A (a2)? + Aaasa)? + Na(ah)? + -+ Do (abgyan) = 0.

Furthermore, there exists an injective linear map which maps (us, ..., )
to (As,...,A2g42). By Lemma and A\; = 0, we have A = 0. Thus uz =
<o+ =y = 0. So p is a linear combination of e; and es and the claim has
been proved.
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Suppose that H is of the form . Since c}bi =0foralli>j>1, we
have

n—1 n—1
(15) H=c Z(ch)dbi = Zc‘ibi(cg ¥4 =0,
i=1 i=1

thus ¢ is a linear combination of e; and ez on account of the above claim.
Using again, we see that ¢ is linearly dependent on e; if Hy 7 0. Hence
(c{z)% and Hj are linearly dependent on the same power of a linear form in
x1 and x2. By using c}bi =0 for all 4 > j > 1 again, we obtain

n—1 n—1
(16) csH = c Z(c‘{x)dbi = Z Sbi(ctz)® = by (cha)?.
i=1 i=1

It follows from the above claim that ¢y is a linear combination of e; and eq
as well.

Suppose that ¢; and ¢y are linearly dependent. Then there exist a non-
trivial linear combination as of e; and ey such that both ¢; and ¢y are
linearly dependent on ay. Using the claim with p; = pe = 0, and u*H = 0
and pu'H = (abz)? respectively, we obtain dim S = n — 2 and (abz)? ¢ S.

The space S* generated by (ctx)?, ..., (¢!, _,2)% which contains S, is gen-
erated by n — 2 powers of linear forms, namely (abx)?, (c4z)?, ..., (¢! _12)%
Hence S* O S and dim S* < n —2 = dim S. It follows that S = S*. Since
(abz)? ¢ S = S*, we have ¢; = ¢ = 0 and dim S* < n — 2. This contradicts
S =5%and dim.S =n — 2, so ¢; and ¢y are linearly independent.

(ii) If H is as in (11]), then we can take

c1 = e, b1 = ves + e3,
c2 = €2, by = —es3,
Ci = Qiy1, bi = eit1,

for all ¢ > 2, which shows that H is of the form . If H is as in with
Hy; =0=d— 2, then we can take

cr=e1+e, b= jes,
cp=e1—e, by=—1tes,
Ci = i1, bi = €it1,
for all ¢ > 2, which shows that H is again of the form .
Conversely, suppose that H is as in and of the form . By
Lemma [4.3] at least d powers of linear forms are necessary to write Hs
and Hj3 as their linear combinations if Hy = 0, and at least d + 1 such pow-

ers otherwise. Now assume that Hs # 0 or d > 3. Then there are at least
three powers of linear forms necessary to write Ho and Hg as their linear
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combinations. Hence there exists a linear combination h of Hy and H3 which
is not a linear combination of (c{z)? and (cbz)?.

Since dim §* < n — 1 < n, there exists a nonzero p € K™ such that
p (i) + po(cha)® + psh + paHy + psHs + -+ + p Hy = 0.
By applying d3 to both sides, we get
(17)  dua(aba)” + - + dpara(al 52)" — dpars(alg2)”

- dﬂd+4(ad+4$)d - dM2d+2(a2d+2$)d =0
where d = d — 1 and pp41 = fny2 = -+ = piog+2 = 0. Take a} = e4 and
aby = aqy3. Additionally set a;,, = ai2 and a}, ; = ai1q42 for all i with
2 < i < d. By Lemma with d and a replaced by d’ and o’ respectively,

we get jy = --- = jaqio = 0. Hence h is a linear combination of (c{z)?
and (cbx)?, a contradiction, so H is not of the form ().

(iii) Assume first that Hy # 0. If H is as in (L1, then we can take the
¢;’s and the b;’s as in (ii) and we have If His asin , then by (ii),
H is not of the form and hence neither of the form @

Assume next that H2 = 0 and that H is of the form @D From H; =
Hy; = 0 and the fact that co is linearly dependent on e; and es, we have

Y H = 0. Consequently, c4b; = 0 on account of (16). By definition of (),
we have c'ibz- = cgbl- = 0 for all 7. Since ¢; and co are linearly independent,
we have a contradiction with the independence of the bi’s. "

We can make nonhomogeneous variants of @D and as follows. In
@ we can replace x2 by 1 remove Hy, and replace ;11 by x; for all 4 > 1.
In , we can replace 1‘2 1 by :Ud 2 remove Hs, and replace x;y by z;
for all 1 > 1. In this manner, we get rid of the second coordinate, so that
the dimension and the Jacobian rank each decrease by one, in return for
abandoning homogeneity, just as with most of Theorem with respect to
Theorem [3.1]

The maps H = (0,2¢ — 2¢7!) and H = (0,0,3:1 — 2971) are additional
nonhomogeneous counterexamples to ( . and . = respec-
tively. By comparing the counterexamples With the positive results of The-
orems [3.1] 3:2 and [3.4] we get the followmg four questlons

The first two questions are whether (JC) implies (|J in general and
whether (JCT|) implies in dimension three if 7H is nilpotent (if F sat-
isfies (JCT)), then by [GBDS|, Th. 3.9], 7H gets nilpotent in addition if we
compose F' with some linear map). In case H is homogeneous, the questions
are whether (JC)) implies in general and whether implies in
dimension four, which are the last two questions. By Theorems and
the last and the second question have an affirmative answer when the degree
is at most three.
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