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Decompositions and asymptotic limit for bicontractions

by MAREK KOSIEK (Krakow) and LAURIAN SUCIU (Sibiu)

Abstract. The asymptotic limit of a bicontraction 7' (that is, a pair of commuting
contractions) on a Hilbert space H is used to describe a Nagy—Foias—Langer type decom-
position of T'. This decomposition is refined in the case when the asymptotic limit of 7" is
an orthogonal projection. The case of a bicontraction T' consisting of hyponormal (even
quasinormal) contractions is also considered, where we have St= = S7..

1. Introduction. Let H be a complex Hilbert space and B(#H) be the
Banach algebra of all bounded linear operators on H with the identity ele-
ment I. The range and the kernel of T' € B(#H) are denoted by R(T') and
N(T), respectively. Recall that T is hyponormal if TT* < T*T, and T is
quasinormal if T*T? = TT*T. Obviously, every quasinormal operator is hy-
ponormal.

A (closed) subspace M C H is invariant for T if TM C M, and when M
is invariant for 7" and T one says that M reduces (or M is reducing for) T.
Also, Py stands for the orthogonal projection in B(#) corresponding to M.

A bicontraction on H is a pair T = (Tp,T1) of commuting contractions
on H, that is, a pair of operators satisfying || 7;|| <1 (¢ = 0,1) and TpoT} =
T1Ty. If Ty and T3 are isometries then T is called a bi-isometry on H.

Let T' = (T, T1) be a bicontraction. It is known (see [D], [SNF], [K], [S1])
that the asymptotic limit of T; is defined by

St,h= lim T;"T"h  (h € H)
n—oo
and clearly, 0 < St, < T>T;, TS, T; = St;, i = 0,1 (the last condition
means that 7T; is an Sp-isometry [S1], [S2]). It follows that
" STy < TP T = T T T
for any m,n € N, and letting m — oo one obtains
0 < s-lim TngTlTén < Tl*nSTOTln (TL € N)

m—0o0
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Letting n — oo we infer that

s-lim 75" ST, T < s-lim Ty S7, 7',

m—0o0 n—oo
and by symmetry equality holds in this relation. Thus, the asymptotic limat
of T' can be defined by

T *1M mi o 1: *n n

= lim lim T3 TPTh = lim Lim T T TR h

m—00 N—00 n—oo mMm—0o0
for any h € H. Note that 0 < Sp < St, and T;'S7T; = St for ¢ = 0,1. In
fact,
Sr=max{A€B(H):0<A<I, T/AT, = A,i=0,1}.

We say that T is strongly stable if N'(St) = {0}, that is, T{*T{*h — 0
(m,n — o0) for h € H.

Our goal in this paper is to find some orthogonal decompositions of H
induced by bicontractions T' for which St is an orthogonal projection. So, in
Section 2 we get some conditions on T under which Sr = S%. We describe
in the language of asymptotic limits the Nagy—Foias—Langer type decom-
position of T relative to a bicontraction 7. The case when T consists of
hyponormal or quasinormal contractions is considered here, where we show
that Sy« = S2..

In Section 3 we use the operators St and St, (¢ = 0,1) to refine the Nagy—
Foiag-Langer type decomposition for the bicontractions 7' with Sp = S
(and Sp+ = %*) This decomposition is related to the general Wold type
decomposition of a bi-isometry, obtained by D. Popovici |[P| and recently, in
a different way, by Bercovici-Douglas—Foiag [BDE].

2. Invariant subspaces induced by the asymptotic limit. Asin the
case of a single contraction (see [K|), many interesting facts for bicontractions
arise in the case when St is an orthogonal projection, that is, Sp = S%, or
equivalently N (St — S%) = H. The following proposition, which extends
Lemmas 1 and 2 of [KVP]|, gives interesting information for this case of
bicontractions.

PROPOSITION 2.1. For any bicontraction T' = (Typ, T1) on H we have:
(i) N(Sr — S%) =N(I —Sr) & N(Sr) is the maximum subspace of H

which is invariant for Ty and 11 and on which ST commutes with Tj
and T7.

(il) N(I — St) and N (St) are the mazimum invariant subspaces for Tp
and Ty in H such that Ty and Ty are isometries on N'(I — St), and
T is strongly stable on N'(St). In addition,

(2.1) NI — S7) ={h € H:||TF"TR|| = ||h]|, Vm,n € N}.
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Moreover, if N(I — St,) is invariant for Ty_; (i = 0,1) then
(2.2) N(I—ST):N(I—STO)HN(I—STJ.

Proof. Observe that N'(I —Sr) and N(S7) are contained in N(Sy— S2),
and are orthogonal. So, N'(I — St) ® N'(St) C N (ST — S%). Conversely, let
h € N (St — S%) be such that h is orthogonal to N'(I — S7) & N (St). Then
Sth € N(I — Sr) and therefore (h, Sph) = 0, which means that Sph = 0 or
h € N(St). Hence h = 0, since h is orthogonal to N'(St). Consequently,

N(Sr — S7) = N(I — Sp) & N(Sr).
Now recall that T;*S7T; = Sy, whence N (Sr) is invariant for T; (i = 0, 1).
As we also have (7T} is a contraction)
(I —Sr)Ti < I - Sr,
it follows that N'(I — St) is invariant for T; (i = 0, 1).
Furthermore, for m,n,p,q € N one has
TJ(WJFP)T;‘(THr(I)T{lJqugWrP < TS‘mTf”TfTS’L,
and setting p, ¢ — oo we get St < Tg™ T T1"T", whence
I =TT T < 1 — Sy
This gives on one hand,
NI — S7) C {heH:||TFT]h|| = ||k, ¥Ym,n € N}.
On the other hand, if ||T§*T7'h|| = ||h|| for m,n €N then letting m,n — oo
one obtains ||Sth|| = ||k, and since 0 < S7 < I one infers h = Sth, that is,
h € N(I — St). Hence the relation (2.1)) holds.

Next, if h € N(Sp — S2) and h = hy & hg with by € N(I — Sr),

ho € N(St) then
(51T — T;S7)h = Thy = Tihy =0, i=0,1,
therefore Sp commutes with Ty and T} on N (S — S%)

Let now M C H be another subspace invariant for Ty and 77 such that
StTik = T;57k for k € M, i = 0,1. Then SyT{" 11"k = Ty IT' Stk for any
m,n € N, and this implies (7; being an Sp-isometry)

Stk =Ty ST Tk = Ty™ Ty T T STk
Letting m,n — oo we get Srk = S2k, that is, k € N'(Sr — S2). So M C
N(Sr — 5%) and we conclude that N (Sp — S%) is the maximum invariant
subspace for T; on which Sp commutes with T}, ¢ = 0,1, which proves (i).

It is clear (by (2.1)) that 7; is an isometry on N(I — Sp), i = 0,1,
and (by the definition of S7) we have T{"I7'h — 0 (m,n — oo) for h €
N (S7), that is, T is strongly stable on N (St). In addition, it is obvious

that N (I — St) and N(S7) are the maximum subspaces with the above
mentioned properties. This proves (ii).
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Finally, if N'(I — S7;) is invariant for Ty_; then N'(I — St,) "N'(I — Sp,)
is invariant for Ty and 77, and clearly T; is an isometry on this subspace for
i =0,1. Since N(I — St) C N(I —Sp,) "N (I — Sp,) it follows that the two
subspaces coincide (by the maximality of N'(I — Sp) cited in (ii)). =

COROLLARY 2.2. For a bicontraction T = (Tp,T1) on H we have S =
S% if and only if STT; = T;ST for i = 0,1. Furthermore, if Sp = St~ then
Sr = Sz.

Proof. If Sy = S2 then N(Sp — S2) = H, so Sr commutes with Tj
and T7 on H (by Proposition . Conversely, if SpT; = T;57 (i = 0,1)
then necessarily N'(Sp — S2) = H (by the maximality of N'(Sp — S2) in
Proposition (i)), that is, Sp = S7.

Assume now that Sp = Sp«. For m,n € N and h € H one has

Sth = Ty™ " STT{ Ty h = T™ I ST T h
=Tm Ty TV ST Iy IV T h — S%h (m,n — 00),
hence S = S%. It follows that Sp = S%. "

This corollary extends the corresponding assertions for contractions in
Lemma 1 and Proposition 1 of [KVP].

A special case of bicontractions for which their asymptotic limits are
orthogonal projections is mentioned in the following theorem.

As usual, a bicontraction T' = (Tp, T1) on H is called completely nonuni-
tary if there is no nonzero subspaces of H which reduce Ty and T to uni-
tary operators. Clearly, every strongly stable bicontraction T' is completely

nonunitary, because in this case H = N'(St), therefore N'(I —Sy) = {0} (by
Proposition [2.1](i)).

THEOREM 2.3. Let T = (Tp,T1) be a bicontraction on H with Ty and
Ty hyponormal. Then Sp+ = S2. and the mazimum subspace of H which
reduces Ty and Ty to unitary operators is

(2.3) NI = Sre)= () TqTHNU = Sgz) "N = Spy))-
m,n>0

Moreover, T* 1is strongly stable if and only if T' is completely nonunitary.

Proof. Since T; is hyponormal we know (see the proof of [K, Theorem
5.3]) that Sr» = S2. and R(St7) = N(I — St#) reduces T; to a unitary

operator, for i = 0,1. As N(Sp~) is invariant for 7 and 77, R(S+) will be
invariant for Ty and T7. In addition, because

R(ST*) C R(STO*> ﬂR(STf) :N<I— ST(;‘) QN(I— STI*)

it follows that Ty and T} are isometries on R(S7+). So, we infer from Propo-
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sition 2.1] that

R(Sr-) C N(I - Sp).

Take an arbitrary h = hy @ hg € H with hy € R(S7+), hog € N (Sp+). We
have (by the above inclusion)

ToST*h = TOST* ]’Ll = T()ST* TgTohl = ST*TOhl-

But TJST*TohO = Sp+hg = 0, that is, Sp«Tphg € N(Ték) C ./\/(ST*), hence
St Tohg = 0. Thus, we obtain ToSr+h = Sp«Tyh, and by symmetry one has
T1Sp+h = Sp+T1h. This means that Sy« commute with T and T3, and by
Corollary we have Sp- = S2..

Now it follows that A(I — Sp-) is the maximum subspace of H which
reduces T and 77 to isometries. In fact, by the above remark, N'(I — Sp+) =
R(Sp+) is the maximum subspace which reduces Ty and T} to unitary oper-
ators. Obviously, this subspace is contained in the right side of , briefly
denoted by N7.

Let h € Np be orthogonal to N (I — Sp+). So h € N(Sp+), that is,
T3m™Iy"h — 0 (m,n — o0). Since h € N, for any m,n € N there exist
hm’n € N(I—STS)QN(I—STI*) such that h = TénTlnhm,n. As ./\/’(I—STJ)H
N(I — STf) is invariant for Ty and T3, while Ty, 17 are isometries on this
subspace, we get

hp =Ty T T TG by, = T3 TR — 0, m,n — oo.
This yields ||h|| = ||hmn| = 0 (m,n — 00), hence h = 0. Thus, (2.3 holds.
Finally, it is clear that /(I — Sp+) = {0} implies H = N (Sp+), therefore
T* is strongly stable if (and only if, by the above remark) T' is completely
nonunitary. m

REMARK 2.4. W. Mlak proved in |[M]| that the “unitary part” in H of
a hyponormal contraction Ty is (),,so TN (I — ToTi ), by using the mini-
mal unitary dilation of Ty. This fact was recovered in [S2] without using
dilation, by an argument as above involving the asymptotic limit. In the
present context we cannot use N (I —ToTg) NN (I —T1Ty) in instead of
NI — S1;) "N (I — St7), because the former subspace is not invariant for
Ty and 717, in general.

We say that a bicontraction T' = (Tp,71) on H is unitary if Ty and Ty
are unitary operators. We now give the “asymptotic” version of the Nagy—
Foiag—Langer decomposition for bicontractions.

THEOREM 2.5. For every bicontraction T' on H there exists a unique
decomposition of H of the form

(2.4) H=H, ©Hy
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such that H, reduces T to a unitary bicontraction and H- reduces T to a
completely nonunitary bicontraction. In addition,

(2.5) Hy =N —-Sp)NN({I — Sp+) =N — SpSp+) =N — Sp+St)
= N(I - S¥?57-83/%) = N(I - Sy2Sp532).
P?"OOf. Ifth € N(I—ST)HN(I—ST*) then h = STh = ST*h = STST*h =

S+ Srh, so N(I — ST) ﬂN(I — ST*) C N(I — STST*) N ./\/(I — ST*ST).
Conversely, let h € N'(I — SpSp+), that is, h = SpSp+h. We have

R[> = (Sp<h, Srhy < |S322R] 1S5 2R < 1552 |11,

whence ||h|| = ||ST/ |l, or equivalently (I — Sp)h = 0 (as 0 < Sp < I).
Similarly, one has ||| = ||S¥.2h|, that is, (I — Sy+)h = 0, and so
NI —=Sp)NN(I = Sps) =N(I — SpSy+) = NI — Sp=Sr).

Now, if h = S7Sp-h then as above |[h] = |5}/ *h|| = ||S3.*h||, therefore

1/2 1/2 . 1/2 1/2 1/2 1/2 .

h=8%h = S}2h = Sph = Speh = SH2S0. S h = S32S05)/%h. This

shows that N'(I — SpSp) € N(I — S/2Sp-S%) N N(I — SY25p512).
Conversely, h = S/ 1/ 2ST* S%/ ’h gives

1/2 ~1/2 1/2 1/4
IRl|? = [1S522 S5 2R < (1S5 2h)> < (1S5 R)1% < ||h])?,

whence ||h[|? = |]Sl/2h\|2 HSl/A‘hH2 Hence h = Sth = 51/2h and therefore
||Sl/*2hH = HSI/*2 ;,/ZhH = ||h|| (the last equality follows from our assump-
tion), which yields h = Sp«h. So, N(I — SCIF/QST*SCIF/Q) and (by symmetry)
/\/'(I—S;?STSl@) are contained in N'(I —Sp) NN (I —Sp+). Thus, the above
equalities between subspaces are completed with the last two from (2.5]).

Next, by (2.1) for T"and T* we see immediately that the subspace H,, :=
N(I—Sp)NN(I— Sp+) reduces Ty and T; to unitary operators. In addition,
if M C H is another such subspace, then M C H, by Proposition (ii).
Hence H, is the maximum subspace with the property above, and finally,
the reducing decomposition (2.4) for T is unique with 7' is unitary on H,,
and completely nonunitary on ”Hzf "

COROLLARY 2.6. For every bi-isometry T = (Tp,T1) on H we have
ST* = STSTl*’ hence Hu = N(I — STJTI*) and 'Hi‘ = N(ST(;‘T{‘) m .
Moreover, T' is completely nonunitary if and only if ToTy is a (unilateral)
shift on H.

Proof. Since TyT) is an isometry, by Theorem [2.3] the maximum subspace
of H which reduces TyTy to a unitary operator is N (I — Styrs). So, by
Theorem [2.5| one obtains N'(I — St«) C N(I — Stz7;). On the other hand,
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since
NI = Sgzrz) = N(I = Sy myy-) = [ TH T,
n>0

it follows immediately that N (I — ST*T*) reduces Ty and T4 to unitary oper-
ators, hence N'(I — Sryrs) C N(I — ST*) by Theorem Thus N (I — Sp+)
= N(I ST*T*), and since S+, Styry = S(1,11)* are orthogonal projec-
tions, also N(ST*) = N(Sty77). We conclude that St+ = Stsrs, and the
remaining assertions of the Corollary follow from Theorems [2.3 - and 25 =

Another interesting particular case of Theorem is considered below.
Notice that the case of a single quasinormal contraction was considered in

[IKVP], Example 3].

PROPOSITION 2.7. For every bicontraction T = (Ty,T1) on H with Ty
and Ty quasinormal one has Sy« = S%.. Moreover, Sy = S% if and only if
either Té"|m or Tﬂ@ is a coisometry.

In addition, St = St+ if and only if TZ*\W is normal and R(ST) is
invariant for T;T; (i=0,1). In this case N (I—St) =N (I—Sg; )ON (I-St;).

Proof. Clearly, Sy« = S2. by Theorem 2.3l Furthermore, because T; is
quasinormal, we have (see [S1], or Lemma [2.§| below) S, = S%_ so R(St,) =
N(I — Sz,) and R(St) C N(I — S1,), i = 0,1. So, if S = SZ then R(Sr)
reduces Ty and T} to coisometries.

Conversely, assume that, say, T |m is a coisometry (R(St) being in-
variant for 75 and T7). Put Ty, = T(ﬂm. Then Tj, = PWTO\W is
an isometry on R(St). Hence for h € ‘H we obtain

HSThH - H R(St )TOSThH < HTOSThH < HSThH7

whence TySth = ( )TOSTh We infer that R(St) reduces T, and since
R(St) C N(I — Sp,) we have for m,n € N and h € H,

Sth =TT Srh = Ty™ Ty T{ Ty STh.
Letting m,n — oo we infer that Sy = SZ.

Obviously, if Sy = Sp+ then R(S7) reduces T; to unitary operators,
i = 0, 1. Conversely, suppose that T°* are normal operators for ¢ = 0, 1.

Then for h € H we have
T P TOSTh Pre

‘R(ST)

since Ppr(s)ToTySth = 0 by the assumption that R(Sr) is invariant for
ToTy. 1t follows that TgPN(ST)TOSTh = 0, which gives PN(ST)TOSTh =0,
that is, ToS7h = Prgs RS )TOSTh Hence R(St) reduces Tp, and so TyT; Sth =
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T5ToSth = Sth which means that Tp is unitary on R(S7). By symmetry,
R(St) also reduces T} to a unitary operator, and by Theorem we get

R(St) =N — Sp+) =N(I — Sr).
Finally, this leads to S = Sp«. In this case
N(I—ST) CN(I— STS) ﬂ./\/’(I—STl*) CN(I—STO) ﬁN(I—STl),

and since (I — Stz ) NN (I — Sty ) is invariant for Ty and 71 it follows (from
the second inclusion) that Ty and T are isometries on this subspace. Thus
NI — Sr) = N(I — Sz) NN (I — Sr), by the maximality of V(I — Sr)
given in Proposition [2.1(ii).

Let us remark that if T = (Ty,T1) consists of quasinormal commut-
ing contractions and either 7pS7, = St 1o or TS, = S7, 11 then Spr =
St,S7, = St1,S71,, hence Sr = S2Z. We see in the example below that the
condition Sp = S% does not ensure the commutativity of T7_; with S,
i =0,1. We first give

LEMMA 2.8. For every quasinormal contraction Ty on H one has St, =
— Q2
Stery = ST, -

Proof. Since Ty is quasinormal we have (by induction) (T57Ty)" = T3 1§
for any n € N. Then
Styh = nlLII;o T TEh = nILHOlO (TgTo)*"h = Strrh = S%Oh

for h € H. Moreover, the above operator is an orthogonal projection because
15Ty is positive. m

EXAMPLE 2.9. Let S be the canonical shift on (3 and K = R(S) & (3.
Put Sy = S|r(s) and let Sy : 12 — R(S) be given by S1 = SPyr(g+). Consider
To,T1 € B(K) defined by the operator matrices

So S 0 0
=" "), 1=
0 O 0o S
relative to the above decomposition of K. We have

Ty To = Ir(s) © Pynisey,  TgTa = To = ToTyTo,

hence Tj, and also 17, are quasinormal contractions on K. In addition TyT; =
1Ty =0, so T = (Tp,T1) is a bicontraction on K, and clearly, by the above
commutativity condition for Ty and T we have Sy = 0.

On the other hand, (by Lemma St, = ST(TTO =TTy and

TlsTo =0 SPN(S*) =0051#0=0® PN(S*)S = ST0T1~
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Similarly, since S, = 0@ I 2 we get

0o S
ToSt, = <0 01> 7 0= 51, To.

We conclude that Sy = S% but Th_;S1, # St,T1—i, or equivalently
T1_;|T;| # |T;|Ti—; because |T;| = St in this case, for ¢« = 0,1. This also
shows that the conditions T_;|T;| = |T;|T1—; (i = 0,1) are not necessary to
ensure S = S%, when Ty and 77 are quasinormal.

3. Decompositions in the case Sy = S%. The asymptotic limits can
be used to refine the Nagy—Foias—Langer decomposition for bicontractions
when St is an orthogonal projection. This decomposition (to be given below)
generalizes the Wold type decompositions for bi-isometries which appear in
[P] and [BDEF]. Recall that a similar result for contractions can be found
in [K].

We say (briefly) that a subspace M C H is invariant (resp. reducing) for
a bicontraction T' = (Tp,T1) on ‘H if M is invariant (resp. reducing) for Tp
and T7. Also, we say that T is coisometric on ‘H if both T; are coisometries.

The statements of Theorem and Corollary below extend Theo-
rem 1 and Corollary 1 of [KVP] obtained for a single contraction.

THEOREM 3.1. Let T = (Tp,T1) be a bicontraction on H with S = S%.
Then H admits the decomposition

(31) H=N{I-Sp)NN{I—Sp) NI —S) NN (Sp+) & N(ST)
where all the three summands reduce T in such a way that T is unitary on
NI — Sp) NN (I — Sp+), T* is coisometric and strongly stable on N (I —
ST)NN(Sr+), and T is strongly stable on N (St).

Moreover, if N(St) # {0} and S« = S%. then N(St) admits the de-
composition
(3.2) N(St) =N — Sp+) NN (St) & N(Sp+) "N (S7),
where the two summands reduce T, and T is coisometric and strongly stable
on N(I — St+«) NN (St), while T and T* are strongly stable on N'(St) N
N(Sp+).

Proof. Since Sy = S2 one has H = N' (I —S7)®N (St) where N'(I — St)
reduces 7' to a bi-isometry and T is strongly stable on N (Sr).

Let W = (Wo, W1) where W; = Ti’/\/(I—STﬁ 1 =0,1. By " the maxi-
mum subspace which reduces T' to a unitary bicontraction is

Hy =N — Sp) NN — Sp+).

Now since W; is an isometry on N'(I — St) it follows that Swr = S%,V%

for ¢ = 0,1, and by Corollary we obtain Sy = S%V*. Therefore
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NI - S7) =N - Sw+) &N (Sw~)
where the summands reduce W;, and so T;, ¢ = 0, 1. We also have
NI — Sw+)=N({I - Sp) NN — Sp+) = Hy,
N(Sw*) = ./\/(I — ST) ﬂN(ST*),

hence T T{"h — 0 (m,n — o0) for h € N(Sy+) ,that is, T* is co-isometric
and strongly stable on AV(Syy+).

Next suppose N (S7) # {0} and let W' = (W, W) where W} = Ti|nr(s;)
1 = 0,1. Then relative to the decomposition

H =Hy, ®N(Sw+) ®N(ST)
we have Sp« = I & 0 ® Syy~, whence
N(Sp+) = N(Sw+) & N (Swr+) C N(Sw+) &N (St).
Since N (Sw+) C N(I — Sp) = H & N(S7) we infer that
N(Swr=) = N(Sr+) NN (Sr).
On the other hand, since I — Sp= =06 I & (I — Sy+) we have
N(I — Sp+) = Hy EBN(I — Swrx) C Hy EBN(ST),
whence
NI = Sy ) =N — Sp+) NN (S7).

Assume Sp = 5% and Sy« = S%.. Clearly, the second condition is equiv-

alent to Sy« = S%V,*, which also means
N(ST) = N(I — SW/*) @N(SW/*).

Thus, the summands, reducing for W', also reduce T in such a way that
T* is a bi-isometry and T is strongly stable on N (I — Sy+), and T, T* are
strongly stable bicontractions on N (Syy+). =

COROLLARY 3.2. For a bicontraction T = (Ty,T1) on H one has Sp =
St if and only if T; = U; @ S; (i = 0,1) relative to a decomposition H =
M@ M-, where M reduces T so that U = (Uy, Uy) is unitary on M, while
S = (8o, S1) and S* are strongly stable on M.

Proof. Suppose St = Sp«. Then for m,n > 1 we have

Sp = T T Spe TR = T T T T Sy Ty ™ T T T,
and letting m,n — oo we get S = SpS«St = S%. It follows that S% = S%
and so Sy = SZ. By our assumption, N(I — Sr) N N (Sr+) = {0} and
N(I — Sp+) NN (St) = {0}, so we infer from (3.1)) and (3.2)) that
H=NI—-Sr)NN{I— Sp+)®N(S) "N (Sp+) = N(I — S1) ® N(ST).
Thus T is unitary on M = N (I — St), while T and T* are strongly stable
on M+ = N(Sr), and T; = Tj|pm ® Ti| g0, i =0, 1.
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Conversely, if T; = U; @ S; on H = M & M+ and M reduces T and U;
is unitary on M for i = 0,1, while S = (Sp, S1) and S* are strongly stable
on M+, then S =I®0=Sr-. m

The decomposition (3.1]) can be refined by the general Wold type decom-
position of a bi-isometry which was obtained in [P] and recently in [BDE].
So, the following result holds.

THEOREM 3.3. Let T = (Tp,T1) be a bicontraction on H with S = S%.
Then H admits a unique decomposition of the form

where all the summands reduce T, and where Toly, .. ond Ti|1,oH.., are
unitary, Toly,, and Ti|y,. are shift operators, T is a bi-shift on Hs, T is
strongly stable on Ho, while T is a bi-isometry on Hy and there is no nonzero
reducing subspace for T of Hy1 on which either T is a bi-shift, or Ty is unitary
or T1 is unitary. Moreover, TyT1 is a shift on H;.

Proof. Clearly, H, = N(I — Sp) "N (I — Sp+) and Ho = N(St) by
Theorem Denote W = (Wo, W1), Wi = Ti| n(1-s;), @ = 0,1. Since W is
an 1sometry we have (by Corollary .

N(I - Sr) :N(I — Sw+) @N(SW*) =H, @N(SWSWF)
So, we infer from that

N(I = Sr) N N(Sr+) = N(Swywy) = E WEWIN (W W)

n>0
SEPwr () WerNWT) > W () Wi DN (Wi Wg) =: Hus
n>0 m=>0 n>0 m=>0 j=0

Observe that the subspace
How == [\ N(WIWY) € N(W7)
Jj=0
is invariant for Wy, so for Ty, and the subspace
() W5 Hoe = N(I = Siryfagy+) C N (W)
m>0

is wandering for W; and it reduces Tp|y,, to a unitary operator. Hence the
subspace

@Wl (- STO\H ) WO@Wl (Wolpo. )" N(I = S(T0|Ho*)*)
n>0 n>0

reduces W1 to a shift, and from the second equality we get H,s = WoHus,
S0 Hys also reduces Wy. This implies that H,s reduces 17 to a shift and Ty
to a unitary operator.
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Similarly, if H1. := (V50 N (WGW{) then
Hou = @ WN(T — S(Tl\Hl*)*) C NI —S7)NN(S+)

m>0
reduces Tp to a shift and T3 to a unitary operator. Since Sy = 5‘2,[,_*, 1=0,1,
and we have

it follows that the subspaces H,, Hys and Hg, are pairwise orthogonal in
N(I — ST) QN(ST*).

Now, the subspace Ho. N Hi. C N(Wg) NN (W) is wandering for the
bi-isometry W = (Wp, W7), and the subspace

o= @ WIWT(Hy N HY)
m,n>0
is invariant for W, and also for T'. In fact,
WoHs = (D WI"WT (Ho NH) = Ha © D W (H5 N H)
m>1,n>0 n>0
whence (as WiW{"H1. = {0}, n > 0)
WiH, = Hy + Wi (EB WIHE N ”H’{)) — A,
n>0
Similarly, W{H, = Hs, and therefore H, reduces W, and so T, to a
bi-shift. Since Hs C N (Swy) NN (Swy), we have
whence the subspace
Hi:=NT = S)NN(S7+) & (Hy & Hus D Hsw)

is also reducing for T. In addition it is easy to see (as in [P]) that the
subspaces Hys, Hsy and Hs are maximal with the properties quoted above.
This implies that #; contains no nonzero reducing subspace for T" on which
either T' is a bi-shift, or Ty is unitary, or 7T is unitary.

Finally, since H1 C N(Sp+), T*|3, is strongly stable, that is, ToT1 |y, is
a shift, by Corollary .

REMARK 3.4. The structure of the subspaces H,s, Hsw and H, for a
bi-isometry V' was obtained by D. Popovici [P]. Here we describe these sub-
spaces as well as the other from decomposition using the context of
asymptotic limits of a bicontraction T = (Tp,T7).
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COROLLARY 3.5. LetT = (Tp,Th) be a bicontraction on H with S = S%,
Sr« = 52, and N(St) # {0}. Then H admits a unique decomposition of the
form

where all summands reduce T' and where To|y, ety aHee 04 1111, &H 0w Hen
are unitary, To|y,, and Th|y,. are shifts, To|yu,, and Ti|y,, are coshifts, T
and T™ are strongly stable on Hoo, and there is no nonzero reducing subspace
for T of Hi1 on which either Ty or T is unitary, or T or T* is a bi-shift.

In addition, T;|y,, = Zi ® Z! on Hi1 = H1 ®H) where Z; are isometries
and ZoZy is a shift on Hy, while Z| are coisometries, and Z\Z} is a co-shift
on Hy, fori=0,1.

Proof. By Theorem for the bi-isometry W and the bicontraction W’
(W, W' as in the proof of Theorem [3.1)) we have

N(IisT) = Huy & Hus © Hsu & Hs © Ha,
and respectively
N(ST) =Ho = Huc ® Heu ® He @Hll @ Hoo-

Here Hoo = N (St) NN (S7+), H) contains no nonzero reducing subspaces
for T on which either T* is a bi-shift, or the coisometries T or 17 are
unitary, and in addition, T is strongly stable, that is, TpT} is a co-shift
on H}. Clearly, the other subspaces of N(Sr) have the meaning from (3.4)
for the bi-isometry T*. So, putting H11 = Hi @ H} we get the decomposition
[3-4) of H =N(I - Sr)® N(Sr), in view of and (3.2).

Since Hys ® Hsu ® Hs C N(I — S7) NN (Sp+) we have necessarily

(3.5) Hus CN(I = Stz) "N(I — S1) NN (Sr7)
:N(I—STJ)QN(I—ST)QN(ST)y

(3.6) Hsu CN( — Sr;) NN(I — S7) "N (S17)
:N(I—STl*) N(I—ST)QN(ST)7

and

(3.7) Hs CN(I — St) NN (S1p) "N (S17),

but the inclusions may be strict, as in Remark [3.9] below.
By Theorem 3.1 of [KO| we also get the following

COROLLARY 3.6. Let T = (Ty,T1) be a bicontraction on H. Then there
exist a unique minimal Hilbert space I D H and a bicontraction T = (Tg, Tl)
on K extending T (i.e. such that T|y = T) and admitting a unique decom-
position of the form given in Theorem 3.3.
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We find now when these inclusions become equalities. Clearly, we can
reduce this problem to the case of a bi-isometry (by (3.3))).

PROPOSITION 3.7. Let T' = (Tp,T1) be a bi-isometry on H. Then
(i) Hus =N - STO*) ﬂN(STI*) and Hey = N(I*STl*) ON(STS) if and
only if Hs © H1 = N(St;) "N (Sry), where Hy is the subspace ap-
pearing in decomposition . In this case, Hs®Hy is the mazimum
subspace which reduces T; (i = 0,1) to a shift.
(i) Hs = N(Stz) NN (S1;) and H1 = {0} if and only if Ty and Ty
doubly commute.
Proof. Suppose we have equalities in and , where N(I — St)
= M. Since Ty is a shift on Hs,, that is, T;"h — 0 (n — o0) for h € Hgy,
we have Hg, C N(STJ). Thus, since Sty = S%g and Sy = S2. (T is a

bi-isometry), we get the decompositions
H=N( - St;) ®N(S1;)
=N = Sp+) BN = Srz) © NI = S1+)] & Hou ® [N (S1z) © Hu]
=Hu ® Hus © Hou © [N (ST3) © Hsul]-

Then from (3.3)) we infer (as Ho = N (S7) = {0} in this case) that H,dH; =
/\/'(STJ) © Hgu, Or N(STg) = Hey © Hs @ Hi. By symmetry we also have
N(STl*) = Hys ®Hs D H1, and so
Hs & H1 C ./\[(STS) ﬁN(STl*) =: Hss.

Now if h € Hss and we write h = hy & hg = ho & hy with hy € Hys,
hy € Hg, and ho,h6 € Hs ® Hq, then hy & (—hz) (&) (ho — h6) = 0, hence
hi1 = hg =0 and hy = h{). This implies h = hg € Hs @ H1, and we conclude
that Hs @ H1 = Hss. Clearly, in this case the subspace Hgs reduces T;
(1 = 0,1) to a shift, and it contains any other subspace of H with this

property.
Conversely, assume that Hs; © H1 = N (S7y) NN (S7y). Then as above
we get the decomposition

H = Hu®IN(I—S1;) ON (I —Sr)| N (S15) ON (S0 )N (S7 )| @ H s B Ha1,
and from we infer that

Hus ® How = N(I = S1z) NN (S17) @ N (S7z) NN (S1) NN (S
Since Hqys C N(I — ST(;‘) ﬂN(ST*) and Hg, C N(I — STf) N N(STJ) (by
(3-3)), the preceding equality leads to H,s = N (I — Sty) NN(St;) and also
(because St = S%f)

Mo = N(S1z) N[N (S15) NN (S13)]* D N (S13) NN (I = S17),

hence Hsy = N(I — St;) NN (S7;). This completes the proof of (i).
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For (ii) it is clear that if Hs; = N(Sty) NN (S7;) and H; = {0} then
Ty and 77 doubly commute on Hg, and finally, they doubly commute on
H =Hy ® Hus ® Hsu @ Hs (T being a bi-isometry).

Conversely, if ToT} = 17Ty then N (I — St>) and N(ST*) reduce Ti_;,
and so N (I —S7+ )N (St:_ ) reduces T; (resp. T1_;) to a unitary (resp. shift)
operator, for i = 0, 1. Thus it is needed that H,s = N'(I — Stz) NN (Srs)
and Hgy, = N(I — STl*) ﬂN(STg), which gives Hs @ H1 = N(STJ) ﬂN(STl*).
But, in this case we have Hy = N (Stz) NN (St:) because Ty and Ty doubly
commute on Hs & Hi, hence H; = {0}. This ends the proof. =

REMARK 3.8. In fact, this proposition shows that a bi-isometry T =
(Tb,T1) on H induces an orthogonal decomposition

(38) H = Hu @ Hus @ Hsu @ Hss:

where the subspaces have the above meaning, if and only if H,s = N (I —STg)
NN (S;) and Hsy = N(I — Sry) N N(Sz;), while in this case Hss =
N (S7;) NN (St; ). Hence Hss reduces Ty and 71 to shift operators and it is
the maximum subspace with this property.

Recall that the decomposition (3.8]) is known as the Stociriski decompo-
sition (see [Sl]). Moreover in (3.8) we have Hss = Hs if and only if Ty and
T} doubly commute.

REMARK 3.9. In Example 1 of [GS] a bi-isometry T was given for which
Hus = N(I — STS) - N(STf) and Hgy & H1 = N(STg) with N(STO*) N
N(S7:) = {0} = Hy. In view of the above strict inclusion, N'(I — Str) C
Hou © H1 and also Hy # {0} because otherwise we get Hgy = N(I — St),
a contradiction. So Hsy & N(I — St;) = N(I — St7) N N(S1;), even if
Hus = N(I — Sty) ﬂ/\/’(STI*), hence T does not have a Slociriski decomposi-
tion (3.8)).

REMARK 3.10. Consider the bicontraction 7' = (Tp, T1) on K from Ex-
ample Since ST = 0, T is strongly stable on K. On the other hand, as
Ty, T1 are quasinormal, by Theorem we have Sp» = S%* and R(Sp+) C
R(St) = {0}, that is, S« = {0}. Hence T is strongly stable on K and we
have K = N (S1) = N(Sz+) = Koo in the corresponding decomposition (3.4)).

4. Remarks on invariant subspaces for bicontractions. To every
bicontraction T' = (Tp, T1) on H one can associate a bi-isometry V' = (Vp, V1)
on R(St) such that
(4.1) ViSi2h = SY*Tih  (heH,i=0,1).

Clearly, V; is an isometry (7; being an Sp-isometry), and VpV; = V1| be-
cause ToTy = T1Tp. Since N (S7) is invariant for S;/2E’ R(St) is invariant
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for TZ-*SZIF/ 2, and the above definition of V; implies
(4.2) SYPVik =Ty Sy %k (k€ R(Sp), i =0,1).

This relation gives V;StV;* < S on R(St), hence V;* is an @—contrac—
tion (i = 0,1), where Sp= ST]W. Other properties of V' are summarized in

PROPOSITION 4.1. Let T' = (Ty,T1) be a bicontraction on H and V =
(Vo, V1) be the bi-isometry on R(St) associated to T as in (4.1). Then
1/2

(4.3) llILl V*mvl*"STvl Vo''k = 1113 VO*mV*"ST VI'Vi'k =k
and
(4.4)

lim V" VI SrV Ve = lim Vi oSy 2SSy Vit = 5725 5%k
for every k € R(ST) and i = 0,1, where the operator limit in 18 con-

1/

sidered as acting on R(St). Moreover, the operator Sy 1/2 St+S; " commutes

with Vo and Vi and R(S;PST*ST/ ), as a subspace of R(St), reduces Vj

and V1 to unitary operators.

Proof. For every k € S;/Qh with h € H and any integers m,n > 1,
KM/ 4N QYN M *myr+n ol/2 mmn
|1 = Ve VimSpVevg k|2 = (V™ Vi Sg (1 — ST T b
<1 = Sp)V2TTynl? = | T3 T b2 — 1|8y T3 T hI2 = 0
as m,n — oo. SlnceO<I 51/2

< I — St we get as above
S VEVERIP < T - Sy AT A
< |(T = S2) T3 T7R* — 0

as m,n — 0o. So, the first equality of 1} holds for every k € R(St) (the
corresponding sequences are bounded).

Now from and we obtain
ViVIST VMV = Sy AT TR T T Sy ke — Sy S Sy k
as m,n — oo, for any k € W, which proves the second equality of .
Obviously, R(St) reduces the operator S;,/ ®Spe S’r}/ 2 (which is self-adjoint),
so this operator can be considered in B(R(St)). On the other hand, since
Vi Sp Vi = ST Sy Pk — Sy S Sy k
as m — 0o, we have (by the previous remark)
Sy 5791k = Tim VL iS5y Ss S PV K

for k € R(St) and i = 0, 1. So, the first equality of . holds true.
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For the last assertion notice that by l) and (D V¥isa 5’71/257“* Silp/2—
isometry, that is, ViS;/QST*S}mV;* = SCIF/QST*SCIF/Q, because T;" is an Sp=-
isometry, ¢ = 0, 1. This also implies

S;«/2ST* 5711/2‘/; _ ‘/;*511“/2EST*TZ*SQI“/2 _ V;*S;wﬂST* 5711/2’

which means that S;/ 2ST* S%/ % commutes with V; for i = 0, 1. This ensures
that the range

R(S3/ 257 S3%) = S32 7. SIPR(SH?) = R(SY2Sr-Sr)

as a subspace of R(St) reduces Vy and Vj. Since from the second equality

of it follows that
R(S257+51%) € ) ROG™) N ) RO = N(I = Sy) NN (I = Syr),

m>0 n>0

we infer that Vg and Vj are unitary on R(S;/QST* S}m). "

REMARK 4.2. From one can get the polar decomposition of S%/QTi
(i = 0,1). Note \Silp/21}| = 5’1/2, and put V; = JV;P where P is the pro-
jection of ‘H onto R(Sr) and J = P* is the canonical embedding of R(St)
into H. Clearly, V; isometrically maps R(S7) = N'(Sp)*+ = /\/’(SZIF/QTE-)l onto

R(V;) € R(S)/*T;) € R(Sr), and
N(Vi) = N(P) = N(Sr) = N(8)/°Ty).

Hence ‘7@ is a partial isometry in B(#), and the polar decomposition of S;/ QTi
is S;/zﬂ = ‘ZS;/Q, while 171 is even an extension of V;, for ¢ =0, 1.
Observe also that for a bicontraction 7% = (T, T}") there are isometries

Vo, Vi1 € B(R(Sp+)) which satisfy

(4.5) VoiSllk = SMATrk (k€ R(Spw), i = 0,1).

Recall that two bicontractions T' = (Tp,71) on ‘H and S = (Sp,S1) on
KC are similar if there exists an invertible operator A € B(H, K) satisfying
AT; = S;A, i = 0,1. If A belonging to B(H, K) is only densely defined, i.e.
R(A) = K with N(A) = {0} and A intertwines T; with S; (i = 0,1), one
says that T is a quasiaffine transform of S. Finally, T is quasisimilar to S if
T and S are quasiaffine transforms of each other.

As in the case of a single contraction (see [K|), we can characterize these
concepts using the asymptotic limit operators S and Sp=.

We first give the following
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LEMMA 4.3. Let T = (Tp,T1) be a bicontraction on H such that N'(St) =
N (St+) = {0}. Then fori = 0,1 we have

) Visy*syl? = 5y28 Vi

(4.6 %0
(4.7) SY25Y2y; = vEsY2sY?,

(4.8) Sr-S1*Vi = T,Sr- 53/,

(4.9) S+« S7T; = T;S7+St.

Proof. The hypothesis implies H = R(S7) = R(S7+), so V; and V,; are

isometries on H. Then by (4.1) and (4.5) we get
ViSy st = 511817 = 832512V

*1)

that 1s, (4.6)). By duality we have V,;57. = . . whence one
hat is, (4.6). By duali have Vi Sp28M? = S12SY2V* wh
obtains (4.7). Now from (4.7)) it follows that

S-SV, = SHPVE g2 = (v, SHA) sM2SN? = 1.5, SH2,
that is, (4.8]), while (4.9)) is immediate from (4.8]). m

THEOREM 4.4. If T is a bicontraction on H then:

(i) T is similar to a bi-isometry if and only if St is invertible.
(ii) T is similar to a unitary bicontraction if and only if St and St are
wnvertible.
(iii) T is quasisimilar to a unitary bicontraction if and only if

N(S1) = N(S7-) = {0}

Proof. (i) If St is invertible then T is similar via St to the bi-isometry
V = (Vb, V1) given in . Conversely, suppose that T is similar to a bi-
isometry S = (Sp,51) on K via an invertible operator A from H onto K.
Let A = Q|A| be the polar decomposition of A, with @ unitary and |A]
invertible. Since AT; = S;A we get S; = Q|A|T;|A|71Q*, whence |A|T; =
Q*SiQ|A| = Wi|A| where W; = Q*S;Q is an isometry, ¢ = 0,1. It follows
that |A| = W}|A|T;, and also W; = |A|T;|A| 7%, and both give A*A = |A|]> =
T A*AT;, for @ = 0, 1. This forces that A*A < Sp, hence St is invertible.

(ii) The previous remark implies that if 7" is similar to a unitary bicon-
traction then St and Sp« are invertible.

Conversely, assume that Sp and Sp- are invertible, so AT; = S;A as
above, and BT = S,;B where S,; are isometries on G and B € B(H,G) is
invertible. Since T; = B*S%,(B*)~! we get S;A = AB*S?,(B*)~! where S%;
is a coisometry, therefore it is surjective. This yields R(S;) = K, that is, S;
is unitary, ¢ = 0, 1. Hence T is similar to the unitary bicontraction .S.

(iii) Suppose that T is quasisimilar to U = (Up, Uy) where U; are unitary
operators on KC, i = 0, 1. If A € B(H, K) is such that R(A4) = H, N(A) = {0}
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and AT; = U;A (i = 0,1) then ATJVI = UJ*UT'A for m,n € N. So,
for h € N(Sr) we have TJ"I7"h — 0 (m,n — o0), hence U"Uj"Ah — 0
(m,n — o0), which gives Ah = 0 and h = 0, too. Thus N (Sy) = {0}, and
similarly, since U is a quasiaffine transform of 7', N'(Sp+) = {0}.

Conversely, assume that N'(S7) = N (Sp+) = {0}, therefore R(St) =
R(St+) = H. We infer that N(ST*S%/Q) = {0} and also R(S= S;,/Q) = H.By
and and the previous remarks we conclude that T' is quasisimilar
to (Vo, V1), and it remains to see that Vp and V; are unitary. Indeed, since
N(T¥) € N(Sr+) = {0} one has N(T;) = {0}. But by we have
Sjlﬂ/Q/\/’(Vi*) C N(T}), hence N (V;*) = {0}, which means that V; is unitary,
1=0,1. m

As in the case of a single contraction, the above results can be used
to make some remarks on the invariant subspaces of a bicontraction T =
(To, T1) on H. Obviously, an invariant subspace of T' means a jointly invariant
subspace of Ty and T7.

THEOREM 4.5. The following statements hold for every bicontraction
T = (To, Tl) on H:

(i) If N(S7) = N(Sr+) = {0} then either Ty and Ty are unitary scalar,
or T has nontrivial invariant subspaces which are hyperinvariant for
TO or Tl.

(ii) If St # 0 and St~ # 0 then either Ty and Ty are unitary scalar,
or T has nontrivial invariant subspaces which are tnvariant for any
operator which commutes with Ty and T7.

Proof. (i) The assumption of (i) ensures, by Theorem that T is qua-
sisimilar to a bicontraction U = (U, Uy) with U; unitary. If Uy (or Uy) is
nonscalar then Uy (resp. U;) has nontrivial hyperinvariant subspaces, and by
IKl, Corollary 4.8] it follows that Ty (resp. 71) has nontrivial hyperinvariant
subspaces. Hence T' has nontrivial invariant subspaces, as in the case consid-
ered before. In the other case, one has U; = \;I with |\;| = 1, and since T;
is a quasiaffine transform of U; by an injective operator, we infer T; = A\;1,
1 =0, 1. Clearly, when dimH > 1, any nontrivial subspace of H is invariant
for T.

Note also that N'(St,) = N(S7+) = {0} for i = 0,1 by the hypothesis
of (i). Thus, one can directly apply [K| Corollary 4.11] for T; (i = 0,1) to
obtain the conclusion of (i).

(ii) The assumption of (ii) gives H # N(St) and H # N (Sr+). So, if
N(St) # {0} then N(S7) is a nontrivial invariant subspace for T'. Since
h € N(Sr) ift T"TT"h — 0 (m,n — o0), it follows that N(St) is also
invariant for any operator which commutes with Ty and 77.
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If N(Sp+) # {0} then, as above, N'(Sp+) is a nontrivial invariant subspace
for T and, also, for any operator that commutes with 77 and 77. In this
case, R(S7+) is a nontrivial invariant subspace for 7', which remains invariant
for any commutant of Ty and 77.

The other case, namely N (St) = N (Sr+) = {0}, was discussed in (i). =

COROLLARY 4.6. Let T be a bicontraction on H which has no nontriv-
1al invariant subspace. Then either T or T™ is strongly stable on H. More
precisely, either T and T are strongly stable, or T is strongly stable and
0 < ||Sr=h|| < ||h|| for all nonzero h € H, or T* is strongly stable and
0 < [|STh]|| < ||| for all nonzero h € H.

Proof. By the previous theorem, T has no nontrivial invariant subspaces
iff Sp =0 or Sp+ = 0, equivalently N (S7) = H or N(Sp-) = H. When this
happens, we also have H = N (I—S7)®N (St) or H = N (I —Sp+) DN (S7+),
that is, N (I — Sy) = {0} or N(I — Sp+) = {0}. Hence only the following
cases are admissible:

(a) H = N(St) = N(Sp+) which means that T and T* are strongly
stable,

(b) H =N (St) and N (Sp+) = N(I—Sp+) = {0}, so T is strongly stable
and 0 < ||[Sp=h| < ||h]| for 0 # h € H,

(¢) H = N(Sp+) and N(Sy) = N(I — Sp) = {0}, meaning that T* is
strongly stable and 0 < ||Sph|| < ||h] for 0# h € H. =

In the usual terminology (which also appears in [KQ]), a bicontraction T’
belongs to the class Cy. (resp. C1.) if N(S7) = H (resp. N'(S7) = {0}). Also,
T belongs to C.g (resp. C.1) if T* belongs to Cy. (resp. C1.). For «, 5 € {0, 1},
the class Cyp is defined as C,.NC.5. Thus, Theoremshows that any bicon-
traction of class C1; has nontrivial invariant subspaces, while Corollary
implies that every bicontraction without nontrivial invariant subspaces be-
longs to Cy; or Cig. Concerning these latter classes, the following fact can
also be proved.

THEOREM 4.7. Ewvery bicontraction that does not belong to the class Cyg
has nontrivial invariant subspaces if and only if every bicontraction which is
a quasiaffine transform of a unitary bicontraction has nontrivial invariant
subspaces.

Proof. Let T = (Tp,T1) be a bicontraction such that either 7" or T is not
strongly stable, that is, S # 0 or Sp+« # 0. Suppose that T has no nontrivial
invariant subspace, and firstly that Sy # 0. This forces N'(Sr) = {0} and
hence N (T;) = {0}, so T; # 0 for i = 0, 1. Since (I — Vﬂ/;*)S;/QTi =0,V
being given by , the assumption on T implies (I—V}V;-*)S’r}/2 =0,:=0,1
(otherwise, R(T;) is a nontrivial invariant subspace of T'). As R(St) = H it
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follows that V; is unitary for ¢ = 0,1, hence T is a quasiaffine transform by
of the unitary bicontraction V = (Vp, V7). By duality, in the case S+ #0
it follows that T™ is a quasiaffine transform of the unitary bicontraction
Vi = (Vio, Vi1) given in . We proved that, under the cited assumption
on T, there exist bicontractions (either 7" or T%) without nontrivial invariant
subspaces, that are quasiaffine transforms of unitary bicontractions.

Conversely, let T be a bicontraction on H which is a quasiaffine transform
of a unitary bicontraction U = (Up, U;) on K by an operator A € B(H, K),
such that T has no nontrivial invariant subspaces. Assuming that T is
strongly stable, that is, N'(Sp) = H, we get, for 0 £ h € H,

[AR[| = [UG" Ut AR|| = [ATg" 1R[]l = 0 (m,n — oo),

which yields h = 0 (A being injective), a contradiction. Hence T is not
strongly stable, in particular, T" is not in the class Cpyo. =

Note that Corollary and Theorem are direct extensions of [Kl
Corollary 5.9 and Theorem 4.14].

Finally, notice that some of the above facts concerning invariant sub-
spaces for bicontractions are known (even for multicontractions) and ob-
tained by a different method (see e.g. [KO, Theorems 2.2 and 2.3|). Here we
pointed out the role of asymptotic limit operators in the above problems,
which is similar to the case of a single contraction (see [K]).
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