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Region of variability for functions with positive real part

by SAMINATHAN PONNUSAMY and ALLU VASUDEVARAO (Chennai)

Abstract. For v € C such that |y| < /2 and 0 < 8 < 1, let P, g denote the class of
all analytic functions P in the unit disk D with P(0) =1 and
Re(e” P(2)) > Bcosy in D.

For any fixed zo € D and A € D, we shall determine the region of variability V5 (2o, \) for
S;O P(¢) d¢ when P ranges over the class

P() = {P € Py PI(0) = 2(1 — B)Ae ™ cosy}.

As a consequence, we present the region of variability for some subclasses of univalent
functions. We also graphically illustrate the region of variability for several sets of param-
eters.

1. Introduction. We denote by H the class of analytic functions in the
unit disk D = {z € C : |z| < 1}, and think of H as a topological vector space
endowed with the topology of uniform convergence over compact subsets
of D. We consider the subclass of functions ¢ € H with ¢(0) =0 = ¢'(0) —1
such that ¢ maps D univalently onto a domain that is starlike (with respect
to the origin). That is, t¢(z) € ¢(D) for each t € [0,1]. We denote the class
of such functions by S*. Analytically, each ¢ € S§* is characterized by the

condition ,
Re(zd) (Z)) >0, zeD.

¢(2)
Functions in §* are referred to as starlike functions. A function ¢ € H with
#(0) =0 = ¢/(0) — 1 is said to belong to C if and only if ¢(D) is a convex
domain. It is well-known that ¢ € C if and only if z¢’ € S*. Functions in C
are referred to as convex functions.
Let P, g denote the class of functions P € H with P(0) =1 and

Re(e""P(z)) > Bcosy inD
2010 Mathematics Subject Classification: Primary 30C45; Secondary 30C55,30C80.

Key words and phrases: analytic, univalent, starlike and convex functions, Schwarz lemma,
convolution, variability region.

DOI: 10.4064/ap99-3-2 [225] © Instytut Matematyczny PAN, 2010



226 S. Ponnusamy and A. Vasudevarao

for some 8 with # < 1 and v € C with |y| < /2. Let A denote the class of
functions f in H such that f(0) =0 = f’(0) — 1. When P(z) = zf'(2)/f(2)
and 3 = 0, the class P, g becomes

S7(0) = {f € A:Re (wi{;g)) >0 in D}

for some  with |y| < /2. Functions in S7(0) are known to be univalent in D
and S°(0) = S*. Functions in 87(0) are called spirallike functions (see [3]).

2. Preliminary investigation about the class P, 3. Herglotz rep-
resentation for analytic functions with positive real part in D shows that if
P € P, g, then there exists a unique positive unit measure p on (—m, 7] such
that

14 [1 —28e " cosy|ze ™
[ n ] du(t).

P(z) = |

—T

1—ze?

Let By be the class of analytic functions w in D such that |w(z)] < 1in D
and w(0) = 0. Then it is a simple exercise to see that for each P € P, 3
there exists an wp € By such that

eV P(z) — et
eV P(2) — (2Bcosy — =)’
and conversely. Clearly, we have

P'(0) = 2e” 7w (0)(1 — B) cos .

(2.1) wp(z) = z €D,

Suppose that P € P, g. Then, because |wp(0)| < 1, by the classical Schwarz
lemma (see for example [Di, Dul [Po2l [PS|) we may let

P'(0) = 2Xe (1 — ) cosy
for some A € D, with w/>(0) = . Using 1} one can compute

W' (0) - eifyP//(O) 9
(22) P2 T 41— fP)cosy A

Also if we let

WP/ A <,
g(z) =< 1= Jdwp(z)/z
0 for |A| =1,
then we see that
1 W%(0)

1 wp(2)\' P
== PY <1
4(0) = 1—\A12< : >Z_o o2 ot

0 for |A] = 1.
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By the Schwarz lemma, |g(z)| < |z| and |¢’(0)| < 1. Equality holds in both
the cases if and only if g(z) = ¢*z for some a € R. The condition |¢’'(0)| < 1
shows that there exists an a € D such that ¢'(0) = a.

In view of we may represent P”(0) as

(2.3) P"(0) =4(1 - B)[(1 — |A*)a + A%]e™ cosy

for some a € D. Consequently, for A € D = {z € C: |2|] < 1} and 2y € D
fixed, it is natural to introduce (for convenience with the notation P(\)
instead of P, 3(\))

PA) ={P € P, p:P0)=2(1-p8)e " cosv},
20
Va(z0,0) = { | P(Q)d¢: Pe POV},
0
Obviously, each f € P(\) has to satisfy condition (2.3)) for some a € D and
so we do not need to include it in the definition of P(\).
For each fixed zg € D, using extreme function theory, it has been shown
by Grunsky [Du, Theorem 10.6] that the region of variability of

V(zo)—{logf(zzoo):fes}

is precisely a closed disk, where S = {f € A : f is univalent in D}. It is also
well-known that the region of variability

V(20) = {log ¢'(20) : ¢ € C}
is the set {log(1 — 2z)72 :|z| < |z0|}. Several authors have studied region of
variability problems for various subclasses of univalent functions in H; see
[Pal, [Pil, PVL PVVI, PVV2, PVYT, PVY2 Y1, [Y2].

The main aim of this paper is to determine the region of variability of
Vp(z0,A) for {;° P(¢)d¢ when P ranges over the class P()). In Section
we present some basic properties of Vp(zp, A), whereas in Section {4, we in-
vestigate the growth condition for functions in P(\). The precise geometric
description of the set Vp(zp, \) is established in Theorem in Section
Two interesting special cases are presented in Section [6] Finally, in Sec-
tion [7] we graphically represent the region of variability for several sets of
parameters.

3. Basic properties of Vp(zg, ). For a positive integer p, let (§*)P =
{f =18+ fo e S*}. A sufficient condition (see [Y1]) for an analytic function
fin D with f(2) = 2P +--- to bein (§*)P is
f"(z)
f'(2)

This fact will be used in the following result.

(3.1) Re(l—i—z ) >0, zeD.
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PROPOSITION 3.1.

(1) Vp(z0,A) is a compact subset of C.
(2) Vp(z0,A) is a convex subset of C.
(3) For|A|=1 orz =0,

(3.2) Vp(z0,A) = {zo —2(1 = B)e (cos ) (zo + %log(l — )\20)> }
(4) For |A\| <1 and zp € D\ {0}, Vp(20,A) has

- 1
20— 2(1 = B)e"(cos ) <zo + X log(1 — )\zo)>
as an interior point.

Proof. (1) Since P(A) is a compact subset of H, it follows that Vp(zp, A)
is also compact.
(2) If p1,p2 € P(A\) and 0 < ¢ < 1, then the function

Pi(z) = (1 —t)p1(z) + tpa(2)
is evidently in P()). Also, because of the representation of P, we easily see
that the set Vp(zp, \) is convex.
(3) If z9p = 0, (3.2) trivially holds. If |A\| = 1, then from our earlier
observation wp(z) = Az, and so P € P(\) defined by (2.1) takes the form

14+ Az[2(1 = Be 7 cosy — 1]
N 1—M\z ’

P(z2)

or equivalently,

P(2) = 1-2(1— B)e(cos ) (1 - _1AZ>.

Consequently,

Vp (20, \) = {zo —2(1 - B3)e (cosy) <zo + ilog(l - AZO)) }

(4) For |A\| < 1 and a € D, we let

z+ A
3.3 ) z, A) = _—,
(3:3) (%) 1+ Az
and in order to get the extremal function in P()\), we define
— d(az,\)z
3.4 Hoo(2) =14 2(1— B)e™ A i RV
(3.4 AE) = 14201 = f)eoosn TR

Clearly H,2(0) = 1. Since 6(az,A) lies in the unit disk D and ¢(w) =
w/(1 —w) maps |w| < 1 onto Re p(w) > —1/2, we obtain

Re(e"H, \(2)) > Bcosy in D.
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Also, from , we have the normalization condition
ax(0) =2(1 - B)e” X cos .
Thus, H, x € P()\). We observe that
(3.5) wH, ,(2) = 26(az, \).
We claim that the mapping

20
D3 ar | Hoa(Q)d¢
0
is a non-constant analytic function of a for each fixed zp € D\{0} and X € D.
To see this, we introduce

z

3¢ 0
)= 5 51— s dal ) PO
so that
< o( aC )\
h(z) = 1— |)\‘2 8&{ (S) 1-— ;A dC} a=0
A computation gives
_ [ C2 dC
h(z) = 3{ (S) (1 =202 (1 —ad(ag, N)¢)? } a=0

which clearly implies

z C2
he) =3 e

from which it is easy to see that

zh"'(2) 1 2
=2 >1 D.
re S el o > e et e

By , there exists a function hg € S* with h = h3. The univalence
of ho together with the condition ho(0) = 0 implies that h(zp) # 0 for
zo € D\ {0}. Consequently, the mapping D 3 a — {° Hq 1 (¢) d¢ is a non-
constant analytic function of a, and hence it is an open mapping. Thus,
Vp(z0, A) contains the open set

=23+,

20
{ V Hox(Q)dc +fa] <1}
0
In particular,

20

| o (€) 6 = 20— 2(1 = B)e " (cos) (30 +  og(1 ~ X))

0
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is an interior point of

20

{ | Horn(©)d¢ :a e D} C Vplzo,\). m
0

We remark that, since Vp(2p, A) is a compact convex subset of C and has
non-empty interior, the boundary 0Vp(zg, \) is a Jordan curve and Vp(zp, A)
is the union of 9Vp(zp, A) and its inner domain.

4. Growth condition for functions in P())

PROPOSITION 4.1. For P € P(\) with A € D, we have
(4.1) |P(2) —c(z, )| <r(z,\), z€eD,
where
(14 Az(e™™ —2Bcosy)e ) (1 — AZ)
(1= [2P)(1 + |2]* = 2Re(Az))
12]2(Z = ) (A + 2(e™™ — 2B cosy)e™ )
(1= [2)(1+ |2]* —2Re(Az))
2(1 — [A?)(1 — B)|2|* cosy
(1—12]2)(1 +|z]2 —2Re(\z2))
For each z € D\ {0}, equality holds if and only if P = H.is \ for some 6 € R.

c(z,\) =

r(z,A) =

Proof. Let P € P(A). Then there exists wp € By satisfying (2.1). As
observed in Section [2| (|g(2)| < |z|), we have

(4.2) wr@/Z=A L 1 e,
1—Jdwp(z)/z
From this is equivalent to
P(z) — A(z,\)
(4.3) P()+ Bz N < |zl7(z, A,
where
1+e D Az(e™™ — 2B cos7)
A =
(Z7 )\) 1 _ )\Z )
(4.4) B(z,\) = A+ e‘”z(e‘”ﬁ— 23 cos )
) _ y )\ bl
z—A
A) = .
(2 ) 1— Xz
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A simple calculation shows that the inequality (4.3)) is equivalent to

A(z,A) + |27 |7(2, ) B(2, )
1—[2]*|7(z, A)?

(4.5)  |P(2) —

2l (2, DI [A(2,A) + B(z, V)]
- 1= [z[27(z, A)|?

Using (4.4) we can easily see that

1— ‘2‘2 ‘T(Z )\)’2 _ (1 — |Z’2)(1 + ’2‘2 — 2Re()‘z))

[1— Az|? ’
— 2 — COS eii z
A(z,\) + B(z,\) = 2(1 ’)E’1 )_(1)\2)(52)(_ )\)7) i

and

Az, A) + |27 (2, VPB(2, )
_ (1 4+ Xz(e™™ —2Bcosvy)e ) (1 — \2)

|1 — \z|?
N |212(Z = M)A+ z(e™™ — 2B cosy)e™)
|1 — \z|2 '

Thus, by a simple computation, we see that
A(z,A) + |27 (2, M) *B(2, A)
1—[z]27(2, A
2] [7(z, M) [A(z, A) + B(z, )]
1= [zP|7(z,A)]?

Now the inequality . ) follows from these equalities and (| .

It is easy to see that equality occurs in for az € D when P = Hio ,
for some 6 € R. Conversely if equahty occurs in ) for some z € D\ {0}
then equality must hold in . Thus from the Schwarz lemma there exists a
€ R such that wp(z) = z5(ewz, A) for all z € D. This implies P = H_io . =

= c(z,N),

=r(z,A).

The choice of A = 0 gives the following result which may deserve a special
mention.

COROLLARY 4.2. For P € P(0) we have

1+ 1 -28)2| _ 2(1—B)lzf
< )
1—|z[* I e

For each z € D\ {0}, equality holds if and only if P = H,is ( for some 0 € R.

(4.6) P(z) - z €D.
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COROLLARY 4.3. Let v : z(t), 0 < t < 1, be a C-curve in D with

2(0) =0 and z(1) = z9. Then
Vp(z0,\) C{w e C: |lw—C(\,7v)| < RA\7)},

1

1
fe(z(t), N2 (t)dt and  R(\7) = r(z(t), V)] (t)| dt.
0 0

Proof. The proof follows as in [PVV2]. u

For the proof of our next result, we need the following lemma.

LEMMA 4.4. For 8 € R and X € D, the function

Z eiGCQ
G(z) = (S) {14 (Net® — \)¢ — eif(2)2 d, zeb,

has a zero of order three at the origin and no zeros elsewhere in D. Further-
more there exists a starlike univalent function Go in D such that G = %GZQG%

and Go(0) = G((0) —1 =0.
Proof. For a proof, we refer to [PVV2, Lemma 3.4] with 8 = 1 there. u

PROPOSITION 4.5. Let zy € D\ {0}. Then for 6 € (—m, ] we have

20
| Heo A(¢) dC € 0V (=0, A).
0
Furthermore if §° P(¢)d¢ = §” Hio 5(¢) d¢ for some P € P(\) and 0 €
(—m,m], then P = H_is ).
Proof. From we have
1+ 2(1 = B)(cosy)e™™ — 1)6(az, A)z
Ha(z) = 1—d(az,\)z
1+ daz+ Az +az?)(2(1 — B)(cosy)e™™ — 1)
B 1+ (Aa—\)z—az? '

Using we compute
)2 )
Hoa(2) — A2, \) = 2 B)(1 |AL)(COS’Y)€ az 7
’ (1=X2)(1+ (Aa— Nz —az?)
(

_ 201 H) (1~ |AP)(cos)e 2
Hy\(2) + B(z,A) = (z= N1+ Aa— Nz — az?)
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and hence
Az, \) + 22|72, ) |?B(z, A
Hop(2) — (5 0) = Hop(2) — A2 BT VUG A)

1—|zP2r(z, )2

1
= TR )~ AN

421, M) 2 (Han (=) + B, A))}

2(1 — B)(1 — [M?)(cosy)e™az?[1 + (Aa — N)z — az?]
(1—12|2)(1 + |2]2 = 2Re(X\2))(1 + (Aa — \)z — az?)
e az? |1+ (Xa— Nz — az?|?
= (e L |
1212 (14 (Aa — \)z — az?)?
we easily see that
e 22 |1+ (N — \)z — 9222
22 (14 (Ret® — \)z — eif22)2

Now by substituting a = e

Heio 5(2) — c(2,A) = 7(2,A)

For G(z) as in Lemma we get
G'(z)
1G"(2)]
and there exists a starlike univalent function Gy in D such that G =
1eG3 and Go(0) = Gj(0) — 1 = 0. As Gy is starlike, for any 29 € D\ {0}
the linear segment joining 0 and Gg(zp) entirely lies in Gp(D).

Now, we define g by

(4.7) H.io (2) — c(2,A) = r(z, Ne @

(4.8) Yo : 2(t) = Gyt (tGo(20)), 0<t<1.
Since G(z(t)) = 1e¥(Go(2(1)))? = 2" (tGo(20))® = t3G(20), we have
(4.9) G'(2(1)2(t) = 3t*G(z), t€[0,1].
Using and (4.7) we have
20 1
(4.10) | Heo A(C) d¢ = C(X70) = [ {Heio A (2(1)) = e(=(1), )}/ (¢) dt
0 0 4
— e {2 G'(=()Z (1) |
SR e Rl
1
=e ™ ’ggzgi‘ [ r(z(t), M) (1)) dt
0
G(20)
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where C(\,70) and R(A,7o) are defined as in Corollary Thus

20

| Heo \(€) d¢ € OD(C(X, 70), R(X70))-
0
Also, from Corollary we have
20

| Hewo A(¢) dC € Vo(z0,2) € D(C(A,70), R(A,70).
0
Hence, we conclude that §5° Hio y(¢) d¢ € OVp(z0, A).
Finally, we prove the uniqueness of the curve. Suppose that

20 20

| PO)dC = § Hon\(Q) dC
0 0
for some P € P(\) and 6 € (—m, 7]. We introduce
G(20)

h(t) = e Glz0) {P(2(t)) = c(2(t), \)}2'(1),

where vo : 2(t), 0 < ¢t < 1, is given by (4.8). Then h(t) is a continuous
function in [0, 1] and satisfies
()] < r(2(2), VI (B)].
Furthermore, from (4.10) we have
1 1

= C €i G(ZO) z — ClZ Z,
el E (e
=R { K |G(Zo)| { (S) Helg,)\(C) dC C(A/VO)}}

[ r(=(0), M1/ ()] dt.
0

Thus
h(t) =r(z(t),\)]Z'(t)] for all t € [0,1].

From (4.7) and (4.9)), it follows that

| P(Q)d¢ =\ Hao\(¢)dC  on 5.
0 0

In view of the identity theorem for analytic functions, we see that it holds
for all 29 € D, and hence, by the normalization, P = H,is 5 in D. u
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5. Main theorem

THEOREM 5.1. For A € D and zp € D\ {0}, the boundary OVp(zo, \) is
the Jordan curve given by
20
(—m 7] 20— | Hyo 5 (¢)dC
0

= dc.

P14 [2(1 — B)(cosy)e™™ —1]6(e¢, N)¢
§ 1= 6(ei¢, A)C

If §5° P(¢) d¢ = §3° Huio A (C) d¢ for some P € P(X) and 6 € (—m, 7], then
P(z) = H,io \(2), where 0(2, \) is defined by .

Proof. We need to prove that the closed curve
20
(5.1) (=, 7] 20— | Heo 5(¢)d¢
0
is simple. Suppose that

z20 20

| Hyio \(Q)d¢ = | Hyioy 1(¢)dC

0 0
for some 61,05 € (—m, 7| with 0; # 5. Then, from Proposition we have
(5.2) H. o, \ = H_ioy .

From (3.5) and (4.4) we obtain the identity
T(CUHEM'A,/\) eP2(1 =AY+ A=\

z

5.3 = —0 .
(5:3) ef2(A—=A)+1— )2

From (5.2)) and (5.3) we have
21 =)+ A=A ef2z(1-X)+A—A
ez =A)+1—X2  eilaz(A—\)+1—\2
A simplification of (5.4]) gives

eW1z =2z,

(5.4)

which is a contradiction to the choice of 6; and 6. Thus, the curve must be
simple.

Since Vp(zp, A) is a compact convex subset of C and has non-empty inte-
rior, the boundary 0Vp(zg, A) is a simple closed curve. From Proposition
the curve dVp(zp, \) contains the curve . Recall the fact that a simple
closed curve cannot contain any simple closed curve other than itself. Thus,

OVp(zp,A) is given by (5.1f). =



236 S. Ponnusamy and A. Vasudevarao
REMARK 5.2. The integral in can be simplified as follows: Set b =
Im(Ae?/2) € R. Then a computation shows that
14+ e — Nz —e?22 = (1 - 2/2)(1 — 2/2),
where
2 = e 02 (b + M) and 2o = e /2 (ib — M)
From and we have

ez 2
(5.5) Hgio \(2) =1+2(1 - B)e " (cos ) ("2 + )

1+ Netf — \)z — eif22

Since

1L+ (et —\)z — eif 22 21— 22
the equation (5.5) becomes
Hgio \(2) =1—-2(1— B)e~" cosy

2e(1 — B)e ¥ cosy <1 +Xxefz 1+ )\ei922>

(€2 + )z B e (14 X2 1+ Nez
z—2 z2—29 )’

21— 29 Z—2z Z— Z2

By integrating on both sides from 0 to zp, we can easily obtain the following
representation:

20

| Hoo A (Q)d¢ = (1= 2(1 — B)e” " cos )2

0
i0/2,
K(7,8,0,b) | (1+Xe®2(—/1— b2 +ib)) 1o< e0>
20D s\ e
_ . i0/2,
— (14 Xe2(\/1 =02 +ib)) o <1—60>},
where ' 02
e (1 — B)e "% cosy
K(v,3,0,b) = .

For A = 0, Theorem takes the following simple form.
COROLLARY 5.3. For zgp € D\ {0} and A\ = 0 the boundary 0Vp(zp,0) is
the Jordan curve given by
20
(—m,7m] 20— S H_i0 ((¢) dC
0

. . . 1 i0/2
=(1—2(1—B)e M cosy)zg + e (1 — B)e /2 _te %

cos v log | ey,
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If §5° P(¢) d¢ =\ Hyio o(C) d for some P € P(0) and § € (—, 7], then
P(z) = Hgio (2).

6. Some special cases
6.1. The class Rg. In order to discuss a special situation, we consider
P = f"and v = 0 in the class P, g. Thus, P, g reduces to Rg, where
Rs={f € A: Re f'(z) > in D}.
Then Rs C S for 0 < 3 < 1. As with P()), for A € D and zp € D being
fixed, we define
R ={f €Rp: f"(0) =2(1-B)A}, Vr(20,A) = {f(20): f € RN}
We remark that if f € R()), then necessarily
F(0) = 4(1 = D)1 = A*)a+ A7)

for some a € D.
For P = f’, a computation shows that the extremal function H,s ,(z)
for the class R(\) takes the form

20 ( iGC"‘)‘)C
Heo () =0 +21=6) | o (e¢ +N)C

0
It is not difficult to obtain the following result, which is the analog of
Theorem for the class R(A).

COROLLARY 6.1. For A € D and zp € D\ {0}, the boundary OVr(zo, \)
1s the Jordan curve given by

dc.

R (¢ + )¢
-, 0 — H.,io =20+2(1 - 3 ;
(=m @] > Mz0) =20 +2(1 = ) (S) 14+ Xet?¢ — (¢ + )¢

If f(20) = Hegio 5(20) for some f € R(\) and 0 € (—m, 7], then f(z) =
Hei97)\(2).
For 0 <3 <1and A=0, set
R(0) ={f € A: f"(0) =0 and Ref'(z) > 3 in D} C Rg.

In particular, the choices v = 0 and P(z) = f/(z) in Corollary give the
following: if f € R(0) C Rg for some 0 < 3 < 1/2, then by (4.6|), one has
1+ (1 =20)]2l* + 201 = B)[=* _ 1+ (1 —2p)[2

1—|z|* 1=

dc.

1f'(2)] < z €D,

so that
sup (1 — [2[*)[f/(2)] < 2(1 - B).

zeD
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Equality holds for

1-p3 1+ 2

= —1 D.
f(z) =Bz + 5 logT—, z€

6.2. The class F(a,3). For a € C satisfying Rea > 0 and § € R with
B < 1, let F(a, B) denote the class of functions f € A satisfying
1+ (1-20)z
1—2 ’

where < denotes the usual subordination [MM]|. In [Pol] conditions on «
and S for which

(6.1) I'(2) +azf’(z) < z €D,

Fla,p) C S*

have been established (also for certain complex values of «), and in [FR] it
has been shown that F(«, 5) C S* if « > 1/3 and 3 > [y(«), where

1¢1,1/a—-1 14t
—& fptt/et

1 ¢l —1 1+t g4°
1— 2 fgtt/emt iy dt

Bo(ar) =

This is indeed a reformulated version of a theorem from [FR] and the inclu-
sion is sharp in the following sense: for § < [y(a) the functions in F(«, [3)
are not even univalent in D. For an extension of this inclusion result, we

refer to [PR1], [PR2].

Now, we present an alternative representation for functions in F(a, (3).
If f € F(a, ), then (6.1)) is equivalent to

z
1—2’

f(;) « (1 + in(l +(n— 1)@)2«“”_1) <1+2(1-0)
n=2

where * denotes the Hadamard product (or convolution) of two analytic
functions in D represented by power series about the origin. By a well-known
convolution theorem (cf. [RS]) this gives

£() DR
e <5+(1—ﬂ)[1+a;(n—kl)(n%—l/aﬂ

and a computation shows that

[ 2 [log(l—2) ll/a z
o ﬂ+(1—ﬁ)_1—1_a< . +1+§)t l—tzdt>]

~< if  #1,

z - 1
B+ (1-5) 1+22§tl0g_(1tét)dt}
- 0

;

ifa=1.

\
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The definition of subordination gives the following representation of func-
tions in F(a, B):

_21=p) ! og(l —w(z wzlﬂ
? 1 -« {1+w(z)1g(1 () + ()(S)l—tw(z)dt}
f(z) = X if o #1,
z+2(1—ﬂ)zw(z)§mdt if =1,
0

for z € D, and for some w € By.
If f € F(a, B), then according to the Herglotz representation there exists
a unique positive unit measure p on (—m, 7| such that

™

F(2) +azf'(z) = |

—T

1+ (1—28)ze
1— ze

dp(t),

or equivalently

f(z) 1 > 2" § C14(1—28)ze™
Tz [H 2 (n+1)(n—|—1/a)} ) =z dnlt):

«
n=1

A simplification of the last equality gives the following representation of
functions in the class F(«, 3):

( 17 i
z a1y (1 H (1 —28)sze”
11—« (S)_Sw(l 8 )( 1— sze dult) ds
1w —it
z+2(1—- ﬁ)zx S (log i) (%) du(t)ds
\ o fa=1.

To state our special case in precise form, for convenience we let v = 0,

and define
P(z) = f'(2) +azf"(2), fe€F(a,p),
so that
P'(0)=(14+a)f"(0) and P"(0) = (1+2a)f"(0).

In view of these observations, the analogs of the sets P(\) and Vp(zp, \) will
be

600 = { e Fla)s 110 =217 20,

Vo(20,A) = {(1 = @) f(20) + azof'(20) : f € GN)},
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where 0 < # < 1. We observe that for functions f in G(A),
"(0) = 4((1 - | )17
£70) = A1~ NP)a+ N) 5o

for some a € D.
With P(z) = f'(z) + azf”(z), the corresponding extremal function
Fi0 5(2) for G(\) can be computed to be

'§ 1+ (1 -28)8(ag, A)¢
0 1- 5(&(, )‘)C

where 0(z, \) is defined by (3.3). In this setting, Proposition (for v =0)
takes the following form:

(1 = ) Foo 5 (2) + azFyp 5 (2) = dg,

PROPOSITION 6.2. For f € G(\) and A € D, we have
If'(2) + azf"(z) —c(z,\)| < 7(2,\), 2zeD,

where
ez ) = LI =200 22) + 2PE - N+ (1—2P)2)
’ (1= 2121 + |22 — 2Re(A2)) )
r(z\) = — 20 = A= APl

(1= [2)(1+ |2]> — 2Re(Az))
For each z € D\ {0}, equality holds if and only if f = Fuo , for some 6 € R.
Using Theorem [5.1] we get the following result.

COROLLARY 6.3. For A€ D, zp € D\ {0} and a € C with Rea > 0, the
boundary OVg(zo, A) is the Jordan curve given by

(—=m, 7] 20— (1 —a)Fu (20) + ozzoFcfw y(20) = (28 — 1)z

_ —i6/2 £10/2
+(1ﬂ)6[1+)\e’9/2 —V/1 - b2 +1ib)) 10g<1—|— =0 >

Vi-w? V1—b2—ib
i6/2
_ N2 /1 — b2 + i __°¢ =
(IT+Xe"2(\/1=0 —|—Zb))log<1 m—i-ib)]?
where b = Tm(Xe®/2). If (1 — a)f(20) + azof'(20) = (1 — a)Fy(20) +
azoF, y(z0) for some f € G(A) and 0 € (—m, 7, then f(z) = Fio 5(2).

The proof of this corollary follows by taking v = 0 in Remark [5.2] and so
we omit the details.

In the case of A = 0 in Corollary[6.3] the corresponding extremal function
F, (%) can be obtained easily by solving
1+ (1 —20)d(az,0)z

1—9(az,0)z

n0(2) +azFyo(2) =
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This may be rewritten as

Faol2) [1+§:(n+1)(1+na)zn} =28-1+2(1-5)

z 1—az?

n=0
or equivalently as

n

Fa,z(Z) _ [Hg:lz(l ~ B)a"z?] + [1+§ (n+1)z(1+na> '

A simple calculation gives

1
(1 _ ﬂ)azl} t1/2 _ t1/2a )
dt if 1
at l—a | 1 —taz? ifazl,

Fa70<z) = 1

(1 - B)az? S t1/2log(1/t)

5 [ fu? dt ifa=1.
— taz

z+

0

7. Geometric view of Theorem Using Mathematica (see [R]),
we describe the boundary of the sets Vp (2, A) and Vg(z0, A). In the program
below, “z0” stands for zp, “lam” for A, “g” for v and “b” for 3.

(* Geometric view of the main Theorem 5.1 and Corollary 6.3 *)
Remove["Global ‘*"];

z0 = Random[]Exp[I*Random[Real, {-Pi, Pi}]]

lam = Random[]Exp[I*Random[Real, {-Pi, Pi}]]

g = Random[Real, {-Pi/2, Pi/2}]
b = Random[Real, {0, 1}]

Print ["z0=", z0]
Print["lam=", lam]
Print["g=", gl
Print["b=", b]

Qifb_, g_, lam_,the_] := ((1 +Conjugate[lam]Exp[I*thel*z) +
(lam*z +Exp[I*thel*z"2) (Exp[-I*g]l - 2bx*Cos[g]l)Exp[-I*gl)/
((1 + ( Conjugate[lam]*Exp[I*the] - lam)*z )-Exp[I*the]*z*z);

Q2[b_, lam_,the_] := ((1 +Conjugate[lam]Exp[I*thel*z) +
(1 - 2b) (lam*z +Exp[I*the]l*z"2))/
((1 + ( Conjugate[lam]*Exp[I*the] - lam)*z )-Exp[I*the]*z*z);

myf1[b_, g_, lam_, the_, z0_] :=
NIntegrate[Ql[b, g, lam, thel, {z, 0, z0}];

myf2[b_, lam_, the_, z0_] := NIntegrate[Q2[b, lam, thel,
{z, 0, z0}];
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imagel = ParametricPlot[{Re[myfi[b, g, 1lam, the, z0]],
Im[myf1i[b, g, lam, the, z0]1}, {the, -Pi, Pi},AspectRatio ->
Automatic,TextStyle -> {FontFamily -> "Times",FontSize ->14},
AxesStyle -> {Thickness[0.0035]} 1;

image2 = ParametricPlot[{Re[myf2[b, lam, the, z0]],
Im[myf2[b, lam, the, z0]]},{the, -Pi, Pi}, AspectRatio ->
Automatic,TextStyle -> {FontFamily -> "Times",FontSize ->14},
AxesStyle -> {Thickness[0.0035]} 1;

Clear[b, g, lam, z0, myfl, myf2];

The following figures show the boundary of Vp(zp, A) and Vg(z0, A) for
certain values of zp € D\ {0}, A € D, 0 < 3 < 1 and |y| < 7/2. Table 1 gives
the list of these parameter values corresponding to Figs. 1-5. We recall that
according to Proposition the region bounded by the curve OVp(zp, A) is
compact and convex.

Table 1
Fig. 20 A 164 7
1 0.335192 — 0.787333: 0.0737292 4 0.466706:¢ 0.591244  0.383292
2 —0.261209 + 0.926935:¢ —0.28588 + 0.307498: 0.700318 —0.87825
3 —0.41227 — 0.5217345  —0.0875648 + 0.0714166¢  0.602203  0.910581
4 0.771264 + 0.151204¢ —0.391149 — 0.2947473 0.928608  1.55854
5 0.335626 + 0.929093: 0.00010443 + 0.0255256i  0.76622 1.5449

-0.7

-0.8
-0.8

-09
-09

6V73(Zo, )\) 8V§ (207 )‘)
Fig. 1. zp = 0.335192 — 0.787333¢ and § = 0.591244
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-035 -03 -025 -02

an (Z()7 )\) an (Zo, A)
Fig. 2. zo = —0.261209 4 0.926935¢ and 3 = 0.700

-0.475
-0
0.38 )

-0.525 -0475 -045 -0425 -04 -0.375/-0.35

—-0.625

-0.65
8V7D(Zo, A) 8Vg (Zo, )\)
Fig. 3. zo = —0.41227 — 0.521734% and 8 = 0.602203

0.155
0.15
0.145
0.14
0.135

0.7711 0.7712 0.7713 0.7 076 0765 077 07757 0.78

0.125

8‘/73 (Zo7 )\) 8Vg (ZQ, )\)
Fig. 4. zo = 0.771264 + 0.151204% and § = 0.928608
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16

14

0335 0345 035

(9V7J(Z0, )\) (9Vg (Zo, )\)
Fig. 5. zo = 0.335626 + 0.929093¢ and 8 = 0.76622
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