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The Lojasiewicz exponent of c-holomorphic mappings

by MAcIEJ P. DENKOWSKI (Krakéw and Bordeaux)

Abstract. The aim of this paper is to study the f.ojasiewicz exponent of c-holo-
morphic mappings. After introducing an order of flatness for c-holomorphic mappings
we give an estimate of the .ojasiewicz exponent in the case of isolated zero, which is a
generalization of the one given by Ploski and earlier by Chadzynski for two variables.

1. Introduction. Since most of our considerations are of local nature
we may place ourselves since the beginning in C™. Let A C {2 be an analytic
subset of an open set 2 C C™. We assume that A is a closed set in (2.

(1.1) DeFINITION ([E2], [Wh]). A mapping f: A — C" is called c-ho-
lomorphic if it is continuous and the restriction of f to the subset Reg A
of regular points of A is holomorphic. We denote by O.(A,C") the ring of
c-holomorphic mappings, and by O.(A) the ring of c-holomorphic functions.

This is a way of generalizing the notion of holomorphicity to sets having
singularities. The following theorem motivates this generalization:

(1.2) THEOREM ([Wh, 4.5Q]). A mapping f: A — C" is c-holomorphic
iff it is continuous and its graph I'y = {(z, f(z)) | = € A} is an analytic
subset of (2 x C".

It is worth noting that by a recent result of N. Shcherbina [Sh| the pluripo-
larity of the graph is sufficient (unlike for instance sub- or semianalyticity:
f(x) := |z| for x € C has semianalytic graph which is not complex analytic).
By (1.2) the zero set of a c-holomorphic function is analytic.

We suppose hereafter that the reader is acquainted with basic proper-
ties of c-holomorphic mappings (see [Wh]; c-holomorphic stands in fact for
continuous weak holomorphic). We will write briefly “nbhd” for “neighbour-
hood”.

Note that a mapping is c-holomorphic iff all its components are c-holo-
morphic. If A is analytic and f € O.(A), then it is also easy to see that
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dimg A = dim(q s(q)) [y for a € A. Each regular point a € A gives a regular
point (a, f(a)) on the graph. Above a singular point a € Sng A one has either
a singular point of the graph, or a regular point b := (a, f(a)) for which the
tangent space 1,1’y contains {0} x C (in that case see Theorem (1.3) below).
Finally, it is clear that a c-holomorphic mapping has an irreducible graph iff
its domain is an irreducible set, which is also valid for germs. Many of the
theorems concerning holomorphic functions have a straightforward analogue
for c-holomorphic functions, at least as long as they do not involve differential
structure.

We also assume that the reader is acquainted with the intersection theory
as presented in [T2] and [Dr].

We finish this section by giving a characterization of holomorphic germs
on an analytic germ. It may be known, but for the convenience of the reader
we provide a proof. We denote by T2 X the Zariski tangent space of an
analytic germ X, at a point a € C™ (see [Wh]).

(1.3) THEOREM. Let f € O.(Aqy, C") be a c-holomorphic germ on the
analytic germ A, at a € C™. Then f is holomorphic (i.e. has a holomorphic

extension to a nbhd of a in C™) iff T(Zaa;(a))Ff N ({0} x C™) = {0}.

Before proving this theorem we record the following lemma (we assume
submanifolds to be analytic):

(1.4) LEMMA. Let I' C C™ x C" be a k-dimensional submanifold with
kE < m and such that T,I' N ({0} x C") = {0}. Then there exists an m-
dimensional submanifold I such that fa D Iy (as germs at a), Taf' > T, I
and still T,I' N ({0} x C*) = {0}.

One proves this lemma by taking a biholomorphism straightening I" in a
nbhd U > a and rewriting the condition on the tangent space.

Proof of Theorem (1.3). For simplicity assume that a = f(a) = 0. For the
“if” part take F' O f, a holomorphic extension of f to a nbhd of zero in C™.
Taking a submersion describing I'r it is easy to see that TZ2* ;N ({0} xC™) C
Tol'r N ({0} X Cn) = {0}

To prove the “only if” part observe first that the assumption leads to
m > dim TZ* T's. There exists a submanifold I" such that Iy D (I'f)o and
ToI’ = T/ I'y. By Lemma (1.4) we find an m-dimensional submanifold r
whose germ at zero contains the germ Iy and whose tangent space at zero
meets {0} x C™ only at zero. By the implicit function theorem I is then the
germ of the graph of a holomorphic function over C'™. u

NoTE. Example (2.4) in the following section shows that one cannot
replace in this theorem the Zariski tangent space by the tangent cone of the
graph.
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2. The Lojasiewicz exponent of c-holomorphic maps. The notion
of regular separation of closed sets can be found in [E.1], [T1]. We recall that
any two analytic sets X and Y are separated at points ¢ € X NY with
some exponent o > 0 (depending on the point; we say that X and Y are
a-separated at a), i.e. in a nbhd U > a we have

dist(z, X) + dist(z,Y) > edist(z, X N Y)“
for some ¢ > 0. We introduce the Fojasiewicz exponent for analytic sets:
L(X,Y;a):=inf{a > 0| X and Y are a-separated at a}

where a € X NY and X,Y are analytic subsets of the open set 2 C C™.
From the inequality dist(z, X)+dist(z,Y) < 2dist(z, X NY) it follows easily
that £(X,Y;a) > 1if X or Y has empty interior. In the case of an isolated
intersection one can find an elegant characterization of this exponent in [T1]
(for the general case see [Cg|, [CgT]).

We use regular separation to prove the following simple theorem which
is basic for our further considerations (we are working in the case m > 1).

(2.1) THEOREM. Let f € O.(A,C") with A C §2 and 2 C C™ open. For
each a € f~1(0) the mapping f satisfies condition (s) at the point a, i.e.
there exist a nbhd U of a and constants ¢, > 0 such that

(%) |f(z)| > edist(z, f1(0)Y, zcUNA,
where the distance comes from any of the usual norms on C™.

Condition (x) is clearly a condition on germs. If U is small enough to have
dist(z, f~1(0)) < 1, then (%) holds for any exponent o > a. It is therefore
natural to study the best exponent, i.e. the fojasiewicz exponent:

L(f;a):=1inf{a > 0| f satisfies condition (s) at a with exponent a}.

If A, = ngl AU) is the decomposition of the germ A, into irreducible
components, then L(f;a) < max;_, L(f|0);a), where f| ;) denotes the
restriction of f to AU). If a is isolated in the fibre f£71(0) or, more generally,
if the germ (f~%(0)), is contained in N; AU) | then equality holds.

However, the inequality may also be strict: take for instance in C? the
sets A1) := {32 = 23} x C, A® := {y = 0} and the c-holomorphic function
f(z,y, 2) defined to be y/z on AN\ {z =y = 0}, and 0 on the whole of A?).
Then L£(f;0) =1/3, L(f|41);0) = 1/2 and obviously L(f|4;0) = 0.

Note that the L.ojasiewicz exponent is a biholomorphic invariant exactly
as in the holomorphic case, i.e. for any biholomorphisms ¢ and 1 the map-
pings f and 1 o f o  have the same exponent at a and ¢ ~!(a) respectively
(this permits the notion to be applied on manifolds as well). It does not
depend on the norm chosen and one checks that it is intrinsic.

Due to the generalized mean value theorem we obtain:
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(2.2) THEOREM. Let A be an analytic set of pure dimension k in an open
set 2 C C™ and let F: 2 — C™ be holomorphic. Let a € A. If F(a) =0
and F does not vanish identically on the germ Ag, then L(F|z;a) > 1.

(2.3) REMARK. As already noticed, a c-holomorphic mapping which is
not holomorphic can have an exponent smaller than 1: Indeed, let A :=
{(z,y) € C? | y*> = 23} and consider the c-holomorphic function f(z,y) :=
y/x for (z,y) € A, © # 0, and f(0) := 0. An easy computation leads to
L(f;0)=1/2.

One may wonder whether the fact that the Yojasiewicz exponent is
smaller than 1 characterizes “purely” c-holomorphic functions (i.e. non-holo-
morphic ones). One may hope that at least for an irreducible curve germ I
at a there should be the equivalence: f € O.(I') \ O(I') and f~1(0) = {a}
iff £(f;a) < 1. However, the following example shows that this is not true:

(2.4) ExaMPLE. Consider the analytic curve A :={(z,y) € C? | y3 =1}
and the c-holomorphic function f(z,y) := y?/z for (z,y) € A, x # 0, and
f(0) := 0. Then (t) = (¢3,¢*) is a Puiseux parametrization of A at zero
and ¥ (t) = (t3,¢*,¢°) a Puiseux parametrization of I'; at zero. It is easy
to see that in this case 774y = C3 (while the tangent cone Co(I) is
Cx{(0,0)}) and so by Theorem (1.3), f is not holomorphic at zero. However,
L(f;0) =5/3 (one may compute this directly as in the previous example or
apply Theorem (3.2) proved later on).

We could also ask if for an analytic curve I, irreducible at zero and
having a singularity at zero, one could have for f € O.(I") non-constant, the
equivalence £(f;0) < 1iff 0 € Reg Iy and {0} x C C TplY;.

As a matter of fact it suffices to modify slightly the previous example to
see that this does not hold either. Take A = {y* = 2°} c C? and f(z,y) =
(y/z)3, f(0) = 0. Then ((t) = (t*,1°,43) is a Puiseux parametrization of
the graph and so I'y has a singularity at zero, but it is also easy to see that
L(f;0) = 3/4 (and here also f is not holomorphic).

Nonetheless the converse implication does hold—see end of Section 3.

It may be useful to give a characterization of those c-holomorphic map-
pings whose exponent is smaller than 1. This exponent is closely related to
the separation exponent of the graph and the domain.

(2.5) THEOREM. Suppose that f € O.(A,C") does not vanish identically
on A, and let a € f~1(0). Then

E(fa a) < E(Ffa A x {0}7 (aa 0)) < maX{L‘C(f; CL)},
which means that the following assertions are then equivalent:

(i) L(f;a) <1;
(i) £(Iy, A x {0};(a,0)) = 1.
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If moreover a is isolated in the fibre f~1(0), then the above two conditions
are equivalent to the third one (cf. [T1]) concerning the tangent cones:

(i) Cia,0)(I7) N Cla0)(A x {0}) = {(0,0)}.

Proof. The equivalence (ii)<>(iii) can be found in [T1, 3.4]. We will show

(a) L(f;a) < £(Ty, 4 % {0};a),

(b) £(T}, A x {0};0) < max{L £(f;a)}
Let « > L(I'f, Ax{0};a) and I > L(f;a) be good exponents. As in the proof
of Theorem (2.1) the regular separation of the graph and A x {0} leads to
|f(z)| > const - dist(z, f71(0))%, 2 € U N A. Hence we obtain (a).

On the other hand, we have (%) in a nbhd of a. If that nbhd is small
enough to have |f(z)| < 1, we get

dist((z, f(2)), f(0) x {0}) = dist(x, f(0)) + |f(2)| < % @)Y+ f )],

that is,
max{1,l}

(it s@). 1O < 0)) < Ifa),

which in view of Lemma 1.2 from [CgT] (cf. [L1, part 18]) gives (b). =

NOTE. As a consequence of (2.2) and (2.3) one has the equality £(f;a) =
L(Is, (2 x {0});(a,0)) for f € O(£2,C") non-constant in an open set (2,
f(a) = 0. Note however that in the c-holomorphic case it is not sufficient
to compute the Lojasiewicz separation exponent for the graph and A if we
want to have complete information about L(f;a).

Using the main theorem of [P1] one can easily obtain the rationality
and an upper bound for the Lojasiewicz exponent of a c-holomorphic map-
ping with isolated zeroes. We denote by mg(g) the (geometric) multi-
plicity at zero of a holomorphic map germ g: (C™,0) — (C",0). When
n = m it is defined to be the covering number (multiplicity) yio(7|r,) of the
branched covering 7|r, (see [Ch] or [L2]) where 7(x,y) = y and 0 is the
unique point in its fibre. If n > m, we define mg(g) as the improper inter-
section index (I - (C™ x {0});0) (cf. [ATW]). One checks that mo(g) =
i(Iy - (C™ x {0});0) also in the proper intersection case. This definition
also makes sense when applied to c-holomorphic mappings having an iso-
lated zero. It is still a biholomorphic invariant (cf. [ATW]). In what follows,
deg, X stands for the classical degree of the analytic set X at a point a € X
(see [Ch]).

(2.6) THEOREM. Let A be an analytic set of pure dimension k > 1 in an
open set D C C™. Let f € O.(A,C") be such that f~1(0) = {0}. Then
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(i) the greatest lower bound in the definition of L(f;0) is attained and
it is of the form p/q with 0 < p < mo(f), p,q € N;
(i) £(f;0) < molf) — degy Iy + 1.

Proof. First we consider the case n = k, applying directly the main result
of [P1]. We recall a piece of notation from that work:

@(Z,m):=sup{¢ eR | ZN(U xV) C{(x,y) €U x V| |y| < c|z|?}
for some nbhd U x V of zero and a constant ¢ > 0},

where Z is an analytic subset of pure dimension k£ in a nbhd of zero in
CF x €% and such that 0 is isolated in the fibre 77(0) N Z for the natural
projection 7(z,y) = z, (z,y) € Ck x C™~F,

Consider now the natural projection 7: D x CF — C*. Observe that I
is of pure dimension k. We shall see that £(f;0) =1/qo(If, ).

Note first that Iy N (D x {0}) = {(0,0)} implies that 7 is proper when
restricted to I’y in a nbhd of 0 € C™. We thus have a branched covering
and one easily checks that its multiplicity is ¢(1y - (D x {0});0). The main
theorem of [P1] then yields

(i) the supremum in go(If, ) is attained and is of the form b/a with
a,b natural, a < i(I'y - (D x {0});0),
1

ii r > :

0) aollym) 2 i(I'p - (D x {0});0) — degy I'r + 1

Let now g > 0 be one of the numbers which are taken into account when
computing ¢o(I'y,7), and V' x U the nbhd and ¢ > 0 the constant attached
to it. We may assume that V' and U are such that f(V) C U. We have
I'rn(VxU) Cc{(x,y) € VxU||z| <c|y|?}. That means that

1
2T < (@), weVNA

which leads to £(f;0) < 1/qo(If, ).
On the other hand, let o be an exponent for f, i.e. |f(x)| > ¢|z|* for
T € VﬂA where ¢ > 0 is a constant and V a nbhd of 0 € D. We get

Iy @ x 8 c (o) € 7 x O laf < Lyl .

Hence qo(Iy, ) > 1/£(f30).

We now reduce the case n > k to the previous one by the most natural
method (see [S]). Projecting I'y on C", the idea is that for the generic linear
mapping & € L(C", C*) of rank k we easily obtain £(f;0) < L(Pof;0). Then
for any ¥ € L(C",C"*) such that (&, %) is an isomorphism it follows that
L((®,¥)o f;0) = L(f;0). An appropriate choice of ¥ gives L((®,¥)o f;0) =
L(®o f;0), which ends the proof since @ o f satisfies the assumptions of the
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first part of our considerations. One checks that i(Igor - (D x {0});0) =
i(I'y - (D x {0});0) as in [S]. It remains to show that degy I'sos = degy ;.

Let Lg: C™ x C" 3 (z,y) — (z,P(y)) € C™ x Ck; then I'por = La(Iy).
Consider a linear surjection ©: C™ x C*¥ — CF such that for the generic
z € C* (small enough) we have degy I'pof = #(I'pof N O71(2)).

Take then = := © o Ly and note that Ker = = L' (Ker ©). So (since it
is obvious that f(x,) — 0 iff z, — 0)

Ker =N Co(I'y) ={(z,y) e C" xC" | I(A >z, — 0),{\} CC:

(Avxlﬁ )\l/f(ml/)) - (1‘, y) and @(.’L’,@(y)) = 0}
But then for any (x,y) € Co(Ly) we have \,@(f(x,)) = (A f(xn)) —
?(y), whence (z,9(y)) € Co(Ipof). Since O(x,P(y)) = 0, it follows that
(x,9(y)) = (0,0). So y € Ker . However, y belongs at the same time to the
tangent cone at zero of the image of f and because of the choice of @ this
yields y = 0.

That means that = realizes the degree degy I's, i.e. #(I'f N Z71(2)) =
degy I'y for the generic z € C* (small enough). Since Ly = idem x®, it is
clear that L' (z, ®(f(x)))NIy = {(x, f(x))} consists of a single point and so
to(Le|ry) = 1. Hence po(Z|r;) = p10(O|Ly(ry)), ie. degy I'y = degy Ipof. m

NoOTE. One always has deg, I’y < degy A for any f € O.(A,C") with
f(0) = 0 (for convenience). It is easy to check that if f is a restriction of a
holomorphic mapping, then equality holds (nonetheless it may hold as well
for purely c-holomorphic mappings, cf. Example (2.4)).

We will improve the bound in Section 5. Note that there is a direct way
of computing the t.ojasiewicz exponent in the case of an isolated zero and
n = k (we work under the assumptions of the previous theorem). The number
p = i(Iy - (D x C*);0) is the multiplicity of f at zero. We now follow the
idea from [P3] adapting it to our case.

For any c-holomorphic germ h: (A,0) — (C,0) we may define the char-
acteristic polynomial of h relative to f by setting, for y € CF not critical
for f (i.e. f~1(y) = {x',..., 2"} consists of u distinct points),

Pu(y.t):= [[ -h@)=t"+a@t "+ +a.y)
zef~(y)
where a;(y) = (1) Zl§i1<m<i]§“ h(z®)---h(z%) are symmetric polyno-
mials, a;(0) = 0. It is then clear that there is a small enough nbhd U of
0 € C* such that a; € O(U \ (0 U f(Sng A))) N C(U), where o is the critical
set for f (note that f being proper in a nbhd of zero, the image under f of
Sng A in this nbhd is a nowhere dense analytic set in U; remember the graph

of f over some singular points of A may be regular). Thus P, € O(U)]t]. It
is clear that P, *(0) is equal to F'(V) where F' = (f,h) and V is a sufficiently
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small nbhd of zero in A. Therefore the inequality |h(x)| < const-|f(x)|? in a
nbhd of zero is equivalent to the following inclusion of germs at 0 € (C’; x Cy:

(%) P, 1(0) c {(y,t) € CF x C | [t| < const - |y|?}.
Recall now the following crucial lemma of Ploski (see [P1], [P3]):

(2.7) LEMMA. If P(y,t) = t'+a1(y)t" '+ +au(y) € Ok[t] is a distin-
guished polynomial, then go(P) := min;_, ordo(a;)/j is the largest number
q € R such that (x) holds. Moreover qo(P) > 1/(u — ordg P + 1).

If we denote by O(f,h) the least upper bound of all ¢ > 0 for which
|h(z)| < const - |f(x)|? in a nbhd of zero in A, then it is attained and equal
to the number given by Lemma (2.7). Thus it is a rational number. It is easy
to see that L£(f;0) = 1/min]", O(f,z;), where z;: A — C are coordinate
functions in C™ restricted to A.

Observe finally that if Cv € G1(CF) (the first grassmannian, i.e. the
collection of all complex lines through 0 in C¥), then S, := f~1(Cv) is a
curve germ at zero. The lines Cv such that Cvn (o U f(Sng A) U, in aj_l(O))
is void or isolated at zero form an open dense subset in G1(CF) (here ina;
denotes the initial form of a;). For such a line, F(S,) is equal to {(y,t) |
Pp(y,t) = 0, vy; = vjy;, ¢ < j} and so it is clear that the polynomial
for h|g, relative to fl|g, is exactly Pp|cyxc. Thus the Lojasiewicz exponent
L(f;0) is attained on the generic curve S, (generally not irreducible). Since
L(f|r;0) < L(f;0) for any curve germ I" at zero, it now follows that

L(f;0) = max{L(f|r;0) | I'" an irreducible curve germ, 0 € I' C A}.

3. One-dimensional case. If A is an irreducible analytic curve in an
open set 2 C C™ with 0 € Sng A and f € O.(A) with f~1(0) = {0}, then
we are able to give an explicit formula for £(f;0), which is well known in
the holomorphic case. Our proof is similar to the usual one. We shall make
use of the Puiseux parametrization of A.

First recall the following easy lemma (see [Ch, 1.1.5]):

(3.1) LEMMA. If f #0 is a holomorphic function in a nbhd of 0 € C™,
f(0) =0, and if ordy f is the order of f at zero, then

ordg f = max{n > 0] 3ec > 0: |f(x)| < c|z|" for = in a nbhd of 0}.
The explicit formula for £(f;0) in this case is as follows:

(3.2) THEOREM. Let A be a one-dimensional locally irreducible analytic
subset of an open set 2 C C™ such that 0 € A. Let f € O.(A,C™) be such
that f=1(0) = {0}. Let v(t) = (t%,o(t)) be a Puiseuz parametrization of A
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in a nbhd of zero (here d = degy A and ordg ¢ := min Lordy @; > d). Then

]

ordo(foy) _ molf )
£(£:0) = degy A degy A’

Proof. Since limy_q |y(t)|/[t|? > 0, the separation condition (%) with the
best exponent Iy := L£(f;0) becomes equivalently | f(y(t))| > const-|¢|%0 for ¢
in a nbhd of zero. By Lemma (3.1), | f;(7(2))| < (max?_; ¢, ) [¢|™ni=1 ordo(feov)
for ¢ in a nbhd of zero. We may assume that |- | is the maximum norm in C".
So we obtain 0 < const < |t[°*do(f*n)=dlo when t — 0, which is possible only
when [y > ordg(f o7)/d.

Consider the holomorphic function g := f oy and put r := ordgg > 1. If
n =1 expand g(t) =) -, at” and fix 0 < e < 1. For [t| small enough we
have

[e.e]

S
Ay

v=1

<e

and so

>1-— l—e=:¢c>0.

o
e
Qay -

r+v
‘1+Z — >

Hence |g(t)| > |ar| - |t|" - ¢ for ¢ in a nbhd of zero.
Now if n > 1, by the previous argument for ¢ in a nbhd of zero we obtain

£, (v ()] > ¢t lion) for all j.
We then have, for ¢ in a nbhd of zero,

n . )
|g(t)| > (Ig?Cj)|t’mlnj:1 Ord()g]’

which is the desired inequality. =

In the course of the proof we have shown that for a non-constant holo-
morphic germ g: (C,0) — (C",0) one has the inequalities

cr[t09 < g (t)] < eaft] 09

near zero, for some ¢y, co > 0. In fact for c-holomorphic mappings we have a
result analogous to Lemma (3.1):

(3.3) PROPOSITION. Under the assumptions of Theorem (3.2) one has

’f(SC)| < const - ’x|0rdo(f0'y)/deg0A

for x in a nbhd of zero in A, and ordy(f oy)/degy A is the mazimal exponent
with this property.

Proof. On the one hand, |f(7(t))| < const - [t|°"4(/°7) while on the other
hand |7(t)| > const - [t|°"47 for ¢ in a nbhd of zero. It remains to write down
the inequalities starting from |y(¢)|%, where a = ordg(f o 7y)/ordg 7.
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If there were an exponent a > ordy(f o~)/ordg~y such that |f(z)| <
const - |z|%, then by Theorem (3.2) we would obtain

0 < const < |m|a70rd0(fo'y)/ord0'y

for x arbitrarily close to zero, hence o — ordg(f oy)/ordgy < 0, which is a
contradiction. =

(3.4) REMARK. Combining Theorem (3.2) with Theorem (2.2) we obtain
a way of checking whether a given c-holomorphic mapping is holomorphic.
Namely, if A is an irreducible analytic set of dimension k& > 1 with 0 € Sng A
and f € Oq(A, C"), then: if there exists an irreducible one-dimensional germ
I' C A through zero such that f=1(0) N I" = {0} and £(f|r;0) < 1, then
f is “purely” c-holomorphic at zero, i.e. it has no holomorphic extension to
any nbhd of zero.

We end this section with an addendum to Example (2.4). Consider f €
O.(I")\ O(I'), where I' is a one-dimensional irreducible analytic germ sin-
gular at zero and f(0) = 0 with 0 regular on the graph. Then £(f;0) < 1.
Indeed, in this case Tl = ({0} x C) (cf. introduction), and so there exist
sequences A 3 x, — 0, {\,} C C such that A\,z, — 0and A\, f(z,) — v # 0.
Now we apply Proposition (3.3) to get, for some constant ¢ > 0 and v large
enough,

vl ()| S clAu| x| = clAvzy| |Tu|” 7,
Ao f(@)] < clhl x| = e Ay | |2, [0

where lp = L£(f;0). Thus lp < 1. Example (2.4) shows that the converse
implication does not hold.

4. The order of flatness of a c-holomorphic function. In the next
section we prove a generalization of the estimate of the Y.ojasiewicz exponent
for holomorphic mappings given in [P2|, [P3] (by [S] this result still holds
when the target space is of dimension n > m).

In our case there is the problem of defining the order of vanishing for
a c-holomorphic function since we have no differential structure to rely on.
In our definition we will make use of an inequality analogous to the one
appearing in Lemma (3.1).

We assume that the analytic germ A C C¥ x C"~* under considera-
tion (with x = (z,w)) is pure k-dimensional and such that the projection
7(z,w) = z is proper on it and 7~1(0) N Cy(A) = {0}. Then 7 is a branched
covering on A with covering number d := degy A and a critical set o.

Now, whenever & ¢ o, we may define for a non-constant c-holomorphic
germ f: (A,0) — (C,0) the polynomial

Pat)= [ - @)

'en—1(r(z))NA
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Since f is holomorphic on Reg A and continuous, we obtain a distinguished
Weierstrass polynomial of degree d with holomorphic coefficients, P(x,t) =
t4 4+ ay ()t + - - + aq(x), such that P(x, f(z)) = 0 for z € A. Note that
P does not depend on w. With this notation we obtain

(4.1) ProposITION. If f: (A,0) — (C,0) is a non-constant c-holo-
morphic germ on a pure k-dimensional analytic germ at 0 € C™, then
the least upper bound of the exponents n > 0 for which there exists a con-
stant ¢ > 0 such that |f(z)| < c|z|" in a nbhd of zero is equal to qo(P) =
min?:1 ordg(aj)/j. It is thus attained and is a positive rational number, in-
dependent of the projection T chosen (satisfying 7=1(0) N Co(A) = {0}).

Proof. We shall apply [P1]. Since f(x) is a root of the polynomial P(x,-),
we have |f(z)| < QmaX?:1|aj(x)|1/j and since a; are holomorphic, for
each j we have |aj(z)| < ¢j|lz|%% near zero (for some constant c;, cf.
Lemma (3.1), because a;(0) = 0). Hence there exists a constant ¢ > 0 such
that |f(z)| < ¢|z|®°®) in a nbhd of zero.

Observe now that the projection p = 7 x id¢ is proper on I’y near zero
and so I" := p(I'y) is analytic of pure dimension k. The projection ((z,t) = z,
(2,t) € CFxC, is proper on I' in a nbhd of zero. We may then apply the main
result of [P1] to get the inclusion of germs I" C {(z,t) | |t| < ¢|z|?} for some
constants ¢,q > 0. This yields |f(z,w)| < ¢|z|? and assuming for instance
that |(z,w)| = |z| + |w]|, we obtain |f(z,w)| < ¢|(z,w)|? for (z,w) € Ain a
nbhd of zero. Thus the least upper bound of exponents good for f cannot be
smaller than go(I, ¢) (we adopt the notation from the proof of Theorem (2.6),
cf. [P1]).

On the other hand, if, for some ¢,n > 0, |f(x)| < ¢|z|" in a nbhd of zero,
then obviously |f(z,w)|"/" < ¢'/7(|z|4|w|). But since 71 (0)NCy(A) = {0},
we have qo(A,7) > 1 (cf. [P1]) and so |w| < ¢/|z] for (z,w) € A in a nbhd
of zero and for a constant ¢ > 0. Thus |f(z,w)| < ¢(1 + )"|z|" for z in a
nbhd of zero and w such that (z,w) € A, which means that ¢o(I,¢) > 7.
Hence the least upper bound sought is actually equal to ¢o(I, () and since
q0(I',¢) = qo(P) by Lemma (2.7) (cf. [P1], [P3]) we obtain the final result. m

We are now able to state the following definition:

(4.2) DEFINITION. Let f: (A,0) — (C,0) be a non-constant c-holo-
morphic germ on a pure dimensional analytic germ A at zero. We define
the order of flatness of f at zero to be

ordg f :=max{n > 0| |f(z)| < const - |z|" in a nbhd of 0}.
We put by definition ordg 0 := +oo.

It is clear that if A is an open subset of C™ we get the usual order of
vanishing of a holomorphic function at a point. If 49 = UJj_, AW is the
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decomposition of the germ Ag into irreducible components, then ordg f =
min; ordo(f] 40)-

One easily checks that ordg f is a biholomorphic invariant. It is obvious
that it does not depend on the norm chosen and it is also clear that it is
intrinsic. If f is a mapping, Definition (4.2) also makes sense since it is easy
to check that then ordg f = min?:1 ordy fj.

For a non-constant c-holomorphic map germ g: (X,0) — (A,0) one ob-
viously has the inequality ordy(f o g) > ordg f - ordg g and it is also easy to
see that for another non-constant c-holomorphic germ h: (4,0) — (C,0),

ordo(f + h) > min{ordy f,ordg h} and ordg(fh) > ordg f + ordg h

(the last inequality may be strict: take e.g. A = {2® = y?}U{2? = 33} in C?
and f(z,y) = z, g(x,y) = y). Moreover, ordg f¢ = g - ordg f for an integer
q > 0.

In the previous section (cf. (3.2) and (3.3)) we showed that for a curve
I irreducible at zero and f € O.(I,C") with 0 isolated in f~1(0),

mo(f) =ordg f-degyI" and L(f;0) = ordg f.

Taking the function f from Example (2.3) one sees that the order of a c-
holomorphic function may be smaller than 1.

Note also that ordg f may not be an integer even when f is the re-
striction of a holomorphic function (e.g. ordg(ylf,2—ssy) = 3/2) though
obviously in this case ordg f > 1. In general, by (4.1) we only know that
(degy A)! - ordp f €N.

Finally, by Lemma (2.7) we also have

1
do f >
ordo f 2 degy A —ordg P+ 1’

where P is the polynomial from Proposition (4.1). The latter yields:

(4.3) COROLLARY. Under the assumptions of Proposition (4.1) and with
its notation, ordg f > 1 iff Co(I'y) N ({0} x C) = {0}.

Proof. Observe that ordg f > 1 iff ordga; > j for all j = 1,...,d. It is
easily seen that the latter is equivalent to ordg P = d.

We also have Co(P~1(0)) = in P71(0) and the condition ordga; > j
for all j is equivalent to Co(I") N ({0} x C) = {0} (where I' = P~1(0) N
{w = 0} is exactly the image of I'y under the projection p from the proof of
Proposition (4.1)). This in turn is equivalent to Co(I'f) N ({0} x C) = {0}. =

In the holomorphic setting we may compute the order of vanishing using
restriction to a generic complex line. We have a similar possibility in the
c-holomorphic case:

(4.4) PROPOSITION. Under the assumptions of the previous proposition
there exists an open dense set U in G1(CF) such that ordy f = ordy f|g,,
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where Sy := 7= Y(1) for 1 € U. Then if S; = Uj=1 SU) is the decomposition
of the germ Sy into irreducible components (r = r(l) < d = degy A) and ~;
denotes the Puiseux parametrization of the jth component, we have

. ordo(f 0 ;)

ordp f = min

T
R rdo and d= Z ordg ;.

j=1

Proof. This follows directly from the formula for ordg f and the fact
that ordpa; is attained on the generic line. More precisely, if [ € G1(CF)
is such that dim[l N (o U U?:l in aj_l(()))] < 0, where o is the critical set
of the branched covering 7|4, then S; is a pure one-dimensional set with
covering number d over [. What is more, the polynomial used to compute
ordg f|s, is P|;xc. Therefore ordg f = min;l:1 ordo(ajl;)/j = ordo(fls,) and
so the result follows by decomposing S; into irreducible germs and applying
Theorem (3.2). =

This proposition is most interesting when Sj is irreducible or if the num-
ber of irreducible components of 5; is exactly degy A.

(4.5) COROLLARY. Under the assumptions of the previous proposition
and with its notation,

(i) if for some l € U the curve germ S; is irreducible, then ordy f =
ordo(f oy)/degy A, where 7y is the Puiseux parametrization of Si;

(ii) if for some | € U the curve germ S; has degy A irreducible compo-
nents, then ordg f is a positive integer.

Since for any curve germ I" C A irreducible at zero one has ordg(f|r) >
ordg f, it is clear that by the previous results

ordg f = min{ordy(f|r) | " an irreducible curve germ, 0 € I" C A}.
We also have the following counterpart of a known lemma (cf. [Ch]):

(4.6) PROPOSITION. Let f: (A,0) — (C*,0) be a c-holomorphic germ
with f~1(0) = {0} on a pure k-dimensional analytic germ A. Then

k
mo(f) > degoAHOTdo -
j=1

Proof. We will adapt to our case the proof from [P2] inspired by P. Two-
rzewski. We assume without loss of generality that A C C”" = CF x (C;”*”c is
such that 7=(0) N Cy(A) = {0} for 7(x,y) = x. Then the covering number
of the branched covering 7|4 is d := deg, A. Let ¢; denote the denominator
of ordp f; and for simplicity write F} := quj. Then my(F) = mo(f) Hj q;
and ordg Fj = g; ordy f;.
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Consider the set
G:={(z,w) € AxC"| Pj(z,wj) =0, j =1,...,k},

where Pj(z,t) = to%Ff — Fy(2) € O (A)[t] and so G is analytic. It is
obvious that the natural projection ((z,w) = z is proper on G and so is
(m o ()| in a nbhd of zero. It is clearly an s-sheeted analytic covering with
s = d]];ordg Fj (and so G has pure dimension k, cf. [Ch, p. 47]).

Take now v € CF such that (0,v) € Co(G) and let \,,z,,w, be the
sequences for computing (0,v). Since A\,w, ; — v; and since in view of the
inequality |Fj(z,)| < ¢j]2,|*9% i for some constant ¢; > 0 and v >> 1, one
has |\, w,, j| < const- |\, z,[, it follows that v; = 0. We have thus shown that
(70 ¢)71(0) N Cy(G) = {0}, which means that

degy G = po((moQ)|g) = dHordo F;.
J
On the other hand, one easily sees that the projection o(z,w) = w
is proper on G in a nbhd of zero and has covering number mg(F’). Thus
mo(F) > de ordg Fj, which yields the desired inequality. m

NOTE. One checks exactly as in [S] that this result is also valid when the
target space is of dimension n > k. In this case the estimate is exactly the
same (i.e. the product still consists of k factors) if f; are ordered in such a
way that ordg f1 < --- < ordg fa.

One can also easily prove (using (2.5) and (3.2)) the following
(4.7) PROPOSITION. Let f € O.(A,C") be such that f~1(0) = {0}. Then

1
T, 0y x C0) = £U30)

Thus Co(I'y) N ({0} x C™) = {0} implies L(f;0) > 1. Moreover, if Ag is an

irreducible curve germ, then

min{1,ordg f} < Z

1
(I'y, {0} x C;0)°
We finish this section with an estimate of the Lojasiewicz exponent in the
general case. Consider f € O.(A,C") non-constant and such that f(0) = 0.

Then by Theorem (2.1), f satisfies condition (s) at zero. We suppose here-
after that dimg A > 1.

L(f;0) <1 implies L(f;0)= 7

(4.8) LEMMA. If f is as above and I' C A is any analytic curve irre-
ducible at zero such that Co(I)NCo(f~1(0)) = {0}, then L(f;0) > L(f|r;0).
Thus also L(f;0) > ordy f.

Proof. We may suppose that A is of constant dimension. Note first that
curves satisfying the assumptions always exist. On the one hand, condition
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(s) on I' yields |f(y(t))] > e1dist(y(¢), f1(0)) for ¢ in a nbhd of zero,
where v is a Puiseux parametrization of I" at zero. On the other hand, by
[T1, 3.4], I" and f~!(0) are 1-separated at zero since I' is transversal to
the zero set of f. Thus we obtain |f(vy(t))| > const - |y(¢)|*, whence the
first asserted inequality follows. The second inequality follows from (3.2)

and (3.3). =

By this lemma, the beautiful result of Cygan (|Cg]) and Theorem (2.5)
we have the following straightforward relationship between L£(f;0) and the
degree deg(I'y @ (A x {0})) of the improper intersection cycle Iy e (A x {0})
in the sense of Tworzewski (see [T2] for the definition and properties).

(4.9) THEOREM. If f € O.(A,C") is non-constant and such that f(0) =0,
then ordg f < L(f;0) < degy(I'r @ (A x {0})).

5. A better estimate of the Yojasiewicz exponent. Now we are
ready to prove an addendum to Theorem (2.6). To do this we generalize a
lemma and a proposition due to Ploski (cf. [P2]). In the following, 0 ¢ N
(by definition). Recall that for a pure k-dimensional locally analytic set X
with proper projection 7 onto C* and such that 771(0)NX = {0} we define,
for any h € O,,, the characteristic polynomial P}, relative to m|x by setting
Pp(z,t) = [Ler-1()nx (t = h(2)) if © € 0, 0 being the critical set for 7, and
then extending the coefficients through o by Riemann’s theorem. We have
the following

(5.1) LEmMA ([P2, (2.2)]). In the above setting, for any linear form L €
L(C™,C) one has ordy Pr, > degy X.

We then obtain the following counterpart of [P2, (2.3)]:

(5.2) PROPOSITION. Let f: (A,0) — (C*,0) be a c-holomorphic germ
on a pure k-dimensional germ A C C™ at zero such that f~1(0) = {0},
and let g: (A,0) — (C,0) be a non-constant c-holomorphic function germ.
Let q and q; be any positive integers such that gordgg,q;ordg f; € N. Fi-
nally, let P € Oklt] be the characteristic polynomial of G := g relative to
F = (f",..., [;*) (i.e. relative to 7|r,, where 7 is the natural projection
onto C*). Then, if w € CF,

q1 ordg f1 qr ordo fr 4qord
ordg Pg(w] yee Wy , 110t 9) N N

> deg AordogHordo fi- qu]‘-
j=1 J=1

Proof. Let I' be the graph of (F,G). It is a pure k-dimensional analytic
germ at zero with proper projection g: C™ x C*¥ x C 3 (z,w,t) — w € CF. It
is clear that for any w which is not critical for g|r or for F, one has exactly
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mo(f)[1; a4 = mo(F) points in the fibre o '(w)N . It is thus the covering

number po(o|r)-
Take L(z,w,t) =t and let P, € O[t] be its characteristic polynomial
relative to g|p. One easily sees that P, = Pg. If now

Fi={(z,w,t) € AXC*XC | g(2)4 = 4909, f;(2)8 =¥ 0T j =1k},

then it is easy to see that uo(o|5) = mo(F)gordgg. On the other hand, if
¢ is a projection in C™ realizing degy A (i.e. (~1(0) N Co(A) = {0}) and if
p(z,w,t) = z, then one checks exactly as in the proof of Proposition (4.6)
that (¢ o p)~(0) N Co(I") = {0} and so

k
degy I" = po((C o p)|5) = degy A gordop g H g; ordg f;.
j=1
Finally, consider the characteristic polynomial Py of L relative to 0|7 Once
again it is easy to observe that Pp(w,t) = Pr(w{ ordo fl, cuw ordo fi
t1°rd09) Hence we obtain
ordg Pg(wf* ordo fl, cuw ordo fi , 1907909y — ord, P> deg, r

by Lemma (5.1), which is the required inequality. m

i

Similarly to [P2] we obtain

(5.3) COROLLARY. If f: (A,0) — (C*,0) is a c-holomorphic germ on a
pure k-dimensional analytic germ A such that f~1(0) = {0}, then for any
c-holomorphic germ g: (A,0) — (C,0) there are k functions h; € Oc(A)
such that in a nbhd of zero g7 ™14 = Z?Zl hjf;]j and

k
gjordg f; + ordg h; > degy A qordoqui ordg f; for j=1,...,k,

i=1
where q,q; € N are such that gordy g, gjordg f; € N.
Proof. Set F := (f{",...,f*) and G := g% The characteristic poly-

nomial Pg € Oklt] is unitary of degree mo(f)][;q; = mo(F) and distin-
guished. Therefore applying Hadamard’s lemma to its coefficients a; we have
a;j(w) = Zle wiaé(w), and so one may write Pg as

Pg(w,t) = ™) 4w Hy(w,t) + - - + wyp Hy (w, £),

where Hj(w,t) = ﬁol(F) af(w)tmo(p)_l € Ot] € C{y,t}. Without loss of
generality we may assume that the supports of the series of w;H;(w,t) are
pairwise disjoint, and so if we write

v(h) := ordg h(w}* ordo fl, o uw ordo f’“,tqordog) for h € O,

we have v(wjHj(w,t)) > v(Pg(w,t)) for j =1,..., k. Now we require only
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LEMMA. If h: (X,0) — (C},0) and P: (C},0) — (C,0) are non-con-
stant c-holomorphic germs, where X C CI' is an analytic germ at zero,
then

ordg P(h(x)) - I?ELIX’I“J' > ordg P(y;* ordo hl, RN T ordo h"),

where 1; are any positive integers such that rjordgh; € N.

Proof of the lemma. Let 6 := ordy P(y;* ordohs - yrmordo hn) - Thep
there is a polydisc V' of radius R < 1 such that

|P(yprordotn L yrmerdohn )| < const - [y, y e V.

We take a nbhd U of 0 € C"™ such that h(UNX) C V and for each x € UNX
we choose y so that y;j ordohy _ hj(z) for j =1,...,n. Then we obtain

1 1
|P(h(x))| < const - max{|hi(z)|1ord0F1 ... |hy(z)|mordomn }0 e UNX,

Shrinking U if necessary, we may assume that |z| < 1 and |h;(z)| < const -
|z[°*0 ks for all j and z € U N X. So |P(h(z))| < const - |z|0/™2% 75 for
x € UN X and so the lemma is proved.

We finish the proof of the corollary by observing that by the Lemma
together with Proposition (5.2) we have (since v(hih2) = v(h1) + v(h2))

k
g;jordg fj + ordo(H;(F,G)) > degy A qordg gH g; ordg f;

i=1
and since Pg(F,G) =0, it suffices to take h; := —H;(F,G). =

(5.4) LEMMA. Let A be an analytic set of pure dimension k > 1 in
an open set 2 C C™ and suppose that TOZarA = C™ (i.e. A is minimally
embedded in C™ at zero). Then coordinates x; of C™ can be chosen in such
a way that ordg(xjla) =1 forj=1,...,m.

Proof. For the generic choice of coordinates the set A has proper projec-
tion at zero on any k-dimensional coordinate plane and each such projection
realizes degy A. We will show that ordg(z1]|4) = 1.

Consider the projection 7 on the first k coordinates and take a line [ € U,
where U is the set from Proposition (4.4). The line can be chosen so that
IN{x1 =0} = {0}. Then, in the notation of Proposition (4.4), S; is transver-
sal to {z1 = 0}. Therefore for any irreducible component I" C S; and its
Puiseux parametrization - one has ordg(x; o) = ordg 1 - ordg 7y and so by
Proposition (4.4) we obtain ordg(zi|a) = 1. =

All this leads to the following estimate of the Lojasiewicz exponent:
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(5.5) THEOREM. Let A be an analytic set of pure dimension k > 1 in an
open set 2 C C™ and let f € O.(A,CF) be such that f~1(0) = {0}. Then

k
k _ k
max ordy f; < L(f;0) <[D(f) (mo(f) —degy A [ ordo fj) +maxord fj,
j=1
where D(f) = min{q € N | gordg f; € N, j = 1,...,k} is the smallest
common denominator of the orders. Note that D(f) < (degy A)!.

Proof. We start with the proof of the leftmost inequality. Let max; ordy f;
= ordg fr. Since ﬂj fj_l(O) is a proper intersection, one can check that
{fi =+ = fr_1 =0} is a pure one-dimensional germ near zero. Let  be a
Puiseux parametrization of any of its components. Then by Theorem (3.2)
(and since fi oy # 0) we have

ordo( fx O’Y).

L(f;0) > L(fo;0) = ordy

On the other hand, ordy(f; o y)/ordgy > ordg fx, which completes the proof.

We now proceed to proving the second inequality. Similarly to the holo-
morphic case it is a more or less direct consequence of (5.3). We may assume
that A is minimally embedded in C™ at zero and coordinates are chosen by
means of Lemma (5.4).

Let d :== D(f).For j € {1,...,k} let G be the jth coordinate function z;
in C™ restricted to A. Set also F:= (f{,..., f!) and observe that £L(F;0) =
dL(f30). Then we have the identity G7°") = 328 | h; jF; with h;; € Oc(A)
such that

k
k k
ordg h; j > degy A ordg G - d Hordo fi— dmalxordo fi
1=
i=1
However, ordg(z;|4) = 1 and so in a nbhd of zero in A we have
|1‘j|dkm0(f) < const - ’:L,|deg0A dk H;C:l ordg f,-—drnaxi.“:1 ordg f’|F(:L‘)|,
which yields the desired inequality. =

(5.6) REMARK. If A is an irreducible analytic curve, we get exactly the
statement of Theorem (3.2) since in this case mo(f) = ordo(f o~y) (v be-
ing injective). Furthermore, if A is an open set in C¥, we have exactly the
statement of [P2].

Moreover, applying the methods of [S| one verifies that the result is still
valid if the target space is of dimension n > k. Under the assumption that
ordg f1 < --- < ordg f, it reads exactly as stated in the theorem (i.e. we take
into account only the first k& orders).
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