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Eventually positive solutions for nonlinear impulsive
differential equations with delays

by SHAO YUAN HUANG and Sul SUN CHENG (Taiwan)

Abstract. Several recent oscillation criteria are obtained for nonlinear delay impul-
sive differential equations by relating them to linear delay impulsive differential equations
or inequalities, and then comparison and oscillation criteria for the latter are applied.
However, not all nonlinear delay impulsive differential equations can be directly related
to linear delay impulsive differential equations or inequalities. Moreover, standard oscil-
lation criteria for linear equations cannot be applied directly since continuous coefficient
functions and initial functions are required. Therefore we establish oscillation criteria for
linear or nonlinear impulsive equations with piecewise continuous coefficients and initial
functions. Our technique is based on transforming our problem into a fixed point prob-
lem in Banach spaces, and then establishing comparison theorems. Our results extend,
improve and correct some well known results in the literature.

1. Introduction. Impulsive differential equations are mathematical ap-
paratus for simulation of different dynamical processes and phenomena ob-
served in nature (see e.g. [10]). For this reason, many impulsive differen-
tial equations are studied and their qualitative properties are investigated.
Among different qualitative theories relating to these equations, oscillation
theory belongs to the more developed ones (see e.g. [1]-[12], [I5]-[17]). One
reason is that some oscillation criteria can be obtained for nonlinear delay
impulsive differential equations by relating them to linear delay impulsive
differential equations or inequalities (see e.g. [2], [3], [5], [6], [12], [15]), and
then comparison and oscillation criteria for the latter can be applied to
obtain numerous oscillation criteria.

Oscillation criteria for linear equations such as those in [§] cannot be
applied directly since continuous coefficient functions and initial functions
are required. Indeed, such requirements seem to be neglected in some recent
results (see e.g. [5]). In the last section, we will discuss this in more detail.
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For the above reasons, it is important to establish oscillation criteria for
linear or nonlinear impulsive equations with piecewise continuous coefficients
and initial functions. We will see that after such criteria are established,
existence of eventually positive solutions of several impulsive equations can
be established with ease and a number of well known results in the literature
can be generalized (such as Lemmas 1, 2 and 4 in [5], the main Theorem
n [I7], Theorem 1 in [4], Theorem 1 in [I1], etc.).

To this end, we first recall some usual notation. R and N denote the
sets of real numbers and positive integers respectively. RT and R~ denote
the intervals (0,+o00) and (—o0,0) respectively. We set N, = {1,...,n}.
Assuming I; and I are any two intervals in R, we define PC(I1, I3) to be
the set of all functions ¢ : I1 — I which are piecewise left continuous in I3
with discontinuities of the first kind, and we define

ol r = sup{|p(z)| : x € I'}

where ¢ € PC(I1,I3) and I’ is a closed subinterval of I.
We let

T ={t1,ts,...}

be a set of real numbers with 0 = ¢ty < t1 < to < -+ - and limy_, ot = 00.
Also, D~ y(t) will denote the left derivative of the function y at ¢.

We investigate the following nonlinear delay differential systems with
impulsive effects:

(1.1) D™x(t) + Y ai(t) filw(gi()) =0, ¢ €[0,00)\7,
i=1

L2 alth) —alt) = Liat), keN,

and

13) D)+ Y mOE() <0, te[0.00)\ T,
=1

(1.4) o(th) — a(ty) = Ju(x(t)), keEN,

under the following conditions:

(A1) for each i € N,, f; and F; are continuous functions on R;

(A2) for each i € N,, g; is continuous on [0,00) with g;(t) < ¢ for
t € [0,00) and lim;_ g;(t) = 00;

(A3) 0=ty <t; <t <---are fixed numbers with limg_,, tx = o0;

(A4) for each k € N, I, and Jj, are continuous functions on R such that
1:(0) = J(0) = 0, p* 4+ pJg(p) > 0 and p® + puly (i) > 0 for pu # 0;

(A5) for each i € Ny, ¢;,p; € PC([0,00),R).
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For convenience, we assume throughout this paper that d € R U {oo}, and
for any o >ty = 0, we set
(1.5) Te = min g(fj gi(t).

DEFINITION 1.1. For any d > o > tg and ¢ € PC([r,,0],R), a function
x € PC([rs,d),R) is said to be a solution of system (1.1)—(1.2]) on [o,d)
satisfying the initial condition

z(t) =o¢(t), te€]ry, o],
if the following conditions are satisfied:

(i) « is absolutely continuous on each interval (tx,tx+1] N [0, d) where
ke NU{0};
(i) D=2 € PC((0,d),R) and x satisfies in (o,d);
(iii) for any tj € (o,d), is satisfied.

We note that if x is a solution of system 7, then the abso-
lute continuity of x implies that x is differentiable almost everywhere on
(tg, tg+1] N o, d) for each k € NU{0}. Furthermore, if there is an open inter-
val I C (tk,tx+1] N [o,d) for some k € NU {0} such that D~z is continuous
on I, then z is differentiable on I. Hence, in such an interval, D™z in
can be replaced by 2.

We note that the definition of solutions of f is similar to Defi-
nition 1.1 and hence will not be repeated.

DEFINITION 1.2. We say that a function y = y(t) defined for all suffi-
ciently large t is eventually positive (or negative) if there exists a number T
such that y(t) > 0 (respectively y(t) < 0) for every ¢t > T.

Given an arbitrary function ¢ defined on R, we will need to impose some
or all of the following conditions:

(B1) pep(p) > 0 for p # 0;
¢ is differentiable on R\ {0};
¥

(11)/pn = (p2)/po if pipe > 0 and [p| < |pal;
there exist 0 < 61,02 < oo such that |¢'(u)u| < M|e(p)| on
(—01,62) \ {0} for some M > 0, and ¢ is continuously differen-
tiable on R\ (=601, 62).

(B2)
(B3)
(B4)

REMARK. There are many functions that satisfy (B1), (B2), (B3)
or (B4). For instance, the functions f(u) = u, f(r) = sgn(p)+/|p], and
2
f(p) =149 n+2

—log(l—p) if p<0,



46 S. Y. Huang and S. S. Cheng

satisfy (B1)—(B4). The function
1
o p(r—p) i 0<p<nw/2,
f(p)=q 1.5 —sin(u)  if p>7/2
o
p?+1
satisfies (B1), (B2) and (B4). Note that a function defined on R which is
concave on RT and convex on R~ satisfies (B3), and a continuously differ-
entiable function defined on R satisfies (B4).

Let {b;}ren be a real sequence with b, > —1 for k € N. For t > s > 0,
we define a function

1+0 if [s,t)NT # (),
B(s,t){ I[I +b) if[s,)nT #

if u <0,

(16) s<tp<t
1 if [s,t)NY = 0.
Let 0 > 0. We set
hi(t) = min{o, g;(t)} and H;(t) = max{o,g;(t)}.

It is obvious that h;(t) < o < H,(t), and B(o,t) is a positive step function
on [o,00). Let ¢ € PC([rs,0],R) with ¢(c) # 0, f; continuous on R and
gi € PC([0,00),R). For 6 € PC([o,d),R), we define an operator

. P(0, 0, fi,0)(t) ' o(s)as

S R X b vy ,

o<t<d,
where .
(1.8) B(0, 6, 1,0)(t) = f;(Bo, Hi())d(hy(t))ela" " 5 ds).
Then Ty () € PC([o,d),R) for any 6 € PC([o,d),R).

2. Main theorems. We begin by establishing equivalent and/or suf-
ficient conditions for the existence of positive (or negative) solutions of
-2

THEOREM 2.1. Letd >0 >0, ¢ € PC([rs,0],R) with ¢(c) # 0, and Ty
be defined by (1.7). Assume that (A1)—(A5) hold and f; satisfy (B1), (B2)
and (B4) for i € N,,. The following statements are equivalent:

(a) There exists « € PC([o,d),R) such that Ty(a)(t) = a(t) on (o, d).

(b) There exist 3,y € PC([o,d),R) such that 3(t) < v(t) on [o,d), and

for 6 € PC([o,d),R) with B(t) < d(t) < ~(t) on (0,d), we have
(2.1) B(t) < Ty(6)(t) < (t) o (0.d).

Proof. Assume (a) holds. We may take §(t) = v(t) = a(t) on [o,d). It is

obvious that (b) holds because Ty(c)(t) = «(t) on (o,d).
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Next, assume that (b) holds. Take d9 € PC([o,d),R) and G(t) < do(t)
< 4(t) on (o,d). Set

Te(0r—1)(t) ifo<t<d,
Or(t) = k € N.
{0 ={ 55 o) i1 ‘
We note that by induction, for any k € N,
n , Vol (ot
ok(o) = — Zqi(UJ“)fZ(B(U’ o)$(hi(07))) exists.

2. B(o,07)(0)

So §;. is well-defined for all £ € N. In view of the definition of §;, and ,
by induction, we see that 6 € PC([o,d),R) and S(t) < di(t) < ~(t) for
o <t <dandall k€ N. We will prove that the sequence {d;} converges
uniformly on any compact subinterval [0, A] of [0, d). Let

M" = max{||Bll(,ap; VMo, 41 }-
We note that for any k € N,
Bla™) < 0k(0) = Ty(dr-1)(0") < (0™).
Thus
(2.2) ”(SkH[a,A} < M'  for k € N.
By , we see that there exists M7 > 0 such that
Blo, Hi())p(hi(t))els ¥4 < apy o <t < A,

for all k € N and ¢ € N,,. We note that B(o,t) has a positive lower bound
in [a, A]. We apply the Mean-Value Theorem to the function e# and the

bi-variate functions f;(u)/v, ¢ € N,,. Then there exists M > 0 such that for
each k € N,

[0k41() = 0k ()| = [T (0k)(2) — T (Ok—1)(2)]

also converges uniformly. Let
(2.3) o(t) = Jim Sp(t), o<t<A.

Then 3(t) < 6(t) < 7(t) on (o, A]. By the definition of T}, the points of
discontinuity of dy for each k € N only depend on the points of discontinuity
of the two functions B(o,t) and ¢(t). So the points of discontinuity of ¢ are
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the same as those of 0y for each k € N. It is clear that § € PC([o, A],R).
By uniform convergence,

3(t) = lim §i(t) = lim Ty(30)(t) = Tp(0)(t), o <t<A.

Since A is an arbitrary point in [0, d), it follows that a(t) defined by (2.3
satisfies a(t) = Ty(r)(t) on (o,d). Thus (a) holds. =

In the next result, we alter the conditions that must be satisfied by f;.

THEOREM 2.2. Letd > o >0, ¢ € PC([rs,0],R) with ¢(o) # 0, and T,
be defined by (L.7). Assume that (A1)—~(A5) hold, that ¢ has constant sign
on [ry,0], ¢i(t) > 0 fort > 0, and that f; satisfies (B1) and (B3) for each
i € N,,. Then statements (a) and (b) of Theorem[2.1] are equivalent.

Proof. Assume (a) holds. Similar to the proof of Theorem we may
take G(t) = v(t) = a(t) on [o,d). It is then obvious that (b) holds. Con-
versely, assume (b) holds. Let 0 < A < d and

24 ={6€ PC([o, A],R) : 5(t) < (t) <~(t) on (o, Al}.

We shall use the Knaster-Tarski fixed point theorem to prove that Ty has
a fixed point in 24 for any ¢ < A < d. Clearly, 24 endowed with the
supremum norm and the usual linear structure is a Banach space. If §; and d
belong to {24, let us say that §; < d9 if and only if d;(¢) < d2(t) on (o, A].
Clearly, with this ordering, {24 is a partially ordered set. Furthermore, § €
{24 is the infimum of 24, and every nonempty subset of {24 has a supremum
that belongs to 24. By , we see that G(t) < Ty(9)(t) < y(t) on (o, Al
and Ty(d) € PC([o,A],R) for any § € §24. Thus Ty(£24) C £24. Given
51,52 c QA with (51 < (52, we have

(2.4) e_ﬁfz‘“) 01(s)ds > e_StHi(” 2(s)ds o & <t <A.
For each i € N,,, we claim that

(2.5) ?(0, ¢, fi,51)(t)e—gg 51(s)ds < P00, f¢,52)(t)€—ggal(s)ds’

B(a,t)¢(0) ~ B(o,t)¢(0)
o <t<A.
To see this, fix ¢ € N,,. Assume that ¢ € [0, A] and ¢(h;(t)) = 0. In view of
fi(0) = 0, we have
45(07 b, fz'a 51)(t) = 45(01 b, fia 52)(t) =0
for 0 <t < A, so (2.5) holds. Assume now ¢ € [0, A] and ¢(h;(t)) # 0. Since

(B(o, Hi(1))o(hi(t)))

(1) (51 (s)+82(s)) ds

e’ >0

and

B(o, Hy(t))|o(hi(t)|es" 25 > B(o, Hy(t))|(hs(t))]ele " (s
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for 0 <t < A, by (B3) we see that

45(0-7 b, [i, 61)(t) e Sfi(t) S1(s)ds 45(0-7 b, fi, 62)(t) — Sfi(t) d2(s)ds
¢(hi(t)) - o(hi(t))
for 0 <t < A. It follows from that holds again.
By (2.5), we see that Ty(61)(t) < Ty(d2)(t) on [0, A] because g(t) > 0
for ¢ > 0. Thus Ty is increasing. By the Knaster—Tarski fixed point theorem,
there exists § € £24 such that T(d) = 6. Let

A" =sup{A € (0,d) : T4(5) = 6 for some 6 € £24}.

We claim that A* = d. Indeed, if not, there exists 6 € 24 such that
Ty(6) = 60 for any A € (A*,d), a contradiction. Therefore, there exists
a € PC([o,d),R) such that a(t) = Ty(«)(t) on (o,d), and so (a) holds. =

THEOREM 2.3. Letd > o0 >0, ¢ € PC([rs,0],R) with ¢(0) # 0, and T
be defined by (1.7)). Assume that (A1)—(A5) hold and Ij(pn) = bgp for p € R
and k € N where each by is a constant.

(a) Assume that o € PC([o,d),R) satisfies Ty(a)(t) = a(t) on (o,d).
Then the function x defined by

(2.6) 2(t) = { o(t) if ro<t<o,

B(o, t)qS(J)eSfr als)ds f 5 <t <d,

s a solution of system f satisfying the initial condition
z(t) = ¢(t) on [ry,ol.

(b) Assume that x is a solution of (LI)~(1.2)) on [o,d) satisfying the
initial condition x(t) = ¢(t) on [re, 0], and z(t) # 0 on [o,d). Then
there exists o € PC([o,d),R) such that Ty(a)(t) = a(t) on (o,d).

Proof. First of all, we note that D™ B(o,t) = 0 in [o,d). We first ver-
ify (a). Let x be defined by (2.6). By definition, y(t) = ¢(t) if r, < t < 0.
Assume 7,¢ € (0,d) N (tg, tg+1] for some k € NU {0} and ¢ < n. We have

B(o,n) = B(o,<) = B(0, tk+1).
By the Mean-Value Theorem,
|2(n) — 2(5)| = B(0, tra1) (o) (elo 21 45 — el () ds)
< B(o, tkH)Qg(U)AkeAk(tmrtk)(7] —)

where Ag = ||a|(0,a)n[t) 5. SO @ is absolutely continuous on each interval
(tkytrt1]) N [0, d) where k € NU{0}. Since

D x(t) = a(t)z(t), o<t<d,
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we see that D~z € PC((0,d),R). Now, we assert that

(2.7) B(0,0, fi,a) (1) = fi(Blo, Hi(t))(hi(t))ele 2O %) = fi(a(gi(t)))
for 0 <t < d and i € N,,. Indeed, first, for each i € N,,, if g;(t) > o, then
B(o, Hy(t)d(hi(t))el=" " @4 = B(a, g;(t))p(e)el” *) % = a(g;(1));
and if g;(t) < o, then
B(o, Hi(t))d(hi(t))ele " *9) 4 = B(o, 0)p(gi(t)) el *) % = 2 (gi(1)).

By the definition of ®(o, ¢, f;, a)(t), (2.7) holds.
In view of Ty(a)(t) = a(t) in (o,d) and (2.7)), we see that

@(07 ¢, fi, Oé) (t) e §* a(s) ds)
B(o,t)¢(0)

n

D a(t) = a(t)alt) =) (- i)

i=1
= a®)filz(gt), o<t<d
i=1

For any o <t < d,
a(ty) = oty) = d(ty) = x(ty)  if o =ty,
2(t;) = Bo, t;)p(0)el* “9 8 = B(o, 1) (0)eld @ = p(t,)  if o £y,
and
2(t]) = B(o,t])d(0)el? @) 95 = (1 4 ) B(o, ty)d(o)els" @)
= (14 bg)x(tg).
Therefore, z is a solution of f with initial condition x(t) = ¢(t)

on [ry,0].
Next we verify (b). Clearly, z(o1) # 0 and

Dale) 5 o et

(01 - i 2(0 ") exists.
Let
Da(t) if o <t<d,
(1)
alty={ 7
Drao?) gy
201 =o.

Then a € PC([o,d),R). We observe that for o < t < d,
ﬂi‘(t) = B(O', t)gb(o')eSfy a(s) ds’
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from which and we see that
iy = D0 S Blea0)

x(t) P x(t)

_ Me—ﬁa“)“
Z 1)6(0)
~ Ty(a ><>, o<t<d

We remark that from Theorem [2.3| we may derive Corollary 1 of [I4] and
Theorem of [17].

THEOREM 2.4. Letd > o > 0. Assume that (A1)—(A5) hold and assume
that for each i € N, and k € N:

(i) pi(t) > ai(t) > 0 fort > 0;
(i) [F(w) = fi(w)], p € R
(iii) either [F; satisfies (B1) and (B3), and f; satisfies (B1), (B2) and
(B4)], or [F; satisfies (B1), and f; satisfies (B1) and (B3)];
(iv) Ix(p2)/p2 = Jk(pn)/pa if 0 < pa < po.

Let ¢1,¢2 € PC([ry,0],R) be such that
o1(t) _ ¢a(t)
(2.8)  ¢1(0)¢2(0) #0,  da2(t) 2 h1(t) 20 and 1() 2¢2(0)

If © is a positive solution of (1.3))—(1.4) on [o,d) satisfying the initial con-

dition x(t) = ¢1(t) on [rg, 0|, then (L.1)—(1.2) has a positive solution y on
[0,d) such that y(t) > x(t) on [rs,d).

forrs <t<o.

Before proving Theorem we first prove the following lemma.

LEMMA 2.5. Assume that the hypotheses of Theorem and hold
and that I and Jy are linear homogeneous functions for all k € N. If x
is a positive solution of f on [o,d) satisfying the initial condition
z(t) = ¢1(t) on [y, 0], then (L1)~([1.2) has a positive solution y on [o,d)
such that y(t) > xz(t) on [ry,d).

Proof. We let I;(p) = bgp and Jy(p) = byp for p € R and k € N. By
(A4) and (iv), we have by > b} > —1 for k € N. Since {by}ren is a sequence
with bk > —1 for k € N, we can consider B(s,t) and @(o, ¢, f;,)(t) defined
by (1.6) and (1.8) respectively. Similarly, {b}}ren is also a sequence with
b, > —1 for k € N so we may define

B H (140b,) if[s,)NT £0,
B(s,t) = { s<tp<t
1 if [s,t)NT =0,
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for o0 < s <t. Then
(2.9) 0 < B(s,t) < B(s,t), o<s<t<d.

In view of z(¢) > 0 on [0, d),

oo e Al D)

z(ot)
So
Dx(:gt) if o <t<d,
(2.10) B(t) = n -
_ 2qi(g+)Fz( x((gg(_i_) ) ift=o0,

is well-defined. Then (3 € PC’([U d),R) and

< Z G d)lv 175)( ) ,B(s) )

(211) ) = e

where o0 < t < d and

&(0, ¢, F;, B)(t) = Fy(B(o, Hi(t))d(hi(t))els A=),

Let 6 € PC([o,d),R) and ((t) < §(t) < 0 on (0,d). We first claim that for
each 7 € N,

P(a, 61, Fy, B)(t )~ g(syas < PO, P2, fi, O)(E) 70 5(5) as

2 B o) 2" B(o.tiénlo) ’
o<t<d.

Indeed, fix i € N,,. Let t € (0,d). Assume ¢ (h;(¢ ))(Z)g( = 0 By 2-3),

we have ¢1(hi(t)) = ¢p2(hi(t)) =0. In view of f;(0) = O holds.

Assume now ¢1(h;i(t))p2(h ( )) > 0. By (2.9), we have

Blo, Hi(t) 1 (hi(t)els " PO 95 < B(o, Hy(t))da(ha(t))ele " 061,
We note that
E(a, H;(t))B(H;(t),t) = B(o,t) and B(o, Hi(t))B(H;(t),t) = B(o,1).

By (2.8) and ., we have

(213 ll)Blo Hi(t) _ ¢1(him1 o oot

¢1(0)B(o,1) ¢1(0)B(H;(t),t) — ¢2(0)B(H;
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By condition (iii), we see that if F; satisfies (B3), then

(2.14)
F;(B(o, H(t))¢1(hi(t))e)- Z“m’)>PMB( H; (1)) o (ha(t))elo™ " 6) ds)
Blo, Hy(t)) by (ha(t))els ™ B ds " B(o, Hi(t))do(ha(t))els " 5s) ds
and if f; satisfies (B3), then
(2.15)
Ji(Blo, Hi())é1 (h(1))els” 56 d8)>fz~(B< Hi(1))go(ha(t))ele" " 305) )
>e“”3 " Blo, Hi(t)da(ha(n)els o0

B(o, Hi(t))¢1(hi(t)
In view of condition (ii), (| and ) lead to
(2.16)
D(0,0, F5, B)(t) 10 psyas (0,0, fi 0)() i 55 as
B(o, Hi(t))d1(hi(t)) - B(U:Hi(t))¢2(hi(t)) ’
from which it follows by ) that ( holds again.

Therefore, by (i), and -7

OZT@()()Z/B()’ o<t<d.

By Theorems and ¢2(0) > 0, system (L.I)-(1.2) has a positive
solution ¥y defined by

. oa(t), ifr, <t<o,
(t) = { B(o, t)pa(0)ele @@ ds if 5 <t < g,

where a € PC([o,d),R), Ty, (a)(t) = a(t) and 0 > a(t) > f(t) foro < t < d.
Obviously, z(t) < y(t) on [ry,d). =

Proof of Theorem . If [o0,d) N {tx}reny = 0, then by definition, z is
also a positive solution of (|1.3)) and

x(tg) —x(ty) = b%az(tk), keN,

on [o,d) where b are constants with b} > —1 for k& € N. By Lemma
equations (|1.1]) and

y(th) —y(ty) = bpy(te), keN,

have a positive solution y on [0, d) such that z(t) < y(t) on [r,,d) where by,
is an arbitrary constant with by, > b for each k € N. By definition, y is also
a positive solution of f on [0, d). The proof of this case is complete.

If [o,d) N {tx}tren # 0, we still need to use Lemma in each interval
[0,d) N [tg,tr+1), k € N, to construct a solution of (1.1} . . For conve-
nience, we assume that ¢ = t; and d = co. Let b}, = Ji(z (tk))/x(tk) for
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k € N. Then z is a positive solution of the system
)+ pi(t)Fi(x(g:(t) <0, t€[0,00\7,

on [0, 00) with initial condition z(¢) = ¢1(t) on [ry, o]. By (A4) and z(tx) > 0
for k € N, we further see that b, > —1 for k € N. If 5(t) is defined by ([2.10)),
we see that § € PC([o, o) - ) holds and
() = {(Z)l() ifr, <t<o,
T
Blo,t)¢1 (o)l P ds it ¢~ o
Now, we construct a positive solution of ((1.1)—(1.2)) in four steps.

STEP 1. Let b = Il(ég(tl))/gﬁg(tl). Since ¢2(t1) > ¢1(t1) > 0 and (iV)
holds, we see that by > b’l > —1. By Lemma there exists a function y,
a positive solution of (|I.1)) and

y(t) —y(t) = buy(tr),
on [t1,t2) with initial condition y;(t) = ¢2(t) on [ry,t1], such that y;(t) >
x(t) on [r¢,, t2). Then

yi(t7) —yi(th) = biya(t) = y1(t1) = Ii(y1(tr)).

In fact, y; is of the form
1(t):{¢2(t> . if?“tl <t <ty
(Li(¢2(t1) + da(t))eln O™ it 1y <t <1,

where a1 € PC([t1,t2),R) and ((t) < ai(t) < 0 on [t1,t2). Since a; €
PC([t1,t2),R) and «a1(t;) exists, we see that y1 t2 ex1sts Then we may

define a function 7; on [ry,,te] such that (¢ y1(t) on rtl, ) and
Y1 (t2) = yi1(ty ). Clearly, 7, is also a positive solutlon of (1.1 1 on tl, t9)

with initial condition 7 (¢) = ¢2(t) on [re,, t1]. Furthermore

I (¢2(t1))
o

2(t1)

(2.17) y1(t) > x(t) >0 on [ry,ta].
STEP 2. We first claim that for ¢ € [ry,, ta],

T1(t2) ~ a(tz)
Indeed, since ¢, < ry,, we note that

[th ) t2] [7‘1‘,2 ) t2] ([rh > tl] U (tlv tQ])'
For t € [ry,,t2] N (t1,t2], by the definition of 7, we have

71(t2) - z(ta)’

Y1 ( ) — S? ai(s)ds e sz B(s)ds _ l’(t)
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Thus holds. If [ry,, ta] N [r,, 1] # 0, let t € [ry,, t2] N [y, t1]; then
Li(p2(t1)) + p2(t1) <11(<Z>2(t1)) N 1) P2(t1)

Pa(t) P2(t1) Pa(t)
Ji(p1(t1)) $1(t1)  Ji(d1(tr)) + o1(ty)
= ( ¢1(t1) +1> o(t) P1(t) '
Hence
B _ 6211
) (1 (ga(tr)) + gl eld 1)
$1(t) z(t)

< t _ |
(J1(g1(t1)) + qsl(tl))eitf Bs)ds  x(to)
Thus (2.18) holds again.

Second, we let by = I2(y,(t2))/y;(t2). By (2.17)) and (iv), we have by >
by > —1. By Lemma there exists a function yo, a positive solution

of (1.1) and

y(t3) — y(tz) = bay(ta),
satisfying the initial condition y2(t) = 7, (t) on [r,, ta], such that ya(t) > z(t)
on [ry,,t3). So

I>(y(t2))

T (t2) y1(t2) = I2(ya(t2))-

ya(t3) — ya(t2) = baya(ta) =

In fact, y9 is of the form
) {91(75) if r, <€ <ty
= t

(L@ (t2)) + T (t2))e " ity <t < s,
where ap € PC([t2,t3),R) and §(t) < aa(t) < 0 on [te,t3). Similarly, we
may define a function 7, on [ry,, t3] such that 75(¢) = y2(t) on [ry,,t3) and
Uo(ts) = ya(ty). Clearly, s, is a positive solution of (1.1)—(1.2) on [t2,t3)
with initial condition 75(¢) = 7, (t) on [ry,, t2]. Furthermore,
(2.19) Uo(t) > x(t) >0 on [ry,),ts].

STEP 3. We first claim that
Bt _ o)
Ua(ts) — x(ts)’
Indeed, since 7, < 7¢,, we see that
[Ttsvt?)] = [Ttsv ta] N ([rey, t2] U (22, t3)).

For t € [ry,,t3] N (t2,t3], by the definition of 7;, we have

ya(t

(2.20) t € [rey,ts).

(221) yQ(t) — 6_523 az(s)ds < 6_5? B(s)ds _ .CC(t) )
Ya(t3) - (t3)
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Thus (2.20) holds. If [ry,, t3] N [ry,, ta] # 0, let ¢ € [ry,, t3] N [re,, t2]. Since
Uo(ts) =Ui(t2) + L@ (t2)) and () = x(t2) + J2(x(t2)),

we see that
1 (t2) Y1 (t2) z(t2) z(t2)
By (2.18)), (2.21) and (2.22]), we see that

i) _ (1) Talte) Bolty) _ x(t) x(t2) a(ty) _ z(t)
Uo(ts)  Wilt2) Go(ty) Dolts) — w(te) x(ty) x(ts)  =x(ts)’
SO holds again.

Second, we let bs = I3(Yy(t3))/Y2(t3). By (2.19) and (iv), we have bz >
by > —1. By Lemma there exists a function ys, a positive solution of

and

y(ty) —y(ts) = bay(ts),

on [t3,t4) with initial condition y3(t) = ¥y(t) on [ry,t3]. Similarly, there
exists a function 75 which is a positive solution of ((1.1))—(1.2)) on [t3,¢4) with
initial condition g5(t) = Yy (t) on [ry,, ts]. Furthermore, 75(t) > x(t) > 0 on
[Tts, t4] .

STEP 4. By induction, we have functions 7, defined on [r, , tx+1] such
that 7, is a positive solution of (1.1)—(1.2)) on [tg, tx+1) with initial condition
Ur(t) =7p_1(t) on [ry,, ty] for k > 2. Let

y(t) = ¢2( X[Ttl,tl] + Z yk,’ tkathrl](t)’ t 2 Ttl.

Finally, we verify that y is a positive solution of f on [t1,00)
with initial condition y(t) = ¢2(t) on [ry,, t1]. Clearly, y is a positive function
on [t1,00), y(t) = ¢2(t) on [y, 1], y is absolutely continuous on each interval
(tg,tg+1], K €N, D7y € PC((t1,00),R); and

t) + ZQi(t>fi<y(gi<t))) =0, t>t.

For k > 0,
y(ty) = Ypo1(ty,) = Up—1 (tr) = y(tr)
and
y(t7) =7 (t) = U1 (te) + L (@1 (t)) = y(te) + Lu(y(tr)).

The proof is complete.
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COROLLARY 2.6. Assume that the hypotheses of Theorem 2.4] hold with
(iv) replaced by

(V') Ix(p2)/p2 = Ji(pa)/pr if pe < pn <O0.
Let ¢3, ¢4 € PC([ry,0],R) be such that
(2.23)

¢3(0)pa(0) #0,  da(t) < #3(t) <0 an

If x is a negative solution of
z(t) + Y piO)F(x(gi(t) =0, te[0,00)\7,

o(ty) — x(te) = Ju(z(tr)), kEN,
on [o,d) satisfying the initial condition x(t) = ¢3(t) on [rs, 0], then system
(L.1)—(1.2) has a negative solution y on [o,d) satisfying the initial condition
y(t) = @a(t) on [re, o] such that y(t) < x(t) on [ry,d).
Proof.. Let~$3(t) = —¢3(t) and ¢4(t) = —u(t) on [re, o). It is easy to
see that ¢3(0)ps(o) # 0, and

P3(t) _ ¢alt)
 55(0) = Balo)

forr, <t<o.

54(t) > 53(15) >0 and forr, <t<o.

53(0) (0’)

Let Fi(p) = —Fi(—p), filp) = —fi(=p), Te(n
—Jr(—p) where p € R, i € N,, and k € N. Let z
z is a positive solution of

)+ > pit)F(e(g:(t) <0, te0,00)\7,
i=1

) = —Ik( p) and Ji(u) =
(t) = —z(t) on [ry, d). Then

p(t)) — o(te) = Je(z(te)), keEN,
satisfying the initial condition z(t) = d3(t) on [ry, o). It is easy to see that
all F;, f;, I, and J satisfy the hypotheses (i)—(iv) of Theorem In view
of (iv'), we may further see that Iy(y)/y > Jx(z)/z if 0 < =z < y. By
Theorem the system

“e(t) + 3 a0 fila(gi£) =0, te 0,00\,
=1

z(tf) — a(ty) = Ie(z(t)), k€N,
has a positive solution § on [o,d) such that §(t) = ¢4(t) on [re,o] and
y(t) > z(t) on [rg,d). Let y(t) = —y(t) on [r,,d). Then y is a negative
solution of ((1.1))—(1.2)) on [0, d) such that y(¢) < z(t) on [ry,d). =
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COROLLARY 2.7. Assume that (A1)—(Ab) hold, that for each k € N,
plp(p) > 0 for p # 0, and for each i € N, ¢; is nonnegative, and f;
satisfies (B1) and (B3). If the equation

(2.24) y'(t) + Z%(t)fi(y(gi(t))) =0

has an eventually positive (or negative) solution, then system (.1} . has
an eventually positive (respectively negative) solution as well.

Proof. Assume that x is an eventually positive or negative solution
of (2:24). Then there exists 7' > 0 such that z(t) > 0 for ¢t > T or z(t) < 0
fort > T. Let ¢(t) = x(t) for t > T, F;(p) = fi(p) and Ji () = 0 for p € R.
In view of pli(p) > 0 for p # 0, we see that I, satisfy (iv) and (iv’). By
Theoremn 2.4land Corollarym system (|1.1} . 1.2)) has an eventually positive
(respectively negative) solution. =

COROLLARY 2.8. Assume that (A1)—(A5) hold, and for each i € Ny, ¢
is nonnegative, and f; satisfies (B1) and (B3). Assume further that for each
keN,

Ii(p2)/p2 > Ip(pa)/ma if O < |pa] < |p2l.

Then the following statements are equivalent:

(a) System (LI)—-(1.2) has an eventually positive (or negative) solution.

(b) For all (51,.. en) € (0,1]™, the system
(2.25) D a(t)+ > eiqi(t) fi(x(gi(t)) =0, t€[0,00)\7,
=1
(2.26) w(t) — x(te) = Ie(x(tr)), kEN,

has an eventually positive (respectively negative) solution.

Proof. Tt is obvious that if by taking all £, = 1 system f has
an eventually positive (or negative) solution, then — also has an
eventually positive (respectively negative) solution.

Conversely, assume that f has an eventually positive solution x.
Then there is ¢ > 0 such that z(t) > 0 for t > r,. Given (e1,...,&,) €
(0,1]™, x is also a positive solution of

)+ > et fi(z(gi(t) <0, te[0,00)\T,
=1

e(t) — () = Ie(z(tr)), keEN,

on [o,00). By Theorem system (2.25)—(2.26]) has a positive solution on
[0, 00).
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Second, assume that (1.1)—(1.2) has an eventually negative solution z.
So there is o > tg such that x(t) < 0 for t > r,. Given (e1,...,&,) € (0,1]7,
we see that = is a negative solution of

D™ xz(t) + ) _ciai(t) file(gi(t))) 20, t€[0,00)\7T,
=1

a(ty) — w(ty) = Ix(x(ty)), keN,
on [0, 00). By Corollary system ([2.25)—(2.26]) has a negative solution on
[0,00). =

REMARK. If we assume that ¢; = € and f;(u) = p for all i € N,, and
It(p) = 0 for all k € N, then Corollary [2.8|is Lemma 4 in [5].

However, it does not seem clear why Lemma 4 in [5] can be applied to
yield Theorem 2 in [5] (see the last three paragraphs in the last section).
As will be explained in the last section, our next theorem will solve this
problem under some special conditions.

THEOREM 2.9. Assume that (A1)—(A5) hold, each Iy is linear, each ¢;
is nonnegative, and each f; satisfies (B1). Assume further that there is at
least one j € N, such that g;(t) <t fort >0 and the preimage 9;1(0) does
not contain an open interval. Let o > 0 and ¢ € PC([ry,0],RT) be given.
Assume that there exists a sequence {€;}32, = {(gj1,...,€jn)}521 in (0,1)"
such that

lim ¢; = (1,...,1)

J—00

and for all j € N, the system
(2.27) 2 (1) + Y i) fi(x(9i(t) =0, t€[0,00)\7,
=1

(2.28) z(th) — x(ty) = Le(z(ty), kEN,

has a positive solution y, on [o,00) with initial condition y.,(t) = ¢(t)
on [re,0]. Then system (1.1)—(1.2) has a positive solution 7 on [o,00) with
initial condition y(t) = ¢(t) on [ry,o].

Proof. We let Ip(z) = bgx on R where by are constants for £ € N.
By (A4), by > —1 for k € N. We recall B(s,t) defined by (|1.6). Without loss
of generality, we may assume o = 0. For each j € N, define

N0 if 7o <t <0,
o (1) = B(0,t) "y, (t) if¢t>0.
We note that for each j € N, z.,(t) > 0 on [rg,00) and
. (tJr) _ yej(tli_) _ (1 + bk)yej(tk)
SVRSTB0,8)) (14 br)B(0, 1)

= Te, (tk), ke N.
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Thus z; is a positive continuous function on [0, o) for each j € N. By (2.27)),
it is easy to check that for any j € N, x; is a positive solution of

(2.29) Zeﬂ il t (B(0, g:(1))2(gi(t))) = 0

n [0,00) with initial condition argj( ) = ¢(t) on [ro,0]. If we can find a
positive solution T of

230 Dal)+ 3 g S ABO.a)e(a(0) =0
i=1 ’

on [0,00) with initial condition Z(t) = ¢(t) on [ry,, to], then

_ ¢(t) if ro <t< Oa

y(t) = o

B(0,t)z(t) ift >0,
as required. To this end, we first prove that for any A > 0, equation ([2.30))
has a positive solution T4 on [0, A] satisfying the initial condition Z(t) = ¢(t)
on [rg, 0]. In view of (2.29) and z.,(t) > 0 on [rg, 00), it is easy to see that
., is decreasing on [0, co) for each j € N. Thus for all j € N,
|ze, (t)] <ma, 1o <t <A,

where my = |[¢|l[y,,0]- So {w¢,(t) : j € N} is uniformly bounded in [0, A]. Let

My = max a4

There are my > 0 and My > 0 such that ma < B(0,t) < My on [0, A].
Integrating (2.29)) from 0 to ¢, we see that

n

t
qi
(2.31) e, (t) = ¢(0) — ngzg B((() l)fZ( (0, gi(s))ze, (gi(s))) ds
i=1 0
where 0 < ¢t < A and j € N. By continuity of f;, ¢ € N,,, there is M3 > 0
such that for each i € N,,, |fi(p)| < M3 if |u| < myMs. By (2.31)), we have

_ _ g K i (s)

‘l’aj (n) —xe; (<) = ZEJZS B(
z;177 S )

ZS

1g¢

M
< n—Mg(n -9)
ma

fi(B(0, gi(s))x<; (gi(s))) ds

fz (0, 9i(s))<;(9i(s))) ds

where 0 < ¢ < n < Aand j € N. So {xgj (t) : j € N} is equicontinuous
in [0, A]. By Ascoli-Arzela’s Theorem, there exists a subsequence {EJ}]"’;l of
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{e;}52, and a function 74 defined on [0, A] such that

lim zz (t) = Za(t) uniformly on [0, A]
j—00

where

lim &5 =(1,...,1).

j—oo
Define

TA(t) =19 _ .
Ta(t) if0<t<A

By uniform convergence, T4 is decreasing on [0, A] and T4 is a nonnegative
solution of (2.30) on [0, A] with initial condition T4 (t) = ¢(t) on [ro, 0]. Let

A*=sup{A>0:(2.30) has a decreasing nonnegative solution on [0, A]}.

Clearly, A* = co. Thus there exists a function T that is decreasing on [0, co
and is a nonnegative solution of on [0, 00) with initial condition Z(t) =
¢(t) on [ro,0]. Let

T = inf{t > 0: T(t) = 0}.

If T is infinite, our proof is complete. Assume therefore that T is finite.
We note that 7 > 0 due to ¢(0) > 0. Since Z(t) > 0 and T is decreasing
on [0,00), we see that Z(t) = 0 for ¢ > T Since ¢;(T") < T, by continuity
of g;(t), there exists hy > 0 such that g;(t) < T for T <t < T + hyp. For
T <t <T+ hpr, we note that z(g;(t)) > 0 and

0= D750 = =3 o i HE0) < Hi T ) <o

Then ¢j(t) =0 on (T, T + hr). =

REMARK. Under the same initial condition, one of the hypotheses of
Theorem that there is at least one j € N, such that g;(t) < t for
t > 0 and the preimage gj_l(O) does not contain an open interval, cannot
be omitted. Otherwise, a counterexample can be given (see Example
below).

REMARK. From the proofs of our theorems and corollaries, we may see
that if we only consider the existence of positive (or negative) solutions,
it is sufficient that the functions F; and f; satisfy (B3) and (B4) on R*
(respectively R™).

3. Examples
EXAMPLE 3.1 (Lasota—Wazewska equation). Consider the equation
(3.1) D N(t) = —aN(t) + pe ™NUO) >0,
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where a,p,r > 0 and ¢ is continuous on [0,00) such that g(¢) < ¢ and
limy_,o0 g(t) = co. The unique equilibrium N* of equation (3.1f) is positive
and satisfies the equation

N* = Le-rn",
a
Consider the following impulsive condition:
(3.2) N() = N* = L+ b)(N(t) - N*),  keN,

where by, > —1 and {tx }ren satisfies (A3). After the change of variables
r(N () — N*) = (),
the impulsive system and takes the form
(3.3) D~ x(t) 4+ ax(t) + arN*(1 — e 9O =0,  te0,00)\7,
(34)  x(t)) —x(ty) = bpx(ty), keN.
Consider the impulsive system
(3.5) D™ x(t) + ax(t) + arN*z(g(t)) =0, te€[0,00)\7,
(3.6) z(th) — x(ty) = bpz(ty), keN.
The following statements are true:
(i) If the impulsive system 73.6 has an eventually positive (or
negative) solution, then 73.4 has an eventually positive (re-

spectively negative) solution.
(ii) Assume

If the impulsive system f has an eventually positive (or
negative) solution, then the impulsive system ({3.5)—(3.6) has an
eventually positive (respectively negative) solution.
(iii) Assume by, > 0 for k € N and
t
(3.8) arN* S e¥5=90)) g5 <
g9(t)
for some o > 0. Then the impulsive system f has eventu-
ally positive and eventually negative solutions.

Proof of (i). Let qi(t) = pi(t) = a, ¢2(t) = pa2(t) = arN*, fi(p) =
Fi(p) = Fo(p) = pand fo(u) = 1 — e for p € R and ¢ > 0. Clearly,
fi1 and Fj satisfy (A1) and (B1)—(B4) on R, fy satisfies (Al), (B1), (B2)
and (B4) on R, F; satisfies (A1), (B1) and (B3) on R. Furthermore, p;(t) >
gi(t) > 0 on [0,00) and fi(u) < F;(u) on R for i = 1,2. By Theorem [2.4]
and Corollary it is easy to see that (i) is true.

, t2o,
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Proof of (ii). If (3.3)—(3.4) has an eventually positive solution z, then
there is 7' > 0 such that x1(t) >0 for t >T. We note that liminf,, .. fi(1) >0

fori=1,2, and

o o
SarN*ds:Sads:—i—oo for any t > 0.
t t
Let
{1+bk if b, >0,
C e
" if —1 < by < 0.
Then

[(L+ bi)pl < clpl
for all £ € N and p € R. By (3.7, we see that
Z(Ck—l): Zbk<oo.
keN br>0
By Lemma 4 in [3], we see that lim;_,o 1(t) = 0. We note that f5(0) = 1.
Then for any ¢ € (0,1), there exists ¢ > T such that r, > T is defined
by (L1.5), and fa(z1(t))/z1(t) > (1 —¢) for ¢t > T. So the impulsive system
D x(t) + ax(t) + arN*(1 —e)z(g(t)) <0, te€[0,00)\7,
l’(tz;) — Ji(tk) = bka:(tk), k eN,
has an eventually positive solution z; for all € € (0,1). By Theorem [2.4] the
impulsive system
D™ xz(t) + ax(t) + arN*(1 — e)x(g(t)) =0, t€[0,00)\7,
.%'(t;:) — x(tk) = bkl'(tk), keN,
has a positive solution y. on [o,00) with initial condition y.(t) = x1(t)
on [r,, o] for ¢ € (0,1). Since g(t) < t, and ar?N* > 0, by Theorem

system ([3.5)—(3.6)) has an eventually positive solution. If (3.3)—(3.4) has an
eventually negative solution xg, let fa(n) = —fa(—pu). Then f5(0) = 1 and

the impulsive system

D™ z(t) + ax(t) + arN* fo(z(g(t))) =0, te[0,00)\ 7,
w(tf) — x(ty) = bpa(ty), keN,

has an eventually positive solution —xs. Similarly, (3.5)—(3.6|) has an eventu-
ally positive solution. Since (3.5)) and (3.6]) are linear, the impulsive system
(3.5)—(3.6) has an eventually negative solution as well. Therefore, (ii) is true.

Proof of (iii). By (3.8) and Theorem 3.3.1 in [§], the equation
D™ x(t) + ax(t) + arN*z(g(t)) =0



64 S. Y. Huang and S. S. Cheng

has eventually positive and eventually negative solutions. By Corollary [2.7]
system f has eventually positive and eventually negative solutions.
By (i), statement (iii) is true.

We recall that a function ¢ defined for all sufficiently large t is nonoscil-
latory if ¢ is eventually positive or eventually negative. In the rest of this
section, we compare Theorems 9 and 10 in [3] with our results.

It is easy to see that Theorem 9 in [3] follows from (ii) of Example 3.1 and
Corollary 2.8} and Theorem 10 in [3] follows from (i). In view of (i) and (ii) of
Example we can further improve the sufficient conditions of Theorem 9
and 10 in [3] so that their conclusions are still true. More specifically, the
condition “—1 < by < 07 in Theorem 9 of [3] can be replaced by (3.7), and
the condition “by > 0” in Theorem 10 of [3] can be replaced by “by > —1”.
We note that if holds, by statements (i) and (ii) in Example the
impulsive system f has a nonoscillatory solution if, and only if,
f has a nonoscillatory solution. This means that our results can
lead to more complete results.

The following example shows that the condition in Theorem that
there is at least one j € N,, such that g;(t) <t for ¢ > 0 and the preimage
gj_l(O) does not contain an open interval, cannot be removed.

EXAMPLE 3.2. We consider a “nonimpulsive” equation
(3.9) o' (t) + ep1(t)z(g1(t)) +ep2(t)z(g2(t)) = 0
where € € (0,1], g1(t) =1, go(t) =t — 1, p1(t) = 1 for t > 0 and
21 —t)e™t ifO0<t<1,
0 ift > 1.
Clearly, there does not exist j € Ny such that g;(t) < ¢ for ¢ > 0 and the
preimage g;l(O) does not contain an open interval. Let
a(e) = (3> —2e + 1)e® —2ee7!, £€(0,1).
First, we claim that a(e) > 0 for 0 < € < 1. Indeed, we have
d(e) = (-3 +8 —3)ec—2! and () = (3e? — l4e + 11)e”®
for 0 < e < 1. Since a”(g) > 0 for 0 < e < 1 and a'(17) = 0, we see that

a'(e) < 0for 0 < e < 1. Tt follows from a(17) = 0 that a(e) > 0 for 0 < e < 1.
Second, by straightforward computation, the continuous functions

1 if t € [-1,0],
32 —2+1 _ 2e 2e —t .
_ - t—1 —_— fte (0,1
vy =4 17 (5604 ) weeo
ale) e et if t € (1,00),

(e —1)2
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where ¢ € (0,1), and

1 if t € [—1,0],
Te—1(t) =< et (1 —¢t)? ifte(0,1],
0 ift € (1, 00),

are solutions of (3.9) with initial condition z.(t) = z.—1(t) = 1 on [—1,0].
By our claim, we see that x. are positive for 0 < € < 1, but the solution x;
of (3.9) (where € = 1) is not eventually positive.

4. Discussions. One of the motivations of our study is to obtain results
that can help us fill in the gap caused by some mistakes of [5], mentioned
in the introduction. To see that such gaps exist, we need to explain briefly
what details are involved and what our previous results can achieve.

The first occurs in the proofs of Lemmas 1 and 2 in [5]. More specifi-
cally, the authors used Theorem 3.2.1 of [§], but as will be seen below, the
hypotheses of that theorem are quite restrictive and hence the proofs in [5]
are not justified.

For ease of discussion, we first recall Theorem 3.2.1 of [§].

THEOREM 4.1 (see [8, Theorem 3.2.1]). Suppose that p;, q;, i, 7; are pos-
itive continuous functions on [tyg,T) where tgo < T < oo and i € N, and
that

pi(t) > qi(t) > ri(t), to<t<T andieN,.

Assume that x, y and z are continuous solutions of

+Zpl a(t —7i(t) <0,

—&—qu z(t —7(t)) =0,
and

+Zn z(t —7i(t)) > 0,

respectively, such that x(t) > O for to <t <T, z(ty) > y(tg) > x(to),
) ot) v =)
z(to) — y(to) — 2(to)

Then z(t) > y(t) > x(t) forto <t <T.

We note that the initial functions in the hypotheses of Theorem

are assumed to be continuous. But the initial functions used in the proofs

of Lemmas 1 and 2 in [5] may not. Therefore, it is not justified to cite
Theorem Besides, when the authors cite Theorem to construct the

>0, 1y <t<to.
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solutions on each interval (tx,tx+1], they seem to ignore the necessity to
test whether the initial functions satisfy the hypotheses of Theorem [4.1] (in
particular, condition (4.1)) above). Furthermore, if we follow their proofs of
Lemmas 1 and 2 in [5], we will find that Theorem cannot be used in
general. We will give an example to explain our observation. Consider the
System

(4.2) 2(t) + %x(t _1)=0, te[0,00)\T,
(43) o)) — a(ty) = Iu(x(t)), K EN,

where ¢, = 0.5k and I (p) = sgn(p)v/|p| for p € R and k € N. Then I, is
nondecreasing for each k € N. We know that the equation z/(t) + etz (t—1)
= 0 has a positive solution e~*. By Corollary there exists a positive
solution x of
1
2(t)+-x(t—-1)=0, te€[0,00)\7,
e
z(t) —x(ty) = L(z(ty)), keN,
on [1,00) with initial condition z(¢) = e~ on [0, 1]. Then z is also a positive
solution of
1
o' (t) + ?x(t— 1) <0, tef0,00)\7,
e
2(t) —o(te) = I(w(ty), kEN
on [1,00) with initial condition z(t) = e~* on [0, 1]. Thus the hypotheses of
Lemma 1 in [5] are satisfied. By the proof of Lemma 1 in [5], there would

exist a solution y of (4.2)—(4.3)) on [1,2] with initial condition y(t) = e~ on
[0, 1]. By straightforward computations,

x(t) = é + \4}5 - é on (1,1.5],

x(t) = é + v/z(1.5) — 5 on (1.5,2],
and

y(t)_Qlet—i_{‘}E_Qle on (1,1.5],

1 4 1
y(t) = %t + Vy(1.5) — 2e15 on (1.5,2].

Now if we were to use Theorem to construct a solution on (2,2.5], we
need to verify

wgﬁ for1 <t<?2.

(2) ~ z(2)

<
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But
Y5) 0,800 > 0.788 ~ ”5(1'5),
y(2) z(2)
so the proof of Lemma 1 in [5] is incomplete. Similarly, the proof of Lemma 2
in [5] is also incomplete.
Although Lemma 1 in [5] may still be true under the original hypotheses,
our Theorem [2.4] can be used to obtain the same conclusion if the hypothesis

“I) is nondecreasing” of that lemma is replaced by “Ij satisfies (A4) and

Ly(p2) o Tk(pm1)
25 R 15
for all £ € N”. We may also use our Theorem to verify Lemma 2 in [5]
under the same hypotheses. Moreover, the hypothesis “Ij is nondecreasing”
of Lemma 2 in [5] can be replaced by the general condition “uly(p) > 0 for

x #0".

LEMMA 4.2 (cf. [B, Lemma 1]). Assume that

(1) 0 <ty <ty <ty <--- are fixred points with limy_ tx, = 00;

(2) for alli € Ny, p; and 7; are continuous functions from [tg,00) to RT
and limy_oo{t — 73 ()} = o0;

(3) for all k € N, I}, satisfies (A4) and (4.4) (replacing the condition
that Iy, is not decreasing in Lemma 1 of [5]).

If the system

(4.4)

if0<pn <po

(4.5) —}—Zpl z(t —7(t) <0, tel0,00)\7,
(4.6) a(ty) - x(tk) = Ip(z(tx)), keN,

has an eventually positive solution x, then the systems

(4.7) +sz z(t—7(t) =0, tel0,00)\7,
(4.8) o(t]) —alte) = Iex(t)), KN,

and

(4.9) —G-Zp@ a(t—7;(t) >0, te€0,00)\7,
(4.10) a(ty) - iﬂ(tk) = Ip(z(ty)), keN,

have eventually positive solutions y and z respectively, which satisfy z(t) >
y(t) > x(t) for all large t.

Proof. Let pi(t) = qi(t), gi(t) = t —7i(t), Fi(n) = fi(p) = p and Jy(n) =
I () where t > tg, p € R, i € N, and k € N. Since z is eventually positive,
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there exists o > 0 such that z(t) > 0 for ¢t > r,. Let ¢1(t) = ¢2(t) = z(t)
on [ry,o]. By Theorem there exists a positive solution y of 1}
with initial condition y(¢) = z(¢) on [7},, o). Let z(t) = y(t) for [ry, o]. Then
z is a positive solution of (£.9)—([4.10) with initial condition z(t) = z(t)
on [ry,o]. =

LEMMA 4.3 (cf. [5l Lemma 2]). Assume that the hypotheses (1) and (2) of
Lemmal[d.2 hold and that for k € N, I (1) > 0 on R\{0} and |Ij(p)| < by|pl
on R where by, > 0. If system 1) has an eventually positive solu-
tion x, then the system

+sz ot —7(t) =0, tel0,00)\7,

x(t;) — :L‘(tk) = bkx(tk), k eN,
has an eventually positive solution y which satisfies y(t) > x(t) for all large t.
Proof. Let pi(t) = qi(t), gi(t) = t=7i(t), Fu(u) = fi(p) = p, Te(n) = beps,

and Ji(p) = Ix(pn) where t > to, p € R, i € N,, and k € N. Since pulj(u) >0
on R\ {0} and |I(p)| < bg|p| on R for each k € N, we see that

I1,(0) = Ji(0) =
p? o+ () = (14 be)p® > 0,
and
P+ pdi(p) = p® + pli(p) > 0

for p # 0.
We further note that

Jelpn) _ In(un) _ b= B2 1 < o
“1 B pe -

Since z(t) > 0 eventually, there exists o > 0 such that x(¢) > 0 for ¢t > r,.
By Theorem [2.4] there exists a positive solution y of

+sz ot —7(t) =0, te[0,00)\7,

(tf) — I(tk) = Ii(x(tr)), keN,
with initial condition y(t) = z(t) on [r,, o], and y(t) > x(t) for t > r,. =

We remark that once Lemmas 1 and 2 in [5] are replaced by our Lem-
mas and the subsequent results in [5] with corresponding modifica-
tions that employ Lemmas 1 and 2 will be correct. However, in the proof of
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Theorem 2 in [5] (see lines 5 to 7 on page 1273 of [0]), it is stated that

(4.11) x’(t)—i—Z(l—a)pi(t) I a+o)'at-mn@)=0

o<ty <t—Ti(t)

has an eventually positive solution and hence by Lemma 4 in [5],

n
(4.12) dO+Y m) [ QA+t et 7)) =0

1= o<ty <t—;(t)
has an eventually positive solution. This statement is not justified. Before
explaining this, let us state Lemma 4 in [5].

LEMMA 4.4 (see [5, Lemma 4]). Assume p; and 7; are continuous func-
tions from [tg,00) to RY and limy_.o{t — 7;(t)} = oo for all i € N,,. Then
the following statements are equivalent.

(i) The equation
+sz z(t —7(t) =0

has an eventually positive solutzon.
(ii) There exists g > 0 such that for every ¢ € [0, gg],

—1—221—519Z z(t—7(t) =0

has an eventually posztwe solution.

We note that in the above lemma, the number € may equal zero and
the coefficient functions are assumed to be continuous. But in (4.11)), the
number ¢ in [5] is required to be nonzero and the functions

pit) ] Q+bn)7', €N,
o<ty <t—T;(t)
are not continuous. So Lemma [£.4] cannot be applied. However, p; and 7;
satisfy the hypotheses of our Theorem 2.9 and so it can be applied to yield
the correct result. More specifically, if the notation R* in [5] denotes the
interval (0,00) (not [0,00)), then the hypotheses of Theorem hold and
thus this problem is solved.
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