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Gauge natural prolongation of connections
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Abstract. The main result is the classification of all gauge bundle functors H on
the category PBm(G) which admit gauge natural operators transforming principal con-
nections on P → M into general connections on HP → M . We also describe all gauge
natural operators of this type. Similar problems are solved for the prolongation of principal
connections to HP → P . A special attention is paid to linear connections.

Introduction. It is well known that various kinds of prolongations of
smooth manifolds and geometric structures on them play an important role
in many directions of differential geometry and its applications in mathe-
matical physics. The aim of this paper is to study prolongation of principal
connections, which has motivation in quantum mechanics, higher order dy-
namics, field theories and gauge theories of mathematical physics (see [3], [6],
[13], [19]). Roughly speaking, by prolongation of connections we understand
geometric constructions transforming a given connection on a manifold into
a connection on some prolongation of this manifold. We point out that the
theory of prolongation of geometric structures has its origins in the works of
C. Ehresmann [4], [5]. Significant progress in that research started after the
clarification of the role of jet calculus and natural operations in differential
geometry [12]. Since that time these problems have been intensively studied
by many authors (see e.g. [1], [7]–[12]).

Let G be a finite-dimensional Lie group and denote by PBm(G) the
category of principal G-bundles with m-dimensional bases and their local
principal G-bundle isomorphisms over the identity isomorphism of G. It has
been pointed out recently that prolongation of principal connections can be
expressed in terms of gauge natural operators (see Section 1 below). The
present paper is mainly devoted to the following problems:
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Problem 1. Classify all gauge bundle functors H on PBm(G) which
admit PBm(G)-gauge natural operators transforming principal connections
on P →M into general connections on HP →M .

Problem 2. Classify all gauge bundle functors H on PBm(G) such that
for every principal bundle P → M there is a natural projection HP → P
which admits PBm(G)-gauge natural operators transforming principal con-
nections on P →M into general connections on HP → P .

We remark that we have solved similar problems for general connections
on an arbitrary fibered manifold Y → M (see [2] and Remark 2 below).
Moreover, the second author [14] has studied existence of prolongation of
connections from Y → M to HY → HM , where H is a vector bundle
functor. One can also introduce prolongation of connections by means of
some linear connection on the base manifold (see [9], [12], [16] and [20]). On
the other hand, gauge natural operators from Problems 1 and 2 do not need
any auxiliary linear connection on M .

The structure of the paper is as follows. In Section 1 we recall some basic
notions and results we need. In Section 2 we introduce a gauge bundle functor
F̃ which admits PBm(G)-gauge natural operators transforming principal
connections on P → M into general connections on F̃P → M . Section 3 is
devoted to the solution of Problem 1. In particular, we prove

Theorem 1*. All gauge bundle functors H which admit gauge natural
operators as in Problem 1 are of the form HP = P [N ] for some left G-
space N , where P [N ] is the fiber bundle associated to P with the fiber N .

Moreover, in Theorem 1 below we also describe all such gauge natural
operators. In Section 4 we study prolongation of linear connections. Finally,
in Section 5 we describe the solution of Problem 2. In what follows we use
the terminology and notation from the book [12]. All manifolds and maps
are assumed to be infinitely differentiable.

1. The foundations. It has been clarified recently that it is useful to
formulate the theory of connections from the point of view of jets, natural
bundles and natural operators [12]. This approach leads to the following
definition, which generalizes the classical concept of connection.

Definition 1. A general connection on a fibered manifold p : Y → M
is a smooth section Γ : Y → J1Y of the first jet prolongation J1Y .

Such a Γ can be equivalently interpreted as the lifting map (denoted by
the same symbol)

Γ : Y ×M TM → TY.

Clearly, if E → M is a vector bundle, then so also is J1E. A connection
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Γ : E → J1E is called linear if Γ is a linear morphism. In the case E = TM
of the tangent bundle we obtain the concept of a classical linear connection
on M . Finally, let P → M be a principal G-bundle, so that we have the
canonical right action r : J1P ×G→ J1P . Then any r-invariant connection
Γ : P → J1P is called principal. In what follows we distinguish between
general and principal connections.

We denote by V the category of vector spaces and their linear maps,
by Vn the subcategory of n-dimensional vector spaces and their isomor-
phisms, by Mf the category of smooth manifolds and all smooth maps,
byMfm ⊂Mf the subcategory of m-dimensional manifolds and their local
diffeomorphisms, by FM the category of fibered manifolds and their fiber
respecting mappings, by FMm,n the subcategory of fibered manifolds with
m-dimensional bases and n-dimensional fibers and their local fibered diffeo-
morphisms, by VB the category of vector bundles, by VBm,n the subcategory
of vector bundles with m-dimensional bases and n-dimensional fibers, and
by G the category of principal G-spaces and their action respecting diffeo-
morphisms. We recall that a principal G-space is a manifold S with a right
action of G which is free and transitive. Thus any object S of G is isomorphic
to G with the usual right action of G.

Denote by B : FM → Mf the base functor. We recall that a gauge
bundle functor on PBm(G) is a covariant functor H : PBm(G)→ FM such
that

(a) every PBm(G)-object π : P → BP is transformed into a fibered
manifold qP : HP → BP over BP ,

(b) every PBm(G)-morphism f : P → P is transformed into a fibered
morphism Hf : HP → HP over Bf ,

(c) for every open subset U ⊂ BP the inclusion i : π−1(U) → P is
transformed into the inclusion Hi : q−1

P (U)→ HP .

An example of gauge bundle functor is a ConG : PBm(G)→ FM, which
associates to any principal bundle P → M the fiber bundle ConG(P )→ M
of principal connections on P → M . The general concept of gauge natural
operators can be found in [3] or [12]. In particular, a PBm(G)-gauge natural
operator D transforming principal connections Γ on P → M into general
connections D(Γ ) on HP → M is a system of PBm(G)-invariant regular
operators

DP : ConG(P )→ Con(HP )

for any PBm(G)-object P → M , where ConG(P ) is the set of all princi-
pal connections on P → M (i.e. sections of ConG(P ) → M) and Con(HP )
is the set of all general connections on HP → M . The invariance means
that if Γ ∈ ConG(P ) and Γ1 ∈ ConG(P1) are f -related by a PBm(G)-map
f : P → P1 covering f : M →M1, then DP (Γ ) and DP1(Γ1) are Hf -related.
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The regularity means that DP transforms smoothly parametrized families of
connections into smoothly parametrized families of connections. Quite simi-
larly one can define PBm(G)-gauge natural operators D transforming prin-
cipal connections Γ on P→M into general connections D(Γ ) on HP→P .

One of the most important gauge bundle functors on PBm(G) is the rth
principal prolongation W rP of a principal bundle P →M , which is defined
as the space of all r-jets jr(0,e)ϕ of local trivializations ϕ : Rm × G → P ,
where e ∈ G is the unit. By [12], W rP → M is a principal bundle with the
structure groupW r

mG := Jr(0,e)(R
m×G,Rm×G)(0,−), which can be expressed

as the semidirect productW r
mG = GrmoT rmG of Grm = inv Jr0 (Rm,Rm)0 and

T rmG = Jr0 (Rm, G) with respect to the canonical action of Grm on T rmG given
by the composition of jets. Moreover, we have

W rP = P rM ×M JrP

where P rM is the rth order frame bundle. We also remark that W rP plays
a fundamental role in the theory of gauge bundle functors. Indeed, let H be
any gauge bundle functor on PBm(G) and denote by S := H0(Rm ×G) the
fiber over 0. Then H is of the form

HP = W rP [S],

which is the fiber bundle associated to W rP with the fiber S (see e.g. [12]).
In this case r is called the order of H. If we replace holonomic jets by
nonholonomic or semiholonomic ones, we can define the nonholonomic or
semiholonomic principal prolongation W̃ rP or W rP , respectively, and the
corresponding structure groups W̃ r

mG and W r
mG. Clearly, W̃ rP can also be

defined by iteration, W̃ rP = W 1(W̃ r−1P ). Taking into account Problem 1
above, there is a question whether one can construct a connection onW rP →
M from a principal connection on P →M . Up till now, the only known result
of this type is

Proposition 1 ([10]). For G = G1
m there is no PBm(G)-gauge natural

operator transforming principal connections on P →M into connections on
W 1P →M .

2. F -extension of principal connections. Let F : G →Mf be a reg-
ular functor. The regularity means that F transforms smoothly parametrized
families of G-maps into smoothly parametrized families of maps. Such a func-
tor can be extended to a gauge bundle functor F̃ : PBm(G) → FM in the
following way:

(1) F̃P =
⋃
x∈M

F (Px), F̃ f =
⋃
x∈M

F (fx).
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Consider a principal connection Γ on P →M . Given a vector field X on M ,
its Γ -lift is a G-invariant vector field ΓX : P → TP on P . The flow of ΓX
is formed by PBm(G)-maps. Since F̃ is of order zero, the flow prolongation

F̃(ΓX) =
∂

∂t0
F̃ (exp(tΓX)) : F̃P → T F̃P

can be interpreted as a map

(2) F̃Γ : F̃P ×M TM → T F̃P.

By linearity, F̃Γ is the lifting map of a general connection (denoted by the
same symbol) on F̃P →M .

Definition 2. The connection F̃Γ is called the F -extension of Γ .

Let F1, F2 : G →Mf be regular functors and K : F1 → F2 be a natural
transformation. This means that for any S ∈ G we have a map KS : F1S →
F2S such that KS2 ◦ F1f = F2f ◦ KS1 for any G-map f : S1 → S2. This
natural transformation can be fiberwise extended to a natural transformation
K̃ : F̃1 → F̃2, where F̃1, F̃2 : PBm(G) → FM are defined by (1). Actually
for any P →M from PBm(G) we have

K̃P =
⋃
x∈M

KPx : F̃1P → F̃2P.

From the canonical character (with respect to F ) of the construction of F̃Γ
we have

Proposition 2. Let K : F1 → F2 be as above. Given a principal con-
nection Γ on P →M , the general connections F̃1Γ and F̃2Γ are K̃-related.

The main result of this section is

Proposition 3. Let F : G →Mf be a regular functor. The F -extension
F̃Γ is the unique PBm(G)-gauge natural operator D transforming principal
connections Γ on P →M into general connections D(Γ ) on F̃P →M .

To prove Proposition 3 we need some preparations. Let D be the operator
in question and Γ be a principal connection on P →M . Define a map

∆(Γ ) := D(Γ )− F̃Γ : F̃P ×M TM → V (F̃P →M).

It remains to show that ∆(Γ ) = 0. Let Rm × G be the trivial princi-
pal G-bundle over Rm. Let x1, . . . , xm be the usual coordinates on Rm

and Y1, . . . , Yn a basis of right G-invariant vector fields on G. Let y ∈
(F̃ (Rm ×G))0 = FG and v ∈ T0Rm. By the invariance of ∆ with respect to
principal bundle trivialization, it suffices to prove

(3) ∆(Γ )(y, v) = 0 ∈ TyFG
for any principal connection Γ on Rm ×G. We first prove two lemmas.
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Lemma 1. Suppose that

∆

( m∑
i=1

dxi ⊗ ∂

∂xi
+

m∑
i=1

n∑
j=1

∑
|α|≤K

Γ jiαx
α dxi ⊗ Yj

)
(y, v) = 0

for any K ∈ N and any Γ jiα ∈ R for any m-tuple α with |α| ≤ K and
i = 1, . . . ,m and j = 1, . . . , n. Then we have (3).

Proof. This follows from the nonlinear Peetre theorem (see Corollary 19.8
in [12]).

Lemma 2. Suppose that

∆

( m∑
i=1

dxi ⊗ ∂

∂xi
+ dxio ⊗ Yjo

)
(y, v) = 0

for any io = 1, . . . ,m and jo = 1, . . . , n. Then we have (3).

Proof. Using the invariance of ∆ with respect to the PBm(G)-maps
t idRm × idG for t > 0 we get the homogeneity condition

∆

( m∑
i=1

dxi ⊗ ∂

∂xi
+

m∑
i=1

n∑
j=1

∑
|α|≤K

Γ jiαt
|α|+1xαdxi ⊗ Yj

)
(y, v)

= t∆

( m∑
i=1

dxi ⊗ ∂

∂xi
+

m∑
i=1

n∑
j=1

∑
|α|≤K

Γ jiαx
αdxi ⊗ Yj

)
(y, v).

By the homogeneous function theorem (Theorem 24.1 from [12]), this type
of homogeneity implies that

∆

( m∑
i=1

dxi ⊗ ∂

∂xi
+

m∑
i=1

n∑
j=1

∑
|α|≤K

Γ jiαx
αdxi ⊗ Yj

)
(y, v)

depends linearly on Γ ji(0) and is independent of Γ jiα for |α| > 0. So the as-
sumption of the lemma implies the assumption of Lemma 1, which completes
the proof.

Proof of Proposition 3. Clearly, from the proof of Lemma 2 it follows
that

(4) ∆

( m∑
i=1

dxi ⊗ ∂

∂xi

)
(y, v) = 0.

Let ψt be the flow of the G-invariant vector field Yjo . Define a map K :
Rm ×G→ Rm ×G by

K(x, ξ) = (x, ψxio (ξ)).

It is locally a PBm(G)-map sending ∂/∂xio into ∂/∂xio + Yjo and pre-
serving ∂/∂xi for i = 1, . . . ,m with i 6= io and dxi for i = 1, . . . ,m. As
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K(0, ξ) = (0, ξ), we have F̃K = id over zero. So K preserves also (y, v). Us-
ing invariance of ∆ with respect to K we see that (4) implies the assumption
of Lemma 2, which completes the proof of (3).

3. Solution of Problem 1. Consider a left G-space N and denote by
F [N ] : PBm(G)→ FM the gauge bundle functor defined by

F [N ]P = P [N ] = P ×G N, F [N ]f = f ×G idN ,

where P [N ] is the fiber bundle associated to P with the fiber N .
A principal connection Γ on P →M induces a general connection Γ [N ]

on P [N ] → M in the following way. Every element u ∈ P [N ] is an equiva-
lence class u = {p, n}, p ∈ P , n ∈ N . If Γ (p) = j1xσ, where σ : M → P is a
local section, then we can define

Γ [N ](u) = j1x{σ, n}.
As Γ is right-invariant, the induced connection Γ [N ] is well defined. Clearly,
the correspondence Γ 7→ Γ [N ] is a PBm(G)-gauge natural operator.

Theorem 1. Let H : PBm(G) → FM be a gauge bundle functor.
A PBm(G)-gauge natural operator D transforming principal connections Γ
on P → M into general connections D(Γ ) on HP → M exists if and only
if H is isomorphic to F [N ], where F [N ]P = P [N ] for some left G-space N .
For H = F [N ] such an operator D is unique and we have D(Γ ) = Γ [N ].

The rest of this section will be devoted to the proof of Theorem 1. Clearly,
a right G-space S ∈ G can be considered as a trivial principal bundle S → pt,
where pt is a one-element manifold. Given an arbitrary left G-space N , we
have a regular functor FN : G →Mf defined by

FNS = S ×G N, FNf = f ×G idN ,

where S ×G N is the trivial fiber bundle associated to S.

Lemma 3. Every regular functor F : G → Mf is isomorphic to FN for
some left G-space N .

Proof. Write N := F (G) with the induced left action of G given by
g · n = F (Lg)(n). Then the isomorphism ΦS : FNS → FS is defined by
ΦS({s, n}) = F (s̃)(n), where s̃ : G → S is the unique G-map such that
s̃(eG) = s.

For F = FN : G → Mf the corresponding gauge bundle functor F̃ :
PBm(G) → FM from Section 2 will be denoted by F̃N . From (1) we have
F̃N = F [N ], so that Theorem 1 follows directly from

Proposition 4. Let H be a gauge bundle functor on PBm(G). There
exists a PBm(G)-gauge natural operator D transforming principal connec-
tions Γ on P →M into general connections D(Γ ) on HP →M if and only
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if H is isomorphic to F̃ for some regular functor F : G → Mf . If H = F̃ ,
then such an operator D is unique and we have D(Γ ) = F̃Γ .

Now we are going to prove Proposition 4. Suppose that D is an operator
as in the statement and define a natural bundle H1 over m-manifolds by

H1M = H(M ×G) , H1ψ = H(ψ × idG).

Lemma 4. H1 is of order zero.

Proof. Define an Mfm-natural operator A : T  TH1 transforming
vector fields X on m-manifolds M into vector fields A(X) on H1M by

A(X) = XD(ΓM ),

the horizontal lifting of X with respect to D(ΓM ), where ΓM is the trivial
principal connection on the trivial G-bundle M × G → M . Clearly, A is of
order zero. On the other hand, A(X) is projectable over X. Then we have

A = H1 + V
for some vertical type natural operator V : T  TH1, where H1 is the flow
operator. Suppose thatH1 has (minimal) order r ≥ 1. ThenH1 is of minimal
order r. By Lemma 1 in [15], V is of order r−1. Then A is not of order zero,
which is a contradiction.

Lemma 5. Let f : P1 → P2 be a PBm(G)-map covering f : M1 → M2,
and let x ∈M1. Then (Hf)x depends (only) on fx : (P1)x → (P2)f(x).

Proof. We may assume

P1 = P2 = Rm ×G, x = 0, f0 = id .

Let v ∈ H0(Rm×G). It remains to proveHf(v) = v. In general, f : Rm×G→
Rm×G is of the form f(x, ξ) = (f(x), f̃(x, ξ)). Because H1 is of order zero,
replacing f by (f−1 × idG) ◦ f we can assume that

f(x, ξ) = (x, f̃(x, ξ)).

Further, as H1 is of order zero, we have

Hf(v) = H1

(
1
t

idRm

)
◦Hf ◦H1(t idRm)(v) = H(p, f̃ ◦ (t idRm × idG))(v),

where p : Rm×G→ Rm is the projection. Using regularity of H and letting
t→ 0 we get

Hf(v) = H(idRm × idG)(v) = v,

which ends the proof.

Proof of Proposition 4. Define a functor F : G →Mf by

FS = H0(Rm × S), Fg = H0(idRm ×g).
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Further, define a fibered map IP : HP → F̃P covering idM by

IP (v) = Hf(v) ∈ H0(Rm × Pxo) = F (Pxo) = (F̃P )xo ,

where v ∈ (HP )xo , xo ∈M and f : P → Rm×Pxo is a (local) PBm(G)-map
such that f(xo) = 0 and fxo = id. By Lemma 5, the definition of IP (v) is
independent of the choice of f . The inverse map is JP : F̃P → HP defined
by

JP (w) = Hf−1(w), w ∈ H0(Rm × Pxo) = (F̃P )xo , xo ∈M,

where f is as above. Regularity of H implies the smoothness of IP and JP , so
that IP is a diffeomorphism. From the functoriality of H it follows directly
that I : H → F̃ is a PBm(G)-gauge natural transformation. Finally, the
second part of Proposition 4 is exactly Proposition 3.

Corollary 1. Let H be any of the functors Jr, W r, W̃ r and W r. There
is no PBm(G)-gauge natural operator transforming principal connections on
P →M into general connections on HP →M .

We can see that Corollary 1 generalizes Proposition 1. For the identity
functor F = id : G → Mfm, F̃ is the identity functor on PBm(G). So we
have

Corollary 2. Any PBm(G)-gauge natural operator D transforming
principal connections Γ on P → M into general connections on P → M
is of the form D(Γ ) = Γ .

Definition 3. Let F : Mfm → FM be a natural bundle. A general
connection on FM →M is said to be canonical if it is invariant with respect
to local diffeomorphisms ofMfm.

For example, if F is a trivial natural bundle FM = M×S →M for some
manifold S, then the trivial connection on FM → M is canonical. Clearly,
for the one-element group G = {e}, gauge bundle functors on PBm(G) are
exactly natural bundles onMfm. Theorem 1 implies

Proposition 5. Let F :Mfm → FM be a natural bundle. A canonical
general connection on FM → M exists if and only if F is isomorphic to
the trivial natural bundle FM = M × S → M for some manifold S. For
M × S →M such a connection is unique and is equal to the trivial one.

For the tangent functor T :Mfm → VB we have

Corollary 3. There is no canonical classical linear connection on M .

4. Prolongation of linear connections. One verifies directly that for
G = GL(n) the categories Vn and G are equivalent. Clearly, this equivalence
is given by V 7→ L(V ), where L(V ) is the principal GL(n)-space of all bases
of a vector space V . Quite analogously we find that the categories VBm,n
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and PBm(GL(n)) are equivalent (see also Chapter 54.1 in [12]). So linear
connections on a vector bundle E → M correspond bijectively to princi-
pal GL(n)-connections on L(E) → M , where L(E) =

⋃
x∈M L(Ex). From

Proposition 4 we have

Proposition 6. Let H : VBm,n → FM be a gauge bundle functor.
A VBm,n-gauge natural operator D transforming linear connections Γ on a
vector bundle E →M into general connections D(Γ ) on HE →M exists if
and only if H is isomorphic to F̃ for some regular functor F : Vn →Mf . If
H = F̃ , then such an operator D is unique and we have D(Γ ) = F̃Γ .

Corollary 4. Let Γ be a linear connection on a vector bundle E →M
and denote by Γ ∗ the dual connection on E∗ →M . Then the correspondence
Γ 7→

⊗k Γ ⊗
⊗l Γ ∗ is the only VBm,n-gauge natural operator transforming

linear connections on E→M into linear connections on
⊗k E⊗

⊗lE∗→M .

Clearly, the conclusion of Proposition 2 is also true for the natural trans-
formation K : F1 → F2 of arbitrary regular functors F1, F2 : Vn → V. In
particular, Proposition 2 yields

Corollary 5. Let F1E =
⊗k E ⊗

⊗lE∗, F2E =
⊗k−1E ⊗

⊗l−1E∗

and let K : F1 → F2 be a contraction. Then F̃1Γ and F̃2Γ are K̃-related.

Roughly speaking, this means that gauge natural operators Γ 7→
⊗k Γ⊗⊗l Γ ∗ commute with contractions. We point out that this is well-known in

the case of classical linear connections Γ = ∇.

Corollary 6. There is no VBm,n- gauge natural operator transforming
linear connections on a vector bundle E →M into linear connections on the
r-jet prolongation JrE →M .

Remark 1. The second author has recently solved some existence prob-
lems on prolongation of classical linear connections. In particular, he char-
acterized all natural bundles F which admit natural operators transforming
classical linear connections on M into classical linear connections on FM
(see [17]).

5. Solution of Problem 2. Given a manifold Q we have the trivial
gauge bundle functor EQ on PBm(G) defined by

(5) EQP = P ×Q, EQf = f × idQ .

From now on EQP → P means the usual projection onto the first factor.

Example 1. Let A : Q×L(G)→ TQ be a vector bundle homomorphism
covering idQ, where L(G) = TeG is the Lie algebra of G. Let Γ be a principal
connection on P → M and let ωΓ : TP → L(G) be its classical connection
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form. We can define a general connection

VQAΓ : EQP ×P TP → TEQP

on EQP → P by

(6) VQAΓ ((p, q), v)) = (v,A(q, ωΓ (v))) ∈ TpP × TqQ = T(p,q)E
QP,

where (p, q) ∈ EQP and v ∈ TpP .
Proposition 7. All PBm(G)-gauge natural operators transforming

principal connections Γ on P → M into general connections on EQP → P
are the operators VQA from Example 1.

Proof. Let D be an operator as in the statement. Define a vector bundle
map A : Q× L(G)→ TQ covering idQ by

(ξ, A(q, ξ)) = D(ΓRm)(((0, e), q), ξ) ∈ TeG× TqQ
where q ∈ Q, ξ ∈ L(G) = TeG = V(0,e)(Rm × G) and ΓRm is the trivial
principal connection on the trivial principal G-bundle Rm×G and where we
use the identification V((0,e),q)(EQ(Rm × G) → Rm) = TeG × TqQ. Now we
prove that D = VQA . Indeed, let Γ be a principal connection on a PBm(G)-
object P →M . Define a map

∆(Γ ) := D(Γ )− VQA : EQP × TP → V (EQP → P ).

It remains to show that ∆(Γ ) = 0. Let q ∈ Q and v ∈ T(0,e)(Rm×G). Using
the invariance of ∆ with respect to G-bundle trivialization we see that it
suffices to prove

(7) ∆(Γ )(((0, e), q), v) = 0 ∈ TqQ
for any principal connection Γ on Rm × G → Rm. Assume first that v ∈
V(0,e)(Rm×G) = TeG. By the invariance of ∆ with respect to PBm(G)-maps
t idRm × idG, t 6= 0, and letting t→ 0, because of the definitions of A and ∆
we get

∆(Γ )(((0, e), q), v) = ∆(ΓRm)(((0, e), q), v) = 0 ∈ TqQ.
Further, assume v ∈ HΓ

(0,e). Define a PBm(G)-gauge natural operator D1

transforming principal connections Γ on P → M into general connections
D1(Γ ) on EQP →M by

D1(Γ )((p, q), w) = D(Γ )((p, q), Γ (p, w)),

where (p, q) ∈ (EQP )x, w ∈ TxM , x ∈M . By Proposition 4 we have

D1(Γ )((p, q), w) = Γ (p, w) ∈ TpP = TpP × {0q} ⊂ T(p,q)E
QP.

Then we have (7) and the proof is complete.

Theorem 2. Let H : PBm(G) → FM be a gauge bundle functor such
that there is a natural projection π : HP→P for any PBm(G)-object P→M .
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There exists a PBm(G)-gauge natural operator D transforming principal con-
nections Γ on P → M into general connections D(Γ ) on π : HP → P if
and only if H ∼= EQ for some Q via a PBm(G)-gauge natural isomorphism
of bundles π : HP → P and EQP → P over idP . If H = EQ with the
projection EQP → P , then all such operators are D = VQA from Example 1.

Proof. Suppose that there is an operator D as above. Given a principal
connection Γ on P → M , we can define a general connection D̃(Γ ) on
HP →M by

D̃(Γ )(y, w) = D(Γ )(y, Γ (p, w))

where y ∈ (HP )p, p ∈ Px, w ∈ TxM , x ∈ M . So we have a PBm(G)-
gauge natural operator D̃ transforming principal connections Γ on P → M
into general connections on HP → M . This means that the assertion of
Lemma 5 is also true for the gauge bundle functor H from Theorem 2.
Define a manifold Q by

Q = (H(Rm ×G))(0,e).

We prove that π : HP → P is isomorphic to EQP → P . Define a fibered
map IP : HP → EQP covering the identity of P by

IP (v) = (po, Hf(v)) ∈ {po} ×H(0,e)(Rm ×G) = {po} ×Q = (HQP )po ,

where v ∈ (HP )po , po ∈ P and f : P → Rm × G is a (local) PBm(G)-map
such that f(po) = (0, e). By Lemma 5, the definition of IP (v) is independent
of the choice of f (for, if f̃ : Rm×G→ Rm×G is a PBm(G)-map such that
f̃(0, e) = (0, e), then f̃0 = id). The inverse map is JP : EQP → HP defined
by

JP (w) = Hf−1(w), w ∈ (EQP )po , po ∈ P,
where f is as above. Regularity of H implies the smoothness of IP and JP ,
so that IP is a diffeomorphism. Finally, from the functoriality of H it follows
directly that I : H → EQ is a PBm(G)-gauge natural transformation.

Corollary 7. Let H be any of the functors Jr, W r, W̃ r and W r. There
is no PBm(G)-gauge natural operator transforming principal connections on
P →M into general connections on HP → P .

Clearly, the classical linear connection on P is the linear connection on
TP → P . Theorem 2 implies (see also [18])

Corollary 8. There is no PBm(G)-gauge natural operator transform-
ing principal connections on P →M into classical linear connections on P .

On the other hand, I. Kolář [11] has determined all PBm(G)-gauge natu-
ral operators transforming a principal connection on P →M and a symmet-
ric linear connection on the base manifold M into a classical linear connec-
tion on P . Moreover, J. Gancarzewicz and I. Kolář [7] have solved a similar
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problem in the case of a vector bundle P → M . By Corollary 8, the use
of an auxiliary linear connection on the base manifold in such geometric
constructions is unavoidable.

Remark 2. Let Q be a manifold and Y →M a fibered manifold. In [2]
we have proved that for a bundle functorH on FMm,n there is a construction
of the general connection D(Γ ) on HY → Y from a general connection Γ
on Y → M if and only if HY = Y × Q for some manifold Q. Moreover, if
HY = Y × Q, then such an operator D(Γ ) is unique and is equal to the
trivial connection on Y × Q → Y . We can see that the existence part of
Theorem 2 is similar to the above mentioned result from [2]. On the other
hand, the additional part of Theorem 2 is diametrically different. Indeed,
in the case of general connections on fibered manifolds we have only one
natural operator D, while the gauge natural operators VQA from Theorem 2
are parametrized by vector bundle homomorphisms A.
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