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Uniqueness of meromorphic functions and
differential polynomials sharing one value with finite weight

by HONG-YAN XU (Jingdezhen), CAI-FENG YT (Nanchang) and
TiNG-BiN Cao (Nanchang)

Abstract. This paper deals with the uniqueness problem for meromorphic functions
sharing one value with finite weight. Our results generalize those of Fang, Hong, Bhoos-
nurmath and Dyavanal.

1. Introduction and main results. Let f(z) be a non-constant mero-
morphic function in the whole complex plane. We shall use the following
standard notations of value distribution theory:

T(r7 f)’ m(r7 f)7 N(T’ f)’ N(r7 f)’ ttt
(see Hayman [8], Yang [16] and Yi and Yang [18]). We denote by S(r, f) any
quantity satisfying
S(r, f) = o(T(r, f))
as 7 — +00, possibly outside a set of finite measure. For a € CU {0}, we
define N /
— N(r,a;

Oa, f) =1 rll{go T f)

For a € CU{oo} and k a positive integer, we denote by N(r,a; f|=1)
the counting function of simple a-points of f, and by N(r,a; f | <k) (resp.
N(r,a; f|>k)) the counting functions of those a-points of f whose multi-
plicities are not greater (resp. less) than k& where each a-point is counted ac-
cording to its multiplicity (see [8]). The functions N(r,a; f | <k) and N(r, a;
f|>k) are defined similarly, where in counting the a-points of f we ignore
the multiplicities.

Set

Nk(’l",a;f) :N(T,a,f)+]v(r,a,f|22)++N(T,a,f|2k‘)
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We define
. T Nk (Tv a; f)
dka, f) = 1_7"1520W
Let f(z) and g(z) be two nonconstant meromorphic functions on C. If
for some a € CU{oc} the roots of f(z) —a and g(z) —a (if a = oo, the roots
of f(z) —a and g(z) — a are poles of f(z) and g(z) respectively) coincide
in locations and multiplicities, we say that f(z) and g(z) share the value a
CM (counting multiplicities), and if they coincide in locations only, we say
that f(z) and g(z) share a IM (ignoring multiplicities).
Yang and Hua [15] proved the following result.

THEOREM A ([15]). Let f(z) and g(z) be two nonconstant meromorphic
functions, n > 11 an integer, and a € C—{0}. If f(2)f'(2) and g"(2)g'(2)
share the value a CM, then either f(z) = dg(z) for some (n+ 1)th root of
unity d, or

g(z) =c1e” and f(z) =coe <

nt1p2 — _ g2

where ¢, c1, and co are constants satisfying (cicz) a“.

Using the same argument as in [15], Fang and Hong [6] proved the fol-
lowing result.

THEOREM B ([6]). Let f(z) and g(z) be two nonconstant entire func-
tions, and n > 11 an integer. If the functions [f™(2)(f(z) — 1)]f'(2) and
[6"(2)(g(2) — 1)]¢'(2) share the value 1 CM, then f(z) = g(z).

To state the next result, we require the following definition.

DEFINITION 1.1 ([10, 11]). Let k be a nonnegative integer or infinity.
For a € CU {oo}, we denote by Ej(a; f) the set of all a-points of f, where
an a-point of multiplicity m is counted m times if m < k and k + 1 times
if m > k. If Ex(a; f) = Ex(a;g), we say that f,g share the value a with
weight k.

The definition implies that if f, g share a value a with weight k£ then zg
is a zero of f —a with multiplicity m (< k) if and only if it is a zero of g —a
with multiplicity m (< k); and 2 is a zero of f —a with multiplicity m(> k)
if and only if it is a zero of g — a with multiplicity n (> k) where m is not
necessarily equal to n.

We write f,g share (a,k) to mean that f,g share the value a with
weight k; clearly if f, g share (a, k), then f,g share (a,p) for all integers
p with 0 < p < k. Also, we note that f, g share a value a IM or CM if and
only if they share (a,0) or (a,c0), respectively.

With the notion of weighted sharing of values the following results im-
proving Theorem A are proved in [4].
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THEOREM C ([4]). Let f(z) and g(z) be two nonconstant entire func-
tions, and n > 9 an integer. If

By (1, f"(2)(f(2) = DIf'(2)) = E2(1, [9"(2)(9(2) — D]g'(2)),
then f(z) = g(z).

THEOREM D ([4]). Let f(z) and g(z) be two nonconstant entire func-
tions, and n > 17 an integer. If [f™(2)(f(z) — D]f'(2) and [¢"(2)(g9(z) —
1)]¢'(2) share (1,0), then f(z) = g(2).

W. C. Lin and H. X. Yi [13] and Fang [5] obtained some unicity theorems
corresponding to Theorem B.

THEOREM E ([13]). Let f(2) and g(z) be two nonconstant meromorphic
functions with ©(co, f)>2/(n+ 1) for some n>12. If [f"(2)(f(z)—1)]f'(2)
and [g"(2)(g(z) — 1)]g'(2) share 1 CM, then f(z) = g(z).

THEOREM F ([5]). Let f(z) and g(z) be two nonconstant entire func-
tions, and let n, k be positive integers with n > 2k+8. If [f"(2)(f(z) —1)]®)
and [g"(2)(g(z) — 1)]%®) share 1 CM, then f(2) = g(2).

Bhoosnurmath and Dyavanal proved the following theorem.

THEOREM G ([3]). Let f(z) and g(z) be two nonconstant meromorphic
functions, and let n, k be two positive integers with n > 3k+13. If O (o0, f) >
3/(n+1), and if [/(=)(f(2) - DI® and [¢"()(g() — D] share 1 CM,
then f(z) = g(2).

Now one may ask the following question which is the motivation for this
paper.

QUESTION. In Theorems E, F and G, can the nature of sharing 1 CM
be further relaxed?

We now state the following three main results of this paper.

THEOREM 1.2. Let f(z),g(z) be two nonconstant meromorphic func-
tions, and let n,k be two positive integers with n > 8k + 18. If O(oco, f) +
B(c0g) > 4fn, and if [f*(2)(f(z) — DI® and [g"()(g(z) — D) share
(1,0), then f=g.

THEOREM 1.3. Let f(z),g(z) be two nonconstant meromorphic func-
tions, and let n, k be two positive integers with n > Tk+23/2. If O(oo, )+
B(c0g) > 4/n, and if [F()(f(2) — DI® and [g"(2)(g(2) — L) share
(1,1), then f=g.

THEOREM 1.4. Let f(z),g(z) be two nonconstant meromorphic func-
tions, and let n,k be two positive integers with n > 5k + 11. If O(oo, f) +
B(c0g) > 4/n, and if [f"(z)(f(2) — DI® and [g"(=)(g(z) — DI share
(1,2), then f = g.
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When f and g are two entire functions we can similarly get the following
results.

COROLLARY 1.5. Let f(z) and g(z) be two nonconstant entire functions,
and let n, k be two positive integers with n > 4k + 11. If [f"(2)(f(z) — 1)]*)
and [g"(2)(g(z) — 1)]%®) share (1,0), then f = g.

COROLLARY 1.6. Let f(z) and g(z) be two nonconstant entire functions,
and let n, k be two positive integers with n > 4k + 9. If [f™(2)(f(z) — 1)]*)
and [g"(2)(g(z) — 1)]® share (1,1), then f = g.

COROLLARY 1.7. Let f(z) and g(z) be two nonconstant entire functions,
and let n, k be two positive integers with n > 3k + 7. If [f™(2)(f(z) — 1)]®)
and [g"(2)(g(z) — 1)]%®) share (1,2), then f = g.

Now we explain some definitions and notations which are used in the
paper.

DEFINITION 1.8 (]2, 18]). When f and ¢ share 1 IM, we denote by
Np(r,1; f) the counting function of the 1-points of f whose multiplicities
are greater than the multiplicites of the corresponding 1-points of g, where
each zero is counted only once; similarly, we have N (r, 1; g). We also denote
by Ni1(r, 1; f) the counting function of common simple a-points of f and g;
and N g(r, 1; f) denotes the counting function of those multiplicity 1-points
of f and g, each point in these counting functions is counted only once. In
the same way, one can define Ny1(r, 1;¢), Ng(r, 1;9).

In addition, let zy be the zeros of f — 1 with multiplicity p and zeros of
g — 1 with multiplicity g. We denote by N s~(r,1; g) the reduced counting
function of those zeros of f —1 and g — 1 such that p > ¢ = k; Ng~p(r, 15 f)
is defined analogously.

DEFINITION 1.9 ([10, 11]). Let f, g share the value 1 IM. We denote by
N.(r,1; f,g) the reduced counting function of those 1-points of f whose
multiplicities differ from the multiplicities of the corresponding 1-points
of g. Clearly N.(r,1; f,9) = N«(r, 159, f) and N.(r,1; f,g) = Np(r,1; f) +
NL (Ta 1) g) .

2. Some lemmas. For the proof of our results we need the following

lemmas.

LeEMMA 2.1 ([8]). Let f be a nonconstant meromorphic function, k a
positive integer, and ¢ a nonzero finite complex number. Then

T(r, f) < N(r, f) + N(r,0; f) + N(r,c; f®) = N(r,0; f*) + S(r, f),
T(Tv f) S N(Tv f) + Nk-l—l(TaO; f) + N(T’ C; f(k)) - NO(T’O; f(k+1)) + S(Ta f)7
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where No(r,0; f*+1)) only counts those points such that f¢+1) = 0 but
F(f® =) #0.
LEMMA 2.2 ([8]). Let f be a meromorphic function and oy, as be two
meromorphic functions such that T'(r,c;) = S(r, f) (i =1,2). Then
T(T,f) < N(T,f) +N(T,O{l(2);f) +N(T,O{2(Z);f) +S(T7f)

LEMMA 2.3 ([14]). Let f be a nonconstant meromorphic function and
P(f)=ao+a1f+asf?+---+anf", where ag,ai,...,a, are constants and
an # 0. Then

T(r, P(f)) =nT(r,f)+ 5 f)-

LEMMA 2.4 ([1]). Let f be a nonconstant meromorphic function and k
be a positive integer. Then

No(r,1/f®) < EN(r, f) + Niga(r, 1/ f) + S(r, f).

LEMMA 2.5 ([7]). Let f be a nonconstant entire function and k > 2 be
a positive integer. If f(z)f*)(2) # 0, then f = e***° where a # 0,b are
constants.

LEMMA 2.6 ([11]). Let F and G be two nonconstant meromorphic func-
tions sharing (1,0), and H £ 0. Then
N11(7”, 1,F) < N(T, H) + S(?“,F) + S(?”, G),
F// 2F/ G// 2G/
where H = (7 — 757) — (& — &21)-
LEMMA 2.7 ([1]). Let F and G be two nonconstant meromorphic func-
tions sharing (1,0), and H # 0. Then

N(r,00; H) < N(r,00; F | >2) + N(r,00; G| >2) + N(r,0; F | >2)
+ N(T,O;G| >2) + N()(T,O;F/) + N()(T’,O;G/)
+ Nu(r, 1, F,G) 4+ S(r, F) + S(r, G),

where No(r,0; F') is the reduced counting function of those zeros of F' which
are not zeros of F(F — 1), and No(r,0; G") is similarly defined.

LEMMA 2.8 ([1]). Let F' and G be two meromorphic functions sharing
(1,0). Then

Ngs1(r, 1; F) (r,0;G) + N(r,00; G) — No(r,0; G') + S(r, Q),
Nps1(r,1; G) (r,0; F) + N(r,00; F) — No(r,0; F') + S(r, F).

LEMMA 2.9 ([17]). Let F' and G be two meromorphic functions sharing
(1,0). Then

<N
<N

(r,o0; F') + S(r, F),

+N
+ N(r,00;G) + S(r,G).
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LEMMA 2.10 ([1]). Let f, g share (1,1). Then
Nysa(r,1;9) < 3N(r,0; f) + §N(r, 005 f) — 5No(r, 05 f') + S(r, f),
Ngso(r,1; f) < $N(r,0;9) + 3N (r,00; g) — 3No(r,0; ') + S(r, 9).

LEMMA 2.11 ([11]). If two nonconstant meromorphic functions f, g share
(1,2) then
No(r,0;¢")+N(r,1;9| >2)+ N.(r, 15 f,9) < N(r,00;g)+N(r,0; 9)+S(r, ).
LEMMA 2.12. Let f and g be two meromorphic functions, and let k be a
positive integer. Suppose that f*) and g*®) share (1,1) (1 =0,1,2).
(i) If 1 =0 and
(1) A= (2k+4) min{O(o0, f),O(c0, 9)}
+ (2k + 3) mln{@(oov f)v Q(OO, g)} + 51€+1(07 f) + 6k+1(0a g)
+ 6k+2(07 f) + 5k+2(07 g) + mln{@(07 f)? @(07 g)}
> 4k + 11,
then either f®g®) =1 or f = g.
(ii)) If I =1 and
(2) Ay = (k+5/2) min{O (oo, f), (0, g)}
+ (2k + 2) min{O (o0, f), O(c0, g)} + 0k+1(0, f)
+ 0k+1(0, 9) + 6k+2(0, f) + 6k+2(0, g)
> 3k +15/2,
then either fF)g*k) =1 or f=g.
(iii) If 1 =2 and
(3) Az = (k +2) min{O(c0, f), O(c0,9)}
+ (k + 2) min{O(o0, f),O(c0, 9)}
+ min{dx11(0, f), ok+1(0,9) }
+ 0k+2(0, f) + 0k+2(0, g)
> 2k + 6,
then either f®)g®) =1 or f = g.
Proof. Let F = f*) G = ¢ and

F"  2F G 2¢
i = (F’_F—1> <G’_G—1>'
(i) If I = 0, then F, G share (1,0). Suppose H # 0. Then we have
(4) Nyi(r,1; F) < N(r,0; H) < N(r,H) + S(r, F) + S(r, G).
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So using Lemmas 2.6-2.9 and (4), we get

(5) N(r,1;F)+ N(r,1;G)
< Ny (r,1;F)+ Np(r,1; F)+ Np(r, 1;G)
+ng(r,1;F)+N(r,1;G)
< Nui(r,1;F)+ N(r,1;G) — NL(r,1; G)
+ Ngs1(r, 1, F) + Npsi(r, 1;G)
< N(r,00; F|>2) + N(r,00; G | >2) + N(r,0; F | >2)
+ N(r,0;G|>2) + Ni(r,; F,G) + T(r,G) — m(r,1;G)
+0(1) = NL(r,1;G) — Np=1(r,1;G) + Ngs1(r, 1; F)
+ No(r,0; F') + No(r,0; G") + S(r, F) + S(r, G)
< Ny(r,0; F) + Na(r,0; G) + No(r, F') + Na(r,G)
+T(r,G)+ N(r,0; F) + N(r, F) + No(r,0; F")
+ No(r,0;G') + S(r, F) + S(r,G).
Since F' = f*) and G = g, from Lemma 2.4 and (5) we obtain
(6) N(r,1;F)+N(r,1;G)
< No(r, 05 fB)) + No(r,0; %)) 4+ No(r, f®)) + No(r, )
+T(r,g™) + N(r, 0; f®) + N(r, f*) + No(r, 0; f*)
+ No(r, 0, g% ) + S(r, f) + S(r, 9)
< (2k+3)N(r, f)+ (2k +2)N(r,g) + N(r,0; f) + T(r, g)
+ Niey2(r, 05 f) + Niya(r, 0; 9) + No(r, 0; &)
+ No(r,0; g*FV) + S(r, ) + S(r, g).

And from Lemma 2.1, we have

(7) T(r, f) < N(r, f) + N1 (r, 05 f) + N(r, ¢; f0)
— No(r, 05 f*FD) 4+ S(r, f),
(8) T(r,g) < N(r,g) + Nps1(r,0; 9) + N(r,c; g¥)

— No(r,0;9"*1) + 5(r, g).
Thus, from (4)-(8) (let ¢ = 1) we get
T(r,f)+T(r,g) < (2k+4)N(r, f) + (2k + 3)N(r,g) + N(r,0; f)
+T(r,g) + N4 (r, 05 f) + Nig41(r, 05 9)
+ Niy2(r, 0 f) + Ngt2(r, 0;9) + S(r, f) + S(r, 9).
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This becomes
(9) T(r, f) < (2k +4)N(r, f) + (2k + 3)N(r,g) + N(r,0; f)
+ Nit1(r, 05 f) + Ni11(7,05 g) + Niy2(r, 0; f)
+ Niy2(r,059) + S(r, f) + S(r, 9).
Without loss of generality, we suppose that there exists a set I of infinite
measure such that T'(r,g) < T'(r, f) for r € I. Hence
T(r,f) <[4k + 12 — (2k + 4)O(c0, f) — (2k + 3)O (00, g)
— 6k41(0, f) = 0k+1(0, 9) — 12(0, f) — 0k+2(0, 9)
—0(0, f) +]T(r, f) + S(r, f)
forr € I and 0 <e < Ay — 4k — 11, that is, {A; — (4k + 11) — }T(r, f) <

S(r, f), so Ay — (4k + 11) < 0, contrary to hypothesis.
Therefore, we have H = 0. Then

Flk+2) B 9 f(k+1) _ glk+2) - 94(k+D)
FOD T 0 1 gD T g 1

From this equation we get
w_ O+DfP+@@—b-1)
B bf*) + (a—b) ’

where a (# 0),b are two constants.
Now, we consider three cases as follows.

(i); Suppose b # 0, —1. If a — b — 1 # 0, then by (10) we know that

—( a—b-1 —
R 1 () B R . (k)
N(r, T o f > N(r,0;g\").

(10)

By Lemma 2.1 we have
T(Taf) < N(va) +Nk+1(ra0;f) —|—N(’I‘,C,f(k))
- NO(ru 07 f(kJrl)) + S(Tv f)

SN(va)+Nk+1(T70§f)+N<T7ab1;f(k)> +S(r, f)

b1
< N(r f) + Niga (r, 0 ) + kN (1, 9)
+ N(r,0;9) + S(r, f)
< (2k+4)N(r, f) + (2k + 3)N(r, g) + N(r,0; f)
+ N1 (7, 05 f) + Nigg1 (r, 05 g) 4+ N2 (7, 05 f)
+ Niga(r,0;9) + S(r, f) + S(r,9).
Hence, by (1) we deduce that T'(r, f) < S(r, f) for r € I, a contradiction.
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If a —b—1 =0, then by (10) we know ¢ = ((b+ 1)f®)/(bf®*)
Obviously,

N(r,1/b; f®) = N(r,g®)).
By Lemma 2.1 we have
T(va) S N(T‘,f) +Nk+1(7’,0;f) + N(T,C,f(k))
- NO(Ta 07 f(kJrl)) + S(Tv f)
< N(r, f) + Nisa (r, 0 ) + N, 1/6; f &) + S(r, f)
SN(ﬁf)+Nk+1<7"a0;f)+]v(7'ag)
+ Niy1(r,0; f) + Nig1(7, 05 9) + Niga (7,05 f)
+ Nk+2(7‘, 079) + S(Tv f) + S(Tag)

Hence, by (1) we deduce that T'(r, f) < S(r, f) for r € I, a contradiction.

(i), Suppose b = —1. Then (10) becomes ¢¥) = a/(a + 1 — f¥).

If a+1# 0, then N(r,a + 1; f(#)) = (r,g(k)), and we can deduce
contradiction as in (i);.

If a+1=0, then f®gk) =1,

(i); Suppose b = 0. Then (10) becomes g*) = (f*) + a —1)/a.

59

+1).

a

If a — 1 # 0, then N(r,1 —a; f®)) = ( 0;g™)), and again we deduce

a contradiction as in (i);.
If a —1 =0, then f® = ¢(®)_ From this, we obtain

f=9+p(2),

where p(z) is a polynomial, so T'(r, f) = T(r,g) + S(r, f). If p(z) # 0, then

by Lemma 2.2, we have

Hence,

T(r, f) < {3 —=1[O(c0, f) + 6(0,9) + O(0, )] + e}T(r, ) + 5(r, f),

where 0 < e < (2k+3)[1—O(o0, f)]+ (2k+3)[1 —O(00,9) +1—04+1(0, )+

1 — 0k 42(0, f) + 1 — 0x12(0, g). Therefore
{Al — 4k — 11}T(T7f) < S<T7f)

Hence, by (1), we deduce that T'(r, f) < S(r, f) for r € I, a contradiction.

Therefore, we conclude that p(z) =0, that is, f = g.
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(ii) If I = 1, then F, G share (1,1). By Lemma 2.10, (5) becomes

N(r,1;F)+ N(r,1;Q)

< Ny (r,; F)+ Np(r,1;F)+ Np(r,1;G)
+ NP1, F) + N(r, 1;G)

< Ny (r,1;F)+ N(r,1;G) = Np(r,1;G)
— NL(r, 1, F) + Npsao(r, 1;G)

< N(r,00; F | >2) + N(r,00; G| >2) + N(r,0; F | >2)
+ N.(r,1;F,G)+ T(r,G) —m(r,1;G) + O(1)
—~ Np(r,1;G)+ N(r,0;G|>2) — Np(r,1; F)
+ 3N (r,0; F) + $N(r,00; F) 4+ No(r,0; F')
+ No(r,0;G") + S(r, F) + S(r,G).

By Lemma 2.4, this becomes

N(r,1; F)+ N(r,1;G) < (k+3/2)N(r, f) + (2k + 1)N(r,g) + T(r, g)
+ Nis2(r, 0 f) + Niya(r, 05 g) + No(r, 0; F &)
+ No(r,0;¢%+Y) + S(r, f) + S(r, 9).
Then (9) becomes
T(r,f) < (k+5/2)N(r, f) + (2k + 2)N(r, g) + Ni41(r, 05 f)
+ Nig41(r, 05 9) + N2, 05 f) + Niggeo(r,0;9) + S(r, f) + S(7, 9).

Without loss of generality, we suppose that there exists a set I of infinite
measure such that T'(r,g) < T(r, f) for r € I. Hence

T(r,f) <[Bk+17/2 — (k+5/2)0(o0, f) — (2k + 2)O (00, g)
— 0,410, f) —0x11(0, 9) = 0k42(0, f) —0r42(0, g) +e]T'(r, f)+S(r, f)
forre I and 0 < e < Ay — 3k — 15/2, that is,
{As — 3k +15/2) —e}T'(r, f) < S(r, f),

so Ay < 3k + 15/2, contrary to hypothesis.

Therefore, we have H = 0, and using the same argument of (ii), we
deduce that p(z) = 0, that is, f = g.

(i) If I = 2, then F,G share (1,2), and we see that N(r,1;F|>2) =
N(r,1;G|>2). By Lemmas 2.4, 2.5 and 2.11, we obtain
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N(r,1;F|=1) < N(r,0; F | >2) + N(r,0; G| >2)
+ N(r,00; F|>2) + N(r,00; G| >2)
+ N(r,0;G) — N(r,1;,G | >2)
+ No(r,0; F') + S(r, F) + S(r, G).
Since N(r,1; F) = N(r,1; F |=1) + N(r,1; F | >2), by Lemmas 2.1 and 2.4
and F = f®) G = ¢ we have
T(r, f) < 2N(r, ) + 2N(r, 9) + Nesa (r, 05 f) + N(r,0; f# | >2)
+ N(r,0; g% | >2) + N(r,0; ") + S(r, f) + S(r, g).
Then we obtain
T(r,f) < (k+2)N(r, f) + (k+2)N(r, 9) + Niya (r,0; f)
+ Nigt2(7, 05 f) + Nigg2(r, 05 9) + S(r, f) + S(r, 9).

Without loss of generality, we suppose that there exists a set I of infinite
measure such that T'(r,g) < T'(r, f) for r € I. Hence

- 5k+2(05 f) - 5/€+2(079) + S]T(T’, f) + S(T’, f)
forr € Tand 0 < ¢ < A3—2k—6, that is, { As—(2k+6)—e}T(r, ) < S(r, f),
so Az < 2k + 6, contrary to hypothesis.
Therefore, H = 0, and using the same argument of (i), we deduce that
p(z) =0, that is, f = g.
This completes the proof of Lemma 2.12. u

3. Proof of Theorem 1.2. Let
F(z) = ["(z)(f(z) =1) and G(z) =g"(2)(g(2) — 1).
We have
Ay = (2k +4) min{O(o0, F'), O(00, G) } + (2k + 3) min{O (o0, F'), O(00, G) }
+ min{O(0, F),O0(0,G)} + 0x+1(0, F)
+ 0k 41(0, G) + 0k 42(0, F) + 9 12(0, G).

Since
OB =1 I )~ T R w070 D)
B — N(r,(); f) + N(T,l;f) — 2T(T> f)
=l e e ) 2 T e )
we obtain
(11) 0(0.F) > "

“n4+1
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Similarly,
n—1
12 0(0,G) > .
(12) 0.6)> "
And since
7N(747F) 7N(T7fn(f_1))
C] FH=1-1 =1-
oD = M T T e DI )
T N(T, ) T T(?", f)
=1—-lim —2~*—>1— lim —— >+
= (0t DTG ) = r=m (n+ DT, f)°
it follows that
n
13 e F) >
(13) (00, F) 2
Similarly,
n
14 > .
(14) O, G) 2 1
Next, by the definition of Ni(r,a; f) we have
— Ni4a1(r,0; f) — (k+1)N(r,0; f)
) =1-—lim —/——~2222>1-1]
k+1(07 f) TLIEO T(T, f) el TLIEO T(T, f) )
w— N1 (r, 0, f*(f — 1)) — (k+1)N(r,0; F)
=1— >1—
OO F) =1= I = 2 M T TG
Therefore
— (E+2)T(r, f) k+2
15 ) 0,F)>1— lim ——————+-=1— .
(15) e (0. F) 2 1= B T 1) nt 1
Similarly,
k+2
16 ) 0,G)>1-—
and
k+3 k+3
>1— —- > 1 — .
(17) Ok+2(0, F) > 1 n 1 0r+2(0,G) > 1 1
From (11)—(17), we get
n—1

n n
A > (2k+4) —— 2k +3) ——
12 +)n+1+( +)n+1+n+1

+2<1—k+2> +2<1— k+3>.
n+1 n+1

Since n > 8k + 18, we get Ay > 4k + 11.

From the assumption of Theorem 1.2, we deduce that F(®) =[f"(f—1)]*)
and G*) = [¢"(g — 1)]®) share 1 IM and F,G satisfy the assumptions of
Lemma 2.10. By that lemma, either F®)G*) =1 or F = G.

Next, we consider the following two cases:
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Case 1: FOGH =1 ie.

(18) (=D Pg"(g - )P =1,

(i) Let zp be a zero of f of order p. By (18), 2 is a pole of g, say of
order ¢; (18) yields np—k = ng+q+k, i.e., n(p—q) = ¢+ 2k, which implies
that p > ¢+ 1 and g 4+ 2k > n. Thus
(19) p>n—2k+1.

(ii) Let z; be a zero of f —1 of order p;. Then it is a zero of [f™(f —1)]*
of order p; — k and hence a pole of g, say of order ¢;. By (18) we obtain
—k=nqg +q +k, ie,p1 =(n+1)q + 2k, so

p1>n+2k+ 1.

(iii) Let 2o be a zero of f’ of order py that is not a zero of f(f—1). Then 29
is a pole of g, say of order g9, and by (18) we obtain ps—(k—1) = nga+q2+k,
ie,ps=(n+1)g+2k+1, so

po > n + 2k.

We have similar results for the zeros of [g™(g — 1)]%).
Thus we know that possible poles of g occur at (i) the zeros of f; (ii) the
zeros of f —1; (iil) the zeros of f’ that are not zeros of f(f — 1). Thus

N(r,g) < N(r,0; f) + N(r,1; f) + N(r, 0; f)
1

< . . . /'
Since n > 8k + 18, we get
1
N ; — N(r,1; — N f!
1 1
< — — 1
< oo NG 0; ) 4 56 NG 15 ) + 52 N(r 0 1)
< (o5 + o+ o ) TO ) + S0 )
=\25 T29 "2g)"\" "

<0.1102T(r, f) + S(r, f).
By the second fundamental theorem and the above, we obtain
(20)  T(r,g) < N(r,0;9) + N(r,1;9) + N(r,9) + S(r, g)

1 1
< —N N(r, 1: 1102T
<5 (r,0;9) + 20 (r,1;9) +0.1102T(r, f)

+5(r, f) + 5(r.9)
<0.0745T(r,g) +0.1102T(r, f) + S(r, f) + S(r, g).
Similarly,

(21) T(r,f) <0.0745T(r, f) + 0.1102T(r,g) + S(r, f) + S(r, g).
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Adding (20) and (21), we have
T(r, f)+T(r,g) <0.1848[T(r, f) 4+ T(r,g)] + S(r, f) + S(r,9),
SO
(22) 0.8152[T(r, f) + T(r,9)] < S(r, f) + S(r,9),
which yields a contradiction.

CASE 2: Suppose F' = G, that is,
fYf=1)=g"g-1).

We consider the following two cases.

(i) Suppose h = f/g is a constant. If h = 1, then f = g. If h Z 1, we
deduce that

1—h" h(1 —h™)
9=1_jnz ond f= (1— ALy’
This is a contradiction because f, g are nonconstant.
(ii) Suppose h = f/g is not a constant. Thus we get
hn
T It ht+ R4t A
Then by Nevanlinna’s first fundamental theorem and Lemma 2.3,

— 1.

g

n

T(r,g) = T(r,z h11> + S(r,h) =nT(r,1/h) + S(r, h)

=0
=nT(r,h)+ S(r,h).
Now we note that a pole of h is not a pole of h"/(1+h+h?+---+h") —1.

So
no 1 .
ZN(r, ) < N(r,9),
=0 h — Uk

where uy = exp(2kmi/n) for k = 1,...,n. By the second fundamental theo-
rem we get

(n—2)T(r,h) < ZN(r, -
k=1

<(1—-0(c0,9)+¢)T(r,g)+ S(r,h)

=n(l—06(oc0,g) +¢e)T(r,h) + S(r, h)

for all € > 0. Again putting h; = 1/h, noting that T'(r,h) = T(r,h1) + O(1)
and proceeding as above we get

(n—2)T(r,h) <n(l—0O(co, f)+¢e)T(r,h)+ S(r,h)

> + S(r,h) < N(r,00;9) + S(r, h)
ug,
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for all € > 0. Since O(o0, f) + O(o0, g) > 4/n, there exists a § (> 0) such
that (oo, f) + O(00,g) > d +4/n. Then

2(n —2)T(r,h) <n(2—6O(c0, f) — O(c0, g) + 2e)T(r,h) + S(r, h)
<n(2—4/n—96+2e)T(r,h)+ S(r, h),

and so (6 — 2¢)T'(r,h) < S(r, h), which is a contradiction for 0 < 2e < .
Therefore, f = g and so Theorem 1.2 is proved completely.

4. Proof of Theorems 1.3 and 1.4
Proof of Theorem 1.3. From (11)—(17), we have

5 n n k42 k+3
Ay > (kz+ 2)n+1 +(2k+2)n+1 +2<1 n+1) +2<1 n+1>'
Since n > Tk + 23/2, we get Ay > 3k + 15/2.

Considering F®) = [f*(f — 1)]® and G®) = [¢"(g — 1)]®, by the
assumptions of Theorem 1.2, F*) and G*) share (1,1), and F and G satisfy
the assumptions of Lemma 2.12; by that lemma, either F®GK®) = 1 or
F=dG.

Using the same argument of Theorem 1.2, we deduce f = g.

Proof of Theorem 1.4. From (11)—(17), we have

n n k+2 k+3
Az > 2) — 2) — 1—— 2(1— —— .
3z (k+ )n+1+(k+ )n—|—1+< n+2>+ < n+1>

Since n > 5k + 11, we get Ag > 2k + 6.

Considering F®) = [f*(f — 1)]® and G®) = [¢"(g — 1)]®), by the
assumptions of Theorem 1.2, F*) and G*) share (1,2), and F and G satisfy
the assumptions of Lemma 2.12; by that lemma, either F®)G®) = 1 or
F=G.

Using the same argument of Theorem 1.2, we deduce f = g.
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