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On strong tracts of subharmonic functions
of infinite lower order

by I. I. MARCHENKO and A. SZKIBIEL (Szczecin)

Abstract. The notion of a strong asymptotic tract for subharmonic functions is
defined. Eremenko’s value b(co, u) for subharmonic functions is introduced and it is used to
provide an exact upper estimate of the number of strong tracts of subharmonic functions
of infinite lower order. It is also shown that b(co,u) < 7 for subharmonic functions of
infinite lower order.

1. Introduction. Let u(z) be a function subharmonic in the plane and
with infinite lower order, which means that

logmax{u(z) : |z| =} _

lim inf
r—00 logr
Let us consider the sets E(n) = {z € C: u(z) > n} for n € N. Let C(n) be
a thick component of E(n), which means that u(z) # n on C(n) (see [7]).
There is k € N such that for every n > k the function u(z) is unbounded
on all thick components C(n). We call a thick component C(n) an n-tract
of u(z). Let ng > ny > k. Then every ni-tract contains at least one na-tract.
If q(n) is the number of different n-tracts C(n), then q(ng) > q(n1). We call
q = lim,, .~ q(n) the number of tracts of the function u(z).
If C(n) is an n-tract of u(z), then (see [11]) there exists a continuous
curve I' C C(n) given by the equation z = z(t), where 0 < t < oo and
z(t) — oo as t — oo, such that

Q.

lim u(z) = tli)noao u(z(t)) = 0.
zell

THEOREM A ([7]). Ewvery subharmonic function in the plane has at least
one tract.

DEFINITION. We call an n-tract C(n) of a subharmonic function u(z)

a strong n-tract if there is a continuous curve I' C C(n), z = z(t),0 < t < oo,
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such that z(t) — oo as t — oo and
lim u(z(t)) _1
t—oo max{u(z) : |z| = |2(¢)|}

Let p(n) be the number of strong n-tracts of the function u(z). We call
p = limy, oo p(n) the number of strong tracts of the function u(z).

In [10] we provided a similar definition of strong tracts for subharmonic
functions of finite lower order and estimated, in that case, the number of
strong tracts.

In this paper we are going to estimate the number of strong tracts of sub-
harmonic functions of infinite lower order. To state our results, we introduce
Eremenko’s value for a subharmonic function u(z) (see [3]) as

max{u(z) : |z| =r}

b(oo,u) = hggg)lf 7 () ,
where T'(r,u) is the Nevanlinna characteristic of u(z) and T” (r, u) is its left
derivative (see [7]).

We prove the following results.

THEOREM 1. For a subharmonic function u(z) of infinite lower order
we have
b(oo,u) < .

This result was obtained for u(z) = log|f(z)|, where f(z) is a mero-
morphic function, by Bergweiler and Bock in [2]. The estimate given in
Theorem 1 is exact (see [6]).

THEOREM 2. Let u(z) be a subharmonic function with infinite lower
order and with p different strong tracts. Then

r< (s

In the case u(z) = log|f(2)|, where f(z) is an entire function, the theo-
rem was proved by one of the authors ([9]). The estimate of Theorem 2 is
exact (see [9]).

COROLLARY. If u(z) is a subharmonic function satisfying b(co,u) > 0,
then the number of different strong tracts of u(z) is finite.

The condition b(oco,u) > 0 is essential for the Corollary, because for the
function u(z) = log|e® |, b(oco,u) = 0 and u(z) has infinitely many strong
tracts.

2. Auxiliary results. Let u(z) be a subharmonic function. Let
1 ,
m*(r,0,u) = — sup Suﬂre“") de,
27 |B=20 ,



Strong tracts of subharmonic functions 277

where |E| is the Lebesgue measure of the set £ and u*(z) = max{u(z), 0},
be the function defined by Baernstein (see [1]). According to Baernstein’s
theorem the function m*(r,#, ) is subharmonic in K = {re® : 0 < r < oo,
0 < 6 < 7}, continuous on KU(R\{0})x{0} and convex in log r for any fixed
0 € [0,7]. Also the function defined above is nondecreasing with respect to
r for any fixed 6. Moreover

0 *
m*(r,0,u) = %éﬁ(rew) dep, aaie(r,@, u) = %ﬂ(reie), 0<0<m,

where 7(re?) is the circular rearrangement of the function u™(re) ([5]).

Every subharmonic function u(z) is a pointwise limit of a nonincreasing
sequence {v*(2)} of subharmonic functions with continuous partial deriva-
tives of second order ([7]).

LEMMA A ([10]). The sequence {m*(r,0,v%)} converges to m*(r,0,u)
uniformly on the set {re’ : 1 <r < R,0<0 <n} for every R > 1.

For a real function ¢(r), we consider the operator

h —h —9
Lg(r) = limint p(re )+s@(;§ ) = 2¢(r)

If the function ¢(r) is twice differentiable in r, then

Lo(r) = r o7 L o(r).
Since m*(r, 0, u;) is convex in logr, for all » > 0 and 6 € [0, 7] we have
Lm™(r,0,u;) > 0.

LeMmmA B ([10, 9]). Let u(z) be a subharmonic function with continuous
partial derivatives of second order. For all r > 0 and for almost all § € (0, 7)
we have

1 01 (re'?)

Lm*(r,0,u;) > - 90

p=0

Bergweiler and Bock introduced in [2] the sequences of Pélya peaks for
meromorphic functions of infinite lower order. Such sequences can also be
constructed for subharmonic functions, so let us recall the basic facts. For
any sequences M, — oo and &, — 0 there are sequences p, — oo and
tn, — oo such that, for every r satisfying log(r/o,) < M,,/pn, we have

(1) T(r,u) < (1 —|—sn)<L>MT(Qn,u).

On
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We put P, = gpe~Mr/tn and Q,, = p,eMn/#n . Then inequality (1) holds
for all r € [Py, @Qn]. We assume that M,, > 1. Consider the sets

Anz{remea:Twﬂ>sV%E(iij@mm},

1 r \ "
Bp=qr € [Pp,0n] : T(r,u) < (_> TQmu}-
{retpalirom < = (1) T

We put
R _{minAn if A, #0, . _{maxBn if B, # 0,

Qn if A, =0, P, if B, =0,
T, =e 2/IR,.

Then t, < 0, < T, < R,. We may achieve that M,, — oo as slowly as we
please, so we have the following lemma.

LEMMA C ([2]). For a subharmonic function of infinite lower order and
the sequences defined above,

T,
T(Ry,uw) T(Th,u) T(tn,u) " T(ryu)
Riy T G el B e

We need one more lemma.

LemMMmA D ([8]). Let a function f(x) be nondecreasing on an interval
[a,b] and let p(x) be a nonnegative function having a bounded derivative on
[a,b]. Then

b
VF(@)p(x) de < f(x)p(x)], =\ ¢ (@) f(2) dz.

a a

Now let {v*(2)} be a nonincreasing sequence of subharmonic functions
with continuous partial derivatives of second order, pointwise converging
to u(z). For every k and for every n we put (see [4])

/2
(2) Opn(r) = S m*(r,0,v%) cos 1,0 db.
0

LEMMA 1. For everye > 0 and sequences {pn} and {T,,} defined above,
there exist N(¢) € N and K(g,n) € N such that

Oen (L) | ininlT) ¢ TC0)

dr
— n
Tr/jn 1 Tﬂn T.,un—i-l

formn > N(e) and k > K(e,n).
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Proof. Let € > 0 be given. Let {T},}, {R,} and {u,} be the sequences
defined above. By Lemma C there exists N € N such that for n > N,

T(Rn,u) T(Tpu) e TS T(r,u)

(3) + < g rhnt1

dr.
RE™ Thn 8 "

n

Let us choose N(g) > N so that
e <T(Tp,u).
Applying Lemma A, for k > K(g,n), we get
m*(r,0,v%) < m*(r,0,u) + e < T(r,u) +¢
on the set {rew :1<r <R, 0<60<n7}. Hence

T/ 2pn 7/ 24n
Okn(r) = S m*(r,0,v%) cos 1,0 df < S (T'(r,u) + €) cos u,0 do
0 0
~ (T(r,u) +¢)
=—(T(r,u .
Hn
Therefore
(4) Mnak,n(Tn) < T<Tn7 u) +e < 2T(Tm u) ‘

i FE N T

Now, because m*(r, 0, v*) is a nondecreasing function of r,

T/ 2pn k
om*(r,0,v
(okn)_(r) = S % cos 0 df.
5 r
Since m*(r, 0, v¥) is convex in logr if 6 is fixed, rOm*(r, 0, v¥)/Or is nonde-
creasing and from Lemma D for x > r, we get

xT

om*(t,0,v*)

dt
ot

m*(m,@,vk) > m*(m,&,vk) — m*(r,ﬁ,vk) >

ey

<

T t2m*(t,0,v") © . om*(t,0,v%)
ot 27 I
== S = —_— 1
§ - dt §t o d(logt)
* k
> om*(r,0,v") 10g£
or r
Hence
om*(r,0,v") 1 k
< *(x,0 < T
or _rlogfm(m’ ’v)_rlog%( (@, u) +¢),

so, using T, = e"2/Fn R, we have

I Ov)l o L (R u)+e) < TR, )
87" r=T, Tn lOg }j%“_:; Tn
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Thus
/24y
(k) (Thn) 1 om*(r, 0, v")
(5) e N T S o . cos i, 0 do
n n 0 r=Tp,
1 2T (Rp, ) T(Rp,u)
< 7 T(Rp,u) = R <8 R

3. Proof of Theorem 1. Applying the definition of oy, () and Lem-
ma B, we get

cos nb do.

Integrating by parts we obtain

/2 7/2%n ‘
_Hn S vk (re) sin ju,0 df

1~
(1) Logn(r) > —=vk(re?) cos p,0
0 m

™

0
1 ~ T ™/24n
= — ok (r) — ppm” (r, —, vk> + S m*(r,0,v") cos 1,0 df
m 2pn 5

1~ N T
= 200 = (1570 4 o)

= hk,n(r) + M%O’km(’l“).
Since Lm*(r,0,v*) > 0, from Fatou’s lemma we get

/2pn
Loy n(r) > S Lm*(r,0,v") cos pn0 df > 0
0
and oy, (r) is convex in logr. It follows that r(oy,)"(r) is an increasing
function on (0, c0). Thus, for almost all » > 0 we have
d

LUkm(T‘) =r %T(Uk,n),—(r)'

We now divide the inequality (1) by r#»*! and integrate it over
the interval [t,, T}, to obtain

Tn Th Th

S Lr(ogn) (1) i > S hk,n(r)d 9 S Uk,n(r)d
rin - rHn+1 n rHn+1 ’

tn n n

where the numbers ¢, and 7T, are defined just before Lemma C. Since



Strong tracts of subharmonic functions 281

the function r(oy )" (r) is increasing, by Lemma A we have

Tin jr (Okm) (T)dr < <T‘(O’k7n)/_(7‘) o O'km(?")) Tn In Ok (T)

"
rHn n + Mo a1 dr.

tn

r/ln r#n

tn 128

Hence
Tn

T,
" N (1) (Okm)(7) Okn(r)
S T:u'n+1 dT S ( Tﬂnil + /"L’Vl r,ufn

tn tn

Let € > 0 be given. By Lemma 1, for n > N(¢) and k > K(g,n), we have

T T
" g (1) " T(r,u)
S T dr < epin S 1 dr.

tn n

Now, if {v*(2)} is a nonincreasing sequence tending to u(z), then {v¥(z)}
is a nonincreasing sequence tending to %(z). By Lemma A, m*(r, 7/24,, v*)
converges to m*(r, /2y, u). Hence, using the monotone convergence theo-
rem, we get

T, T,
" (1) " T(r,u)
(2) Sru +1d r<e S rintl dr,
tn tn
where
B)  ha(r) = 2 () — (12— u) > L () — T ()
n(r —Wur LM r,zun,u _Wur wn T (1, u).

Applying Lemma C, we have

Tn T, n !
T(r,u) T(r,u)|™" T’ (r,u)
(4) Hn S rhnt1 dr = — rin |, S rhn+l dr
" T (r,u) T’ (r,u)
< O( n S Nn"l‘l dT) S fr-/ln“l‘l dT
n tn
1 ¢ rT (r,u)
S 1 — € S rﬂn‘i’l dr.
Now, using (2), (3) and (4) we get
T"~ 1+e rT’(ru)d
S ,un+1 & 1—¢ S rintl T
'VL tn
Hence there is a sequence r,, € [t,,T,] such that
~ 1
u(ry) <m 1 i_ c T (1, u)
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for large enough n’s. Since u(ry,) > max{u(z) : |z| = r,}, using the definition
of b(oco,u), we get

w(ry) > (1 —e)b(co, u)rpyT" (rp,u).

Therefore )
+e
1—¢e)b
(1= e)b(oo,u) < 71—,
or )
+¢€
b(oo,u) <7 m

Since € > 0 is arbitrary we obtain Theorem 1.

4. Proof of Theorem 2. Let u(z) be a subharmonic function and let p
be the number of strong tracts of u(z). Let ¢ < p be a natural number. Then
there exists ng € N such that for all n > ng, E(n) has at least ¢ connected
components. Consider the functions (see [7])

= u(z) if z € Cj(no),
s )_{no if 2 ¢ Cj(no),

for j = 1,...,q. The functions u;(z) are subharmonic in C. Also, for ev-
ery j € {1,...,q}, uj(2) is the pointwise limit of a nonincreasing sequence
{vf(z)} of subharmonic functions with continuous partial derivatives of sec-
ond order.

Now, we define the function

o(r,0,u) Zm (r,0,u;).

The function mg(r,6,u), being the sum of m*(r,0,u;) for j € {1,...,q},
is subharmonic in K = {re? : 0 < 7 < 00,0 < # < 7}, continuous on
K U (R\ {0}) x {0} and convex in logr for any fixed 6 € [0,7]. It is also
nondecreasing with respect to r for any fixed 6.

For every k and for every n we put

T/ 2pn
Okn(r) = S (mg);(r, 0) cos pn0 db,
0
where (mg)5(r,0) = > 1_, m*(r, 9,1}?).

It is easy to see that Lemma 1 also holds for oy, ,(r) defined above.
Now, using the definition of oy, () and Lemma B, we have

1 q ~ (reie)
> = - .
Logn(r) > - Z S 5g o 0 do



Strong tracts of subharmonic functions 283

Proceeding analogously to the proof of Theorem 1 we get

P (1) _%i f — fin (M), < 2;)

and

Then

Fmally, we get

i) 142 1T (r,u)
[ Zm ), L2y
'r',un“rl 1 — ¢ fr-/JnJl’l

tn n

Hence there is a sequence T € [tn, Ty such that

1 2
ZU’J Tn) T2 T (7, )

1—c¢

for large enough n’s. Slnce our tracts are strong,
uj(rn) = max u;(2) = max u;(2) = max u(z) > (1-¢) max u(z).
z€T z€l
From the definition of b(oco, u) we get

wj(rn) > (1 — €)?b(0o, u)r, T (rp, ).

Hence o
q(1 —€)?b(oo,u) < + 6,
1—=¢
or
T 1+ 2e

7= b(oo,u) (1—¢)3

Since € > 0 is arbitrary and ¢ is an arbitrary natural number such that
q < p, we have proved Theorem 2.
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