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Some subclasses of meromorphic and multivalent functions

by Ding-Gong Yang (Suzhou) and Jin-Lin Liu (Yangzhou)

Abstract. The authors introduce two new subclasses Fp,k(λ,A,B) and Gp,k(λ,A,B)
of meromorphically multivalent functions. Distortion bounds and convolution properties
for Fp,k(λ,A,B), Gp,k(λ,A,B) and their subclasses with positive coefficients are obtained.
Some inclusion relations for these function classes are also given.

1. Introduction and preliminaries. Throughout this paper, we as-
sume that

(1.1)
N = {1, 2, 3, . . .}, p ∈ N, k ∈ N \ {1},
− 1 ≤ B < 0, B < A ≤ −B, 0 ≤ λ ≤ 1.

For functions f(z) and g(z) analytic in the open unit disk U = {z : |z| < 1},
we say that f(z) is subordinate to g(z) in U and write f(z) ≺ g(z) (z ∈ U)
if there exists an analytic function w(z) in U such that |w(z)| ≤ |z| and
f(z) = g(w(z)) (z ∈ U).

Let Σp denote the class of functions of the form

(1.2) f(z) = z−p +
∞∑
n=p

anz
n (p ∈ N),

which are analytic and p-valent in the punctured open unit disk U0 = U\{0}.
The following lemma will be required in our investigation.

Lemma 1.1. Let f(z) ∈ Σp defined by (1.2) satisfy

(1.3)

∞∑
n=p

[n(1−B) + pλδn,p,k(1−A)]|an| ≤ p(A−B).

Then

(1.4) − zf ′(z)

(1− λ)z−p + λfp,k(z)
≺ p1 +Az

1 +Bz
(z ∈ U),
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where

(1.5) δn,p,k =

{
1 ((n+ p)/k ∈ N),

0 ((n+ p)/k /∈ N).

for n ≥ p and

(1.6) fp,k(z) =
1

k

k−1∑
j=0

εjpk f(εjkz), εk = exp

(
2πi

k

)
.

Proof. For f(z) ∈ Σp defined by (1.2), the function fp,k(z) in (1.6) can
be expressed as

(1.7) fp,k(z) = z−p +
∞∑
n=p

δn,p,kanz
n

with

δn,p,k =
1

k

k−1∑
j=0

ε
j(n+p)
k =

{
1 ((n+ p)/k ∈ N),

0 ((n+ p)/k /∈ N).

In view of (1.1) and (1.5), we see that

(1.8) pAλδn,p,k + nB ≤ −pBλδn,p,k + pB ≤ 0 (n ≥ p).

Let the inequality (1.3) be satisfied. Then from (1.7) and (1.8) we deduce
that∣∣∣∣∣∣

zf ′(z)
(1−λ)z−p+λfp,k(z)

+ p

pA+ Bzf ′(z)
(1−λ)z−p+λfp,k(z)

∣∣∣∣∣∣ =

∣∣∣∣∣
∑∞

n=p(n+ pλδn,p,k)anz
n+p

p(A−B) +
∑∞

n=p(pAλδn,p,k + nB)anzn+p

∣∣∣∣∣
≤

∑∞
n=p(n+ pλδn,p,k)|an|

p(A−B) +
∑∞

n=p(pAλδn,p,k + nB)|an|
≤ 1 (|z| = 1).

Hence, by the maximum modulus theorem, we arrive at (1.4).

We now consider the following two subclasses of Σp.

Definition 1.2. A function f(z) ∈ Σp defined by (1.2) is said to be in
the class Fp,k(λ,A,B) if it satisfies the coefficient inequality (1.3).

It follows from Lemma 1.1 that, if f(z) ∈ Fp,k(λ,A,B), then the sub-
ordination relation (1.4) holds. In particular, we see that each function in
the class Fp,k(λ,A,B) with λ = 1 is meromorphically p-valent starlike with
respect to k-symmetric points. A number of properties for analytic (and
meromorphic) functions which are starlike with respect to symmetric points
and related functions have been studied by several authors (see, e.g., [1, 2,
4–10]).
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Definition 1.3. A function f(z) ∈ Σp defined by (1.2) is said to be in
the class Gp,k(λ,A,B) if

(1.9)
∞∑
n=p

n[n(1−B) + pλδn,p,k(1−A)]|an| ≤ p2(A−B).

For f(z) ∈ Σp defined by (1.2), we have

2z−p +
zf ′(z)

p
= z−p +

∞∑
n=p

n

p
anz

n,

which implies that

(1.10) f(z) ∈ Gp,k(λ,A,B) if and only if 2z−p+
zf ′(z)

p
∈ Fp,k(λ,A,B).

If we write

(1.11)
αn = αn,p,k(λ,A,B) =

n(1−B) + pλδn,p,k(1−A)

p(A−B)
,

βn =
n

p
αn (n ≥ p),

then it is easy to verify that

∂βn
∂λ

=
n

p

∂αn
∂λ
≥ 0,

∂βn
∂A

=
n

p

∂αn
∂A

< 0 and
∂βn
∂B

=
n

p

∂αn
∂B
≥ 0.

Hence we have the following inclusion relations. If

0 ≤ λ0 ≤ λ ≤ 1, −1 ≤ B0 ≤ B < 0, B < A ≤ −B, A ≤ A0 ≤ −B0,

then

Gp,k(λ,A,B) ⊂ Fp,k(λ,A,B) ⊆ Fp,k(λ0, A,B) ⊆ Fp,k(λ0, A0, B0)

⊆ Fp,k(0, 1,−1)

= t{f(z) ∈ Σp : −Re{zp+1f ′(z)} > 0 (z ∈ U)}
and

Gp,k(λ,A,B) ⊆ Gp,k(λ0, A0, B0) ⊆ Gp,k(0, 1,−1).

Let

fj(z) = z−p +

∞∑
n=p

an,jz
n ∈ Σp (j = 1, 2).

Then the Hadamard product (or convolution) of f1(z) and f2(z) is defined
by

(f1 ∗ f2)(z) = z−p +

∞∑
n=p

an,1an,2z
n = (f2 ∗ f1)(z).

In the present paper, we obtain distortion bounds and convolution prop-
erties for the classes Fp,k(λ,A,B) and Gp,k(λ,A,B) and their subclasses
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with positive coefficients. Some inclusion relations for these function classes
are also provided.

2. Distortion bounds

Theorem 2.1. Let 2p/k ∈ N and λ ≤ 1−B
p(1−A) .

(i) If f(z) ∈ Fp,k(λ,A,B), then for z ∈ U0,

|z|−p − A−B
1−B + λ(1−A)

|z|p ≤ |f(z)|(2.1)

≤ |z|−p +
A−B

1−B + λ(1−A)
|z|p.

(ii) If f(z) ∈ Gp,k(λ,A,B), then for z ∈ U0,

(2.2) p

(
|z|−p−1 − A−B

1−B + λ(1−A)
|z|p−1

)
≤ |f ′(z)|

≤ p
(
|z|−p−1 +

A−B
1−B + λ(1−A)

|z|p−1
)
.

The bounds in (2.1) and (2.2) are sharp.

Proof. Let 2p/k ∈ N. For n ≥ p (n ∈ N) and (n+ p)/k ∈ N, we have

(2.3)
n(1−B) + pλδn,p,k(1−A)

p(A−B)
≥ 1−B + λ(1−A)

A−B
.

For n ≥ p+ 1 and (n+ p)/k /∈ N, we have δn,p,k = δp+1,p,k = 0 and

(2.4)
n(1−B) + pλδn,p,k(1−A)

p(A−B)
≥ (p+ 1)(1−B)

p(A−B)
.

From the assumptions of the theorem we obtain

(2.5)
(p+ 1)(1−B)

p(A−B)
≥ 1−B + λ(1−A)

A−B
.

(i) If f(z) = z−p +
∑∞

n=p anz
n ∈ Fp,k(λ,A,B), then it follows from (2.3)

to (2.5) that

1−B + λ(1−A)

A−B

∞∑
n=p

|an| ≤ 1.

Hence we have

|f(z)| ≤ |z|−p + |z|p
∞∑
n=p

|an| ≤ |z|−p +
A−B

1−B + λ(1−A)
|z|p
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and

|f(z)| ≥ |z|−p − |z|p
∞∑
n=p

|an| ≥ |z|−p −
A−B

1−B + λ(1−A)
|z|p > 0

for z ∈ U0.

(ii) If f(z) = z−p +
∑∞

n=p anz
n ∈ Gp,k(λ,A,B), then (2.3)–(2.5) yield

1−B + λ(1−A)

p(A−B)

∞∑
n=p

n|an| ≤ 1.

This leads to (2.2).

Furthermore, the bounds in (2.1) and (2.2) are best possible as can be
seen for the function

(2.6) f(z) = z−p+
A−B

1−B + λ(1−A)
zp ∈ Gp,k(λ,A,B) ⊂ Fp,k(λ,A,B).

Theorem 2.2. Let 2p/k /∈ N.

(i) If f(z) ∈ Fp,k(λ,A,B), then for z ∈ U0,

(2.7) |z|−p − A−B
1−B

|z|p ≤ |f(z)| ≤ |z|−p +
A−B
1−B

|z|p.

(ii) If f(z) ∈ Gp,k(λ,A,B), then for z ∈ U0,

p

(
|z|−p−1 − A−B

1−B
|z|p−1

)
≤ |f ′(z)|(2.8)

≤ p
(
|z|−p−1 +

A−B
1−B

|z|p−1
)
.

The bounds in (2.7) and (2.8) are sharp.

Proof. Let 2p/k /∈ N. For n ≥ p and (n+ p)/k /∈ N, we have δn,p,k =
δp,p,k = 0 and so for 0 ≤ λ ≤ 1,

(2.9)
n(1−B) + pλδn,p,k(1−A)

p(A−B)
≥ 1−B
A−B

.

For n ≥ p and (n+ p)/k ∈ N , we have

δn,p,k = 1, n = k

([
2p

k

]
+ l

)
− p > p (l ∈ N)

and

(2.10)
n(1−B) + pλδn,p,k(1−A)

p(A−B)
>

1−B + λ(1−A)

A−B
≥ 1−B
A−B

.
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(i) If f(z) = z−p +
∑∞

n=p anz
n ∈ Fp,k(λ,A,B), then it follows from (2.9)

and (2.10) that

1−B
A−B

∞∑
n=p

|an| ≤ 1,

which leads to (2.7).
(ii) If f(z) = z−p +

∑∞
n=p anz

n ∈ Gp,k(λ,A,B), then (2.9) and (2.10)
yield

1−B
p(A−B)

∞∑
n=p

n|an| ≤ 1,

which gives (2.8).
Furthermore, the function f(z) defined by

(2.11) f(z) = z−p +
A−B
1−B

zp ∈ Gp,k(λ,A,B) ⊂ Fp,k(λ,A,B)

shows that the bounds in (2.7) and (2.8) are best possible.

3. Inclusion relation between Fp,k(λ,C,D) and Gp,k(λ,A,B). We
now generalize the above-mentioned inclusion relation Gp,k(λ,A,B) ⊂
Fp,k(λ,A,B).

Theorem 3.1. If −1 ≤ D ≤ B, then

Gp,k(λ,A,B) ⊂ Fp,k(λ,C(D), D),

where

C(D) = D +
(1−D)(A−B)

1−B
.

The number C(D) is the smallest possible for each D.

Proof. Since B < A ≤ −B and −1 ≤ D ≤ B < 0, we see that

D < C(D) ≤ D − 2B(1−D)

1−B
≤ −D.

Let f(z) ∈ Gp,k(λ,A,B). In order to prove that f(z) ∈ Fp,k(λ,C(D), D),
we need only find the smallest C (D < C ≤ −D) such that

(3.1)
n(1−D) + pλδn,p,k(1− C)

p(C −D)
≤
n[n(1−B) + pλδn,p,k(1−A)]

p2(A−B)

for all n ≥ p, that is, that

(3.2)
(1−D)(n+ pλδn,p,k)

p(C −D)
− λδn,p,k

≤ n

p

(
(1−B)(n+ pλδn,p,k)

p(A−B)
− λδn,p,k

)
(n ≥ p).



Some subclasses of meromorphic and multivalent functions 79

For n ≥ p and (n+ p)/k ∈ N, (3.2) is equivalent to

(3.3) C ≥ D +
1−D

λ(p−n)
n+pλ + n(1−B)

p(A−B)

= ϕ(λ, n) (say).

Since

ϕ(λ, n) ≥ D +
p(1−D)(A−B)

n(1−B)

≥ D +
(1−D)(A−B)

1−B
=: C(D) (n = p, p+ 1, . . .),

by (3.3) we have f(z) ∈ Fp,k(λ,C(D), D).
Furthermore, for 2p/k ∈ N and D < C0 < C(D), we have

1−D + λ(1− C0)

C0 −D
· A−B

1−B + λ(1−A)

>
1−D + λ(1− C(D))

C(D)−D
· A−B

1−B + λ(1−A)
= 1,

which implies that the function f(z) ∈ Gp,k(λ,A,B) defined by (2.6) is not
in the class Fp,k(λ,C0, D). Also, for 2p/k /∈ N and D < C0 < C(D), we have

1−D
C0 −D

· A−B
1−B

>
1−D

C(D)−D
· A−B

1−B
= 1,

which implies that the function f(z) ∈ Gp,k(λ,A,B) defined by (2.11) is not
in the class Fp,k(λ,C0, D). The proof of Theorem 3.1 is thus complete.

4. Convolution properties. In this section, we assume that

(4.1) − 1 ≤ Bj < 0 and Bj < Aj ≤ −Bj (j = 1, 2).

Theorem 4.1. Let fj(z) ∈ Fp,k(λ,Aj , Bj) (j = 1, 2) with 2p/k ∈ N and
−1 ≤ B ≤ max{B1, B2}.

(i) If (1 − B1)(1 − B2) ≥ p(1 − A1)(1 − A2) and 0 ≤ λ ≤ 1, then
(f1 ∗ f2)(z) ∈ Fp,k(λ,A(B), B), where

(4.2) A(B) = B +
(1−B)(A1 −B1)(A2 −B2)

(1−B1)(1−B2) + λ(1−A1)(1−A2)
.

The number A(B) is the smallest possible for each B.
(ii) If (1−B1)(1−B2) < p(1−A1)(1−A2) and

(4.3) 0 ≤ λ ≤ λ1 =
(1−B1)(1−B2)

p(1−A1)(1−A2)
,

then (f1 ∗ f2)(z) ∈ Fp,k(λ,A(B), B) and the number A(B) is the
smallest possible for each B.
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(iii) If (1 − B1)(1 − B2) < p(1 − A1)(1 − A2) and λ1 < λ ≤ 1, then

(f1 ∗ f2)(z) ∈ Fp,k(λ, Ã1(B), B), where

(4.4) Ã1(B) = B +
p(1−B)

p+ 1

2∏
j=1

Aj −Bj
1−Bj

.

The number Ã1(B) is the smallest possible for each B.

Proof. Suppose that −1 ≤ B ≤ max{B1, B2}. It follows from (4.1) and
(4.2) that

1−B
A(B)−B

≥ 1−Bj
Aj −Bj

≥ −1−Bj
2Bj

≥ −1−B
2B

> 0,

1−B
Ã1(B)−B

=

(
1 +

1

p

) 2∏
j=1

1−Bj
Aj −Bj

> −1−B
2B

> 0.

Hence B < A(B) ≤ −B and B < Ã1(B) < −B.
Let fj(z) = z−p+

∑∞
n=p an,jz

n ∈ Fp,k(λ,Aj , Bj) (j = 1, 2) and 2p/k ∈ N.
Then

(4.5)
∞∑
n=p

{ 2∏
j=1

n(1−Bj) + pλδn,p,k(1−Aj)
p(Aj −Bj)

}
|an,1an,2|

≤
2∏
j=1

{ ∞∑
n=p

n(1−Bj) + pλδn,p,k(1−Aj)
p(Aj −Bj)

|an,j |
}
≤ 1.

Also, (f1 ∗ f2)(z) ∈ Fp,k(λ,A,B) if and only if

(4.6)

∞∑
n=p

n(1−B) + pλδn,p,k(1−A)

p(A−B)
|an,1an,2| ≤ 1.

In order to prove Theorem 4.1, it follows from (4.5) and (4.6) that we need
only find the smallest A such that

(4.7)
n(1−B) + pλδn,p,k(1−A)

p(A−B)

≤
2∏
j=1

n(1−Bj) + pλδn,p,k(1−Aj)
p(Aj −Bj)

(n ≥ p).

For n ≥ p and (n+ p)/k ∈ N, (4.7) is equivalent to

A ≥ B +
1−B

n+pλ
p

∏2
j=1

1−Bj

Aj−Bj
− λ

∑2
j=1

1−Bj

Aj−Bj
+ pλ(λ+1)

n+pλ

(4.8)

= ϕ1(λ, n) (say).
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It is easy to verify that ϕ1(λ, n) (0 ≤ λ ≤ 1) is decreasing with respect to n
and so, in view of 2p/k ∈ N,

ϕ1(λ, n) ≤ ϕ1(λ, p) = B +
1−B

(1 + λ)
∏2
j=1

1−Bj

Aj−Bj
− λ

∑2
j=1

1−Bj

Aj−Bj
+ λ

(4.9)

= B +
(1−B)(A1 −B1)(A2 −B2)

(1−B1)(1−B2) + λ(1−A1)(1−A2)
.

For n ≥ p+ 1 and (n+ p)/k /∈ N, (4.7) simplifies to

(4.10) A ≥ B +
1−B

n
p

∏2
j=1

1−Bj

Aj−Bj

= ϕ1(0, n)

and we have

(4.11) ϕ1(0, n) ≤ ϕ1(0, p+ 1) = B +
p(1−B)

p+ 1

2∏
j=1

Aj −Bj
1−Bj

.

Now

(4.12) ϕ1(λ, p)− ϕ1(0, p+ 1)

=
(1−B)(A1 −B1)(A2 −B2)[(1−B1)(1−B2)− pλ(1−A1)(1−A2)]

(p+ 1)(1−B1)(1−B2)[(1−B1)(1−B2) + λ(1−A1)(1−A2)]
.

Therefore, if p, λ,Aj and Bj (j = 1, 2) satisfy (i) or (ii), then from (4.7) to
(4.12) we conclude that

ϕ1(0, p+ 1) ≤ ϕ1(λ, p) = A(B), (f1 ∗ f2)(z) ∈ Fp,k(λ,A(B), B),

and the number A(B) is sharp for the functions

(4.13) fj(z) = z−p +
Aj −Bj

1−Bj + λ(1−Aj)
zp ∈ Fp,k(λ,Aj , Bj) (j = 1, 2).

Also, if p, λ,Aj and Bj (j = 1, 2) satisfy (iii), then

ϕ1(λ, p) < ϕ1(0, p+ 1) = Ã1(B), (f1 ∗ f2)(z) ∈ Fp,k(λ, Ã1(B), B),

and the number Ã1(B) is sharp for the functions

(4.14) fj(z) = z−p +
p(Aj −Bj)

(p+ 1)(1−Bj)
zp+1 ∈ Fp,k(λ,Aj , Bj) (j = 1, 2).

Corollary 4.2. Let f1(z) ∈ Fp,k(λ,A1, B1), f2(z) ∈ Gp,k(λ,A2, B2),

2p/k ∈ N, −1 ≤ B ≤ max{B1, B2}, and let A(B), Ã1(B), λ1 be as in Theo-
rem 4.1.

(i) If (1 − B1)(1 − B2) ≥ p(1 − A1)(1 − A2) and 0 ≤ λ ≤ 1, then
(f1 ∗f2)(z) ∈ Gp,k(λ,A(B), B) and the number A(B) is the smallest
possible for each B.



82 D.-G. Yang and J.-L. Liu

(ii) If (1 − B1)(1 − B2) < p(1 − A1)(1 − A2) and 0 ≤ λ ≤ λ1, then
(f1 ∗f2)(z) ∈ Gp,k(λ,A(B), B) and the number A(B) is the smallest
possible for each B.

(iii) If (1 − B1)(1 − B2) < p(1 − A1)(1 − A2) and λ1 < λ ≤ 1, then

(f1 ∗f2)(z) ∈ Gp,k(λ, Ã1(B), B) and the number Ã1(B) is the small-
est possible for each B.

Proof. Since

f1(z) ∈ Fp,k(λ,A1, B1), 2z−p +
zf ′2(z)

p
∈ Fp,k(λ,A2, B2)

(see (1.10)), and

f1(z) ∗
(

2z−p +
zf ′2(z)

p

)
= 2z−p +

z(f1 ∗ f2)′(z)
p

(z ∈ U0),

an application of Theorem 4.1 yields Corollary 4.2.

Theorem 4.3. Let fj(z) ∈ Fp,k(λ,Aj , Bj) (j = 1, 2) with 2p/k /∈ N and

−1 ≤ B ≤ max{B1, B2}. Then (f1 ∗ f2)(z) ∈ Fp,k(λ, Ã(B), B), where

(4.15) Ã(B) = B +
(1−B)(A1 −B1)(A2 −B2)

(1−B1)(1−B2)
,

and the number Ã(B) is the smallest possible for each B.

Proof. It is easy to see that B < Ã(B) ≤ −B. Proceeding as in the proof
of Theorem 4.1, we have (4.5)–(4.8) and (4.10). Noting that 2p/k /∈ N, we
find that

ϕ1(λ, n) ≤ ϕ1

(
λ, k

([
2p

k

]
+ 1

)
− p
)

= B +
1−B

(np,k + λ− 1)
∏2
j=1

1−Bj

Aj−Bj
− λ

∑2
j=1

1−Bj

Aj−Bj
+ λ(λ+1)

np,k+λ−1

(n ≥ p, (n+ p)/k ∈ N),

where np,k = (k/p)([2p/k] + 1) > 2, and

ϕ1(0, n) ≤ ϕ1(0, p) = B +
1−B∏2
j=1

1−Bj

Aj−Bj

(n ≥ p, (n+ p)/k /∈ N).

Since

(np,k + λ− 1)

[
(np,k + λ− 1)

2∏
j=1

1−Bj
Aj −Bj

− λ
2∑
j=1

1−Bj
Aj −Bj

−
2∏
j=1

1−Bj
Aj −Bj

]
+ λ(λ+ 1)



Some subclasses of meromorphic and multivalent functions 83

= (np,k + λ− 1)

[
(np,k − 2)

2∏
j=1

1−Bj
Aj −Bj

− λ+ λ
2∏
j=1

1−Aj
Aj −Bj

]
+ λ(λ+ 1)

≥ (np,k + λ− 1)(np,k − 2− λ) + λ(λ+ 1)

= (np,k − 1)(np,k − 2) > 0 (0 ≤ λ ≤ 1),

it follows that
ϕ1(0, p) > ϕ1(λ, k([2p/k] + 1)− p).

Hence, if we take A = ϕ1(0, p) = Ã(B), then (f1 ∗ f2)(z) ∈ Fp,k(λ, Ã(B), B)

and the number Ã(B) is best possible for the functions

fj(z) = z−p +
Aj −Bj
1−Bj

zp ∈ Fp,k(λ,Aj , Bj) (j = 1, 2).

Corollary 4.4. Let f1(z) ∈ Fp,k(λ,A1, B1), f2(z) ∈ Gp,k(λ,A2, B2),

2p/k /∈ N and −1 ≤ B ≤ max{B1, B2}. Then (f1∗f2)(z) ∈ Gp,k(λ, Ã(B), B),

where Ã(B) is as in Theorem 4.3, and it is the smallest possible for each B.

Theorem 4.5. Let f1(z) ∈ Fp,k(λ,A1, B1), f2(z) ∈ Gp,k(λ,A2, B2),
2p/k ∈ N and −1 ≤ B ≤ max{B1, B2}.

(i) If (2p + 1)(1 − B1)(1 − B2) ≥ p2(1 − A1)(1 − A2) and 0 ≤ λ ≤ 1,
then (f1 ∗ f2)(z) ∈ Fp,k(λ,A(B), B), where A(B) is as in Theorem
4.1, and it is the smallest possible for each B.

(ii) If (2p+ 1)(1−B1)(1−B2) < p2(1−A1)(1−A2) and

(4.16) 0 ≤ λ ≤ λ2 =
(2p+ 1)(1−B1)(1−B2)

p2(1−A1)(1−A2)
,

then (f1 ∗ f2)(z) ∈ Fp,k(λ,A(B), B) and the number A(B) is the
smallest possible for each B.

(iii) If (2p+ 1)(1− B1)(1− B2) < p2(1− A1)(1− A2) and λ2 < λ ≤ 1,

then (f1 ∗ f2)(z) ∈ Fp,k(λ, Ã2(B), B), where

(4.17) Ã2(B) = B +
p2(1−B)

(p+ 1)2

2∏
j=1

Aj −Bj
1−Bj

,

and the number Ã2(B) is the smallest possible for each B.

Proof. It is easy to see that B < Ã2(B) < −B. In order to prove Theo-
rem 4.5, we need only find the smallest A such that

(4.18)
n(1−B) + pλδn,p,k(1−A)

p(A−B)

≤ n

p

2∏
j=1

n(1−Bj) + pλδn,p,k(1−Aj)
p(Aj −Bj)

(n ≥ p)
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For n ≥ p and (n+ p)/k ∈ N, (4.18) is equivalent to

A ≥ B +
1−B

n(n+pλ)
p2

∏2
j=1

1−Bj

Aj−Bj
− nλ

p

∑2
j=1

1−Bj

Aj−Bj
+ λ(p+nλ)

n+pλ

(4.19)

= ϕ2(λ, n) (say).

Defining the function ψ(λ, x) by

ψ(λ, x) =
x(x+ pλ)

p2

2∏
j=1

1−Bj
Aj −Bj

− λx

p

2∑
j=1

1−Bj
Aj −Bj

+
λ(p+ λx)

x+ pλ

(x ≥ p, 0 ≤ λ ≤ 1),

we obtain

∂ψ(λ, x)

∂x
=

2x+ pλ

p2

2∏
j=1

1−Bj
Aj −Bj

− λ

p

 2∏
j=1

1−Bj
Aj −Bj

−
2∏
j=1

1−Aj
Aj −Bj

+ 1


− λp(1− λ2)

(x+ pλ)2

≥ 2

p

2∏
j=1

1−Bj
Aj −Bj

− λ

p
− λ(1− λ)

p(1 + λ)

≥ 2− λ
p
− λ(1− λ)

p(1 + λ)
> 0 (x ≥ p, 0 ≤ λ ≤ 1),

which implies that ϕ2(λ, n) defined by (4.19) is decreasing with respect to
n (n ≥ p). Hence, in view of 2p/k ∈ N, we have

ϕ2(λ, n) ≤ ϕ2(λ, p) = B +
1−B∏2

j=1
1−Bj

Aj−Bj
+ λ

∏2
j=1

1−Aj

Aj−Bj

= A(B).

For n ≥ p+ 1 and (n+ p)/k /∈ N, (4.18) becomes

A ≥ B +
1−B(

n
p

)2∏2
j=1

1−Bj

Aj−Bj

= ϕ2(0, n)

and, in view of 2p/k ∈ N, we obtain

ϕ2(0, n) ≤ ϕ2(0, p+ 1) = B +
1−B(

1 + 1
p

)2∏2
j=1

1−Bj

Aj−Bj

= Ã2(B).

Now,((
1 +

1

p

)2

− 1

) 2∏
j=1

1−Bj
Aj −Bj

− λ
2∏
j=1

1−Aj
Aj −Bj

=
(2p+ 1)(1−B1)(1−B2)− p2λ(1−A1)(1−A2)

p2(A1 −B1)(A2 −B2)
.

The remaining part of the proof is much akin to that of Theorem 4.1.
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Furthermore, the number A(B) is sharp for the functions

f1(z) = z−p +
A1 −B1

1−B1 + λ(1−A1)
zp ∈ Fp,k(λ,A1, B1),

f2(z) = z−p +
A2 −B2

1−B2 + λ(1−A2)
zp ∈ Gp,k(λ,A2, B2),

and the number Ã2(B) is sharp for the functions

f1(z) = z−p +
p(A1 −B1)

(p+ 1)(1−B1)
zp+1 ∈ Fp,k(λ,A1, B1),

f2(z) = z−p +
p2(A2 −B2)

(p+ 1)2(1−B2)
zp+1 ∈ Gp,k(λ,A2, B2).

Corollary 4.6. Let fj(z) ∈ Gp,k(λ,Aj , Bj) (j = 1, 2) with 2p/k ∈ N
and −1 ≤ B ≤ max{B1, B2}, and let A(B), Ã2(B), λ2 be as in Theorem 4.5.

(i) If (2p + 1)(1 − B1)(1 − B2) ≥ p2(1 − A1)(1 − A2) and 0 ≤ λ ≤ 1,
then (f1 ∗ f2)(z) ∈ Gp,k(λ,A(B), B) and A(B) cannot be decreased.

(ii) If (2p+ 1)(1− B1)(1− B2) < p2(1− A1)(1− A2) and 0 ≤ λ ≤ λ2,
then (f1 ∗ f2)(z) ∈ Gp,k(λ,A(B), B) and A(B) cannot be decreased.

(iii) If (2p+1)(1−B1)(1−B2) < p2(1−A1)(1−A2) and λ2 < λ ≤ 1, then

(f1 ∗ f2)(z) ∈ Gp,k(λ, Ã2(B), B) and Ã2(B) cannot be decreased.

Theorem 4.7. Let f(z) ∈ Fp,k(λ,A,B). Then

(4.20) (f ∗ hσ)(z) 6= 0 (z ∈ U0, σ ∈ C, |σ| = 1),

where

hσ(z) = z−p +
1 +Bσ

pσ(A−B)

(
pzp

1− z
+

zp+1

(1− z)2

)
+
λ(1 +Aσ)

σ(A−B)
g(z)

and

g(z) =


zp

1− zk
(2p/k ∈ N),

zk([2p/k]+1)−p

1− zk
(2p/k /∈ N).

Proof. For f(z) ∈ Fp,k(λ,A,B), from Lemma 1.1 we have (1.4), which
is equivalent to

− zf ′(z)

(1− λ)z−p + λfp,k(z)
6= p

1 +Aσ

1 +Bσ
(z ∈ U, σ ∈ C, |σ| = 1, 1 +Bσ 6= 0),

or to

(4.21) p(1 +Aσ)[(1− λ)z−p + λfp,k(z)] + (1 +Bσ)zf ′(z) 6= 0

(z ∈ U0, σ ∈ C, |σ| = 1).
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Note that

−zf
′(z)

p
= f(z) ∗

(
z−p − 1

p

∞∑
n=p

nzn
)

(4.22)

= f(z) ∗
(
z−p − zp

1− z
− zp+1

p(1− z)2

)
.

If we set

(4.23) fp,k(z) = f(z) ∗ (z−p + g(z)),

then for 2p/k ∈ N,

(4.24) g(z) =
∞∑
n=p

δn,p,kz
n =

∞∑
l=0

zp+lk =
zp

1− zk
,

and for 2p/k /∈ N,

(4.25) g(z) =

∞∑
l=1

zk([2p/k]+l)−p =
zk([2p/k]+1)−p

1− zk
.

Now, making use of (4.21)–(4.25), we arrive at

f(z) ∗
{
p(1 +Aσ)[(1− λ)z−p + λ(z−p + g(z))]

+ (1 +Bσ)

(
− pz−p +

pzp

1− z
+

zp+1

(1− z)2

)}
6= 0

for z ∈ U0, σ ∈ C and |σ| = 1. This gives the desired result (4.20).

Corollary 4.8. Let f(z) ∈ Gp,k(λ,A,B). Then

(4.26) f(z) ∗
(

2z−p +
zh′σ(z)

p

)
6= 0 (z ∈ U0, σ ∈ C, |σ| = 1),

where hσ(z) is as in Theorem 4.7.

Proof. Since f(z) ∈ Gp,k(λ,A,B) if and only if

2z−p +
zf ′(z)

p
∈ Fp,k(λ,A,B),

it follows from Theorem 4.7 that

f(z) ∗
(

2z−p +
zh′σ(z)

p

)
=

(
2z−p +

zf ′(z)

p

)
∗ hσ(z) 6= 0

(z ∈ U0, σ ∈ C, |σ| = 1).
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5. Functions with positive coefficients. Let Σ∗p denote the subclass
of Σp consisting of all functions of the form

(5.1) f(z) = z−p +
∞∑
n=p

anz
n (an ≥ 0).

Further let

(5.2)
F ∗p,k(λ,A,B) = Σ∗p ∩ Fp,k(λ,A,B),

G∗p,k(λ,A,B) = Σ∗p ∩Gp,k(λ,A,B).

Lemma 5.1. A function f(z) ∈ Σ∗p is in the class F ∗p,k(λ,A,B) if and
only if it satisfies the subordination relation (1.4).

Proof. If f(z) ∈ F ∗p,k(λ,A,B), then Lemma 1.1 implies that (1.4) holds
true. Conversely, suppose that f(z) ∈ Σ∗p defined by (5.1) satisfies (1.4).
Then, in view of Rew ≤ |w| (w ∈ C), we easily see that

(5.3) Re

{ ∑∞
n=p(n+ pλδn,p,k)anz

n+p

p(A−B) +
∑∞

n=p(pAλδn,p,k + nB)anzn+p

}
< 1 (z ∈ U).

By letting z = Re z → 1, (5.3) leads to

∞∑
n=p

[n(1−B) + pλδn,p,k(1−A)]an ≤ p(A−B).

Hence f(z) ∈ F ∗p,k(λ,A,B).

By using Lemma 5.1, we observe that

F ∗p,k(0, A,B) =

{
f(z) ∈ Σ∗p : −zp+1f ′(z) ≺ p1 +Az

1 +Bz
(z ∈ U)

}
coincides with the classH∗(p;−A,−B) introduced and studied by Mogra [3].

It is worth noting that our Theorems 2.1, 2.2, 3.1, 4.1, 4.3, 4.5 and
Corollaries 4.2, 4.4, 4.6 are still true if the class Fp,k(λ,A,B) is replaced by
F ∗p,k(λ,A,B) and the class Gp,k(λ,A,B) is replaced by G∗p,k(λ,A,B). More-
over, by using Lemma 5.1, (the proof of) Theorem 4.7 and Corollary 4.8, we
get the following result.

Theorem 5.2. Let f(z) ∈ Σ∗p and hσ(z) be as in Theorem 4.7. Then:

(i) f(z) ∈ F ∗p,k(λ,A,B) if and only if (4.20) holds.
(ii) f(z) ∈ G∗p,k(λ,A,B) if and only if (4.26) holds.
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