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Some subclasses of meromorphic and multivalent functions

by DING-GONG YANG (Suzhou) and JIN-LIN Liu (Yangzhou)

Abstract. The authors introduce two new subclasses Fj, 1 (A, A, B) and G,k (A, A, B)
of meromorphically multivalent functions. Distortion bounds and convolution properties
for Fp (A, A, B), Gp (A, A, B) and their subclasses with positive coefficients are obtained.
Some inclusion relations for these function classes are also given.

1. Introduction and preliminaries. Throughout this paper, we as-

sume that
(L1) N={1,2,3,...}, peN, keN\({1},
—1<B<0, B<A<-B, 0<X<1.
For functions f(z) and g(z) analytic in the open unit disk U = {z : |z| < 1},

we say that f(z) is subordinate to g(z) in U and write f(z) < g(2) (z € U)
if there exists an analytic function w(z) in U such that |w(z)| < |z| and

f(2) = g(w(2)) (z € U).

Let X, denote the class of functions of the form
o0
(1.2) f(2) =274 anz" (peN),
n=p

which are analytic and p-valent in the punctured open unit disk Uy = U\ {0}.
The following lemma will be required in our investigation.

LEMMA 1.1. Let f(z) € X, defined by (1.2) satisfy

(1.3) > (1 = B) +pAdup (1 — Allan| < p(A - B).
n=p

Then

(1.4) B 2f'(2) 1+ Az (zel).

T Nz? A iz P17 Bz
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where
{1 ((n+p)/keN),
(9 o ={s (nimign
forn >p and
k— .
(1.6) Tpk(2 % Z 5kz €k = exp (222)
=0

Proof. For f(z) € X, defined by (1.2), the function f,x(2) in

be expressed as

(1.7) for(2) = 2P+ 0nppan2"

n=p

nip) _ [ 1 ((n+p)/keN),
ik = 22%’+ {0 ((n+p)/k ¢ N).

with

In view of (1.1) and (1.5), we see that

(1.6) can

(1.8) PAXOy p i + B < —pBAS, pp +pB <0 (n>p).
Let the inequality (1.3) be satisfied. Then from (1.7) and (1.8) we deduce
that
(1—)\)ZZ_J:-(i-Z>)\fp,k(z) TP Zﬁip(n + p/\‘sn,p,k)anznﬂ)
pA+ (I—A)zBfZ;-(i}p»k(z) p(A=B)+ Efﬁ:p(pA)‘&”vP:k +nB)ay 2"

fozp(n + PAOnp i) [an]

- p(A — B) + Zzo:p(pA)\dn,p,k =+ nB)‘an‘

<1 (2] =1).

Hence, by the maximum modulus theorem, we arrive at (1.4). =

We now consider the following two subclasses of X,.

DEFINITION 1.2. A function f(z) € X, defined by (1.2) is said to be in

the class F), (A, A, B) if it satisfies the coefficient inequality (1.3).

It follows from Lemma 1.1 that, if f(z) € F, (), A, B), then the sub-
ordination relation (1.4) holds. In particular, we see that each function in
the class F}, (A, A, B) with A = 1 is meromorphically p-valent starlike with
respect to k-symmetric points. A number of properties for analytic (and
meromorphic) functions which are starlike with respect to symmetric points
and related functions have been studied by several authors (see, e.g., [1l 2]

4110)).
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DEFINITION 1.3. A function f(z) € X, defined by (1.2) is said to be in
the class Gp (X, A, B) if

(1.9) > n[n(l = B) + pAdnpi(l — A)llan| < p*(A - B).

n=p

For f(z) € X}, defined by (1.2), we have

2f'(2) 7
2P L — 7P Z —anz",
p =

which implies that

1.10) f(z2) € Gox(N\,A,B) if and only if 2z7P+
P,

2 ;D(Z) € F,u(\ A, B).

If we write

1-B A0y, 1-A
= k(A A, B) — n( ) + PAGnp i ( )

(1.11) p(A - B) ’
n
Bn = —ap (n > P)7
p
then it is easy to verify that
OBy _ndon O _mon _ o OB _mdan

N pox " P9A p oA " 9B p OB —
Hence we have the following inclusion relations. If

0< <AL, -1<By<B<0, B<A<L-B, A<A,<-By,
then

Gpr(N\ A, B) C Fpr(X\A,B) C F,i(Xo, A, B) C F, (Ao, Ao, Bo)
- Fp’k(O, 1,-1)
=t{f(2) € Zp: —Re{2PTf'(2)} >0 (2 € U)}
and
prk()\, A,B) C Gp,k(>\07 Ay, By) C Gnk(o, 1,-1).
Let

fil) =2+ anz" €5, (j=12).
n=p
Then the Hadamard product (or convolution) of f1(z) and fa(z) is defined
by
(fi* f2)(2) = 2P+ ) anian22™ = (f2  f1)(2).
n=p

In the present paper, we obtain distortion bounds and convolution prop-
erties for the classes Fj, (A, A, B) and G, x(\, A, B) and their subclasses
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with positive coefficients. Some inclusion relations for these function classes
are also provided.

2. Distortion bounds

1—
THEOREM 2.1. Let 2p/k € N and X < TR
(i) If f(2) € Fpr(\ A, B), then for z € Uy,

A-B
1-B+X1-4)

CAVE 2P < [£(2)]

A-B
< —-p p
sl s a—a

(ii) If f(2) € Gpr(A, A, B), then for z € Uy,

22 p(l - g e ) <176

A-B
< —p—1 p=1),
p<|z| 1B — A" >

The bounds in (2.1) and (2.2) are sharp.

Proof. Let 2p/k € N. For n > p (n € N) and (n +p)/k € N, we have
n(l — B) + pAopp (1 — A) - 1-B+A1-4)
p(A — B) - A-B ’
Forn>p+1and (n+p)/k ¢ N, we have 0y, 1, = dp41,pr =0 and
n(l — B) 4+ pAdyp (1l — A) S (p+1)(1-B)
p(A—B) =T pA-B)
From the assumptions of the theorem we obtain
(p+1)(1-B) S 1-B+X1-4)
p(A—B) A-B .

() If f(2) = 277+ 3702, an2" € Fp (A, A, B), then it follows from (2.3)
o (2.5) that

(2.3)

(2.4)

(2.5)

1-B )\
+ Z|an|<1

Hence we have

A—-B 2P

< -p p < P
@ < 1P+ 12 Y lan| < 2| TTTBIAI—A)”

n=p
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and

A-B
B+A(1-A)

1F(2) = 277 = 2P Y fan] > 277 - T |27 >0
n=p

for z € Up.
(i) If f(2) = 27P + 302 anz™ € Gpi(), A, B), then (2.3)-(2.5) yield

o0

1-B+A1-A4)
WA—B) anan| <1

n=p
This leads to (2.2).

Furthermore, the bounds in (2.1) and (2.2) are best possible as can be
seen for the function

(2.6) f(z) =2P+ A-B

1-B+XA1-A4)
THEOREM 2.2. Let 2p/k ¢ N.
(i) If f(2) € Fpr(A A, B), then for z € Uy,

A-B A-B
P < < |»|P
P < IS < P S

2P e Gnk()\,A,B) - Fp’k()\,A,B). u

(2.7) |27% -

2P
(i) If f(2) € Gpir(\ A, B), then for z € Uy,
@8 ol IR <11
<ol T,

The bounds in (2.7) and (2.8) are sharp.

Proof. Let 2p/k ¢ N. For n > p and (n+p)/k ¢ N, we have 6, , 1, =
dppk =0 and so for 0 < A <1,

n(l — B) 4+ pAopp (1l — A) . 1-B
p(A — B) ~ A-B’
For n > p and (n + p)/k € N, we have

(2.9)

2

Snphe = 1, n:k<[5]+l>—p>p (leN)

and

n(1 — B) 4+ pAop p (1 — A) - 1-B+X1-A) _1-B
p(A— B) A-B A-B

(2.10)

v
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() If f(z) = 2P+ 3702, anz™ € Fp (A, A, B), then it follows from (2.9)

and (2.10) that
1-B <
1B > " lan| < 1,
n=p

which leads to (2.7).
(ii) If f(2) = 277 + 300, an2"™ € Gpi(A A, B), then (2.9) and (2.10)
yield
1-B
— nl <1,
p(A_B)nZ_;n\a | <
which gives (2.8).
Furthermore, the function f(z) defined by
A-B
1-B
shows that the bounds in (2.7) and (2.8) are best possible. =

(2.11) f(z)=2"P+ 2P e Gpr(\ A, B) C Fpi(\ A, DB)

F, k(N A, B).
THEOREM 3.1. If —1 < D < B, then
Gpr(N\ A, B) C F, (A C(D), D),

where

(1-D)(A-B)
1-B '
The number C(D) is the smallest possible for each D.

Proof. Since B< A< —B and —1 <D < B <0, we see that
2B(1 - D)
1-B

Let f(2) € Gp (A, A, B). In order to prove that f(z) € Fj, (X, C(D), D),
we need only find the smallest C' (D < C < —D) such that
n(l = D)+ pAoppi(l —C) < n[n(l — B) + pAdppi(l — A)]
p(C— D) : P(A—B)
for all n > p, that is, that

(1 - D)(n +pA5n,p,k)

C(D)=D +

D<C(D)<D- < -D.

(3.1)

(3.2) o(C— D) — Abpp
n((1—=B)(n+p\npr) .
= p< p(A-B) M"*’”“) =k
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For n > p and (n+p)/k € N, (3.2) is equivalent to

1-D
(3.3) C>D+ EDT (e =p(\,n) (say).
n+pA p(A—B)
Since
p(1—D)(A - B)
>
o(A\n) > D+ n(1— B)
1-D)(A-B
>p 4 DB o) m=ppt1..)

by (3.3) we have f(z) € F, (A, C(D), D).
Furthermore, for 2p/k € N and D < Cy < C(D), we have

1— D+ A1 —-C) A-B
Co—D "1-B+A1-A)
1-D+A\1-C(D)) A-B _,
C(D)-D 1-B+A1—-A)

which implies that the function f(z) € Gp, (), A, B) defined by (2.6) is not
in the class F, (A, Co, D). Also, for 2p/k ¢ N and D < Cy < C(D), we have

1-D A-B_ _1-D A-B_
Co—-D 1-B~ CD)-D 1-B
which implies that the function f(z) € G (A, A, B) defined by (2.11) is not
in the class Fj, (A, Co, D). The proof of Theorem 3.1 is thus complete. m

4. Convolution properties. In this section, we assume that
(4.1) —1< Bj <0 and Bj < Aj < —Bj (] = 1,2).
THEOREM 4.1. Let fi(z) € Fp (N, Aj,B;) (j =1,2) with 2p/k € N and
—1 < B <max{Bj, Ba}.
(1) If (1 = B1)(1 = B2) > p(1 — A)(1 — Ag) and 0 < A < 1, then
(f1* f2)(2) € Fp (N, A(B), B), where
(1 - B)(A1 — B1)(A2 — By)
(1= B1)(1 = B2) + A(1 = A1)(1 = Az)°

(4.2) A(B) =B +

The number A(B) is the smallest possible for each B.
(ii) If (1 = B1)(1 — B2) < p(1 — A1)(1 — Az) and
(1 - By)(1 - By)
p(l = Ay)(1 — Ap)’

then (fi * f2)(z) € Fpr(X\, A(B),B) and the number A(B) is the
smallest possible for each B.

(4.3) 0<A< N =
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(iii) If (1 = B1)(1 = B2) < p(1 — A1)(1 — Ag) and Ay < A < 1, then
(f1* f2)(2) € Fp (N, A1(B), B), where

2
oy p(1-B)y714—Bj
(4.4) A (B) =B+ i H1 B

The number ZI(B) is the smallest possible for each B.

Proof. Suppose that —1 < B < max{Bj, Ba}. It follows from (4.1) and
(4.2) that

1-B 1— B; 1-B; _ 1-B
- Z_ 2_ >07
A(B)—B =~ A; — B; 2B; 2B
2
1-B 1 1—-B; 1-B
A(B)-B ( p) % Aj— B 2B

Hence B < A(B) < —B and B < A;(B) < —B.
Let fj(Z) = Z_p+zzo:p CLnJZn S Fp,k(A,Aj,Bj) (j = 1,2) and 2p/l€ e N.
Then

[e.o]

2 . J— .
v S,

n=p *~ j=1
2 00
n(l _Bj)+p)\(5npk(1 —Aj) }
< = QA j < 1.
{22 o

7j=1 n=p
Also, (f1* f2)(2) € F, (N, A, B) if and only if

(4.6) f: n(1— B) + pAdnpk(l — A)

<1

n=p
In order to prove Theorem 4.1, it follows from (4.5) and (4.6) that we need
only find the smallest A such that

n(l — B) —I—p/\(5nyp7k(1 — A)

(4.7)

p(A— B)
2
1— +p)\5npk(1—A)
< >p).
< H1 oA —B) (n > p)
For n > pand (n+p)/k € N, (4.7) is equivalent to
1-B
(48) A2 B+ n+pi 1-B; A(A+1
—;,p HJ 1 45— BJ] )‘Z] 1A BJ, pn(er)\)

=p1(\n) (say).
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It is easy to verify that ¢1(A,n) (0 < A <1) is decreasing with respect to n
and so, in view of 2p/k € N,
4. < =B L= b
(4.9) p1(A,n) < 1(A,p) + (1+\) H] } 2 Bé )\Z?:1 ji;_lgj Iy

(1 = B)(A1 — B1)(A2 — By)
(1=B1)(1—B2) + A(1 = Ap)(1 — Az)°
Forn>p+1and (n+p)/k ¢ N, (4.7) simplifies to

1-B

— B+

gnjzl A;—B;
and we have
2
p(1—B) 14— B
4.11 < 1)=2B :
(4.11) p0m <O+ =B+ [

Now

(4.12)  p1(Ap) —1(0,p+ 1)
(1—B)(A1 — Bi1)(Az — By)[(1 — Bi)(1 — Ba) — pA(1 — Ay)(1 — Ay)]
(p+1)(1 = By)(1 = Ba)[(1 = B1)(1 — Ba) + A1 — A1) (1 — A2)]

Therefore, if p, A\, A; and B; (j = 1,2) satisfy (i) or (ii), then from (4.7) to
(4.12) we conclude that

e1(0,p+1) < p1(Ap) = A(B),  (f1*f2)(2) € Fpr(A A(B), B),
and the number A(B) is sharp for the functions

Aj— B;
1—Bj+)\(1—Aj)
Also, if p, X\, A; and B; (j = 1, 2) satisfy (iii), then

p1(0p) <@1(0,p+1) = A1(B),  (f1* f2)(2) € Fpr(A A1(B), B),
and the number :4\1(3) is sharp for the functions
- (Aj - Bj)
4.14 p
COROLLARY 4.2. Let fl(z) € Fp,k(/\yAlyBl); fg(z) S Gpjk()\,Ag,Bg),
2p/k € N, —1 < B < max{Bj, By}, and let A(B), A1(B),\1 be as in Theo-
rem 4.1.
(i) If (1 — B1)(1 — B2) > p(1 — A1)(1 — Ag) and 0 < X\ < 1, then
(fixf2)(2) € Gpr(X, A(B), B) and the number A(B) is the smallest
possible for each B.

(4.13) fj<2) =zP4+ 2P e ijk()\,Aj,Bj) (j=1,2).

P e F(\A,L,B)  ((=1,2). u
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(ii) If (1 — Bl)(l — BQ) < p(l — Al)(l — Ag) and 0 < X < A, then
(fi*f2)(2) € Gpi(N, A(B), B) and the number A(B) is the smallest
possible for each B.

(iii) If (1 — B1)(1 — Ba) < p(1 — A1)(1 — A2) and A\ < X < 1, then
(fixf2)(2) € Gnk()\,le(B), B) and the number Ay(B) is the small-
est possible for each B.

Proof. Since

ZfQ(Z)

f1(2) € Fpp(X\ A1 By), 2277 4+ =225 € Fp (A, Ag, By)

(see (1.10)), and

fi(z) * <22p + Zfi(z)) —9,7P 4 z(f1 *pf?)/(z) (2 € Up),

an application of Theorem 4.1 yields Corollary 4.2. m
THEOREM 4.3. Let fj(z) € Fp (N, Aj,Bj) (7 =1,2) with 2p/k ¢ N and
—1 < B <max{By, Ba}. Then (f1 * f2)(2) € Fp (N, A(B), B), where

— (1= B)(A - By)(A3 — By)
(4.15) A(B) =B+ (1-B)(1—-By)

and the number A(B) is the smallest possible for each B.

Proof. Tt is easy to see that B < A(B) < —B. Proceeding as in the proof
of Theorem 4.1, we have (4.5)—(4.8) and (4.10). Noting that 2p/k ¢ N, we
find that

oo (a{[2] 1) )

— B+

1-B
5 1B, o B A+
(nl%k + A= 1) H] 14— BJ’J )‘E] 1 A;—B; + Ny p+A—1

(an, (n+p)/k € N),

where n, , = (k/p)([2p/k] + 1) > 2, and

¢1(0,n) < ¢1(0,p) = B + 21_7133] (n=p,(n+p)/k ¢N).

=14,-B;

Since

2 2 2
1-B; 1— B, 1— B,
1 -1 || J J J
(np7k +>\ )|:(np7k +>\ ) X Aj — Bj >\ - Aj — Bj X Aj — Bj:|
j=1 j=1 j=1

F AN+ 1)
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2 2
1- B; 1— A
:(%k+A—1w0%k—DIIAj_Bj—A+AIIAff%
7=1 7=1
> (npr+A=1)(npr —2—X)+AA+1)
:(np,k—l)(np,k—2) >0 (OS)\ﬁl),
it follows that

}+MA+U

#1(0,p) > @1 (A k([2p/k] + 1) = p).
Hence, if we take A = 1(0,p) = A(B), then (f1 * f2)(z) € Fp (A, A(B), B)
and the number A(B) is best possible for the functions
A — B
fi(z) =277+ ﬁzp € Fpr(MA;,Bj)  (1=1,2). =
-

COROLLARY 4.4. Let fl(Z) S Fp,k(>\v Al,Bl), fg(z) S GpJg()\,AQ,BQ),
2p/k ¢ N and —1 < B < max{Bi1, Ba}. Then (fixf2)(2) € Gp (X, A(B), B),
where A(B) is as in Theorem 4.3, and it is the smallest possible for each B.

THEOREM 4.5. Let fl(z) € FpJg()\,Al, Bl), fQ(Z) S Gpjk()\, Ao, Bg),
2p/k € N and —1 < B < max{Bi, Ba2}.

() If 2p+1)(1 — B1)(1 — Ba) > p*(1 — A1)(1 — Ag) and 0 < A < 1,
then (f1* f2)(2) € Fp (X, A(B), B), where A(B) is as in Theorem
4.1, and it is the smallest possible for each B.

(i) If 2p+ 1)(1 — B1)(1 — By) < p*(1 — A1)(1 — Ag) and

(2p+1)(1 — B1)(1 — By)
P(l—A)(1-4y)
then (f1* f2)(2) € Fpr(A\, A(B),B) and the number A(B) is the

smallest possible for each B.
(iii) If 2p+1)(1 — B1)(1 — Ba) < p*(1 — A1)(1 — As) and Mg < A < 1,

then (f1 * f2)(2) € Fp (A, A2(B), B), where

2

—_— p*(1 - B) v7 Aj — B;j
(4.17) AﬂB)B+(p+D2££1_Bf

(4.16) 0< A<\ =

and the number Z;(B) is the smallest possible for each B.

Proof. Tt is easy to see that B < Z;(B) < —B. In order to prove Theo-
rem 4.5, we need only find the smallest A such that

n(1 — B) + pAdnpr(1l — A)
p(A—B)
H n(l — Bj) er)\(smp’k(l — AJ)

n
TP p(4; — Bj)

(4.18)

(n > p)
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84
For n > p and (n+p)/k € N, (4.18) is equivalent to
1- B
(419) Az B+ n(n-‘,—p/\) H 1-B;  n) 1- B Ap+nX)
1 A;— n-+pA

j=1 A,—B; ~ p
= pa(A, n) (say).
Defining the function ¥(A, z) by
2
1-— Bj Ax 1-— Bj )\(p + )\IL’)

z(x + pA)
V(N ) = P2 j:lAj_Bj_?jzl i — B; T+ pA
(x>p, 0< A<,
we obtain
Op(\a) 2wH+pArp 1-B; A 1 1-B, 11 1-4 .
Oz oA B\ A B A B
(1 =22
(z +pA)?
2213[ 1-B; A A1-))
pjzlAj—Bj p  p(l+X)
2-A )\(1_>\)>0 (x>p, 0< A<,

p o p(1+N)
which implies that ¢2(\,n) defined by (4.19) is decreasing with respect to
n (n > p). Hence, in view of 2p/k € N, we have

1-B
p2(An) < 2(Ap) = B+ —; — = A(B).
H] lA J+)\HJ lA] ng
Forn>p+1and (n+p)/k ¢ N, (4.18) becomes
1-B
A>B+ =5, = p2(0,n)

2 2
(%) [li=1 2,=5;

and, in view of 2p/k € N, we obtain

1-B ~
©2(0,n) < @2(0,p+1) = B+ (1+l)2H?:1 ,;;jéj = Ax(B).
Now,
2 2 g4,
((e}) 01053 1153
_ (2p+1)( - )(1 — Ba) —p*A(1 - Ap)(1 - Az)

B p*(A1 — B1)(Az — By)
The remaining part of the proof is much akin to that of Theorem 4.1.
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Furthermore, the number A(B) is sharp for the functions

_ Ay — By
I PcF A, B
fl(z) z + 1—Bl—|—)\(1—A1)Z € p,k()\v 1 1)7
A, — B
fo(z) =2"P + 2 2

p
1- Byt A(1- Ay~ © Gp (X, Az, Ba),

and the number Ay(B) is sharp for the functions

_ p(A1 — By)
z)=2"P+
hie) o+ 00 - Br)
p*(A2 — Ba)
(p+1)*(1 = Bo)
COROLLARY 4.6. Let fi(z) € Gpr(N Aj, B;) (j = 1,2) with 2p/k € N
and —1 < B < max{Bi, Ba2}, and let A(B), A2(B), A2 be as in Theorem 4.5.
(G) If 2p+ 1)(1 — B1)(1 — By) > p*(1 — A1)(1 — A) and 0 < X < 1,
then (f1* f2)(2) € Gp (A, A(B), B) and A(B) cannot be decreased.
(i) If (2p+1)(1 = B1)(1 — By) < p*(1 — A1)(1 — Ag) and 0 < X < Ag,
then (f1* f2)(2) € Gp (A, A(B), B) and A(B) cannot be decreased.
(iii) If (2p+1)(1=B1)(1=By) < p*(1—A1)(1—Ag) and Ay < X <1, then
(f1 * f2)(2) € Gpi(A, A2(B), B) and Aa(B) cannot be decreased.
THEOREM 4.7. Let f(z) € F, k(X A, B). Then
(4.20) (f*he)(2)#0 (2z€ly, c€C,|o]=1),

where

o 1+ Bo pzP PZan A1+ Ao)
ho(2) = 2 p+po(A—B)<1—z (l—z)2>+ J(A—B)g(z)

Zerl € FpJg()\,Al, Bl),

fa(z) =2"P 4 P A= Gp (N, Az, By). m

and

7 2p/k € N)
Lk ([2p/k]+1)—p on/k & N
Tk (2p/k ¢ N).

Proof. For f(z) € F, (A, A, B), from Lemma 1.1 we have (1.4), which
is equivalent to
2f'(2) 1+ Ao

- U C =1,1+B 0

=Nz 1 7 (o) i g, (€U 0€Clol=1,14Bo#0),

or to

g(z) =

(4.21)  p(1+ Ao)[(1 = N)zP 4+ Nfpr(2)] + (14 Bo)zf'(z) #0
(z€ Uy, 0 €C, |o|=1).
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Note that
/ 00
(4.22) ) = f(z) * <zp 1 an”)
p P=
e -r _ _
1+ (7~ i)
If we set
(4.23) for(2) = f(2) * (277 + g(2)),
then for 2p/k € N,
Zp
(4.24) Zénpkz = Zz?’*”“ =T
=0
and for 2p/k ¢ N,
0 k([2p/k]+1)—p
_ k([2p/k]+D)—p _ *

Now, making use of (4.21)—(4.25), we arrive at
£+ {14 A0 = =7 + 7+ 9(2)

B pzP o+l
+(1+Ba)<—pz p+1—2+(1—z)2>}7&0

for z € Uy, 0 € C and |o| = 1. This gives the desired result (4.20). =

COROLLARY 4.8. Let f(2) € Gp (N, A, B). Then
!
420 s (24P 20 Gethoec ol =1,

where hy(2) is as in Theorem 4.7.
Proof. Since f(z) € G, x(X, A, B) if and only if

!
92277 4 zfpfz) € Fyu(M\ A, B),

it follows from Theorem 4.7 that

f(z)*(2 4 Zho(z) )> = (2 - 22 ))*hg(z)7é0

p
(ZGU(),O’E(C, ’O’|:1).l
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5. Functions with positive coefficients. Let X denote the subclass
of Y, consisting of all functions of the form

(5.1) f2) =274 anz"  (an >0).

Further let
;}k()\, A,B) = Z; N Fp k(N A, B),
;yk(k, A, B) = Z; NGpi(A A, B).

LEMMA 5.1. A function f(z) € X is in the class F;,k(A,A,B) if and
only if it satisfies the subordination relation (1.4).

Proof. 1f f(z) € F (A, A, B), then Lemma 1.1 implies that (1.4) holds
true. Conversely, suppose that f(z) € X defined by (5.1) satisfies (1.4).
Then, in view of Rew < |w| (w € C), we easily see that

(5 3) Re Zflozp(n + p)‘(sn,p,k)anszrp <1 (Z c U)
' P(A—B)+ 300 (pANOnp i + nB)ayz" P '

By letting z = Rez — 1, (5.3) leads to

> (Ll = B) + pAdnp (1 — Alan < p(A - B).

n=p

Hence f(z) € F (A, A, B). =

(5.2)

By using Lemma 5.1, we observe that

. N 1+ Az

o0, A, B) = {f(z) €X): —2PHL(2) < Py B (z € U)}
coincides with the class H*(p; — A, —B) introduced and studied by Mogra [3].

It is worth noting that our Theorems 2.1, 2.2, 3.1, 4.1, 4.3, 4.5 and

Corollaries 4.2, 4.4, 4.6 are still true if the class F), (A, A, B) is replaced by
F;k()\, A, B) and the class G (), A, B) is replaced by G;7k(A, A, B). More-
over, by using Lemma 5.1, (the proof of) Theorem 4.7 and Corollary 4.8, we
get the following result.

THEOREM 5.2. Let f(2) € X and hy(2) be as in Theorem 4.7. Then:

(1) f(z) € F) (A A, B) if and only if (4.20) holds.
(ii) f(z) € G (N A, B) if and only if (4.26) holds.
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