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Bounded Toeplitz and Hankel products
on weighted Bergman spaces of the unit ball

by MALGORZATA MICHALSKA, MARIA NOWAK
and PAWEL SOBOLEWSKI (Lublin)

Abstract. We prove a sufficient condition for products of Toeplitz operators T;Ty,
where f, g are square integrable holomorphic functions in the unit ball in C™, to be bounded
on the weighted Bergman space. This condition slightly improves the result obtained by
K. Stroethoff and D. Zheng. The analogous condition for boundedness of products of
Hankel operators HyH is also given.

1. Introduction. Let dv(z) denote the Lebesgue measure on the unit
ball B in C" normalized so that {5 dv = 1. For o > —1 let
dva(2) = ca(l = |2*)du(2),

where ¢, = I'(n + 14 a)/(n!I'(a + 1)), denote the weighted Lebesgue mea-
sure on the unit ball. The Bergman space A2 is the Hilbert space consisting
of holomorphic functions on B for which

191 = 1flla = (17 dea() " < ox.

B

Let P, denote the orthogonal projection from L?(B,dv,) onto A2. For f €
L?(B, dv,,), the Toeplitz operator Tt and the Hankel operator Hy with symbol
[ are defined densely on the space A2 by Ty(h) = Pu(fh) and Hy(h) =
fh—P,(fh), respectively. The Bergman space A2 has the reproducing kernel

K 1(,51) given by

1
(@)(,) = .
K V(z) = (1= (2, w))rart z,w € B;
so for h € A2 we have
) = (1 KL)a = | o doal2),

) A= (w,zrer
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and for f € L*(B, dv,),

Paf(w) = <f) Ki(va)>oz = S
B

f(z)

(1 _ <’lU, z>)n+a+1

dvg(2).

We will denote the normalized reproducing kernel for A2 by

_ 2\ (n+a+1)/2
@y d—|wf)
k' (2) = (1 — (2, w))nratl

z,w € B.

In their recent papers [7] and [§] K. Stroethoff and D. Zheng studied the
products of Toeplitz operators TTj;, where f, g € A2 densely defined on A2.
To state their results we need the following notation. For w € B let ¢, be
the automorphism of B of the form

w — Pw(z) - Swa(z)
1—{(z,w) ’

where s, = (1—|w|)"/2, Py(2) = <ﬁl’f‘g>w ifw#0, Py(2) =0and Q, = [— Py,
(see, e.g., [], [10] for definition and properties of the automorphism group
of B).

For u € L'(B, dv,) and w € B define

Blu](w) = Bu)(w) = {uo gy (2) dva(z) = | u(2)|ki) (2)] dva(2)-
B B

Pu(z) =

Stroethoff and Zheng obtained the following results for the Toeplitz products.

TuEOREM 1.1 ([7], [8]). Let —1 < o < 0o, and let f and g be in A%. If
T¢Ty is bounded on A2, then

zlé%BHfF](w)BHg\Q](w) < oo

THEOREM 1.2 ([7], [8]). Let —1 < o < 00, and let f and g be in A%. If
fore >0,
SU%B[!f\%a](w)BHg\Ha](w) < o0,
we

then TyTy is bounded on A2,
In their earlier paper Stroethoff and Zheng [0] also studied the product of
Hankel operators HyHy, f,g € L?(D,dA), densely defined on (A?)* in the

setting of the unit disk. Recently, the analogous result for the unit ball has
been obtained by Lu and Liu in [2]. More exactly they proved the following.

THEOREM 1.3 ([2], [6]). Let =1 < a < oo, and let f and g be in
L*(B,dv,). If HyH} is bounded, then

Su%Hfocpw — Po(fovuw)llllgopw— Palgopw)| < oo.
we
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THEOREM 1.4 (|2], [6]). Let —1 < a < oo, and let f and g be in
L3(B, dvy,). If there is € > 0 such that

Su% ILf © 0w — Pa(f o puw)ll212llg © uw — Palg © ow)ll24e < 00,
we

then HfH;IF 1s bounded.

The above-cited results are analogous to those obtained earlier for the
Hardy space H? (e.g., [1], [5], [9]).

Also we mention that generalizations of Theorems [I.1] and [I.2] have been
obtained by J. Miao in [3].

In this paper we give a sufficient condition for boundedness of Toeplitz
products which is slightly weaker than that given in Theorem [I.2] We also
obtain a similar condition for Hankel products in the setting of the unit ball
that is slightly weaker than Theorem

2. Results. For e >0, w € B and u € L(B, dv,), set

B.[ul(w) = B®[u](w) = [u o pu(2) 1og1+€(1 _1,2,) dva(2).
B

We will prove the following.

THEOREM 2.1. Let —1 < a < 00, and let f,g € A%. If there is an e > 0
such that
sup Be[|f*](w) Be[lg|*] (w) < oo,
weB
then the Toeplitz product TyTy is bounded on A2,

THEOREM 2.2. Let —1 < a < oo, and let f,g € L*(B,dv,). If there is
an € > 0 such that
1
[f 0w — Palf o pu)] log(H_E)/Q <1H> H
— |z

sup
web

X

[9 0 puw — Pa(g o py)] logHe)/2 <1l||> H < 0,
— |2

then the operator HyHy is bounded on (A2)*L,

For a multi-index v = (vy,...,v,) such that [v| =v; +---+ v, = m and
f holomorphic in B define

afm
Dzt .. Oz

In the proofs of the above stated theorems we will use the following
lemma.

D'f=

LEMMA 2.3. Assume that —1 < a« < oo, n > 2, ¢ > 0 and v is a
multi-index such that |v| = m. Then
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(a) for every f,h € A2 and w € B,

C{B:[|f*)(w)}'/?
(1 — [w]?)+mtatD)/2

X {é % log—(1+9) (W) dva(z)}l/z,

(b) for g € L*(B,dvy,), u € (A2)* and w € B,

I c
(D" Hyu)(w)] < (1 — |wf2)(tmtatD)/2

(909w — Palgopuw)) 10g(1+€)/2 (11H) H
— |z

A e 00 (i) )}

Proof. (a) Since for any multi-index v with |v| = m we have

(D*TF)h(w)| <

X

L RN E
I'n+a+1) B(l—<w7z>)n+m+a+1 alZ),

(D"Trh)(w) =

by the Cauchy—Schwarz inequality we get

C
(1-— |w|2)(n+a+1)/2

FEPA = JwPyrtett L i
x {é 11— (w, 2)[2r+2a+2+m log"* ( (z)|> dva(z)}

(D"Tsh)(w)] <

1_’9010

(
g {é; %” log™(1+% <1—\;w(2)\> d'Ua(Z)}l/2

B 13100 S S L1 RV W W L
- {é o (T )

(1 = fw?)trtmtat /2 {21 — (w, 2 1 —[ew

where the last equality follows from the change-of-variable formula.

(b) Since

_ 2" Po (g © pw) © pw(2) 2
h(z) = (1 — (z,w))n+tmtatl € Aq

for u € (A2)* we have

U(2)2Y Po (g © o) © oy (2
(s h)a(w) = | (()1 - <w(:qz>)i+2n+f+1( ) dvq(2) = 0.
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Consequently,
(DY Hyu)(w)| = |(D" Pa(gu)(w) = (u, h)a(w)]

| rn+m+a+1) 2V g(z)u(z)
- ‘ I'(n+o+1) 1§s (1= (w, 2)yrtmrail dva(2) = (u, h>a(w)’

c @ a1 oL
= |w\2><n+a+1>/2{§3 o () )}

x {5 19(2) = (Pa(g 0 pu) © pu) (=) A(L = [w]?)m+et!
B

|1 _ <’LU, Z>‘2n+2a+2+m

X10g1+6<]_;;ucﬂ’> dva(z)}l/Q

C 1
_ ez 1
(1= [w]2)ntmrat i)/ (906w = Falg o pu)) log <1L4)’

(el o () e}

B
In the case when n = 1 the unit ball is the unit disk D of the complex
plane. In this setting one can prove the following analogous result.

LEMMA 2.4. Let =1 < a < oo and e > 0. Then
(a) for every f,h € A2 and w € D,

/ C{B.[|f|?](w)}}/2
|(Tfh) (w)] < (f — |[g||2)]((a+)2})/2

(b) for g € L*(D,dv,) , u € (A2)* and w € D,

C 1
_ (4+e)/2( __—
(1_ ”U)|2)(O‘+2)/2 (go(Pw Pa(go%w))log <1_ |Z|)H

Proof of Theorem [2.1. Clearly, we can assume that 0 < ¢ < 1. We will
show that for u,v € A2,

(T Tgu, v)a| < Cllull |[v]-

We assume first that n > 2. By formula (4.11) in [8] for any positive integer
m there exist complex numbers a;j, j =1,...,2m — 1, and b;, j =1,...,m,

|(Hgu)'(w)] <
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such that the above inner product can be written as I + I1 + II1, where
I'la+1)

~ T oD 2§ 0O T DT )
2m—1
1T = Z a; 3 (1= W) (D" Tyu) (w) (D Ty0) (w) dva (w),
|v|=m B

I = ZbS — |w]?)?M 7 (Tyu) (w) (Tyv) (w) dva(w).

If we assume that m > n + 1, then by (a) in Lemma and the Cauchy—
Schwarz inequality, we obtain

B[ £[2](w)} /2
< ol < 0§ g P

P a1 o (1
" {é T o () 20
< {B.[lgl](w)}/2

P e (1 PR
" {[§1|1—<z,w>\m1 () ] et
< Csup{ B[ 2w B o))}

@ s 1 o (Yo L
X{éé|1—<z,w>|mlg (=) et et}

PP a1 SR
x{ééll—@,wﬂmlg (Tt e ot}

Now we will show that if m < n + 2, then

RO e Y g e < Ol
=3 e () () ) <l

Fubini’s theorem and the change of variable w’ = ¢, (w) give
Ju(2)? —(1+ 1
L=\ logm ) [ — ) duy(2) do(w)
Wit 1= lpu(2)]
= Jlu(z)P(1 = |zt

B

1
1 —(1+4¢) ’
X é 11— (z,w!)|2n+2—m og (1 — \w’\) dv(w') dve(z)
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1
—m n— — £ ].
= [P = oy (an ] o 00 (1)
0

1—r
B
x | ! do(¢) dr ) dua(z).
ST e
By Theorem 1.12 in [10],

| ! do(¢) < ¢ < ¢ L
o 11— (¢, )Ptz I C A E) K O Sl FAD K Sy

Thus

1
1 T
2 —(1+¢)
11§CS|u(z)| dva(z)glog (1—r>1—rdr'

B 0
To see that the last integral converges for 0 < & < 1, one can write
1 1 ” 1 +oo
Slog_(HE) — dr = St_l_a(l —e Hdt + S t17f (1 —e Y at.

5 l—r/1—7r 5 1

To obtain the same estimate for |I11] it is enough to observe that

|(Tgu)(w)] = ‘S 1- <( )u><)i)+a+1 dva(z)' < S 1 Lfgj?u;gi)iﬂ dva(2)
1/ (2)| u(2)|

- ]; 11— (2, w)| (20 D21 — (2, ) |(nt1)/2

arae( 1 Ngpetrar( L N
xlog* 2<1—|<pw(z)|>log " 2(1—|<pw(2)|>d =
1 {S )P~ w211 — (2 w) 4

<
= (1 — |w]?)(rtet)/2 11— (z, w)[2n+20+2

x log1+e) <1_|;w(z)|> dva(z)}l/Q
1/2
S () 20}

CBAPY? [ &P (LN 1
é(1_,wP)(an)n{éu_<Z’w>,n+11g ()}

In the case n = 1, by formula (3.5) in [7] the inner product (T¢T5u,v)q
is equal to I + II + II1, where

O 1 )Ty ) T () (),
D

I:
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II= (1 — Jw*)*(Thu) (w )(T’ )(w) dvg(w),

(a—i—l a4+ 2) D
1

M= e )

1= |w]?)*(Tgu) (w)(T) (w) dva (w).

In view of Lemma one can proceed analogously. =

In view of part (b) in Lemmas and [2.4] Theorem can be proved
in much the same way.

It follows from the next lemma that Theorem 2.1l contains Theorem [T.11

LEMMA 2.5. Let —1 < a < oo and let f,g € A%2. Then for e > 0 and for
w € B,
Be[|f*)(w) Be[lg*)(w) < C - B[ f[**¢](w) Bllg|***] (w).

Proof. Let —1 < a@ < 00, € > 0 and w € B. By Holder’s inequality we
get

2 (w) = 2 loglte 1 (1 — [w[?)rrott o (2
Bl i) = ) o8y ) e )

n4+ao 2/(2+¢)
e (L= fuwf2yrrest
< {éﬁu(z)r e doa(2)
1 (1 _ ’w|2)n+a+1 /(2+¢)
(1+e)(2+e) /e
" {ék’g (T o s el

e/ (2+e)
_ {B[’f‘Q-i-a] (w)}Q/(Q-i-E){S log(1+a)(2+5)/a<1 _1 |z’) dva(z)} )

B

Since the last integral is convergent, our claim follows. =

Similarly one can prove that Theorem [2.2] contains Theorem [I.4]
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