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Stable harmonic maps
between Finsler manifolds and Riemannian manifolds

with positive Ricci curvature

by Jintang Li (Xiamen)

Abstract. We study the stability of harmonic maps between Finsler manifolds and
Riemannian manifolds with positive Ricci curvature, and we prove that if Mn is a com-
pact Einstein Riemannian minimal submanifold of a Riemannian unit sphere with Ricci
curvature satisfying RicM > n/2, then there is no non-degenerate stable harmonic map
between M and any compact Finsler manifold.

1. Introduction. Let M be an n-dimensional smooth manifold and
π : TM →M be the natural projection from the tangent bundle. Let (x, Y )
be a point of TM with x ∈ M , Y ∈ TxM and let (xi, Y i) be the local
coordinates on TM with Y = Y i ∂

∂xi
. A Finsler metric on M is a function

F : TM → [0,+∞) with the following properties:

(i) regularity: F (x, Y ) is smooth in TM \ 0;
(ii) positive homogeneity: F (x, λY ) = λF (x, Y ) for λ > 0;

(iii) strong convexity: the fundamental quadratic form g = gijdx
i ⊗ dxj

is positive-definite, where gij = 1
2
∂2(F 2)
∂Y i∂Y j

.

Let φ : M → M be a non-degenerate (that is, ker(dφ) = 0) smooth
map between Finsler manifolds. Harmonic maps between Finsler manifolds
are defined as the critical points of energy functionals. The first and second
variation formulas for non-degenerate harmonic maps between Finsler man-
ifolds were given in [HS] and [SZ]. As for stability of harmonic maps between
Finsler manifolds, the results of He–Shen [HS] and Shen–Zhang [SZ] show
that there is no non-degenerate stable harmonic map M → N if either the
domain M or the codomain N is a Riemannian unit sphere Sn (n > 2).
A direct generalization is to consider the non-existence of non-degenerate
stable harmonic maps between arbitrary compact Finsler manifolds and
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Riemannian manifolds with positive Ricci curvature. In this paper, we prove
the following

Theorem 1.1. Let Mn (n ≥ 3) be a compact Einstein Riemannian min-
imal submanifold of a Riemannian unit sphere. If the Ricci curvature sat-
isfies RicM > n/2, then there is no non-degenerate stable harmonic map
between M and any compact Finsler manifold.

Remark. This theorem is obtained by He–Shen [HS] when M is a Rie-
mannian unit sphere.

Corollary 1.2. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and a minimal Clifford hypersurface
Sm(

√
1/2)× Sm(

√
1/2) (m > 2).

Corollary 1.3. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and the Riemannian product Sm(1/2)×
Sm(1/2)× Sm(1/2)× Sm(1/2) (m > 2).

2. Preliminaries. We shall use the following convention on index ranges
unless otherwise stated:

1 ≤ i, j, . . . ≤ n; 1 ≤ α, β, . . . ≤ m; 1 ≤ a, b, . . . ≤ n− 1.

Let (M,F ) be an n-dimensional Finsler manifold. The Hilbert form and
Cartan tensor are defined as follows:

ωn =
∂F

∂Y i
dxi, A = Aijkdx

i ⊗ dxj ⊗ dxk, Aijk = F
∂gij
∂Y k

.

It is well known that there is a unique connection, the Chern connection,
∇ on π∗TM with ∇ ∂

∂xi
= ωji

∂
∂xj

and ωji = Γ jikdx
k satisfying

X〈U, V 〉 = 〈∇XU, V 〉+ 〈U,∇XV 〉+ 2C(U, V,∇X(Fen)),(2.1)

where Aijk = FCijk and X,U, V ∈ Γ (π∗TM).
The curvature 2-forms of the Chern connection ∇ are

ωij − ωkj ∧ ωik = Ωi
j =

1
2
Rijkldx

k ∧ dxl +
1
F
P ijkldx

k ∧ δY l,(2.2)

where δY i = dY i + N i
jdx

j , N i
j = γijkY

k − 1
FA

i
jkγ

k
stY

sY t and γijk are the
formal Christoffel symbols of the second kind for gij .

Take a g-orthonormal frame
{
ei = uji

∂
∂xj

}
with en = ê = Y/F for each

fibre of π∗TM and let {ωi} be its dual coframe. The collection {ωi, ωin}
forms an orthonormal basis for T ∗(TM \ {0}) with respect to the Sasaki
type metric gijdxi⊗ dxj + gijδY

i⊗ δY j . The pull-back of the Sasaki metric
from TM \ {0} to SM is a Riemannian metric

ĝ = gijdx
i ⊗ dxj + δabω

a
n ⊗ ωbn.(2.3)

Then we have
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Lemma 2.1 ([M, Lemma 2.2]). For ψ = ψiω
i ∈ Γ (π∗T ∗M), we have

divbg ψ =
∑
i

ψi|i +
∑
a,b

ψaPbba,

where | denotes the horizontal covariant differential with respect to the Chern
connection, eHi = uji

δ
δxj

= uji
(
∂
∂xj
− Nk

j
∂

∂Y k

)
denotes the horizontal part of

ei and Pbba = Pnbba.

Let φ : Mn → M
m be a non-degenerate smooth map between Finsler

manifolds. The energy density of φ is the function e(φ) : SM → R defined by

e(φ)(x, Y ) =
1
2
gij(x, Y )φαi φ

β
j gαβ(x, Y ),(2.4)

where dφ
(
∂
∂xi

)
= φαi

∂
∂xα and Y = Y

α ∂
∂xα = Y iφαi

∂
∂xα .

We define the energy functional E(φ) by

E(φ) =
1

Cn−1

�

SM

e(φ) dVSM ,(2.5)

where dVSM = Ωdτ ∧ dx, Ω = det(gij/F ), dτ =
∑

i(−1)i−1Y idY 1 ∧ · · · ∧
d̂Y i ∧ · · · ∧ dY n, dx = dx1 ∧ · · · ∧ dxn and Cn−1 denotes the volume of the
unit Euclidean sphere Sn−1.

We call φ a harmonic map if it is a critical point of the energy functional.
Let ∇̃ be the pullback Chern connection on π∗(φ−1TM). We introduce the
tension field τ of φ and a section J(U, dφ, V ) ∈ C(T ∗M⊗φ−1TM) as follows:

τ =
∑
i

(∇̃eHi dφ)ei +
∑
i,α

{2C(eα, dφei, ∇̃eHi (dφFen))eα(2.6)

+ (∇̃FeHn C)(dφei, dφei, eα)eα + 2C(∇̃FeHn (dφei), dφei, eα)eα}

+
∑
a,b

〈eα, dφeb〉eαPaab

and

J(U, dφ, V ) = R(U, dφ)V +
F

F
P (U, ∇̃êdφ)V − F

F
P (dφ, ∇̃êU)V .(2.7)

We have

Theorem 2.2 ([SZ, Theorem 2.1]). A map φ is harmonic if and only if�

SM

〈V, τ〉 dVSM = 0

for any vector V ∈ Γ (φ−1TM).

Theorem 2.3 ([SZ, Theorem 3.1]). Let φ : Mn → M
m be a non-

degenerate harmonic map. Let φt be a smooth variation of φ with φ0 = φ
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and V = ∂φt
∂t |t=0. Then the second variation of the energy functional for φ is

I(V, V ) =
d2

dt2
E(φt)

∣∣∣∣
t=0

= Ξ1 +Ξ2 +Ξ3 +Ξ4 +Ξ5,

where

Ξ1 =
1

Cn−1

�

SM

‖∇̃V ‖2 dVSM ,(2.8)

Ξ2 =
1

Cn−1

�

SM

Trg〈J(V, dφ, V ), dφ〉 dVSM ,(2.9)

Ξ3 =
1

Cn−1

�

SM

Trg C(dφ, dφ, J(V, dφ(Fen), V )) dVSM ,(2.10)

Ξ4 = − 1
Cn−1

�

SM

〈∇̃V V, τ〉 dVSM ,(2.11)

Ξ5 =
1

Cn−1

�

SM

{Trg(∇̃V HC)(dφ, dφ, ∇̃F êV )(2.12)

+ Trg C(dφ, dφ, ∇̃F êV, ∇̃F êV )

+ 4 Trg C(∇̃V, dφ, ∇̃F êV )} dVSM .

3. The stability. Let x : Mn → Sn+p → En+p+1 be a compact Rie-
mannian minimal submanifold of the Riemannian unit sphere Sn+p. We
choose a local field of orthonormal frames {e0, . . . , en+p} in the Euclidean
space En+p+1 such that {e1, . . . , en} are tangent to M and x = e0. Then we
have

dei = ωji ej + hαijeαω
j − ωix,

deµ = −hµijω
jei + ωνµeν (µ, ν = n+ 1, . . . , n+ p),

where B = hµijω
i ⊗ ωj ⊗ eµ is the second fundamental form of M in Sn+P .

Let {Λ1, . . . , Λn+p+1} be the constant orthonormal basis in En+p+1 and let
VA = 〈ΛA, ei〉ei, A = 1, . . . , n+ p+ 1. A straightforward computation shows

∇eiVA =
∑
µ,j

vµAh
µ
ijej − 〈ΛA, e0〉ei(3.1)

where vµA = 〈ΛA, eµ〉.
First, we assume that the source manifold is M . The second variation

formula for the harmonic map φ : M →M
m can be written as∑

A

I(dφVA, dφVA) = Ξ1 +Ξ2 +Ξ3 +Ξ4 +Ξ5,
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where

Ξ1 =
∑
A

1
Cn−1

�

SM

‖∇̃(dφVA)‖2 dVSM ,(3.2)

Ξ2 =
∑
A

1
Cn−1

�

SM

Trg〈J(dφV, dφ, dφV ), dφ〉 dVSM ,(3.3)

Ξ3 =
∑
A

1
Cn−1

�

SM

Trg C(dφ, dφ, J(dφV, dφ(Fen), dφV )) dVSM ,(3.4)

Ξ4 = −
∑
A

1
Cn−1

�

SM

〈∇̃dφVA(dφVA), τ〉 dVSM(3.5)

Ξ5 =
∑
A

1
Cn−1

�

SM

{Trg(∇̃(dφVA)HC)(dφ, dφ, ∇̃VA(dφF ê))(3.6)

+ Trg C(dφ, dφ, ∇̃VA(dφF ê), ∇̃VA(dφF ê))

+ 4 Trg C(∇̃(dφVA), dφ, ∇̃VA(dφF ê))} dVSM .
We have [HS, (3.4)]

(∇̃XH ∇̃Zdφ)Y = − dφR(X,Y )Z + (∇̃Y H ∇̃Zdφ)X(3.7)

+ (∇̃Y dφ)(∇XHZ)− (∇̃Xdφ)(∇Y HZ)

+R(dφX, dφY )dφZ+
F

F
P (dφX, (∇̃endφ)Y )dφZ

− F

F
P (dφY, (∇̃endφ)X)dφZ.

Set X = Z = V , Y = ei in (3.7). We obtain

(3.8) − 〈R(dφei, dφV )dφV, dφei〉+
F

F
〈P (dφV, (∇̃eidφ)en)dφV, dφei〉

− F

F
〈P (dφei, (∇̃endφ)V )dφV, dφei〉

= − 〈dφR(ei, V )V, dφei〉+ 〈(∇̃V H ∇̃V dφ)ei, dφei〉
− 〈(∇̃eHi ∇̃V dφ)V, dφei〉 − 〈(∇̃eidφ)(∇V HV ), dφei〉

+ 〈(∇̃V dφ)(∇eHi V ), dφei〉.
Substituting (3.8) into (3.3) yields

Ξ2 =
∑
A

1
Cn−1

�

SM

{−〈dφR(ei, VA)VA, dφei〉(3.9)

+ 〈(∇̃V HA ∇̃VAdφ)ei, dφei〉

− 〈(∇̃eHi ∇̃VAdφ)VA, dφei〉 − 〈(∇̃eidφ)(∇V HA VA), dφei〉

+ 〈(∇̃VAdφ)(∇eHi VA), dφei〉} dVSM .
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Similarly, set X = Z = VA, Y = Fen in (3.7). We also obtain

(3.10) −R(dφFen, dφVA)dφVA +
F

F
P (dφVA, (∇̃Fendφ)en)dφVA

− F

F
P (dφFen, (∇̃endφ)VA)dφVA

=− dφR(Fen, VA)VA + (∇̃V HA ∇̃VAdφ)Fen

− (∇̃FeHn ∇̃VAdφ)VA − (∇̃Fendφ)(∇V HA VA)

+ (∇̃VAdφ)(∇FeHn VA).

Substituting (3.10) into (3.4) yields

Ξ3 =
∑
A

1
Cn−1

�

SM

{−C(dφei, dφei, dφR(Fen, VA)VA)(3.11)

+ C(dφei, dφei, (∇̃V HA ∇̃VAdφ)Fen)

− C(dφei, dφei, (∇̃FeHn ∇̃VAdφ)VA)

− C(dφei, dφei + (∇̃Fendφ)(∇V HA VA))

+ C(dφei, dφei, (∇̃VAdφ)(∇FeHn VA))} dVSM .

A direct calculation gives

Lemma 3.1.

Ξ2 =
∑
A

1
Cn−1

�

SM

{−〈dφR(ei, VA)VA, dφei〉 − 〈∇̃eHi {(∇̃VAdφ)VA}, dφei〉

+ 〈∇̃V HA [(∇̃VAdφ)ei], dφei〉 − 〈(∇̃VAdφ)(∇V HA ei), dφei〉} dVSM .

Lemma 3.2.

Ξ3 =
∑
A

1
Cn−1

�

SM

{−C(dφei, dφei, dφR(Fen, VA)VA)

− C(dφei, dφei, ∇̃FeHn {(∇̃VAdφ)VA})

+ C(dφei, dφei, ∇̃V HA [(∇̃VAdφ)Fen)]} dVSM .

We need the following

Lemma 3.3.

−
∑
A

�

SM

{〈∇̃eHi [(∇̃VAdφ)VA], dφei〉

+ C(dφei, dφei, ∇̃FeHn [(∇̃VAdφ)VA])} dVSM +Ξ4 = 0.
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Proof. Consider ψ = C(dφei, dφei, (∇̃VAdφ)VA)Fωn. We get

divbg ψ = (∇̃FeHn C)(dφei, dφei, (∇̃VAdφ)VA)(3.12)

+ 2C(∇̃FeHn dφei, dφei, (∇̃VAdφ)VA)

+ C(dφei, dφei, ∇̃FeHn [(∇̃VAdφ)VA]).

Integrating (3.12) yields

(3.13)
∑
A

�

SM

C(dφei, dφei, ∇̃FeHn [(∇̃VAdφ)VA]) dVSM

= −
∑
A

�

SM

{(∇̃FeHn C)(dφei, dφei, (∇̃VAdφ)VA)

+ 2C(∇̃FeHn dφei, dφei, (∇̃VAdφ)VA)} dVSM .

Similarly, we also have

(3.14)
∑
A

�

SM

〈∇̃eHi [(∇̃VAdφ)VA], dφei〉 dVSM

= −
∑
A

�

SM

{〈(∇̃VAdφ)VA, (∇̃eHi dφ)ei〉

+ 2C((∇̃VAdφ)VA, dφei, ∇̃eHi dφFen)} dVSM .

Because φ is a harmonic map, by (3.13) and (3.14), we immediately obtain

(3.15) −
∑
A

�

SM

{C(dφei, dφei,∇FeHn [(∇̃VAdφ)VA)]

+ 〈∇̃eHi [(∇̃VAdφ)VA], dφei〉} dVSM +Ξ4 = 0,

which completes the proof of Lemma 3.3.

If M is Einstein, then we have

C(dφei, dφei, dφR(Fen, VA)VA) = 0.(3.16)

It follows from (3.16) and Lemmas 3.1–3.3 that

Ξ2 +Ξ3 +Ξ4 =
∑
A

1
Cn−1

�

SM

{−〈dφR(ei, VA)VA, dφei〉(3.17)

+ 〈∇̃V HA [(∇̃VAdφ)ei], dφei〉−〈(∇̃VAdφ)(∇V HA ei), dφei〉

+C(dφei, dφei, ∇̃V HA [(∇̃VAdφ)Fen])} dVSM .
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Lemma 3.4.∑
A

1
Cn−1

�

SM

〈∇̃V HA {(∇̃VAdφ)ei}, dφei〉 dVSM +Ξ1

=
1

Cn−1

�

SM

{
hµijh

µ
ik〈dφej , dφek〉 −

∑
A

〈dφ(∇V HA ei), (∇̃VAdφ)ei)〉

−
∑
A

2C((∇̃VAdφ)ei, dφei, ∇̃V HA (dφFen)) + |dφ|2
}
dVSM .

Proof. Let ψ =
∑

A,i,j〈(∇̃VAdφ)ei, dφei〉vjAωj . We have

(3.18) divbg ψ =
∑
A

{〈∇V HA {(∇̃VAdφ)ei}, dφei〉+ 〈(∇̃VAdφ)ei,∇V HA (dφei)〉

+ 2C((∇̃VAdφ)ei, dφei, ∇̃V HA (dφFen))}.

Integrating (3.18) implies

(3.19)
∑
A

�

SM

〈∇̃V HA {(∇̃VAdφ)ei}, dφei〉 dVSM

= −
∑
A

�

SM

{〈(∇̃VAdφ)ei,∇V HA (dφei)〉

+ 2C(∇̃ei(dφVA), dφei, ∇̃V HA (dφFen))} dVSM .

On the other hand, we also have

Ξ1 =
1

Cn−1

�

SM

{∑
A

〈∇̃V HA (dφei), (∇̃VAdφ)ei)〉(3.20)

−
∑
A

〈dφ(∇V HA ei), (∇̃VAdφ)ei)〉

+ hµijh
µ
ik〈dφej , dφek〉+ |dφ|2

}
dVSM .

Combining (3.19) and (3.20) shows Lemma 3.4.

Substituting the formula of Lemma 3.4 into (3.17), we get

(3.21) Ξ1 +Ξ2 +Ξ3 +Ξ4

=
1

Cn−1

�

SM

{
−
∑
A

〈dφR(ei, VA)VA, dφei〉+ hµijh
µ
ik〈dφej , dφek〉

+
∑
A

C(dφei, dφei, ∇̃V HA [(∇̃VAdφ)Fen]) + |dφ|2

− 2C(∇̃ei(dφVA), dφei, ∇̃V HA (dφFen))
}
dVSM .
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Obviously, we can obtain

(3.22)
∑
A

1
Cn−1

�

SM

C(dφei, dφei, ∇̃V HA [(∇̃VAdφ)Fen]) dVSM

= −
∑
A

1
Cn−1

�

SM

{(∇̃V HA C)(dφei, dφei, ∇̃Fen(dφVA))

+ 2C(∇̃VAdφei, dφei, (∇̃VAdφ)Fen)} dVSM .

Substituting (3.22) into (3.21), we get

(3.23) Ξ1 +Ξ2 +Ξ3 +Ξ4

=
1

Cn−1

�

SM

{
−
∑
A

〈dφR(ei, VA)VA, dφei〉+ hµijh
µ
ik〈dφej , dφek〉

−
∑
A

(∇̃V HA C)(dφei, dφei, ∇̃Fen(dφVA))

− 4
∑
A

C(∇̃eHi (dφVA), dφei, ∇̃VA(dφFen)) + |dφ|2
}
dVSM .

On the other hand, we have

(3.24)
∑
A

1
Cn−1

�

SM

{(∇̃(dφVA)HC)(dφei, dφei, ∇̃FendφVA)

+ C(dφei, dφei, ∇̃FendφVA, ∇̃FendφVA)} dVSM

=
∑
A

1
Cn−1

�

SM

{(∇̃
vkAu

l
kφ
α
l ( ∂

∂xα
−Nβ

α
∂

∂Y
β )
C)(dφei, dφei, ∇̃FendφVA)

+ C(dφei, dφei, ∇̃FendφVA, ∇̃vkAulk( ∂

∂xl
−Nj

l
∂

∂Y j
)
dφFen)} dVSM

=
∑
A

1
Cn−1

�

SM

(∇̃V HA C)(dφei, dφei, ∇̃Fen(dφVA)) dVSM .

It follows from (3.24) and (3.7) that

Ξ5 =
∑
A

1
Cn−1

�

SM

{(∇̃V HA C)(dφei, dφei, ∇̃Fen(dφVA))(3.25)

+ 4C(∇̃eHi (dφVA), dφei, (∇̃VAdφ)Fen)} dVSM .

Combining (3.23) and (3.25) yields

(3.26)
∑
A

I(dφVA, dφVA) =
1

Cn−1

�

SM

{n|dφ|2− 2Rijik〈dφej , dφek〉} dVSM .
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Put dφei =
∑

α aαieα and Xα =
∑

i aαiei. If RicM > Q, then we have∑
A

I(dφVA, dφVA) ≤ 1
Cn−1

�

SM

(n− 2Q)|dφ|2 dVSM .(3.27)

From (3.27), we immediately obtain

Theorem 3.5. Let Mn (n ≥ 3) be a compact Riemannian minimal sub-
manifold of a Riemannian unit sphere with flat normal bundle. If RicM >
n/2, then there is no non-degenerate stable harmonic map from M to any
Finsler manifold.

When the target manifold is Riemannian, let {eα} and {ei} be the or-
thonormal frame of M and M respectively. The second variation formula
for the harmonic map φ : Mm →Mn can be written as

I(V, V ) =
1

Cn−1

�

SM

{〈∇̃eαV, ∇̃eαV 〉 − 〈R(dφeα, V )V, dφeα〉} dVSM .(3.28)

Let dφeα = aαiei, by (3.1). We readily get

(3.29)
∑
A

I(VA, VA)

=
∑
A

1
Cn−1

�

SM

{aαiaαj〈∇eiVA,∇eHj VA〉 − aαiaαj〈R(ei, VA)VA, ej〉} dVSM

=
1

Cn−1

�

SM

{aαiaαjhαikhαjk + |dφ|2 − aαiaαj〈R(ei, eh)ek, ej〉} dVSM .

Putting RicM > Q, using the Gauss equation and (3.29), we obtain∑
A

I(VA, VA) ≤ 1
Cn−1

�

SM

(n− 2Q)|dφ|2dVSM .(3.30)

From (3.30), we deduce

Theorem 3.6. There is no non-degenerate stable harmonic map from
any compact Finsler manifold to a Riemannian minimal submanifold Mn

(n ≥ 3) of a Riemannian unit sphere with RicM > n/2.

Combining Theorems 3.1 and 3.2 shows Theorem 1.1.
Because the Riemannian product Sm(1/2)×Sm(1/2)×Sm(1/2)×Sm(1/2)

is a compact minimal submanifold of S4m+3(1) with RicM = 4(m− 1) and
the Clifford torus Sm(

√
1/2)×Sm(

√
1/2) is a compact minimal hypersurface

of S2m+1(1) with RicM = 2(m− 1), we immediately derive

Corollary 3.7. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and a minimal Clifford hypersurface
Sm(

√
1/2)× Sm(

√
1/2) (m > 2).
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Corollary 3.8. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and the Riemannian product Sm(1/2)×
Sm(1/2)× Sm(1/2)× Sm(1/2) (m > 2).
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