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Stable harmonic maps
between Finsler manifolds and Riemannian manifolds
with positive Ricci curvature

by JINTANG LI (Xiamen)

Abstract. We study the stability of harmonic maps between Finsler manifolds and
Riemannian manifolds with positive Ricci curvature, and we prove that if M™ is a com-
pact Einstein Riemannian minimal submanifold of a Riemannian unit sphere with Ricci
curvature satisfying Ric™ > n/2, then there is no non-degenerate stable harmonic map
between M and any compact Finsler manifold.

1. Introduction. Let M be an n-dimensional smooth manifold and
m: TM — M be the natural projection from the tangent bundle. Let (z,Y)
be a point of TM with x € M, Y € T;M and let (2*,Y") be the local
coordinates on TM with Y = Y* aii. A Finsler metric on M is a function
F :TM — [0,400) with the following properties:

(i) regularity: F'(z,Y") is smooth in T'M \ 0;

(ii) positive homogeneity: F'(z, A\Y) = AF(z,Y) for A > 0; . '

(iii) strong convexity: the fundamental quadratic form g = g;;dz’ ® da?
1 0%(F?)

2 9Yi9Y I "

is positive-definite, where g;; =

Let ¢ : M — M be a non-degenerate (that is, ker(d¢) = 0) smooth
map between Finsler manifolds. Harmonic maps between Finsler manifolds
are defined as the critical points of energy functionals. The first and second
variation formulas for non-degenerate harmonic maps between Finsler man-
ifolds were given in [HS] and [SZ]. As for stability of harmonic maps between
Finsler manifolds, the results of He-Shen [HS| and Shen-Zhang [SZ] show
that there is no non-degenerate stable harmonic map M — N if either the
domain M or the codomain N is a Riemannian unit sphere S™ (n > 2).
A direct generalization is to consider the non-existence of non-degenerate
stable harmonic maps between arbitrary compact Finsler manifolds and
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Riemannian manifolds with positive Ricci curvature. In this paper, we prove
the following

THEOREM 1.1. Let M™ (n > 3) be a compact Finstein Riemannian min-
imal submanifold of a Riemannian unit sphere. If the Ricci curvature sat-
isfies RicM > n/2, then there is no non-degenerate stable harmonic map
between M and any compact Finsler manifold.

REMARK. This theorem is obtained by He-Shen [HS| when M is a Rie-
mannian unit sphere.

COROLLARY 1.2. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and a minimal Clifford hypersurface
S™(4/1/2) x S™(+/1/2) (m > 2).

COROLLARY 1.3. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and the Riemannian product S™(1/2) x

S™(1/2) x §™(1/2) x §™(1/2) (m > 2).

2. Preliminaries. We shall use the following convention on index ranges
unless otherwise stated:

1<d,5,...<n; 1<a,8,...<m; 1<ab,...<n-—1

Let (M, F') be an n-dimensional Finsler manifold. The Hilbert form and
Cartan tensor are defined as follows:

oF . 4 4 dgii
= syl A= Ayde' @ da? @ da¥, Ay = Faii.

It is well known that there is a umque connection, the Chern connection,
V on m*TM with V4 8 = w2 and wl = ka.dx satisfying

1 8;(;]
(2.1) XU, V) =(VxUV)Y+ (U VxV)+2C(U,V,Vx(Fe,)),
where A;j, = FCji, and X, U,V € I'(m*TM).
The curvature 2-forms of the Chern connection V are

) ) . 1 . 1 .
(22) W —whAw=02i= §R;kldm"’ A dat + fP?kldx"’ ASY!,

wn

where §Y? = dY* + N;dajj, NJ’f = V;kYk AlkystYsY and 73k are the
formal Christoffel symbols of the second kind for Gij-

Take a g-orthonormal frame {el = ul B } with e, = é = Y/F for each
fibre of 7*TM and let {w'} be its dual coframe. The collection {w?, w?}
forms an orthonormal basis for 7*(T'M \ {0}) with respect to the Sasaki
type metric g;;dz’ ® dz? + g;;0Y* ® §Y7. The pull-back of the Sasaki metric
from T'M \ {0} to SM is a Riemannian metric
(2.3) § = gijde’ @ da? + S0l @ Wl

Then we have
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LeEMMA 2.1 (M, Lemma 2.2]). For ¢ = w' € I'(7*T*M), we have
leAw Z wzh + Z wCLPbb(M

a,b
where | denotes the horizontal covariant differential with respect to the Chern
connection, eZH uf 5;‘; = uj(@ — Nk 8Yk) denotes the horizontal part of
e; and Py = P} .
Let ¢ : M™ — M~ be a non-degenerate smooth map between Finsler
manifolds. The energy density of ¢ is the function e(¢) : SM — R defined by

1, wiBe o
(24) e(¢)(z,Y) = 5g3(:c, Y)086;905(T, Y),
where dg(:2) = ¢¢ 52 and Y =Y 52 = Vigr 2.
We define the energy functional E(qﬁ) by

1
(25) E(®)=5— | e(@)dVsu,

n—1

SM

where dVsy = 2dr A dz, 2 = det(g;j/F), dr = > (1) 1YdY A+ A
dYiN---ANdY", dx = dz' A --- Adz™ and C,_; denotes the volume of the
unit Euclidean sphere S~ 1.

We call ¢ a harmonic map if it is a critical point of the energy functional.
Let V be the pullback Chern connection on 7*(¢~'TM). We introduce the
tension field 7 of ¢ and a section J (U, d¢, V) € C(T*M®¢~ T M) as follows:

(26) 7= (Vondp)ei+ Y {2C(a,dde;,V n(ddFen))eq

+ (Vpen O)(de;, dpei, ea)ea + 2C(V pon (doe;), doei, €a)eat
+ Z<éa7 d¢eb>éapaab

a,b

and

@7)  J(T,d6,V) = BT, do)V + ?P(U,Védgb)V—

P(dp,VU)V.

=l =

We have
THEOREM 2.2 ([SZ, Theorem 2.1]). A map ¢ is harmonic if and only if

| (v.r)dVsy =0
SM

for any vector V€ I'(¢™'TM).

THEOREM 2.3 ([SZ, Theorem 3.1]). Let ¢ : M™ — M be a non-
degenerate harmonic map. Let ¢ be a smooth variation of ¢ with ¢g = ¢
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andV = 88‘? lt=0. Then the second variation of the energy functional for ¢ is

2 o
I(V,V): WE(gf)t) ==1+ =9+ =3+ =4+ =5,
t=0
where
- 1 =
(2.8) S1=5 | IVVI2 Ve,
" sMm
_ 1
(2.9) Ey=g— | Trg(J(V,d¢,V),de) dVss,
n—1 SM
- 1 —
(2.10) S=5 | Tr,C(do,d¢, J(V,dg(Fen),V)) dVsnr,
=l gm
1 ~
(2.11) By = — | (Vv V1) dVsn,
n—1 SM
_ 1 ~ ~
(2.12) Z5= g | {Trg(VynC)(do.dg, VieV)
"l sMm

+ Try C(do, dg, VreV, VieV)
+4Te, C(VV,de, VreV)} dVaar.

3. The stability. Let x : M™ — S"*P — E"tP+l be a compact Rie-
mannian minimal submanifold of the Riemannian unit sphere S™"™”. We

choose a local field of orthonormal frames {ep,...,en4p} in the Euclidean
space E"P*1 such that {eq,...,e,} are tangent to M and = = eg. Then we
have

de; = w] e]—|—h eqw! — Wi,
de,, = —h--w ei—l—w ev (mrv=n+1,...,n+p),

where B = h“ VRw ® e, is the second fundamental form of M in SntP,

Let {4, ... An+p+1} be the constant orthonormal basis in E"P+1 and let
Va=(Aa,e)e;, A=1,...,n+p+ 1. A straightforward computation shows
(3.1) Ve, Va = Zv“h“ (A4, e0)e;

where vy = (A4, ¢€,).
First, we assume that the source manifold is M. The second variation
formula for the harmonic map ¢ : M — M~ can be written as

S I(d¢Va,doVa) = 51 + Zp + S5+ 54 + 5,
A
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where
(32) ==Y o | 9@Vl v,
A T lsm
(3.3)  Zp=)_ 01 \ Try(J(dgV,de,dpV), de) dVsas,
A T lsm
(34) =Z3= 01 L S Tr, C(do, do, J(doV,dd(Fey),dpV)) dVsr,
A n
(35) Zu= Z 1 V (Vagv, (doVa), 7) Vs
A T lsu
(36) F5s= ). c , V {Trg (V(agvayn C) (do, dg, Vv, (dpFé))
A TR sMm

+Tr, C (d¢, de, Vy, (d¢Fé), Vv, (dpFe))
+4Tr, C(V(dVa), dp, Vy, (dSFE))} dVias.
We have [HS), (3.4)]
(3.7) (VxuVzd)Y = —doR(X,Y)Z + (VyuVzdp)X
+(Vyde)(VynZ) — (Vxde)(Vyn Z)

+ R(d¢X,doY)dpZ + ? P(d¢X, (V.,de)Y)dpZ
- ?P(dd)Y, (Ve, d¢) X )dpZ.

Set X =Z =V,Y =e¢; in (3.7). We obtain

(3.8)  — (R(dges, dpV)doV, doe;) + ? (P(doV, (Ve,dd)en)doV, dpe;)

B Prages, (., 400V oV, dger
= — (dpR(e;, V)V, doe;) + (VyuVydd)e;, dpe;)

— ((Ven Vvdo)V, dge;) — (Ve,dd)(VyuV), doe;)
+ (Vyde)(V, uV), dge;).
(

Substituting (3. 3.3) yields

[I]

(3.9)

| {~(d¢R(ei, Va)Va, dge;)

8) in
-Yas
A SM
<(va Vi, do)e:, dge;)
— {(Ver Vvad9)Va, doe;) — (Ve dd)(VypVa), doe;)
+ ((Vvyd§) (V.1 Va), ddei)} dViar.
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Similarly, set X = Z =Vy4, Y = Fe, in (3.7). We also obtain

(3.10)  — R(dpFen,ddpVa)ddVy + ?P(dqﬁVA, (V pe,, dé)en)doVa

L BlagFen, (e, do)Via)doVa

“ij

= —dpR(Fe,,Va)Va + (VVfVVAdgb)Fen
~ (Ve Vvadd)Va = (Vre,dd) (Vi Va)
+ (V14 do) (V ey Va).

Substituting (3.10) into (3.4) yields

(3.11) Z3 = Z
A

+ C(dee;, dee;, (VVH VvAd¢)Fen)

(
— C(dge;, doe;, (VFEH VVA dp)Va)
5(

C(

, | {(—Cldpe;, dpe;, dpR(Fen, Va)Va)
Cn— SM

doe;, dpe; + (vFen‘M))(va Va))

dee;, dpei, (Vy,do)(V pen Va))} dVenr.
A direct calculation gives

LEMMA 3 1.

—
,—«
—9

C S —(d$R(es, Va)Va, dges) — (Vo {(Vv,d§)Va}, de;)

<va [(VVAd@ez‘L dei) — (Vv,do)(Vymei), ddei)} dVins.
LEMMA 3.2.

= Z | {=C(dge;, dgei, dpR(Fen, Va)Va)
A Cn— Lo

— Cdei, dei, V pen {(Vy,dp)Va})
+ C(de;, doe;, 6%{1 [(Vy,dp)Fepn)|} dVsas.
We need the following

LEMMA 3.3.

> iV [(Vv,do)Val, die;)

A SM

+ C(dges, ddes, V pen (Vv dp)Val)} dVisas + Z4 = 0.
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Proof. Consider ¢ = C(d¢e;, dpes, (Vy,dp)Va)Fuw™. We get
(3.12) divg 1) = (Vpu C)(dge;, dpe;, (Vv,dg)Va)
+20(V pendder, dges, (Vv dg)Va)
+ Clddei, doe;, V peu[(Vy,dg)Va)).
Integrating (3.12) yields

(3.13) > | Cldgei,dpei, V pou[(Vv,do)Va)) dVsu
A SM

*Z S VFeHC (dei, dpei, (Vi do)Va)
A SM

+2C0(V peudde;, dbes, (Vv,dd)Va)} dVsar.

Similarly, we also have

3.14) > { (Veul(Vv,do)Val, does) dVisu
A SM

= =2V {lVvadd)Va, (Vondo)er)

A SM
+ 20((VvAd¢)VA, dpe;, V qubFen)} dVsar.

Because ¢ is a harmonic map, by (3.13) and (3.14), we immediately obtain

(3.15)  —>_ | {Cldeei,ddei, Ve [(Vv,dg)Va)]

A SM
+ <vefl[<vVAd¢)VA]7 d¢ez>} dVSM + 54 — 0,

which completes the proof of Lemma 3.3.

If M is Einstein, then we have
(3.16) C(dge;, dge;, dpR(Fe,, Va)Va) = 0.

It follows from (3.16) and Lemmas 3.1-3.3 that

(3.17) Ea+ 53+ E_ZC S —(dpR(ei, Va)Va, doe;)

+{(Vyn [(VVAdqﬁ)ez‘]a doe;) —((Vv,do)(Vyner), dde;)
+C(dge;, dbe;, %V/{{ [(Vy,dp)Fepn])} dVsas.
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LEMMA 3.4.

Cl ; S <€Vf{(%VAd¢)6i}ad¢ei>dVSM+El
A TV sM
= 011 | {hiéhi‘k<d¢ej,d¢ek> = (dé(Vynei), (Vv,dd)es)

SM A

— " 20((Vv,de)es, dei, Vi (déFen)) + |d¢|2} dVsar.
A

Proof. Let ¢ = ZA’M.((%VAdd))ei, dgbei)vi‘wj. We have
(318)  divge =Y {(Vyu{(Vv,dd)ei}, dde:) + (Vv,do)es, Vi (does))
A

+2C((Vy,do)e;, doe;, %Vf (dpFen))}.
Integrating (3.18) implies

319) > | <%Vf{(%VAd¢)ei}ad¢ei>dVSM

A SM

= — Z S VVACZ¢ 6’@7VVH(d¢ez)>

A SM
+20(Ve, (doVy), d¢e,,va(d¢Fen))}dV5M

On the other hand, we also have

1
(3.20) Si= e

S { Z(evjf (d¢ei)7 (€VAd¢)ei)>

Lov ™ a
- Z<d¢<vvfei>, (Vvado)es))

o By Ml (doe, der) + |dof? } V.

Combining (3.19) and (3.20) shows Lemma 3.4. =
Substituting the formula of Lemma 3.4 into (3.17), we get
(321) El —|-52+53—|-E4

= Cl 1 S { - Z<d¢R(eza VA)VA, d¢€z> hﬁ;hfk<d¢ej, d¢€k>
oM A
+ Y Cldges, des, Vyp|(Vv,do) Fe,)) + |do|*
A

— 20(V,,(d$Vy), dgbeZ,VVH(d(bFen))} dVsr.
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Obviously, we can obtain

(3.22) (doei, doe;, VVH [(VVAdQS)Fen]) dVsr

e e

= -2 01_1 V {(VyuC)(dges, dgei, Ve, (ddVa))

+2C(Vy, doe;, doe;, (Vv,dp)Fen)}t dVsay.
Substituting (3.22) into (3.21), we get

(323) EZ1+Z2+ 53+ 5,
1
- o | {— S (dpR(es, Va)Va, does) + bl bt (de, der,)
SM A

— Y (VypO)(dgei, dde;, Ve, (d$Va))
A
— 43" OV 1 (d6Va), des, Vv, (doFen)) + |d¢|2} AV
A

On the other hand, we have

1 - _ N
(324) > - | {(Vagvayn C)(dei, de;, V pe, dpVa)
A sy

+ C(ddei, dpes, V e, dpVa, ¥V e, dpVa)} dVsas

1 o - ~
- Z Ch_ S {(vv’zu§€¢?(%ia,ﬁzﬁ)c>(d¢€i,d¢€i,VFend¢VA)

(d¢€z7 d(ﬁe“ VFend¢VA7 V k ul ( _NI_o_ d¢F6n)} dVSM

l aYJ

Z S (VyC)(dges, ddei, Ve, (ddVa)) dViar.
A T SM
(

It follows from (3.24) and (3.7) that

ex)  F= = S (v Oases aves ., Vi)

+ 4C( (dqbVA) dgbel, (VVA dqu)Fen)} dVSM

Combining (3.23) and (3.25) yields

| {nldg|* — 2R (dge;, dber)} dVoar.

(3.26) > I(d¢Va,d¢Va) = 01
A =l sm
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Put dope; =), taia and X =Y, aie;. If Ric™ > Q, then we have

(321) Y IdVardoVa) < o | (n—2Q)|do V.
A Cn-1 gy

From (3.27), we immediately obtain

THEOREM 3.5. Let M™ (n > 3) be a compact Riemannian minimal sub-
manifold of a Riemannian unit sphere with flat normal bundle. If Ric™ >
n/2, then there is no non-degenerate stable harmonic map from M to any
Finsler manifold.

When the target manifold is Riemannian, let {€,} and {e;} be the or-
thonormal frame of M and M respectively. The second variation formula
for the harmonic map ¢ : MW — M™ can be written as
3289 10V) = o | {(Fe,V.¥e,V) - (R0, VIV, do%o)} dViy

SM
Let dge, = aqiei, by (3.1). We readily get
)

(3.29) > I(Va,Va
A

1
B EA: Cn—l

1 oo
— Cnfl S {Qaiaaj ik''jk + ‘d¢|2 _ aaiaaj<R(€i, eh)ek, €j>} dVSﬂ'
SM

| {0ita; (Ve Va, Vi Va) = daitaj(R(ei, Va)Va, €)} Vg
SM

Putting Ric™ > Q, using the Gauss equation and (3.29), we obtain

1
(3.30) §I<VA,VA> <5 ) (n—2Q)ldoPdVir.
SM

From (3.30), we deduce

THEOREM 3.6. There is no non-degenerate stable harmonic map from
any compact Finsler manifold to a Riemannian minimal submanifold M™
(n > 3) of a Riemannian unit sphere with Ric™ > n/2.

Combining Theorems 3.1 and 3.2 shows Theorem 1.1.

Because the Riemannian product S™(1/2)x.S™(1/2)x.S™(1/2)xS™(1/2)
is a compact minimal submanifold of S4"*+3(1) with Ric™ = 4(m — 1) and
the Clifford torus S™(1/1/2)xS™(+/1/2) is a compact minimal hypersurface
of $2m*1(1) with Ric™ = 2(m — 1), we immediately derive

COROLLARY 3.7. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and a minimal Clifford hypersurface

S™(\/172) x S™(\/1]2) (m > 2).
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COROLLARY 3.8. There is no non-degenerate stable harmonic map be-
tween any compact Finsler manifold and the Riemannian product S™(1/2) %
S™(1/2) x S™(1/2) x S™(1/2) (m > 2).
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