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Warped product submanifolds of Kaehler manifolds
with a slant factor

by BAYRAM SAHIN (Malatya)

Abstract. Recently, we showed that there exist no warped product semi-slant sub-
manifolds in Kaehler manifolds. On the other hand, Carriazo introduced anti-slant sub-
manifolds as a particular class of bi-slant submanifolds. In this paper, we study such
submanifolds in detail and show that they are useful to define a new kind of warped prod-
uct submanifolds of Kaehler manifolds. In this direction, we obtain the existence of warped
product hemi-slant (anti-slant) submanifolds with examples. We give a characterization
theorem and establish an inequality for the squared norm of the second fundamental
form in terms of the warping function for such submanifolds. The equality case is also
considered.

1. Introduction. CR-submanifolds of Kaehler manifolds were intro-
duced by Bejancu [1] as a generalization of totally real submanifolds and
holomorphic submanifolds. Since then, many papers have appeared on these
submanifolds. Recently, Chen [7] (see also [8], [9]) studied warped prod-
uct CR-submanifolds and showed that there exist no warped product CR-
submanifolds of the form M, x; My such that M, is a totally real sub-
manifold and My is a holomorphic submanifold of a Kaehler manifold M.
Then he introduced CR-warped product submanifolds as follows: A subman-
ifold M of a Kaehler manifold M is called a CR-warped product if it is the
warped product M7 X ¢y M of a holomorphic submanifold M7 and a totally
real submanifold M| of M. He also established general sharp inequalities
for CR~-warped products in Kaehler manifolds. Motivated by Chen’s papers,
CR-warped product submanifolds have been studied in [3], [11], [13], [14]
and [15].

On the other hand, slant submanifolds of Kaehler manifolds were de-
fined by Chen in [6] as another generalization of totally real submanifolds
and holomorphic submanifolds. A slant submanifold is called proper if it is
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neither totally real nor holomorphic. We note that there exists no inclusion
relation between proper CR-submanifolds and proper slant submanifolds.
In [16], N. Papaghiuc introduced a class of submanifolds, called semi-slant
submanifolds; this class includes the CR-submanifolds and slant submani-
folds. In [17], we proved that there do not exist warped product semi-slant
submanifolds of the forms M7 x y My and My x ¢ Mr, where Mr is a holo-
morphic submanifold and My is a proper slant submanifold of a Kaehler
manifold M. Therefore we ask the following question:

Are there any warped product submanifolds of Kaehler manifolds with
a slant factor?

To answer this question in the affirmative, we consider the class of anti-
slant submanifolds defined by Carriazo [5] and show the existence of warped
product anti-slant submanifolds in Kaehler manifolds. For reasons to be
explained later, we prefer to use the name hemi-slant submanifold instead
of anti-slant submanifold. We observe that this new class also includes proper
slant and CR-submanifolds and there exists no inclusion relation between
proper semi-slant submanifolds and proper hemi-slant submanifolds.

The paper is organized as follows: In Section 2, we present the basic
background needed for this paper. In Section 3, we define hemi-slant sub-
manifolds and observe that there exists no inclusion relation between the
classes of semi-slant submanifolds (in the sense of Papaghiuc) and hemi-slant
submanifolds. After giving two characterization theorems for hemi-slant sub-
manifolds, we investigate the geometry of leaves of distributions which are
involved in their definition. In Section 4, we prove that there do not exist
warped product submanifolds of the form M, x; My such that M, is a
totally real submanifold and My is a proper slant submanifold of a Kaehler
manifold M. In Section 5, we consider warped product submanifolds of the
form My x y M| in Kaehler manifolds, give examples and a characterization
theorem. We also obtain an inequality for the squared norm of the sec-
ond fundamental form in terms of the warping function for warped product
hemi-slant submanifolds. The equality case is also considered. The paper
contains several examples.

In this paper, we assume that every object at hand is smooth and the di-
mension of a Kaehler manifold always means the complex dimension, unless
otherwise stated.

2. Preliminaries. Let (M, g) be a Kaehler “manifold. This means [18]
that M admits a tensor field J of type (1,1) on M such that, for all X,Y €
I'(TM), we have

(2.1) JP=-1, g(X,Y)=g(JX,JY), (VxJ)Y =0,
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where ¢ is the Riemannian metric and V is the Levi-Civita connection
on M.

Let M be a Kaehler manifold with complex structure .J, and M a Rie-
mannian manifold isometrically immersed in M. Then M is called holomor-
phic (or complex) if J(T,M) C T,M for every p € M, where T,M denotes
the tangent space of M at the point p, and totally real if J(T,M) C Tle
for every p € M, where T),M L denotes the normal space of M at p. Besides
holomorphic and totally real submanifolds, there are three other important
classes of submanifolds of a Kaehler manifold determined by the behavior
of the tangent bundle of the submanifold under the action of the complex
structure of the ambient manifold.

(1) The submanifold M is called a CR-submanifold [1] if there exists
a differentiable distribution D : p +— D, C T,M such that D is
invariant with respect to J and the complementary distribution D+
is anti-invariant with respect to J.

(2) The submanifold M is called slant [6] if for each non-zero vector X
tangent to M the angle 6(X) between JX and T),M is a constant,
i.e., it does not depend on the choice of p € M and X € T,,M.

(3) The submanifold M is called semi-slant [16] if it is endowed with
two orthogonal distributions D and D’, where D is invariant with
respect to J and D’ is slant, i.e., the angle §(X) between JX and
Dj, is constant for X € Dy,

It is clear that holomorphic (respectively, totally real) submanifolds are CR-
submanifolds (respectively, slant submanifolds) with D+ = {0} (resp. § = 0)
and D = {0} (resp. # = 7/2). It is also clear that CR-submanifolds and
slant submanifolds are semi-slant submanifolds with § = /2 and D = {0},
respectively.

Let M be a Riemannian manifold isometrically immersed in M and
denote by the same symbol g the Riemannian metric induced on M. Let
I'(TM) be the Lie algebra of vector fields in M, and I'(TM™) the set of all
vector fields normal to M; the same notation is used for smooth sections of
any other vector bundle E. Denote by V the Levi-Civita connection of M.
Then the Gauss and Weingarten formulas are

(2.2) VxY =VxY +h(X,Y),
(2.3) VxN = —-AxyX 4+ V%N,
for any X,Y € I'(TM) and any N € I'(TM*), where V+ is the connec-
tion in the normal bundle TM*, h is the second fundamental form of M,

and Ay is the Weingarten endomorphism associated with N. The second
fundamental form h and the shape operator A are related by

(2.4) g(ANX,Y) = g(h(X,Y),N).
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For any X € I'(TM) we write
(2.5) JX=TX+FX,

where T'X is the tangential component of JX, and F'X is the normal com-
ponent of JX. Similarly, for any vector field N normal to M, we put

(2.6) JN = BN + CN,

where BN and C'N are the tangential and the normal components of JN,
respectively.

3. Hemi-slant submanifolds. In this section, we define and study
hemi-slant submanifolds in a Kaehler manifold M. We obtain characteriza-
tions, examples and investigate the geometry of leaves of distributions.

DEFINITION 3.1 ([5]). Let M be a Kaehler manifold and M a real sub-
manifold of M. Then we say that M is a hemi-slant submanifold if there
exist two orthogonal distributions D+ and D? on M such that

(a) TM admits the orthogonal direct decomposition TM = D+ @ DY,
(b) The distribution D+ is anti-invariant, i.e., JD+ c TM*.
(c) The distribution DY is slant with slant angle 6.

In this case, we call 8 the slant angle of M. The anti-invariant distribution
D+ of a hemi-slant submanifold is a slant distribution with angle 6 = 7 /2.
It is clear that hemi-slant submanifolds are particular cases of bi-slant sub-
manifolds (for definition, see [5]). Moreover, it is also clear that if § = 0, then
a hemi-slant submanifold is a CR-submanifold. Furthermore, if we denote
the dimensions of D and D? by m; and ma, respectively, then we have the
following;:

(a) If mg = 0, then M is an anti-invariant submanifold.

(b) If my =0 and 6 = 0, then M is an invariant submanifold.

(¢) If m; =0and @ # 0,7/2, then M is a proper slant submanifold with
slant angle 6.

(d) If @ = /2, then M is an anti-invariant submanifold.

REMARK 3.1. We note that hemi-slant submanifolds were defined by
Carriazo in [5] under the name of anti-slant submanifolds as a particular
class of bi-slant submanifolds. However, the term “anti-slant” may suggest
that the submanifolds have no slant part, which is not the case, as one can
see from Definition 5.1 and [5].

We say that a hemi-slant submanifold is proper if m; # 0 and 6 #
0,7/2. Comparing the definitions of semi-slant submanifolds and hemi-slant
submanifolds, we have the following.
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PROPOSITION 3.1. There exists no inclusion relation between the classes
of proper semi-slant submanifolds and of proper hemi-slant submanifolds of
Kaehler manifolds.

EXAMPLE 3.1. Let M be a submanifold of RS given by

r1 = ﬁcos(, To9 = ﬁsin(, T3 =

V2 V2

g =0, wxz5=t wzg=t, @FO0.

It is easy to see that a local frame of T'M is given by

le—\%sm(+\fcos§8i2
1 0 1 1 0
Zo = — —
2 \ECOS(&E1 \[Sl C \f 83:3
0 0
Jy3=— 4+ —.
3 8$5+a$6

Then using the canonical complex structure of R®, we see that JZ3 is
orthogonal to TM, thus D+ = span{Z3}. Moreover, it easy to see that
DY = span{Z, Z,} is a slant distribution with slant angle § = 7 /4. Thus
M is a proper hemi-slant submanifold of RS.

EXAMPLE 3.2. Let M be a submanifold of R® given by

r1=¢, x2=0, x3=kcosl, x4=kFksinf,

r5 =sinfy, 1xg=-cosl#, x7=cosfy, xg=sinbs.

It is easy to see that a local frame of T'M is given by

0 0 0 0
/1= — —ksinf — + k 0 —, Zy=—
1 81‘2 sin ox €T3 +Reos 82U4 2 8:131’
Z cos b 9 —sinf Z4s = —sinf 9 + cos b
3= 1a . 13336 4 28 o 2a Zs

Then M is a proper hemi-slant submanifold of R® such that we have D+ =
span{Z3, Z4} and D? = span{Zy, Z»} with slant angle cos™*(1/v/1 + k2).

Let M be a hemi-slant submanifold of a Kaehler manifold M. We denote
the projections on the distributions D+ and DY by P; and P, respectively.
Then we can write

for any X € I'(TM). Applying J to (3.1) and using (2.5) we obtain
(3.2) JX = JPX + TP, X + FPX.
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Thus we have

(3.3) JPX € I(TM*), TP X =0,
(3.4) TP,X e (DY), FPX e(TM?4Y).
Hence

(3.5) TX =TP,X

for X € I'(T'M).

LEMMA 3.1. Let M be a hemi-slant submanifold of a Kaehler mani-
fold M. Then

(3.6) J(DY) L F(DY).

Proof. From (2.5) we obtain g(JX, FPRY) = g(JX,JPY —TPR)Y) for
X e (DY) and Y € I'(DY), hence g(JX, FPY) = g(JX, JY). Thus, from
(2.1) we have g(JX, FP,Y) =0 as D+ and D? are orthogonal. m

It is known that M is a slant submanifold of M if and only if
(3.7) T? =\

for some A € [—1,0] (see [6]), where I denotes the identity transformation
of TM. Moreover, if M is a slant submanifold and 6 is the slant angle of M,
then A = — cos? §. Thus we obtain the following characterization theorem.

THEOREM 3.1. Let D be a distribution on M. Then D is slant if and
only if there exists a constant A\ € [—1,0] such that (TP)?X = X for
X € I'(D), where P denotes the orthogonal projection on D. Moreover, in
this case X = — cos> @.

Actually this theorem was proved for the Sasakian case in [4]. We can
use Theorem 3.1 to characterize hemi-slant submanifolds.

THEOREM 3.2. Let M be a submanifold of a Kaehler manifold M. Then
M is a hemi-slant submanifold if and only if there exists a constant A €
[—1,0] and a distribution D on M such that

(i) D={XeI(TM)|T?X = \X},
(ii) for any X € I'(TM) orthogonal to D, TX = 0.
Moreover, in this case A\ = — cos> 0, where 6 denotes the slant angle of M.

Proof. Let M be a hemi-slant submanifold of M. Then A = — cos?#
and D = DY By the definition of hemi-slant submanifold, (ii) is clear.
Conversely (i) and (ii) imply TM = D @ D+. Since T(D) C D, from (ii)
D is an anti-invariant distribution. Thus the proof is complete. m

Now we give another characterization of hemi-slant submanifolds.
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THEOREM 3.3. Let M be a submanifold of a Kaehler manifold M. Then
M is a hemi-slant submanifold if and only if there exists a constant k €
[—1,0] and a distribution D on M such that

(a) D={X € [(TM) | BFX = xX},
(b) for any X € I'(T'M) orthogonal to D, TX = 0.

Moreover, in this case k = —sin® 6, where 8 denotes the slant angle of M.
Proof. Applying J to (2.5), we obtain
~X =T?X +FTX + BFX + CFX

for X € I'(TM). Comparing the tangential and normal components, we
derive
(3.8) —X =T?X+BFX, FTX+CFX=0.
Now, if M is a hemi-slant submanifold, then (b) is clear. For (a), from
Theorem 3.2, we have T2X = —cos?0 X for X € I'(DY). Then the first
equation of (3.8) implies BFX = —sin?0 X for X € I'(D?). Hence, D = DY.
Conversely, (a) and (b) imply TM = D@® D*. Moreover, from (b) we deduce
that D+ is an anti-invariant distribution. From (a) and (3.8) we have

X =T*X+rX

for X € I'(D) and k € [~1,0]. Hence T?X = —(1 + k)X for X € I'(D).
Put —(1 + k) = A so that A € [—1,0]. Thus our assertion comes from
Theorem 3.2. m

From Theorem 3.3, we have the following result.

COROLLARY 3.1. Let M be a hemi-slant submanifold of a Kaehler man-
ifold M. Then

BFY = —sin?0Y, CFY =—FTY, VY eI'(D%).

In particular, we have a new characterization for slant submanifolds of
Kaehler manifolds.

THEOREM 3.4. Let M be a submanifold of a Kaehler manifold M. Then
M is a slant submanifold of M if and only if there exists a constant k €
[—1,0] such that BFX = kX for X € I'(TM).

From Theorem 3.2 we have the following lemma:

LEMMA 3.2. Let M be a hemi-slant submanifold of a Kaehler mani-
fold M. Then

(3.9) g(TX, TY) = cos? 0 g(X,Y),
(3.10) g(FX,FY) =sin?0g(X,Y),
for X,Y € I'(DY).



214 B. Sahin

Proof. For X,Y € I'(DY), from (2.1) we have g(TX,TY) = g(JX —
FX,TY). Hence g(TX,TY) = —g(X, JTY). Using Theorem 3.2(i), we ob-
tain (3.9). Applying Lemma 3.1 in (3.9) we get (3.10). =

In the rest of this section, we study integrability of distributions and
conditions under which leaves of distributions on a hemi-slant submanifold
M in a Kaehler manifold M are totally geodesically immersed in M. First,
we prove the integrability of D' on a hemi-slant submanifold M.

THEOREM 3.5. Let M be a proper hemi-slant submanifold of a Kaehler
manifold M. Then the anti-invariant distribution D+ is integrable.

Proof. Tt is known that if M is a Kaehler manifold, then df2 = 0, where d
is exterior derivative and {2 is the fundamental 2-form defined by 2(X,Y) =
g(X,JY) for X, Y € I'(TM) (see [18]). Since {2 is closed (df2 = 0), for
X er(D% and Y, Z € I'(D*) we get

dATX,Y, Z) = HTXQ(Y, Z) - Y QTX, Z) + Z(TX,Y)

Since D+ and D? are orthogonal and D is anti-invariant, using Theorem 3.2
and (2.5) we obtain

Yg(Z,FTX) +cos?0g([Y, Z], X) — g([Y, Z], FTX) = 0.
Since [Y, Z] € I'(TM) and FTX € I'(TM+*) we derive
cos®> 0g([Y, Z],X) = 0.
M proper implies 6 # 7/2, hence [Y, Z] € ['(D). =
For the slant distribution DY, we have the following.

THEOREM 3.6. Let M be a proper hemi-slant submanifold of a Kaehler
manifold M. Then the slant distribution DY is integrable if and only if

FP[X,Y] = hX,TY) = h(TY,X)+V%FY — V& FX
for X, Y € (D).

Proof. Using (2.1), (2.2), (2.3), (2.5), (2.6) and taking the normal part
we get

JPVxY = h(X,TY) + V% FY — FR,VxY — Ch(X,Y)
for X,Y € I'(D%). Hence
JPX,Y] = h(X,TY) — h(TY,X) + VxFY — V+:FX — FP[X,Y].
This proves our assertion. m

According to Theorem 3.5, every hemi-slant submanifold M of a Kaehler
manifold M is foliated by totally real submanifolds. So in the rest of this
section, we are going to study the problem when a hemi-slant submanifold is
a Riemannian product of a totally real submanifold and a slant submanifold.
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THEOREM 3.7. Let M be a proper hemi-slant submanifold of a Kaehler
manifold M. Then the distribution D? defines a totally geodesic foliation if
and only if

9(A;zTY, X) = g(Apry Z, X)

for all X,Y € I'(D%) and Z € I'(D4).

Proof. From (2.2) we have g(VxY,Z) = g(VxY,Z) for X,Y € r(pY)
and Z € I'(D*). Then from (2.1) we get g(VxY, Z) = g(VxJY, JZ). Using
(2.5), we obtain ¢(VxY,Z) = g(VxTY,JZ)+ g(VxFY,JZ). Hence,

g(VxY,2) = —g(TY,NxJZ)— g(FY,VxJZ).
Now, using (2.3) and (2.1) we obtain
9(VxY, Z) = g(TY, Az X) + g(JFY,Vx Z).
Then from (2.5) we get
9(VxY, Z)=(TY,A;zX)+ g(BFY,VxZ)+ g(CFY,h(X, Z)).

Thus from Corollary 3.1 we arrive at

g(VxY,Z) = (TY,A;2X) —sin?0 g(Y,VxZ) — g(FTY,h(X, Z)).
Then from (2.4) we get

cos® 0 g(VxY, Z) = g(AjzTY, X) — g(Apry Z, X).

This proves the assertion of theorem. m

THEOREM 3.8. Let M be a proper hemi-slant submanifold of a Kaehler
manifold M. Then the distribution D defines a totally geodesic foliation
on M if and only if

9(AwTX, Z) = g(AprxW, Z)
for W, Z € I'(D*) and X € T'(DY).
Proof. From (2.1), (2.2), (2.3) and (2.5) we obtain
9(VZW, X) = —g(AwZ,TX) + g(JVzW, FX)
for W, Z € I'(D*) and X € I'(D?). Using (2.2) and (2.4) we get
(Vo W, X) = —g(AjwZ, TX) + g(FPV ,W, FX) — g(h(Z, W), JFX).

Thus using (2.6), (3.10) and Corollary 3.1 we derive

g(VZW, X) = —g(Ayjw Z, TX) +sin? 0 g(P,V zW, X)

+g(h(Z, W), FTX).
Hence, we arrive at
cos? 0 g(PaV W, X) = —g(AswTX, Z) + g(AprxW, Z),

which proves the assertion. =

Thus from Theorems 3.7 and 3.8 we have the following result:
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COROLLARY 3.2. Let M be a hemi-slant submanifold of a Kaehler man-
ifold M. Then M is a locally Riemannian product manifold M = M| x My
if and only if

AwTX = AprxW

for X € I'(D%) and W € F(Dl),iwhere M is a totally real submanifold
and My is a slant submanifold of M.

EXAMPLE 3.3. Consider the hemi-slant submanifold of R® described in
Example 3.2. Then TM* is spanned by Ny, Na, N3, N; where

lesinelaa—kcosma Ngz—cos026a—sin02

x5 Oxg’ x7 Oxg’
0 0 0 1 0
N3 = 0 — inf — Ny=sin — + - —.
3 = COS 92 + sin 5304’ 4 = Sln 92y + k 0rs

Then it is easy to see that D? = span{Z;, Zo} and D+ = span{Z3, Z,}
are integrable. Denote the leaves of D+ and D? by M| and My. Then the
induced metric tensor is

ds® = dp* + (1 + k*)d6* + doF + db3.
Thus we have

9 = gMy + gMm, -

Consequently, M is a Riemannian product manifold. On the other hand, by
direct computations, we have

1
T7, =—-Z TZy = ——= 7.
1 2, 2 11 K2 1
Therefore
k2 sin 6
FT7Zi = ———F5—— Ny,
! (k2sin% 6 + 1) *
2
FTZy = k k= cosf N,

_ Na —
1+ k2% (14 k2 sin?0)(1 + k2)
Hence we can deduce that the condition of Corollary 3.2 is satisfied.

4. Warped products M| x; My in Kaehler manifolds. Let (5, g1)
and (F,g2) be two Riemannian manifolds, let f : B — (0,00), and let
m:BXxF — Bandn:BxF — F the projection maps given by m(p,q) = p
and n(p, q¢) = q for every (p, q) € Bx F. The warped product ([2]) M = Bx F
is the manifold B x F' equipped with the Riemannian structure such that

9(X,Y) = g (mX,mY) + (for)ga(n X, mY)

for all X, Y € I'(T M), where * denotes the tangent map. The function f is
called the warping function of the warped product manifold. In particular, if
the warping function is constant, then the manifold M is said to be trivial.
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In the following, warped product manifold will mean non-trivial warped
product manifold.

Let X,Y be vector fields on B and V, W vector fields on F. Then from
Lemma 7.3 of [2], we have

(4.1) VxV =VyX = X}fv

where V is the Levi-Civita connection on M.

In this section we investigate the existence of warped product subman-
ifolds M| x; My of Kaehler manifolds such that M is a totally real sub-
manifold and My is a proper slant submanifold of M. First, we have the
following;:

THEOREM 4.1 ([17, Theorems 3.1 and 3.2]). Let M be a Kaehler man-
ifold. Then there exist no warped product submanifolds M = Mr x y My or
M = My x ¢ M7 of M such that Mt is a holomorphic submanifold and My
is a proper slant submanifold of M.

In fact, Theorem 4.1 tells us that there exist no warped product semi-
slant submanifolds (in the sense of Papaghiuc) in Kaehler manifolds. Now,
we are going to investigate warped products M = M, x; My of a Kaehler
manifold M such that M, is a totally real submanifold and Mpy is a proper
slant submanifold of M.

THEOREM 4.2. Let M be a Kaehler manifold. Then there exist no warped
product submanifolds M = M, x ¢ My of M such that M, is a totally real
submanifold and My is a proper slant submanifold of M.

Proof. From (2.3) and (2.1) we have g(AywTX,X) = g(VNrxW,JX)
for X € I'(TMp) and W € I'(TM ). Then from (2.2) and (2.5) we get

J(ATX,X) = g(VrxW.TX) + g(h(TX, W), FX).
Using (4.1) we obtain
g(AywTX, X) = W(n fg(TX, TX) + g((TX, W), FX).
Thus from (2.4) and (3.10) we have
(4.2)  g(WMTX,X),JW) =cos? 0 W(In f)g(X, X) + g(h(TX, W), FX)
for X € I'(TMp) and W € I'(TM, ). Replacing X by TX in (4.2), using
(3.10) and Theorem 3.2 we arrive at
(4.3) g(h(X,TX),JW) = —cos® 0§ W(In f)g(X, X) + g(h(X,W), FTX)

for X € I'(T'Mg) and W € I'(T'M, ). On the other hand, from (2.3) we have
G(ApxW,TX) = —g(VwFX,TX) for X € I'(TMy) and W € I'(TM),).
Then using (2.1) and (2.5) we get
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Using (2.5), (2.2) and (4.1) we obtain
g(ArxW,TX) = g(Viw X, T?X) + g(h(W, X), FTX) + W (In f)g(T X, TX).
Here, considering (3.10) and Theorem 3.2, we arrive at
9(ApxW,TX) = —cos’0 g(Vw X, X) + g(h(W, X), FTX)
+cos> W (In f)g(X, X).
Then using again (4.1) and (2.4), we derive
(4.4) g(WMTX, W), FX) = g(h(W, X), FTX).
Thus from (4.2), (4.3) and (4.4) we conclude
2cos? W (In f) = 0.

Since My is proper slant and Riemannian we obtain W (ln f) = 0, hence f
is constant, which proves our assertion. m

From Theorems 4.1 and 4.2 we have the following corollary.

COROLLARY 4.1. Let M be a Kaehler manifold. Then there exist no
warped product submanifolds M = My x y My in M such that M, is a holo-
morphic or totally real submanifold and My is a proper slant submanifold
of M.

REMARK 4.1. We note that Theorem 4.2 is a generalization of Theo-
rem 3.1 in [7]. In that case § = 0.

5. Warped products My x; M, in Kaehler manifolds. Theo-
rem 4.2 shows that there do not exist warped product hemi-slant submani-
folds of the form M| x y My in Kaehler manifolds. In this section, we consider
warped product hemi-slant submanifolds of the form My x ;M , where My is
a proper slant submanifold and M is a totally real submanifold of M. First,
we are going to give an example of a warped product hemi-slant submanifold
of the form My x; M, .

EXAMPLE 5.1. Consider a submanifold M in R® given by the equations
T1 = ujCcosu, o = ugkcosug, T3 = ujsinug,
T4 =ugksinue, x5=us3, x5=u1, k#*0,1.
Then the tangent bundle T'M is spanned by Z;, Zs and Zs where

71 = cosu i—i—sinu —+i
1= 261:1 28333 8336’
0 0 0
Zo =k — + ki — 4+ —,
2 COS U9 D2s sin ug 0z, 05
73 = —upsinug — — kugsinu i%—u cos U i+ku cos U i
3= 1 2 o1 3 2 97a 1 2 O3 3 2 EI
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Then D+ =span{Z3} is an anti-invariant distribution and D? =span{Z;, Z»}
is a slant distribution with slant angle cos™(1 — k/+/2(1 + k2)). Thus M is
a hemi-slant submanifold of RS, It is easy to see that D? is integrable. We
denote the integral manifolds of D+ and D? by M, and Mp, respectively.
Then the metric tensor g of M is

g = 2dut + (1 + k?)du3 + (u? + k* u3)du3
=9gM, T (u% + K u%)gMJ_'
Thus M is a warped product submanifold of RS of the form My x M with
warping function \/m

REMARK 5.1. It is easy to see that every CR-warped product subman-
ifold is a warped product hemi-slant submanifold of the form My x; M
with slant angle 8 = 0. Thus warped product hemi-slant submanifolds of
the form My x ¢ M| are a generalization of CR-warped product submani-
folds of Kaehler manifolds.

From now on, we will consider warped product hemi-slant submanifolds
M = My xy M such that My is a proper slant submanifold and M is a
totally real submanifold of a Kaehler manifold M.

LEMMA 5.1. Let M = My x g M, be a warped product submanifold of a
Kaehler manifold M. Then

5.1)  g(h(X,2),JW) = g(h(Z,W), FX) — TX (In f)g(Z, W)
for X € F(TMQ) and Z,W € F(TML).

Proof. From (2.3) we have g(h(TX, Z),JW) = g(VzTX,JW) for X €
I'(TMy) and Z € I'(T'M ). Thus using (2.1) and (2.5) we get
Y

gWTX,Z),JW) =g(VzJX,JW) - g(VzFX,JW).
Using again (2.1) and (2.2) we obtain
gh(TX,Z),JW) =g(VzX, W)+ g(VzJFX,W).
Thus, from (4.1) and (2.6) we arrive at
g(WMTX,Z),JW)=X(In f)g(Z, W)+ g(VzBFX, W)+ g(V,CFX,W).
Then Corollary 3.1, (2.2) and (2.3) imply
g(WMTX,Z),JW) = X(In f)g(Z, W) —sin®0 g(Vz X, W) + g(Aprx Z,W).
Hence, using (4.1) and (2.4) we have
g(WTX,Z),JW) = cos®* 0 X (In f)g(Z, W) + g(h(Z,W), FTX).
Replacing X by T'X and using Theorem 3.2 we conclude that
gh(X,Z2),JW)=g(h(Z,W),FX)—-TX(In f)g(Z,W). =
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We say that a hemi-slant submanifold is mized geodesic if
(5.2) hMX,Z)=0

for every X € I'(D%) and Z € I'(D4).

Next, we give a characterization of warped product hemi-slant subman-
ifolds of the form Mpy x ; M . First recall that we have the following result
of Hiepko [12] (cf. [10, Remark 2.1]): Let D; be a vector subbundle in the
tangent bundle of a Riemannian manifold M and Do be its normal bundle.
Suppose that the two distributions are involutive. Denote the integral mani-
folds of D1 and Dy by My and Ms, respectively. Then M is locally isometric
to a warped product My X y My if the integral manifold My is totally geodesic
and the integral manifold Mo is an extrinsic sphere, i.e., Ms is a totally
umbilical submanifold with parallel mean curvature vector.

THEOREM 5.1. Let M be a mized geodesic proper hemi-slant submanifold
of a Kaehler manifold M. Then M is a locally warped product submanifold
of the form My x ¢ M| if and only if

AjzY =0 and ApryZ = —cos?0Y (u)Z, VY € (DY), Z e (DY),
where i is a function on M such that W(u) = 0 for every W € I'(D1).

Proof. Let M = Myx M, be a warped product submanifold of M. Then
My is totally geodesic in M. Thus VxY € I'(TMy). Then from Theorem
3.7 we have

9(As2TY, X) = g(Arry Z, X).

Since M is mixed geodesic, using (2.4) we get g(A;zTY,X) = 0, which
shows that A;zTY has no components in T'My. On the other hand, we get
9(AszTY, W) = g(M(TY,W),JZ) =0
since M is mixed geodesic. Thus A;zTY = 0. Replacing Y by TY, and
using Theorem 3.2, we have A;zY = 0. Then using (5.1) we obtain

g(h(W, Z),FTY) = —cos*0Y (In f)g(Z, W).

Since M mixed geodesic implies Apry W € I'(D+), we conclude that p =
In f. Let us prove the converse. Suppose that M is a mixed geodesic hemi-
slant submanifold such that

AjzY =0 and AppyZ = —cos?0Y (u)Z, VY € I'(D%), Z e (D).

Then from Theorem 3.7, DY is integrable and its integral manifold is totally
geodesic in M. Also, from Theorem 3.5, D+ is always integrable in M. Let
M | and Mp be the integral manifolds of D+ and DY, respectively. We denote
the second fundamental form of M| in M by hy. Then from (2.2) we get
g(ha(Z, W), X) = g(VzW,X) for Z W € I'(D') and X € I'(D?). Using
(2.1) and (2.5) we obtain g(ho(Z, W), X) = g(VzJW, TX)+9(VzJW, FX).
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Then taking into account that A is self-adjoint, (2.1) and (2.3) imply
9(ha(Z, W), X) = —g(AjwTX, Z) — g(VzW,JFX).

By assumption, we have Ay TX = 0. Thus using (2.6) and (2.2) we obtain

9(ha(Z, W), X) = —g(V s W, BFX) — g(h(Z, W), CFX).
Here, considering Corollary 3.1 we have

g(ha(Z, W), X) =sin?0 g(V W, X) + g(h(Z, W), FTX).
Hence, we arrive at

g(ha(Z, W), X) =sin?0 g(ho(Z, W), X) + g(W(Z, W), FTX).
As a result,
9(ha(Z,W), X) = sec? 0 g(Aprx Z, W).
Thus, by hypothesis,
9(ha(Z, W), X) = =X (n)g(Z, W),

which shows that M is totally umbilical in M. Moreover, by direct com-
putations, we get

9(Vzgrad p, X) = g(Vzgrad u, X)
= [Zg(grad p, X) — g(grad i, V 7 X)]
=[Z2(X(w) = [Z, X]p — g(grad u, Vx Z)]
[Z, Xlp+ X(Z(n) — (2, X]p — g(grad p, Vx Z)]
= [X(Z(n)) — g(grad p, Vx Z)].
Since Z(p) = 0, we obtain
9(Vzgrad p, X) = g(grad p, Vx Z).

On the other hand, since gradu € I'(T'My) and My is totally geodesic in
M, it follows that VxZ € I'(TM,) for X € I'(D%) and Z € I'(D'). Hence
g(Vzgrad u, X) = 0. Then the spherical condition is also satisfied, that is,
M, is an extrinsic sphere in M. Thus we conclude that M is a warped
product and the proof is complete. »

REMARK 5.2. We note that the condition (5.2) in Theorem 5.1 is mean-
ingless for CR-warped product submanifolds of Kaehler manifolds, because,
from Lemma 4.1(5) of [7], it follows that any mixed geodesic CR-warped
product submanifold is a CR-product. But that result is not true for mixed
geodesic hemi-slant submanifolds. In the following we present an example
of a mixed geodesic warped product hemi-slant submanifold which is not
trivial.

EXAMPLE 5.2. Let M be a submanifold of R® given by

x(u,v,0) = (u,v,cosv,sinv, 0, u sin 6,0, ucos 6)
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for € (0,7/2),u # 0, and v # 0. Then the tangent bundle 7'M is spanned
by

Al i—Fsin@i—i-cosﬁi

oy Ozg Oxg’

0
2 _— 1 - -
27 Oag S Ox3 cosv Oxy’

73 :ucosﬁai6 —usin&a—xs.

Then it is easy to see that D¥ = span{Z;, Zs} is a slant distribution with
slant angle ¢ = 7/3. It is also easy to show that D+ = span{Z3} is an
anti-invariant distribution. Thus M is a hemi-slant submanifold. Moreover,
we can see that D¥ and D~ are integrable. Denote the integral manifolds of
D¢ and D+ by M, and M, respectively. Then the metric tensor of M is
g = 2du® + 2dv® + ud>.
Hence we have
9=9gmp+u’gu, -

Thus M is a warped product hemi-slant submanifold of R® with warping
function f = u. On the other hand, the normal bundle TM~' is spanned by

0 0 0 0 0

—sinf -2 4+ cosp L % L sing - 4ot

W1 =sin B2s + cos e Wa By + sin B + cos B’
0 0 . 0 0
Wg—cosva—m—a—m, W4—Sll’l’l)87x2+87x3,

Wy = —ucosHaiS—i-usinGa?W.

Then using the Gauss formula, we have
hZ1,Z9) =0, h(Z1,Z3) =0, h(Z2,Z3)=0, h(Z1,Z1)=0
and
sinw COS v
W2y, 23) = l+cos2o ° 1 + sinZv
Thus, M is mixed geodesic, but it is neither totally geodesic nor totally
umbilical.

u
Wy,  h(Zs,Z3) = —3 Ws.

LEMMA 5.2. Let M be a warped product hemi-slant submanifold of a
Kaehler manifold M of the form My x; M, . Then

(5.3) g(h(X,Y),JZ)=g(WMX,Z),FY)
for X, Y € I'(TMy) and Z € I'(TM ).

Proof. From (2.2) we have g(h(X,Y),JZ) = g(VxY,JZ). Then us-
ing (2.1) we get g(h(X,Y),JZ) = —g(VxJY, Z). Hence, g(h(X,Y),JZ) =



Warped product submanifolds 223

g(JY,VxZ). Thus, from (2.5) we derive g(h(X,Y),JZ) = g(TY,VxZ) +
g(h(X,Z),FY). Then (4.1) implies (5.3). =

Let M be an (m + n)-dimensional proper hemi-slant submanifold of a
Kaehler manifold M™%, Then we choose a canonical orthonormal frame
{e1,. .. em, €1, enyJer, ..., Jem, el ... e} of M such that, restricted
to M, e1,...,€em,€1,...,6, are tangent to M. Then {ey,...,en,€1,...,8n}
form an orthonormal frame of M. We can take {e1, ..., en,€1,...,€,} insuch
a way that {ey,..., e} form an orthonormal frame of D+ and {ey,...,,}
form an orhonormal frame of DY where dim(D') = m and dim(D%) = n.
We can take {Jey,...,Jem,e],...,er} in such a way that {Jey,...,Jey}
form an orthonormal frame of J(D1) and {ej, ..., e’} form an orthonormal
frame of F(DY). It is known that a proper slant submanifold is always
even-dimensional. Hence, n = 2p. Then we can choose orthonormal frames
{€1,...,e2} of DY and {e3,... e} of F(D?) in such a way that

ey =seclTey, ... ez, =sectTey, 1,

e} =cscOFer, ... e5, = cscl ey,

where 6 is the slant angle. We note that such an orthonormal frame is called
an adapted frame [6].

THEOREM 5.2. Let M be an (m+n)-dimensional mized geodesic warped
product submanifold of the form My Xy M| in a Kaehler manifold Mmtn,
where My is a proper slant submanifold and M | is a totally real submanifold
of M™*t". Then

(i) The squared norm of the second fundamental form of M satisfies
(5.4) Rl* > mcot® 0|V (I f[*,  dim(M) =

(ii) If equality holds identically in (5.4), then My is a totally geodesic
submanifold and Mz is a totally umbilical submanifold of M. More-
over, M is never a minimal submanifold of M.

Proof. Since
Il* = |R(D?, D)) + [[R(D+, DY)|1? + 2||h(D’, D)%,

if M is mixed geodesic we have

m+2p m m—+2p 2p
2 2
102 =30 3 ghlenen).an?+ 3 3 glheres). e,
k=1 i,5=1 k=1 r,s=1

where {é} is an orthonormal basis of T'M L. Now, considering the adapted
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frame, we can rewrite the above equation as

m m
Ih]* = Z ZQ (eires), Jer) +Z Z (eire;),cscl Fe,)?
=1 4,5=1 a=11,j=1
m  2p 2p  2p
+Z Z g( emes Jel +Z Z er,es CSC@F@G)2.
=1 r,s5=1 a=1r;s=1

Then, from (5.1) and (5.3), we obtain

m m 2p  m
IRl =" glhleies), Je)* + > esc? 0 (Tea(In £))?g(ei, ¢5)?
1=114,j=1 a=11i,j=1
2p  2p
+Z Z h(e,,es), csc@FEa)Q.
a=1r,s=1
Hence,
2p
(5.5)  ||n)]> = Z Z (eire;), Jer)? +m Y s 0 (Teq(In f))?
= lz,] 1 a=1
+Z Z (€r,€s), CSCQFEa)z.

a=1r,s=1

On the other hand, by direct computations, using adapted frame, we get

che 6 (Te,(In f))?

= [Te(In £))? csc® O + [sec O T?&; (In f)]* csc? 6
+ [Tes(In f)]? csc? 0 + [sec 0 T?eo(In f)]? csc? O + - - -
+ [T&2p—1(In f)]* csc? 0 + [sec O T*€z,_1(In f)]? csc? 6.

Then, rearranging this equation and using Theorem 3.2, we arrive at

Z csc? 0 (Tey(In f))?
= [sec® Te1(In f)]* cos® 6 csc? O + [cos O &1 (In f)]? csc? 0
+ [sec @ Tea(In f)]% cos? 6 csc? 6 + [cos fez(In f)]* csc® O + - - -
+ [sec® Teg,—1(In f)]? cos? 0 csc? 0 + [cos O Eap—1(In £)]? csc? 6.
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Hence we get
2p
(5.6) D ese? 0 (Teq(In £))? = cot? 0 ||V (In £)|1%.
a=1
Thus using (5.6) in (5.5) we obtain the inequality (5.4). If equality holds in
(5.4), we have

(5.7) Z Z (€i,€5), Jel)2 =0, Z Z (er,€s) (:SCGFéa)2 =0.

=114,5=1 a=1r,s=1
Since M is mixed geodesic, from (5.3) we also have
(5.8) g(h(X,Y),JZ)=0, VXY el(IMy),ZecIl(TM,).

Since My is totally geodesic in M, the second condition of (5.7) and (5.8)
imply that M is totally geodesic in M. On the other hand, the first condition
of (5.7) implies

h(Z,W) e I'(F(D?)).

From (5.1) we get
(5.9) g(h(Z,W),FX)=TX(In f)g(Z,W)

for ZZW € I'(T)) and X € I'(TMpy). These equations imply that M, is
totally umbilical in M. Moreover, from (5.9) and (5.6) we conclude that if
M is minimal, then ||V (In f)||?> = 0, which is a contradiction. =

REMARK 5.3. It is well known that the semi-slant submanifolds were
introduced as a generalization of proper slant and proper CR-submanifolds.
From Theorem 4.1, it follows that the semi-slant submanifolds in the sense
of N. Papaghiuc are not useful to generalize the CR-warped products. But,
from Remark 5.1 and Examples 5.1-5.2, one can conclude that warped prod-
uct hemi-slant submanifolds of the form My Xy M, are a generalization of
CR-warped products in Kaehler manifolds.
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