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On sectional curvature of a Riemannian manifold with
semi-symmetric metric connection
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Abstract. We prove that if the sectional curvature of an m-dimensional pseudo-
symmetric manifold with semi-symmetric metric connection is independent of the ori-
entation chosen then the generator of such a manifold is gradient and also such a manifold
is subprojective in the sense of Kagan.

1. Introduction. Let (M,,g) be an n-dimensional differentiable mani-
fold of class C*° with the metric tensor g, the Riemannian connection V and
a smooth linear connection V* on M,,. A smooth linear connection V* on
M, is said to be semi-symmetric if its torsion tensor T satisfies the relation

(1) T(X,Y) = w(Y)X — w(X)Y

where w is a smooth linear differential form and X and Y are any smooth
vector fields on M, [Y1]. The concept of a semi-symmetric connection has
been studied on Kenmotsu manifolds [PD1], almost contact manifolds [DS],
Sasakian manifolds [PD2]| and Riemannian manifolds [D]. It is known [Y1]
that if V* is a semi-symmetric metric connection then

(2) VY =VxY +wl)X — g(X,Y)p,
(3) 9(X, p) = w(X),
for any vector fields X and Y. Further, it is also known [Y1] that if R* and
R denote of the curvature tensors of the smooth linear connection V* and
the Levi-Civita connection V, respectively, then
(4) R (X, Y)Z =R(X,Y)Z —a(Y,Z2)X + a(X,2)Y

-9V, 2)AX + g(X, Z)AY
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where « is a tensor field of type (0,2) defined by

(5) a(X,Y) = (Vxw)(Y) —w(X)w(Y) + sw(p)g(X,Y)
and A is a tensor field of type (1,1) defined by
(6) g(AX)Y) =a(X,Y)

for any vector fields X and Y.

We shall use the following results in the next section:

In a local coordinate system, equations (4), (5) and (6) can be written
as follows:

(7) Riien = Rijkn — Pjkgin + Pixgin — Pingjk + Pjngix
where

(8) Pj; = Vjwy, — wjwy, + %gﬂﬂﬂhwh, Pl? = Pumg™.
From (7), we have (see [Y1])

(9) R, = Rin — (n = 2) Py, — agin,

(10) R*=R—-2(n—1)a,

where

(11) o= gihPZ-h.

M. C. Chaki [CH] introduced a type of non-flat Riemannian manifold (M,,, g)
(n > 2) whose curvature tensor Ry satisfies the condition

(12) ViRhijk = 2N Rpiji + A Riiji + NiRnijk + ANjRuiik + A Rniji

where )\; is a non-zero vector which is called the generator of the manifold.
Such a manifold is called pseudo-symmetric and is denoted by (PS),.

A Riemannian manifold is called an Einstein manifold if its Ricci tensor
is proportional to its metric.

Moreover, an n-dimensional manifold with a semi-symmetric metric con-
nection is called an Einstein manifold with a semi-symmetric metric connec-
tion if the symmetric part of the Ricci tensor is proportional to the metric,
ie.,

(13) Rzkl]) = )\gij
where ) is a scalar function.

Now, we can state the following lemma which will be used in our subse-
quent work:

LEMMA. Suppose that S is a (0,2) covariant tensor. If for all linearly
independent vectors X and Y,

(14) SapuXYPX Y H =0,
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then
(15) Saﬁ)\u + S/\uaﬁ + Sa,u)\ﬁ + SAﬁau =0.

Here X® and Y? are the contravariant components of X and Y, respectively,

ILR].

2. Sectional curvatures of a Riemannian manifold having a semi-
symmetric metric connection. Let P(z*) be any point of M, (V*,g)
and denote by X%, Y the components of two linearly independent vec-
tors X,Y € Tp(M,). These vectors determine a two-dimensional subspace
(plane) 7 in Tp(M,).

The scalar

ZB/WX’IYBX’\Y”
(9579ap — Gargpu) XY EXAY #
is called the sectional curvature of M,(V*,g) at P with respect to the
plane 7.
From (16), it follows that

(17) Sapau X YPX Y H =0

where we have put

(16) K*(m) =

(18) SaﬂAu = RZﬁ)\u - K" (77) (gﬂkgau - ga)\gﬂu)'

Assume that at any point P € M, (V*, g), the sectional curvatures for all
planes in Tp(M,) are the same. A two-dimensional Riemannian manifold
having semi-symmetric metric connection need not be considered, since it has

only one plane at each point. Then, according to the Lemma, the condition
(15) gives

(19) Zﬁ)\,u + Rj\yaﬁ + Rz,u)\ﬁ + Riﬂau =2K" (W)(g,uag)\ﬁ + gaﬂguz\)
— AK"(7)gargpu-
Multiply the equation (19) by g** to find
Ry + Rj, .

(20) = = (n = DK (m)gas.
This can be rewritten in the form
(21) R?)\,B) = (n—1)K*(m)grs
where

. Ry 5+ Rj,
(22) Ri\g) = %

Transvecting (21) by g™, we get
(23) R* =n(n—1)K*(m).
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From (9), we have
(24) Do = (2= 1) Ppg).

Since the sectional curvatures at P € M,(V*, g) are the same for all
planes in Tp(M,,), by using (16), we have

(25) R;ﬁ/\u =K (77) (gﬁAga,u - go&\g;@u)'
Multiplying (25) by g™ and summing over o and pu, we get
(26) Ry = K*(m)(n — 1)gxs

From (8), (21), (25) and (26), it follows that

(27) fkﬁ] =0,

(28) V[)\wm =0.

(21) means that M,(V*, g) is an Einstein manifold with a semi-symmetric
metric connection. (28) implies that the 1-form w is closed.

With the help of (7), (8) and (28), we find that
(29) RZB/\M + RE}\O(M + Rja,@u = 07

i.e., the first Bianchi identity holds for the linear connection.
From (9) and (10) we have

R} R*gin,
30 Pyj=—\j— —h
(30) / T n—-2 2(n—-1)(n-2)
where
(31) P 1 R.:+ 1 Ra.:
U T M Ty ) (n—2)

From (21), (23) and (27), we have R}, = R*g;,/n. Then, by using (30),
we find
R"gi

2 P,=-)\;— —————.

By the aid of the equations (7), (23) and (32), we get
(33) Rijin = Cijin + K™ (7)(9ingjk — ikgin)-

By using (25) and (33), we can easily see that this space is conformally
flat.

In [I], by using a different method, it has been shown that if a Riemannian

manifold admits a semi-symmetric metric connection with closed 7 constant
curvature, then the manifold is conformally flat.
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Since this manifold is conformally flat, we have

1
(34) Rijkn = (=2 (gjxRin — gixRjn + ginRjk — gjnRir)
1
(’I’L — 1)(n — 2) (g]kg h — 95h9 k:)

By using (31), the equation (34) can be rewritten as
(35) Rijkn = —gjxAin — ginAjk + ik Ajn + ginNik-
If we multiply the equation (12) by g"*, we obtain
(36) 2N Rji, + Nj Ry + MRyt + Ag™ (Rijii + Riji) = ViR,
Multiplying (36) by ¢’*, we find
(37) 2N R+ 4Nig" Ry, = Vi R.

By cyclic permutation of the indices [, j and k and by using the last two
equations and (36), we have the relation

(38) MR + NjRy + ARy = %(Vlek + VRy + ViRy).

It is known |CH] that a conformally flat (PS),, (n > 3) cannot be of zero
scalar curvature and in a conformally flat (P.S),, it is also known [T] that
R—t nt—R
39 Ry =
(39) J n—lgj—{_(n—l))\p)\i’

where R denotes the scalar curvature and ¢ is a scalar.

AN

The expression (39) can be written as

(40) R;; = 0gi; + Bvv;
where

R—t nt— R i
41 0= ——- = N Ry = tA =
(41) 1 PB= 7 MNEBw ky U o

and v; is a unit vector.
Thus, from (34) and (40), we have

(42)  Riji = b(—gjvivi + gjrvivi — garvjur + gavson) + algagik — 9jigik)

_ R—2 _ nt—R
Where a = m and b = (Tl—lt)w

D. Smaranda [J] calls a Riemannian manifold whose curvature tensor
satisfies (42) a manifold of almost constant curvature. Hence, we have the
following theorem:

THEOREM 2.1. If a (PS), admits a semi-symmetric metric connection
with constant sectional curvature then this manifold is of almost constant
curvature.
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For a conformally flat (PS),, the following condition holds |T]:

- 4 3n —2 4
J ). _ iy,
(43) MNViRj = N XjRy, + —1 tA A — 1glk)\ Aj.

Taking the covariant derivative of (41)s with respect to ™ and using
equation (43), we find

3n—2
n—lt/\m)\k_n—l

= MVt + Vo Me — RV A

Grm A A

(44) NNy Ry, +

From (40), (41) and (44), we get

(45) f__fgkmAhAh + ”Tf: fAkAm + WAkAm - - i 1gkm)\h)\h
= AoVt + Vi A — f:fgkhvm)\h - mxhkah.
If we multiply (45) by A¥ then we find
(46) Vit = 4tAp,.
With the help of (37) and (40), we get
(47) ViR =2((n+2)0 + 38)\;.

From equation (47), it is clear that the covariant vector \; is a gradient.
Thus, we have the following theorem:

THEOREM 2.2. If a (PS), admits a semi-symmetric metric connection
with constant sectional curvature then the covariant vector A; of this manifold
1 a gradient.

Now, for a conformally flat manifold (PS),, we have (see [DG])

(48) Vi — v Vi3 + ﬂ(Vkvl — Vﬂ)k) =0.
By using (41)2 and (46), we obtain

(49) Vi — v Vi = 0.

By using (48) and (49), we get

(50) ﬂ =0 or Vkvl — Vlvk =0.

If B = 0 then the manifold is flat. This contradicts the hypotheses. Thus,
from (50),

(51) Vv — Vi, = 0.

It is known [DG] that the covariant vector v; of a conformally flat (P.S),
is a proper concircular vector field. Hence, we have the following theorem:

THEOREM 2.3. A (PS), admitting a semi-symmetric metric connection
with a constant sectional curvature has a proper concircular vector field.
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It is known [A] that if a conformally flat manifold admits a proper concir-
cular vector field then the manifold is a subprojective manifold in the sense
of Kagan. Thus, we can state the following theorem:

THEOREM 2.4. If a (PS), admits a semi-symmetric metric connection
with a constant sectional curvature then this manifold is subprojective.

In [Y3], K. Yano proved that for a Riemannian manifold to admit a
concircular vector field, it is necessary and sufficient that there exists a coor-
dinate system with respect to which the fundamental quadratic differential
form may be written in the form

(52) ds® = (da')? + cquﬂdxadxﬁ

where

(53) 9op = Gap(T")

are functions of ¥ (o, B,v = 2,3,...,n) and ¢ = q(xl) Z# const is a function

of #! only. Since a conformally flat (PS),, admits a proper concircular vector
field v;, the manifold under consideration is the warped product 1 X.q M*
where (M*, g*) is an (n — 1)-dimensional Riemannian manifold.

Since this manifold is conformally flat, from (34), the following equation
is satisfied:

(54) ViR — Vi Rj, = (971 VeR — gjxVIR).

1
2(n—1)

Gebarowski [G] proved that the warped product 1 X.« M* satisfies (52)
if and only if M* is an Einstein manifold.

Thus, we can state the following theorem:

THEOREM 2.5. If a (PS), admits a semi-symmetric metric connection
with a constant sectional curvature then this manifold is the warped product
1 Xeqa M™* where M* is an Einstein manifold.
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