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Positive solutions for one-dimensional singular p-Laplacian
boundary value problems

by HUulJUAN SONG (Changchun), JINGXUE YIN (Guangdong)
and Rul HUANG (Guangdong)

Abstract. We consider the existence of positive solutions of the equation
1
W(A(t)%(x’(t)))’ + pf(ta(t), 2 (t) =0,

where ¢, (s) = |s|P"2s,p > 1, subject to some singular Sturm-Liouville boundary condi-
tions. Using the Krasnosel’skii fixed point theorem for operators on cones, we prove the
existence of positive solutions under some structure conditions.

1. Introduction. In this paper, we consider the one-dimensional p-
Laplacian equation

1
(1) MO ) + af(ta®. ) =0, 0<t<tox,
subject to one of the following three pairs of boundary value conditions:
az(0) — 8 lim A(&)Y P Va/(t) =0,
t—0t
(1.2,)

' ' (=14 (4) =
'yt_lggloo x(t) + 5t_1>1$100 A(t) z'(t) =0,

az(0) = 8 lim AMOYE D) =0,  lim AMOYPVL () =0, (1.2)
t—

t——+00

lim A(t)Y =D () = 0,

t—0t (1 2 )
4 3 1/(]7_1) ! = e
0% tlgrnoo x(t)+0 t_l}inoo A(t) x'(t) =0,

where ¢,(s) = [s[P7%s, p > 1, a,8,7,6 > 0, u > 0 is a parameter, \(t),
f(t,z,y) are continuous functions, and f(t,x,y) may be singular at ¢ = 0.
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The Sturm—Liouville boundary value problems have been the subject of
intensive study during the past years: see for example [1H3} 5-7] and the
references therein. In particular, Lian and Ge [2] considered the Sturm-—
Liouville boundary value problem for the equation

(p()2'(£))" + Ap(t) f(t, x(t)) = 0.

By using fixed point theorems in cones, they established the existence cri-
teria. In a recent paper [4], Sun et al. have studied a particular case of (|1.1)
with p = 2, i.e., the nonlinear singular equation

070 + pf(0).2/(1) =0.

p(t)
They established a relation between the existence of positive solutions and
the parameter .

In this paper, we investigate the existence of positive solutions to the
problems , (1.2). Our approach is based on the Krasnosel’skii fixed point
theorem. Unlike earlier, the equation we consider is quasilinear, so that the
theory based on Green’s function cannot be applied. In addition, solutions of
the problems , (1.2) may not be concave, and so some efficient methods
based on convexity (see for example [1} |6l 7]) could not be available here.
In order to overcome these difficulties, a special Banach space and special
cones are introduced so that we can establish existence results.

This paper is organized as follows. As preliminaries, in Section 2 we
introduce the required Banach space F and suitable cones in F, and the
corresponding integral operators defined on the cones; we also give some
properties of the functions from the cones. In Section 3, we prove the com-
plete continuity of the operators and finally we apply the Krasnosel’skii fixed
point theorem to obtain the existence of positive solutions of the bound-
ary value problem , (1.24). In view of their similarity, for the problems
(1.1)), (1.25) and , (1.2.) we only present the results and omit the details
of the proof. In Section 4, we give some detailed examples to illustrate our
main results.

2. Preliminaries. In this section, we present some necessary definitions
and construct some integral operators related to solutions of the problems
(L.1), (1.2), which will be used to demonstrate the existence of solutions
via the Krasnosel’skii fixed point theorem. Firstly, for the convenience of
the readers, we recall the definitions of a cone and a completely continuous
operator.

DEFINITION 2.1. A nonempty, convex and closed subset P of a Banach
space F is called a cone if



p-Laplacian boundary value problems 127

(i) P # {0},
(ii) if o, € R, a, 8 >0, and z,y € P, then ax + fy € P,
(ili) if z € P and —z € P, then = 0.

DEFINITION 2.2. An operator T : E — FE is said to be completely con-
tinuous if T is continuous and maps bounded sets into precompact sets.

The following is the well-known Krasnosel’skii fixed point theorem (see
for example [5]).

PROPOSITION 2.3. Let E be a Banach space and P C E be a cone in E.
Assume that {21 and (2o are two bounded open sets in E such that 0 € ()
and 21 C (25. Let T : PN (£22\821) — P be a completely continuous operator
such that either

(1) |Tz|| < ||z|| for x € PN OS2y and | Tx| > ||z|| for x € PN OS2, or
(ii) [|[Tz|| > [|z|| for x € PN OS2y and | Tz| < ||z|| for z € PN OL2.

Then T has at least one fized point in PN (£22\ 21).
Throughout this paper, we need the following assumptions:

(H1) The function f : (0,400) x [0,+00) x R — [0,400) is continuous
and singular at the point ¢ = 0, with 0 < f(¢t,z,y) < a(t)g(t,z),
where a : (0,+00) — [0,+00) is continuous and singular at t = 0;
g : [0,400) x [0,4+00) — [0,400) is continuous and g(t,x) is
bounded for x in any bounded set and for all ¢ € [0, +00);

(H2) X\ € C[0,+00) N CY(0, +0c) with A(t) > 0 on (0, +00) and

+oo
0< | o <1>dt<+oo
VY0 |
where 1/p+1/q = 1;

(H3) 0 < {7 A\t)a(t) dt < cc.

In Section 3, we prove the existence of positive solutions of the boundary
value problems (1.1f), (1.2) under the assumptions (H1)-(H3). In addition,
in Section 4, we give detailed examples to show that all of the assumptions
(H1)-(H3) can be satisfied.

Because of the possible singularity, we give the exact meaning of solu-
tions to the problems , (1.2). By a positive solution of the boundary

value problem ({1.1]), (1.2), we mean a function z(t) satisfying the following
conditions:

(i) = € C[0,4+00) N C*(0,400) and the following three limits exist:
lim z(t),  lim AOYPDa/(¢),  lim &)Y P D/ (1);
t—0+ t—o00

t—o00

(ii) x(t) > 0 for all ¢t € (0, 4+00) and satisfies (a), (b) or (c) of (1.2);
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(iii) A(t)e@p(2’(t)) is locally absolutely continuous in (0, +00) and
)\(lﬂ(A(t)@p(ﬂf'(t)))' +uf(t,z(t), () =0

almost everywhere in (0, 400).

Before proving the main results, we make some preparations. Let k > 1
be a constant and
¢ ¢ k

y(t) = | npq<)\(18)§)\(r) d7'> ds—|—§50q<)\(18)3)\(7') dT) ds, te [;k}

1/k
From the above definition, we find that y(t) is continuous and positive on
[1/k, k]. For notational convenience, we set

+oo
My = | @, (1/A\(t)dt, M =max{B/a,1}, M =max{5/v,1},
0

_ a B B . . 1
m—max{ﬂ,é}, h = M (ad + By T ardihh)’ A—mln{y(t).te [k:’k] }

We consider the Banach space E defined by

im (), lim NORAEREA0)
E={z€C[0,+00)NCH0,+00): T 0
and lim A(£)Y/®Va/(t) exist
t—+o00

with the norm

]| = max{][z]|1, ][},

where

sup |x(t)|, zlla = sup |(AOYED/(1)].
Cran S el el = s OOV )

[ =

Define the following subsets of E:
z(t) > 0,t € [0,400), az(0) — B lim A(t)V/P~Va/(t) =0,

t—0t+
Po=qe€E: v lim a(t)+6 lim MOV (1) =0, ,
A(#)Y =D/ () is nonincreasing on (0, 00)

2(t) 2 0t € [0, +00), az(0) — B lim. AP~V (1) = 0,

Py={x€E: lim At)YP V(1) =0, :

t——+00

A(t)YP=Y 2! (t) is nonincreasing on (0, oc)



p-Laplacian boundary value problems 129
z(t) >0, t € [0,+00), lim A(&)YPVa!(t) =0,
t—0t
PC = E M 1 1 1/(p71) / —
x € fyt£+moox(t) + 5t_l}+moo A(t) x'(t) =0,

A(t)YP=D 2/ (t) is nonincreasing on (0, c)

It is easy to check that P,, P, and P. are all cones in E. Define the corre-
sponding operators T,, Ty, T, by
5 A
“a(1 | A (7, (7). () dr )
0
A

+ gwqué) | A7) f(r (), 2/ (7)) dT> ds, 0<t<A,

Tow=1 0
o (1§ AV, 2(0), 2/ (7)) dr)

A

+ § 90q< H ;)\(T)f(T,:c(T),x/(T)) d7'>ds, A<t < oo,

A(s)

for x € P,,

o0

(@) (1) = 2oy (1 § M) 1, 2(7), /(7)) )

t 00
S(pq (M S AT 7), 2’ (1)) dT) ds, te€]0,00),
0

for x € Py, and

; ,
(Te) (1) = a1 | Mt a(r).(7) dr)

I '
+ § <,0q<)\(s) (S))\(T)f(T,l’(T),SU (1)) d7'> ds, te€][0,00),

for x € P., where A is a solution of the equation
z0(t) = 21(1),
with

2 (uﬁ AT 2 (7)) dT)

0
<Aé [\ (7 2(7),2 (T))d7'> ds, 0<t< oo,
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o0

(0) 1= 21 | A ralr). /() dr )

* § %<Aé) §A(T)f(ﬂfc(7),ﬂf’(7)) dT) ds, 0<t< oo.

Because zp is a nondecreasing continuous function on [0,400) with z(0)
= 0, and 2; is a nonincreasing continuous function on [0,+oc0) with
z1(0c0) = 0, there exists A € (0,+00) such that zp(A4) = z1(A). More-
over, if Aj,As € (0,400), A1 < Az and 20(A4;) = z1(4;)(i = 1,2), then we
have A(t)f(t,z(t),z'(t)) = 0 on [A;, As]. Therefore, the mapping Ty, is well
defined.

From the definition of T, we deduce that for each x € P,, T,z satisfies
(1.24) and (T,x)(A) is the maximum value of (T,x)(t) on [0,400), since

A

<pq<)\lé) § A7) f(r,2(7), 2/ (1)) d7>, 0<t<A,
(Tax)'(t) =

- Lt T T,T\T .:L'/T T o0
(3 PO ar). A<

and (T,z)'(A) = 0. Moreover,

A
©q <M VA f(r,2(r), 2/ (7)) dT), 0<t<A,

~¢a(n A ()@ () dr), A<t<o,

AV (Ta) () =

A
A
1 S A7) f(r,x(r), 2/ (7))dr, 0<t<A,
oA (T (1) =,
—u \ A(T) f (7, 2(7),2/ (1)) dr, A<t <o,
A

(A®)ep(Tam)' (1)) + pA@) f (¢, 2(2),2'(1) =0, 0 <t < +o0.

This shows that T,(P,) C P, and each fixed point of Tj, in P, is a solution
of (L.1)), (1.2,). In the same way, we can deduce that T;(P;) C P; and each
fixed point of 7; in P; is a solution of (L1]), (1.2;) (i = b,¢).

Now we state some properties of the functions in P,, Py, P.. By the def-
initions of the norms in the Banach space E, we can deduce
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LEMMA 2.4.

(1) For each x € Py, |z|l2=max{ax(0)/8,v2(00)/d} <msupy<;c oo (t).
(2) For each v € By, |[z[| = max{z(c0)/(1 + My), ax(0)/5}.
(3) For each x € P,, ||z|| = max{z(0)/(1 + My),vyx(c0)/d}.

LEMMA 2.5. For each x € P, U P,
[z]l1 < M|z,

and for each x € P,,
[zl < M|zl

Proof. For each x € P, U P,, we have
x(t)  z(0)+ {2/ (s) ds

1+M 1+ M,
1 /B : 1
— R F 1/(p—1) .t 1/(p—1) .t -
1+ M, <a Jim, A(t) z(®) +§)A(S) v (S)%<)\(s)> ds)

B

< =

ST Slzllz + 1+MH$||2

< M||z||2.

In a similar way we can show that z(t)/(1 4+ M;) < M|z|s for all z € P.
and t € [0,00). =

LEMMA 2.6.

(1) For each x € P,, z(t) > HxH for all t € [0, 400).
(2) For each x € Py, x(t) > 57 ||33H for all't € [0,400).
(3) For each x € P, z(t) > [0, +00).

Proof. For each x € P,, we consider the following two cases:
(i) az(0)/B = yz(c0)/;
(i) ax(0)/8 < ya(00)/d.
In case (i), by Lemma 2.1, we have
[z]l2 = ax(0)/5.
Then, by Lemma 2.2,

2(0) = Zlally > 2l
Because
az(0)
p

<AV (1) < . t€(0,+00),

we have



132 H. J. Song et al.

8

'(s)ds = x( i Y/ (=1 g! ! s
(s =2(0) + 3600 ) (575 )

(s) ) )

ie., u 3

Y

(1475 Jatoe) 2 200) =
Thus, 5 5
> .

2(00) > 5o ozl

By the definition of P,, we have
o B

z(t) > min{z(0), z —||z|| > h|lz|]|, te€][0,00).

)}_6+ yMy oM

We can deal with case (ii) in a similar way. The last two issues of the
lemma can be easily obtained by the definitions of P, and P,. =

3. Existence theorems. In this section, we prove the complete con-
tinuty of the operators defined in Section 2, and then we state and prove
our main results. Since the Arzela—Ascoli theorem fails to hold in E, we
need the following compactness criterion. For more general cases, we refer
the readers to [3] and the references therein.

LEMMA 3.1 ([3]). Let V. = {z € E : |z]]| < I} (I > 0). Then V is
relatively compact in E if the following conditions hold:

(a) {z(t)/(1+ M) : x € V'} is equicontinuous on any compact interval
of [0, +00) and equiconvergent at infinity, the latter meaning that for
any given € > 0, there exists T = T(¢) > 0 such that for any t > T
andx €V,

x(t) x(400)
1+ M1 N 1+ M1

(b) IAOYPDg/ () - 2 € V} is equicontinuous on any compact subin-
terval of (0,4+00) and is equiconvergent both at t = 0 and at infinity.

Now we can prove the complete continuity of T}, Ty, T, by Lemma
LEmmMmaA 3.2. T, : P, — P, is completely continuous.
Proof. Put

PR —{z e P, :|z| <R},

Sr =sup{g(t,x) : t € [0,00), 0 <z < (1+ M;)R}.

Firstly, we show that T,(P[) is bounded. Let = € PF. By direct calcu-
lations, we obtain
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o0

sup XYV (Tw) (0] < 0 (1 | M) f(r,(r), 2/ (7)) dr )
0<t<+o00 0
< g (uSR | A(m)a(r) dT) < o0
0

So there exists a constant N such that ||T,z| < N for all x € PE.

Secondly, we show that {(T,z)(t)/(1+ M) : € P} is equicontinu-
ous on any compact subinterval of [0,400) and equiconvergent at infinity.
Indeed, for any T'> 0 and 0 < t; < to < T, we have

(T.2)(t)  (Tax)(t2)| 1 ¢

_ - T,z) d’
1+ M,  1+M, 1+ M, }1( at) (5) ds

t1

1 2 1
—||Ts —)d
. mmé%(MQ)s

[2)
N 1
< -

=15 SSOQ(A(S)) ds,

t1

and for any ¢t > 0,
(Tax)(t)  (Tax)(0)

1+ M 1+ M,

- +1M1 ‘ § (Toz) (s) ds(

o0

o0

1 1
<— T, = )d
< Mb§%(M@>8

SN R,

— —— | ds.

=T ) T\ N)

Thirdly, we show that {\(t)"/®=D(T,z)(t) : x € PR} is equicontinuous

on any compact subinterval of (0,+00) and equiconvergent both at ¢ = 0
and at infinity. Indeed, for any [a, b] C (0,+00) and a < t; < t2 < b, we have

[ep (At P (Tox) (1)) — @p(A(E2) P70 (Toz) (12)))]
A to
= ‘u VA f(ra(r), 2/ (7)) dr + p Y M) f (7, 2(7), 2/ (7)) dr
t1 A
SMSRSQ/\(T)G,(T)C[T if t1<A<t2,
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[ep (At YD (Taz) (1)) — @p(Alt2) V0D (Tua) (12))
A A
= i § A (ra(0), @' (7)) dr = | N f (7 a(7), 2 (7)) d

Moreover, for any t > 0, we have

oA (To) (1)) = ey Tim A0 0D (Tya) (1))

t—0t
t

< uSgp S A(T)a(T)dT,
0

(oD (L) () = gyl Jim A$Y D (T,z)

t—o00

Sk S A(T)a(T)dr

Therefore, by Lemma T, (PF) is relatively compact.

Finally, to show that T, : P, — P, is continuous, let {xj}‘;‘;l C P, and
xj — g as j — 0o. Then there exists 7 > 0 such that ||z;|| < r for all j > 1.
Hence, there exist convergent subsequences of {Tnz;}32,. Let {Tyxj, }o2,
converge to v € P,. We will prove that v = T,xy. Notice that there exists a

sequence {A4;, }>°; such that A, € (0,+00) and

Aj n

(3.1) ggpq(u S A7) f(T,2),, % i )dT)
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= Zeu(n § MOS0}, dr)

Ajn
+ S ©q <)\Z‘>’) AS A7) f (7, 25,, 2, d7'> ds.
Moreover, we have
(Taj, ) (1)
Ajy,
ggpq(u S A1) f(, :Ejn(T),l‘;n(T)) dT)
0
t Ajy,
H /
) +§]¢q<)\(s) § A1) f(, xjn(T),xjn(T)) dT) ds, 0<t<Aj,
B) T ,
~y (MAS AV (7,5,(7), @), (7)) dr )
+ § wq(/\é)AS AT) f (T, xjn(T),ZL‘;-n (1)) d7'> ds, Aj; <t.

In the following, we need to handle two cases separately.

Cask I: {4;,}>2, is unbounded. In this case, we can find a subsequence
of {4;,}, not relabeled, such that {4, } is strictly increasing and A;, — oo
as n — oo. Notice that

\ A f(rm),, ) dr < | Mr)a(r)g(r,z;,) dr
Ajn Ajn
< sup  g(t,x) S A(T)a(T) dr,
te[0,+00) A
0<z<(1+M7)r In
and
o0 M S
S ('Dq<)\(s) S )\(T)f(T,l‘jn,SU;n)dT> ds
Ajn Ajn
[e’¢) +oo
< S g0q<)\u sup  g(t,z) S )\(T)G(T)dT) ds
A' (8) tE[OHFOO) 0
Jn 0<z<(1+My)r

chq(u sup  g(t,) TA(T)CL(T) dT) Ogo ¢q<A(18)> ds.

t€[0,+00) 0 A
0<z<(1+M7)r In
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The assumptions (H2) and (H3) imply
ngr—ir-loo S A(T)f(Tv L s l’;n) dr =0,
in
. o M S
nEI—II—loo S Pq <)\(S) S )‘(T)f(Tv Ljn> LE;n) d7—> ds = 0.
Ajn, Ajn,

From (3.1)), it follows that

Jn

(32)  lim ég%(u | A(T)f(f,xjn,x;n)df)

n——+o0o (v
0

Ajn Ajn

+ | wo( s | Ay, 2, ) dr ) ds = 0.
) q A(S) ) » ¥ Ino ]

In particular, we have
Ajn
dim \ A f(r,),,2),) dr = 0.

For any fixed n > 0, there exists a positive integer IV, such that A; > n as
n > Ny, which yields

n Ajn,
S)\(T)f(T Tj, T J )dr < S AT)f(T,25,, xgn) dr
0 0
when n > N,. Thus we have
n
. /
ngr—sl—loo (S) M) f(r,25,, 2}, )dr = 0.

Using the Lebesgue dominated convergence theorem, we obtain
n
S N7) f (7, 20, 23) dT = 0.
0
Since 7 is arbitrary,
ft,mo,25) =0, 0<t< oo,
which shows that for any 0 < A < 400,

3 A A A
o ra (M (S) A7) (7, 0, x0) dT) + (S)tp ( ) S N7) f (T, w0, 24) dT ) ds
0 T p
= *‘Pq(ll S A7) f (7, w0, 70) dT <M )\ f(1, 20, x() dT) ds.
gl I A(s) )
Furthermore it is easy to see that (T x0)(t) = 0.
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On the other hand, we will prove that v = 0. Fix tg > 0. Then there
exists a positive integer Ny, such that A; > to for n > Ny, which yields
for n > Ny,

A]
(T )(t0) = g | ATV F (23,7, 5, ) )
0

o so(j) | A, (), () df) ds.

In view of (3.2)), letting n — oo in the above inequality, we get v(tg) = 0,
and we conclude that

(Tazo)(t) =v(t), te€]0,+00).

S

Casg II: {4, }72; is bounded. In this case, there exists a subsequence,
still denoted by {A;,}, and a constant A € [0, +00), such that

n——+o0o
If A =0, by a similar argument, we can deduce that
(Thxo)(t) =0=0(t), te€]0,+00).

If 0 < A < oo, then by (3.1I) and the Lebesgue dominated convergence
theorem, letting n — 400 yields

3 A
o’ (“ S A7) f (1, 20(7), 20(T)) d7>
0
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Thus
3 A
oy (1) M) F (20 (7). 2 (7)) dr
0
t A
+S<,0q()\é;) S M) f (T, 20(7), 24(7)) dT) ds, 0<t<A,
Tty ={ 0
5 /
~ea(p | XD 0(r), (7)) )
A
+ S g0q<)\é) S A7) f(, 20(7), 20(T)) dT) ds, A<t.
¢ i
Let £ > 0 be fixed. If # < A, then there exists a positive integer N; such that
Aj, >t for n > Ng, which implies, for n > N,

Jn

(Tu;, ) (F) = ggoq (6 § MDF(725,(7), @), (7)) dr )

0
t Ajn
+\ ¢q a N7 f(ry 2, (1), 2 (7)) dr ) ds.
Va3t | A 0 )
Hence, letting n — +oo yields
5 A
o) = =4 (1 | M) (7, m0(r), 2t (7)) dr
0
t A
+-S¢q<Aﬁﬂ§A(Tlf@nwo() sh(r)dr ) ds

Similarly, one can easily prove that

5 [ee]
0(®) = Zq (1 | NT) S (7, m0(7), (7)) d )
U A
T u
f
when ¢ > A. Clearly, we have reached v(t) = (Tnz0)(t) for ¢ € [0,+00),
t # A. Further, by continuity, v(t) = (T,x0)(t) for t € [0, +00).
Summing up the above arguments, we conclude that T,z;, — T,xo as
n — +o00. Furthermore, we assert that Tpx; — Tz as j — +oo. In fact,

if not, then there exist g > 0 and a subsequence {Tgz;, }22, such that
| Toxj, — Taxo|l > €0, & > 1. However, from the results we have obtained,

,g,mn

[ (T, 20(7), 24 (7)) dr) ds
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there exist subsequences of {T,x;, }7>,; which converge to T,xo. This leads
to a contradiction. Therefore, Ty, : P, — P, is continuous. =

Now we can establish the existence results for positive solutions of the

problem (L.1)), (1.2,).
THEOREM 3.3. Let (H1)—(H3) be satisfied and suppose that

g(t, x)
p—1

0< ¢’ =limsup sup < L,

( ) z—0t t€[0,400) L
Ay
0<!l< foo=liminf inf ftz.y)
a—+oo te[l/k,k] P~
yeR

where L = (MP~H(1 + M)P~L §° A(m)a(r) dr) ™, 1 = ¢p(2(My + 1)/ (hA)).
Then the boundary value problem (L.1)), (1.2,) has at least one positive so-
lution for any

(3.3) pe (l/foor L1g°).

Proof. Without loss of generality, we suppose that 0 < ¢° and f,, < oo.
From , there exists € > 0 such that

l
foo—€ P +e
By the first inequality of (A;) and for the above €, there exists o > 0 such
that

7 < o,

(3.4) 0< <p<

t
gagp’_f) <g'+e, O<z<o, tel0,+o0),
ie.,
(3.5) g(t,r) < (g° +e)aP™t, 0<az <o, tel0,+o0).

Let P)' ={x € Py : ||z < r1} (0 <7y <o/(1+ My)). From the definition
of [ -,

0<z(t) <(1+M)ri <o forallz € dP;* tecl0,+00).
Thus,

g(t,z(t)) < (¢° + e)x(t)P~! for all z € AP, t € [0, +00).
Then for any x € 0P,

ITuzll = sup  AOYOD(Toa) (1) S(pq<us)\(T)a(T)g(T,:r(T))dT>
0<t<+o00 0

[e.9]

= ?q (M(go +e)(L+ M)P P | A(r)al(r) dT).
0
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Therefore, by (3.4),
| Tl < M| Tall,
< 1y (1(g” +) (1 + M) M7 [ A(a(r) dr ) < o]l
0

On the other hand, by the second inequality of (A;) and for the above ¢,
there exists H > 0 such that

t
WZfoo_5>07 > H, te[l/kk,yeR,
i.e.,
fta,y) > (fo —€)aP™t, x> H, t € [1/kk], y €R.
Let P12 = {z € P, : ||z|| <2} (0 <71 <72, ro > H/h). From Lemma [2.6]
we know that
x(t) > hro > H forallz € OP?, t e [1/k, kK],

and so

Ft,z(t),2' (1)) 2 (foo — )2(t)'™" 2 (foo — €)(hr2)P ™
for all x € P2, t € [1/k,k]. Thus, for any = € OP}2,
(Taz)(A)

2Tual 2 20 Tuzls = 24750

T A /
ST LS) s0‘1<A(S) S AT)f(r, (7). 2'(7)) dT) ds

v

Y
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(Tax)(A)
a > a = ——
ITazll = [ Tazll = =~ 77

17 TR /
=z 1+ M, ;‘Pq(/\(s);A(T)f(T,w(T),:c (T))d7'> ds

1 ¥ )

= 14+ M; S @q()\é) S )‘(T)(foo_5)(h7’2)p 1dT> ds
1/k 1/k
k s
= HLMGDq(M(foo—EE)hP—l) S ‘Pq<)\(18) S A(T) dT) ds
' 1/k 1/k

A

> i efe — WY 2 2l i A< Uk,
T,z)(A
| Tz > | Tl = M

1 4 e ,
= 1+ M, §80q<)\(s) §)\(7')f(7‘,x(7-),x (7)) d7'> ds

k k

1 L B
1y M, 1§k S"q<A(s) §A<T)(foo —¢)(hrg)” dT) ds
A
= fMl Pq(p(foo —)WP7Y) > ||| if k< A,

i.e.,
|Tuzx|| > ||z|| for all x € OP;2.

Therefore, by the Krasnosel’skii fixed point theorem, T}, has a fixed point
x* € Py*\ PI*. Furthermore, since 0 < m < ||z*|| < 79, it follows that
x*(t) > 0 for t € (0,00). This shows that the fixed point z* is a positive
solution of the problem (L.1), (1.2,).

REMARK 3.4. In fact, Theorem still holds if one of the following
conditions is satisfied:

(1) foo = +00, g° > 0, for each pu € (0,L/g°),

(2) foo = +00, g° =0, for each u € (0, 00),

(3) I < foo < +00, g" = 0, for each p € (I/ foo, ).

REMARK 3.5. Since I/fs <1 and L/g° > 1, we have 1 € (I/fs, L/g°).
So when p = 1, Theorem [3.3] also holds.

In a similar way we can prove the following theorem.
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THEOREM 3.6. Let (H1)-(H3) be satisfied and suppose that

gt.x) _
p—1 ’

0 < g® =limsup sup
T—=+00 t€[0,400) T

(A2) t
0<i<fo= lminf inf —JETY)

oty —0t te[L/kk] TPL 4 |y|P~
x>0

where L = (MP~H(1+ My)P~ {7 Mr)a(r) dr) ™t 1 = ¢, (2(M1 4 1)/(hA)).
Then the boundary value problem (1.1)), (1.2,) has at least one positive so-

lution for any

(3.6) pe (l/fo,L/g™).

REMARK 3.7. Just as in Remark 3.1, Theorem [3.6] still holds if one of
the following conditions is satisfied:

(1) fo =400, g*° > 0, for each p € (0, L/g*>°),

(2) fo =400, g =0, for each p € (0, 4+00),

(3) I < fo < 400, g™ =0, for each p € (I/ fo, +00).

REMARK 3.8. Since [/fp <1 and L/g* > 1, we have 1 € ({/fo, L/g>).
So when g = 1, Theorem [3.6] also holds.

REMARK 3.9. Tf we set [ = (aM/B)P~L(]] , A(r)dr)~!, then all the
results above hold for the problem (1.1, (1.2;). If we set

)

1/k

k 00
~ -1 ~ -1
I = (yM/a)pfl( | A dT) and L = (MP*1(1+M1)1’*1 | Ara(r) dr) ,
0
then all the results above also hold for the problem (1.1}, (1.2.).

4. Examples. In this section we present some examples to illustrate
our main results. Set

1/t, 0<t<1, /e 0<t<l1,
a(t) = {6(—2/p)(t—1)’ 1<t At) = {6(1%—1)/1)’ 1<t
For f and g, we can give two pairs of examples. One pair is
2e(=2/P)t-D)pp <t <1, 2>0,
g1(t,x) = .
o~ 1/Pyp, 1<t, x>0,
filt,x,y) = til/p6(72/p)(t71)a:p(|siny[ +1), t>0,2>0,y€eR,
and the other pair is
2He(Z2/P) =D (=1 £ 1) 0<t < 1,2 >0,
92(t, ) = 1 1
2Ht /P (P~ 4 1), 1<tax>0,
fo(t,x,y) = Ht= VPP D (2= 1) ([siny| + 1), ¢t>0,2>0,y<cR.
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where H is any positive constant. We can verify that when p > (14 v/5)/2,
all of the assumptions (H1)-(H3) are satisfied for f;, a(t), g; and A(t),
i=1,2.

By simple calculations, we obtain

e 1 p*(p—1)?
S S0q<>\(t)> = -1

0
+o0
| At)a(t) dt = 2p,
0
sup I (tlf) =2e*/Px for x > 0,
te[0,+00) xP

te[l/k,k] P~
yeR

t 2He2/P(aP~1 + 1
sup 92( :f) _ e (a:_l +1) for x > 0,
t€[0,4+00) xP xP

nf fa(t,z,y) _ Hk_l/pe(_Q/p)(k_l)(xp_l +1)(|siny| + 1)
te[l/kk] oP~1 4 |y|P—1 P~ 4 |y|p—1

for x + |y| > 0 and = > 0.

Thus,
t
limsup sup gl(i? =0,
z—01  t€[0,4-00) xP
t
liminf inf M:—koo,

z—+o0 te[l/kk] wP~!
yeR

ga(t; 7) =2He?/?,

lim su su
p osup T

T—+00 te[0,400)
f2 (ta xz, y)

liminf inf —=—""— = 4o0.
oyl >0+ tel/kk] P14+ |y|P
x>0

Therefore from Remark we see that for each p € (0,00), the boundary
value problem ([1.1)), (1.2,) with f replaced by f1 (and g replaced by g;) has

at least one positive solution. Let H < %6*2/ PL. Then, by an application of

Remark we know that for each p € (O, ﬁeﬂ/ pL), the boundary value
problem (1.1, (1.2,) with f replaced by fo (and g replaced by go2) has at
least one positive solution.
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