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A global existence result for the
compressible Navier–Stokes–Poisson equations

in three and higher dimensions

by Zhensheng Gao (Xiamen and Quanzhou) and Zhong Tan (Xiamen)

Abstract. The paper is dedicated to the global well-posedness of the barotropic
compressible Navier–Stokes–Poisson system in the whole space RN with N ≥ 3. The global
existence and uniqueness of the strong solution is shown in the framework of hybrid Besov
spaces. The initial velocity has the same critical regularity index as for the incompressible
homogeneous Navier–Stokes equations. The proof relies on a uniform estimate for a mixed
hyperbolic/parabolic linear system with a convection term.

1. Introduction. The compressible Navier–Stokes–Poisson system takes
the form of the compressible Navier–Stokes equations forced by the electric
field which is governed by the self-consistent Poisson equation. In this paper,
we are concerned with the Cauchy problem for the isentropic compressible
Navier–Stokes–Poisson equation with external force:

(1.1)



∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− µ∆u− (λ+µ)∇ div u+∇P (ρ) = ρ∇Φ+ρf,

∆Φ = ρ− ρ,
lim
|x|→∞

Φ(x, t) = 0,

(ρ, u)t=0 = (ρ0, u0),

for (t, x) ∈ [0,∞) × RN , N ≥ 3. The variables are the density ρ > 0, the
velocity u, and the electrostatic potential Φ. Furthermore, P = P (ρ) is the
pressure function. The viscosity coefficients satisfy µ > 0 and 2µ+Nλ ≤ 0.
Finally, ρ̄ > 0 is the background doping profile [MRS], which in this paper
is taken to be a positive constant for simplicity.

We now review some previous work on related topics. Global regular small
solutions to compressible Navier–Stokes were first obtained by Matsumura–
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Nishida [MN1, MN2], and qualitative properties of the solutions were stud-
ied by Valli–Zajączkowski [VZ]. The local and global existence of multi-
dimensional renormalized solution to NSP was obtained in [Do, ZT]. The
quasi-neutral limits and related combined asymptotical limits were proved
in [DJL, DM, WJ]. The long time behavior of a global solution was inves-
tigated for the compressible NSP system in [LMZ, ZLZ], where the optimal
decay rate of the global classical solution was obtained. The compressible
Navier–Stokes–Poisson system is related to the dynamics of self-gravitating
polytropic gaseous stars. There is also important recent progress on the ex-
istence of local and global weak solutions or renormalized solutions: see
[De, DZ, Du, DFPS, ST] and references therein. Some results about free
boundary problems were obtained in [Zaj1, Zaj2]. Furthermore, free bound-
ary problems for the general N-S equations were considered in [Zad]. In
particular, the global existence and uniqueness of strong solution in Besov
type spaces was shown in [HL]:

Theorem 1.1. Let N ≥ 3, P (ρ) = ρ2/2, µ > 0 and 2µ + Nλ ≥ 0.
Assume ρ0 − ρ̄ ∈ B̃N/2−5/2,N/2

2,1 and u0 ∈ B̃N/2−3/2,N/2−1
2,1 . Then there exist

two positive constants α small enough and M such that if

‖ρ0 − ρ̄‖B̃N/2−5/2,N/2
2,1

+ ‖u0‖B̃N/2−3/2,N/2−1
2,1

≤ α,

then (1.1) has a unique global solution (ρ, u, Φ) such that (ρ− ρ̄, u, Φ) belongs
to

E := C(R+; B̃
N/2−5/2,N/2
2,1 × (B̃

N/2−3/2,N/2−1
2,1 )N × B̃N/2−1/2,N/2+2

2,1 )

∩ L1(R+; B̃
N/2−1/2,N/2
2,1 × (B̃

N/2+1/2,N/2+1
2,1 )N × B̃N/2+3/2,N/2+2

2,1 )

and satisfies

‖(ρ− ρ̄, u, Φ)‖E ≤M(‖ρ0 − ρ̄‖B̃N/2−5/2,N/2
2,1

+ ‖u0‖B̃N/2−3/2,N/2−1
2,1

),

where M is independent of the initial data, and the hybrid space B̃s1,s2
2,1 is

Ḃs1
2,1 ∩ Ḃ

s2
2,1 for s1 ≤ s2.

In this paper, the initial data are supposed to be close to a stable equi-
librium with constant density. Using uniform estimates for the linearized
system with a convection term in the hybrid space, we prove the global ex-
istence of solution by compactness arguments as in [C, Da1, HL, P]. Define
the following function space:

Xs := C(R+; B̃s−2,s
2,1 × (Ḃs−1

2,1 )N × B̃s,s+2
2,1 )

∩ L1(R+; Ḃs
2,1 × (Ḃs+1

2,1 )N × Ḃs+2
2,1 ).

Let us now state our main result.
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Main Theorem 1.2. For N ≥ 3, let ρ̄ > 0 be such that P ′(ρ̄) > 0.
Then there are positive constants α and M such that for all (ρ0, u0, f) with
ρ0 − ρ̄ ∈ B̃N/2−2,N/2

2,1 , u0 ∈ ḂN/2−1
2,1 , f ∈ L1(R+; Ḃ

N/2−1
2,1 ) and

‖ρ0 − ρ̄‖B̃N/2−2,N/2
2,1

+ ‖u0‖ḂN/2−1
2,1

+ ‖f‖
L1(R+;Ḃ

N/2−1
2,1 )

≤ α,

(1.1) has a unique global solution (ρ, u, Φ) such that (ρ− ρ̄, u, Φ) ∈ XN/2 and
satisfies

‖(ρ−ρ̄, u, Φ)‖XN/2 ≤M(‖ρ0−ρ̄‖B̃N/2−2,N/2
2,1

+‖u0‖ḂN/2−1
2,1

+‖f‖
L1(R+;Ḃ

N/2−1
2,1 )

).

If moreover ρ0−ρ̄∈Ḃs
2,1, u0∈Ḃ

s−1
2,1 and f ∈L1(Ḃs−1

2,1 ) for s ∈ (N/2, N/2 + 1],
then (1.1) has a global solution (ρ− ρ̄, u, Φ) ∈ XN/2 ∩Xs with

‖(ρ− ρ̄, u, Φ)‖Xσ ≤M(‖ρ0 − ρ̄‖B̃σ−2,σ
2,1

+ ‖u0‖Ḃσ−1
2,1

+ ‖f‖L1(Ḃσ−1
2,1 ))

for σ = s,N/2.

The paper is structured as follows. In Section 2, we recall some Little-
wood–Paley theory for homogeneous Besov spaces and define some related
function spaces. Sections 3–4 are dedicated to reformulation of the system
and proving a priori estimates for a linearized system with convection terms.
In Section 5, we prove the global existence and uniqueness of solution.

2. Littlewood–Paley theory and function spaces. Let us introduce
the Littlewood–Paley decomposition. Choose a radial function ϕ ∈ S(RN )
supported in C = {ξ ∈ RN : 3/4 ≤ |ξ| ≤ 8/3} such that∑

q∈Z
ϕ(2−qξ) = 1 if ξ 6= 0.

The frequency localization operator ∆q and Sq are defined by

∆qf = ϕ(2−qD)f, Sjf =
∑
a≤j−1

∆qf for q ∈ Z.

We denote the dual space of Z(RN )={f ∈S(RN ) : Dαf̂(0)=0, ∀α∈Nd}
by Z ′(RN ); it can also be identified with the quotient space S′(RN )/P where
P is the space of polynomials. The formal equality

f =
∑
q∈Z

∆qf

holds true for f ∈ Z ′(RN ) and the right hand side is called the homogeneous
Littlewood–Paley decomposition.

Definition 2.1. Let s ∈ R and 1 ≤ p, r ≤ ∞. The homogeneous Besov
space Ḃs

p,r is defined by

Ḃs
p,r = {f ∈ Z ′(RN ) : ‖f‖Ḃsp,r <∞},
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where
‖f‖Ḃsp,r :=

∥∥2qs‖∆qf‖Lp
∥∥
lr
.

Let us now state some estimates for the product in Ḃs
2,1.

Lemma 2.2 (see [Da2]). Let s > 0, u ∈ L∞ ∩ Ḃs
2,1 and v ∈ L∞ ∩ Ḃs

2,1.
Then uv ∈ L∞ ∩ Ḃs

2,1 and

‖uv‖s
Ḃ2,1

. ‖u‖L∞‖v‖Ḃs2,1 + ‖v‖L∞‖u‖Ḃs2,1 .

Let s1, s2 ≤ N/2 with s1 + s2 > 0, u ∈ Ḃs1
2,1 and v ∈ Ḃs2

2,1. Then uv ∈
Ḃ
s1+s2−N/2
2,1 and

‖uv‖
Ḃ
s1+s2−N/2
2,1

. ‖u‖Ḃs12,1‖v‖Ḃs22,1 .

We refer to [Da2] for the proof of the following estimates for the compo-
sition of functions.

Lemma 2.3. Let s > 0 and u ∈ L∞ ∩ Ḃs
2,1.

(i) Let F ∈ W [s]+2
loc (RN ) with F (0) = 0. Then F (u) ∈ Ḃs

2,1. Moreover,
there exists a one-variable function C0, depending only on s and F ,
such that

‖F (u)‖Ḃs2,1 ≤ C0(‖u‖L∞)‖u‖Ḃs2,1 .

(ii) If u, v ∈ Ḃ
N/2
2,1 with v − u ∈ Ḃs

2,1 for s ∈ (−N/2, N/2] and G ∈
W

[N/2]+3,∞
loc (RN ) with G′(0) = 0, then G(v)−G(u) ∈ Ḃs

2,1 and there
exists a two-variable function C, depending only on s, N , and G,
such that

‖G(v)−G(u)‖Ḃs2,1 ≤ C(‖u‖L∞ , ‖v‖L∞)(‖u‖
Ḃ
N/2
2,1

+‖v‖
Ḃ
N/2
2,1

)‖v−u‖Ḃs2,1 .

We also need hybrid Besov spaces for which regularity assumptions are
different in low frequencies and high frequencies [Da1]. We recall the defini-
tion and main properties of these spaces.

Definition 2.4. Let s, t ∈ R. We define

‖f‖
B̃s,t2,1

=
∑
q≤0

2qs‖∆qf‖L2 +
∑
q>0

2qs‖∆qf‖L2 .

Let m = −[N/2 + 1− s] and define

B̃s,t
2,1(R

N ) =

{
{f ∈ S′(RN ) : ‖f‖

B̃s,t2,1
<∞} if m < 0,

{f ∈ Z ′(RN ) : ‖f‖
B̃s,t2,1

<∞} if m ≥ 0.

Notation. We set
uLF :=

∑
q≤0

∆qu and uHF :=
∑
q>0

∆qu.
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Lemma 2.5.

(i) B̃s,s
2,1 = Ḃs

2,1.
(ii) If s ≤ t then B̃s,t

2,1 = Ḃs
2,1 ∩ Ḃt

2,1. Otherwise, B̃
s,t
2,1 = Ḃs

2,1 + Ḃt
2,1.

(iii) B̃0,s
2,1 coincides with the usual inhomogeneous Besov space Bs

2,1.
(iv) If s1 ≤ s2 and t1 ≥ t2 then B̃s1,t1

2,1 ↪→ B̃s2,t2
2,1 .

Let us state some estimates for the product in hybrid Besov spaces.

Lemma 2.6. Let s1, s2>0, and f, g∈L∞ ∩ B̃s1,s2
2,1 . Then fg∈B̃s1,s2

2,1 and

‖fg‖
B̃
s1,s2
2,1

. ‖f‖L∞‖g‖B̃s1,s22,1
+ ‖f‖

B̃
s1,s2
2,1
‖g‖L∞ .

Let s1, s2, t1, t2 ≤ N/2 with min{s1 + s2, t2 + t2} > 0, and let f ∈ B̃s1,t1
2,1 and

g ∈ B̃s2,t2
2,1 . Then

‖fg‖
B̃
s1+s2−N/2,t1+t2−N/2
2,1

. ‖f‖
B̃
s1,t1
2,1
‖g‖

B̃
s2,t2
2,1

.

For α, β ∈ R, let us define the following function on Z:

φα,β(r) =

{
α if r ≤ 0,
β if r ≥ 1.

Then we have the following lemma:

Lemma 2.7. Let F be a smooth homogeneous function of degree m. Sup-
pose that −N/2 < s1, t1, s2, t2 ≤ 1 +N/2. Then

|(F (D)∆q(u · ∇a), F (D)∆qa)|
. cq2

−qφs1,s2 (q−m)‖u‖
Ḃ
N/2+1
2,1

‖a‖
B̃
s1,s2
2,1
‖F (D)∆qa‖L2 ,

|(F (D)∆q(u · ∇a), ∆qb) + (∆q(u · ∇b), F (D)∆qa)| . cq‖u‖ḂN/2+1
2,1

×(2−q(φ
t1,t2 (q−m))‖F (D)∆qa‖L2‖b‖

B̃
t1,t2
2,1

+ 2−qφ
s1,s2 (q−m)‖a‖

B̃
s1,s2
2,1
‖∆qb‖L2),

where (·, ·) denotes the L2 inner product, the operator F (D) is defined by
F (D)f := F−1F (ξ)Ff , and

∑
q∈Z cq ≤ 1.

3. Reformulation of the original system. Without loss of generality,
we set ρ̄ = 1, P ′(1) = 1 and 2µ + λ = 1. Let h = ρ − 1. Then (1.1) can be
rewritten as

(3.1)



∂th+ u · ∇h+ div u = −hdiv u,

∂tu+ u · ∇u−Au+∇h−∇Φ = − h

1 + h
Au−K(h)∇h+ f,

∆Φ = h, lim
|x|→∞

Φ(x) = 0,

(h, u)t=0 = (h0, u0),

where we denote A = µ∆+ (λ+µ)∇ div and K(h) = P ′(1 +h)/(1 +h)− 1.
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For s ∈ R, we denote Λsz := F−1(|ξ|sẑ). Let ξ = Λ−1 div u be the
“compressible part” of the velocity and η = Λ−1 curlu (with (curl z)ji =
∂jz

i − ∂izj) be the “incompressible part”. System (3.1) can be rewritten as

(3.2)



∂th+ Λξ + u · ∇h = hdiv u,

∂tξ −∆ξ − Λh− Λ−1h = −Λ−1 div
(
u · ∇u+ h

1+hAu+K(h)∇h
)

+ Λ−1 div f,

∂tη − µ∆η = −Λ−1 curl
(
u · ∇u+ h

1+hAu
)

+ Λ−1 curl f,

u = −Λ−1∇ξ − Λ−1 div η.

Let us observe that the third equation is, up to nonlinear terms, just the
heat equation on η. We therefore expect to require the following lemmas to
get appropriate estimates for the incompressible part of the velocity.

Lemma 3.1. Let s ∈ R, r ∈ [1,∞], and suppose u solves{
∂tu− µ∆u = f,

ut=0 = u0.

Then there exists C > 0, depending only on N , µ and r, such that, for all
0 < T ≤ ∞,

‖u‖
LrT (Ḃ

s+2/r
2,1 )

≤ C(‖u0‖Ḃs2,1 + ‖f‖L1
T (Ḃ

s
2,1)

).

Moreover, u ∈ C([0, T ]; Ḃs
2,1).

Now, there is a linear coupling between the first two equations, which
leads us to prove estimates for the following linear system:

(3.3)

{
∂th+ u · ∇h+ Λξ = F,

∂tξ + u · ∇ξ −∆ξ − Λh− Λ−1h = G.

Proposition 3.2. Let (h, ξ) be a solution of (3.3) on [0, T ], assume that
1−N/2 < s ≤ 1+N/2 and set V (t) =

	t
0 ‖u(τ)‖

Ḃ
N/2+1
2,1

dτ . Then the following

estimate holds on [0, T ]:

‖h(t)‖
B̃s−2,s

2,1
+ ‖ξ(t)‖Ḃs−1

2,1
+

t�

0

(‖h(τ)‖Ḃs2,1 + ‖ξ(τ)‖Ḃs+1
2,1

) dτ

≤ CeCV (t)
(
‖h0‖B̃s−2,s

2,1
+ ‖ξ0‖Ḃs−1

2,1

+

t�

0

e−CV (τ)(‖F (τ)‖
B̃s−2,s

2,1
+ ‖G(τ)‖Ḃs−1

2,1
) dτ

)
,

where C depends only on N and s.
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Let us now introduce the function spaces which appear in the global
existence theorem.

Definition 3.3. For T > 0 and s ∈ R, we define EsT to be

(L1(0, T ; Ḃs
2,1) ∩ C([0, T ]; B̃s−2,s

2,1 ))× (L1(0, T ; Ḃs+1
2,1 ) ∩ C([0, T ]; Ḃs−1

2,1 ))N

and set

‖(h, u)‖EsT = ‖h‖
L∞T (B̃s−2,s

2,1 )
+ ‖u‖L∞T (Ḃs−1

2,1 ) + ‖h‖L1
T (Ḃ

s
2,1)

+ ‖u‖L1
T (Ḃ

s+1
2,1 );

we also use the notation Es if T = ∞, changing [0, T ] into [0,∞) in the
definition above.

4. Estimates for the linear model. This section is devoted to the
proof of Proposition 3.2. Let (h, ξ) be a solution of (3.3) and K > 0. Define

h̃ = e−KV (t)h, ξ̃ = e−KV (t)ξ, F̃ = e−KV (t)F, G̃ = e−KV (t)G.

Applying the operator ∆q to (3.3), we easily infer that (∆qh̃,∆q ξ̃) satisfies
(4.1){

∂t∆qh̃+∆q(u · ∇h̃) + Λ∆q ξ̃ = ∆qF̃ −KV ′(t)∆qh̃,

∂t∆q ξ̃ +∆q(u · ∇ξ̃)−∆∆q ξ̃ − Λ∆qh̃− Λ−1∆qh̃ = ∆qG̃−KV ′(t)∆q ξ̃.

Step 1: Low frequencies (q ≤ 0). Taking the L2 scalar product of the
first equation of (4.1) with ∆qh̃ and of the second equation with ∆q ξ̃, we
obtain the identities

(4.2)



1

2

d

dt
‖∆qh̃‖2L2 + (∆q(u · ∇h̃), ∆qh̃) + (Λ∆q ξ̃, ∆qh̃)

= (∆qF̃ ,∆qh̃)−KV ′(t)‖∆qh̃‖2L2 ,
1

2

d

dt
‖∆q ξ̃‖2L2 + ‖Λ∆q ξ̃‖2L2 + (∆q(u · ∇ξ̃), ∆q ξ̃)− (Λ∆qh̃,∆q ξ̃)

−(Λ−1∆qh̃,∆q ξ̃) = (∆qG̃,∆q ξ̃)−KV ′(t)‖∆q ξ̃‖2L2 .

We can also obtain an identity involving (Λ∆q ξ̃, ∆q ξ̃). To achieve it, we
take the L2 scalar product of the first equation of (4.1) with Λ−2∆qh̃ and
Λ∆q ξ̃ and of the second equation with Λ∆qh̃ and then sum the last two
resulting equalities, which yields, with the Plancherel theorem,
(4.3)

1

2

d

dt
‖Λ−1∆qh̃‖2L2 + (Λ−1∆q(u · ∇h̃), Λ−1∆qh̃) + (∆q ξ̃, Λ

−1∆qh̃)

= (Λ−1∆qF̃ , Λ
−1∆qh̃)−KV ′(t)‖Λ−1∆qh̃‖2L2 ,

d

dt
(Λ∆qh̃,∆q ξ̃) + ‖Λ∆q ξ̃‖2L2 + (Λ2∆q ξ̃, Λ∆qh̃)− ‖Λ∆qh̃‖2L2 − ‖∆qh̃‖2L2

= (Λ∆qF̃ ,∆q ξ̃) + (Λ∆qG̃,∆qh̃)− 2KV ′(t)(Λ∆qh̃,∆q ξ̃)

− (Λ∆q(u · ∇h̃), ∆q ξ̃)− (Λ∆qh̃,∆q(u · ∇ξ̃)).
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A linear combination of (4.2) and (4.3) yields

1

2

d

dt
[‖∆qh̃‖2L2 +‖Λ−1∆qh̃‖2L2 +‖∆q ξ̃‖2L2 −2K1(Λ∆qh̃,∆q ξ̃)] +K1‖Λ∆qh̃‖2L2

+K1‖∆qh̃‖2L2 + [1−K1]‖Λ∆q ξ̃‖2L2 −K1(Λ
2∆qh̃, Λ∆q ξ̃)

= (∆qF̃ ,∆qh̃)−KV ′(t)‖∆qh̃‖2L2 − (∆q(u · ∇h̃), ∆qh̃) + (∆qG̃,∆q ξ̃)

−KV ′(t)‖∆q ξ̃‖2L2 − (∆q(u · ∇ξ̃), ∆q ξ̃) + (Λ−1∆qF̃ , Λ
−1∆qh̃)

−KV ′(t)‖Λ−1∆qh̃‖2L2 − (Λ−1∆q(u · ∇h̃), Λ−1∆qh̃)

−K1(Λ∆qF̃ ,∆q ξ̃) + (Λ∆qG̃,∆qh̃)− 2KV ′(t)(Λ∆qh̃,∆q ξ̃)

− (Λ∆q(u · ∇h̃), ∆q ξ̃)− (Λ∆qh̃,∆q(u · ∇ξ̃)).
Noticing that

‖∆qh̃‖L2 ≤ 8
3 · 2

q‖Λ−1∆qh̃‖L2 ≤ 8
3‖∆qh̃‖L2

for q ≤ 0, we have

|(Λ∆qh̃,∆q ξ̃)| ≤ 8
9‖∆qh̃‖2L2 + 2‖∆q ξ̃‖2L2 ,

|(Λ2∆qh̃, Λ∆q ξ̃)| ≤ 8
9‖Λ∆qh̃‖2L2 + 2‖Λ∆q ξ̃‖2L2 .

Hence if we take K1 = 1/8, and denote, for q ≤ 0,

g2q := ‖∆qh̃‖2L2 + ‖Λ−1∆qh̃‖2L2 + ‖∆q ξ̃‖2L2 − 1
4(Λ∆qh̃,∆q ξ̃),

then there exist constants C1 and C2 such that

C1g
2
q ≤ ‖Λ−1∆qh̃‖2L2 + ‖∆q ξ̃‖2L2 ≤ C2g

2
q .

Thus, there exists a constant Ĉ such that, for q ≤ 0,

(4.4)
1

2

d

dt
g2q + (Ĉ22q +KV ′)g2q

≤ (∆qF̃ ,∆qh̃)− (∆q(u · ∇h̃), ∆qh̃) + (∆qG̃,∆q ξ̃)− (∆q(u · ∇ξ̃), ∆q ξ̃)

+ (Λ−1∆qF̃ , Λ
−1∆qh̃)− (Λ−1∆q(u · ∇h̃), Λ−1∆qh̃)− 1

8 [(Λ∆qF̃ ,∆q ξ̃)

+ (Λ∆qG̃,∆qh̃)− (Λ∆q(u · ∇h̃), ∆q ξ̃)− (Λ∆qh̃,∆q(u · ∇ξ̃))].
Step 2: High frequencies (q > 0). Taking the L2 scalar product of the

first equation of (4.1) with Λ2∆qh̃, we get

(4.5)
1

2

d

dt
‖Λ∆qh̃‖2L2 + (Λ∆q(u · ∇h̃), Λ∆qh̃) + (Λ2∆q ξ̃, Λ∆qh̃)

= (Λ∆qF̃ , Λ∆q ξ̃)−KV ′(t)‖Λ∆qh̃‖2L2 .

A linear combination of (4.2)2, (4.3)2 and (4.5) gives

1

2

d

dt
[‖Λ∆qh̃‖2L2 + 2‖∆q ξ̃‖2L2 − 2(Λ∆qh̃,∆q ξ̃)] + ‖Λ∆qh̃‖2L2

+ ‖∆qh̃‖2L2 + ‖Λ∆q ξ̃‖2L2 − 2(Λ∆qh̃,∆q ξ̃)− 2(Λ−1∆qh̃,∆q ξ̃)
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= (Λ∆qF̃ , Λ∆qh̃)−KV ′(t)‖Λ∆qh̃‖2L2 − (Λ∆q(u · ∇h̃), Λ∆qh̃)

+ 2(∆qG̃,∆q ξ̃)− 2KV ′(t)‖∆q ξ̃‖2L2 − 2(∆q(u · ∇ξ̃), ∆q ξ̃)

− [(Λ∆qF̃ ,∆q ξ̃) + (Λ∆qG̃,∆qh̃)− 2KV ′(t)(Λ∆qh̃,∆q ξ̃)

− (Λ∆q(u · ∇h̃), ∆q ξ̃)− (Λ∆q(u · ∇ξ̃), ∆qh̃)].

Denote, for q > 0,
g2q := ‖Λ∆qh̃‖2L2 + 2‖∆q ξ̃‖2L2 − 2(Λ∆qh̃,∆q ξ̃).

There are constants C3 and C4 such that

C3g
2
q ≤ ‖Λ∆qh̃‖2L2 + ‖∆q ξ̃‖2L2 ≤ C4g

2
q .

Notice that

|2(Λ∆qh̃,∆q ξ̃)| ≤M1‖Λ∆q ξ̃‖2L2 +
4

9M1
‖Λ∆qh̃‖2L2 ,

|2(Λ−1∆qh̃,∆q ξ̃)| ≤M1‖Λ∆q ξ̃‖2L2 +
4

9M1
‖∆qh̃‖2L2 .

Thus if we take M1 = 17
36 , there exists a constant C̄ such that

(4.6)
1

2

d

dt
g2q + (C̄ +KV ′)g2q

≤ (Λ∆qF̃ , Λ∆qh̃)− (Λ∆q(u · ∇h̃), Λ∆qh̃) + 2(∆qG̃,∆q ξ̃)

− 2(∆q(u · ∇ξ̃), ∆q ξ̃)− (Λ∆qF̃ ,∆q ξ̃)− (Λ∆qG̃,∆qh̃)

+ [(Λ∆q(u · ∇h̃), ∆q ξ̃) + (Λ∆q(u · ∇ξ̃), ∆qh̃)].

Now, we combine (4.4) and (4.6), and use Lemma 2.7 to estimate the
terms involving convection in (4.4) and (4.6), and eventually get the existence
of sequence (αq)q∈Z such that

∑
q∈Z αq ≤ 1 and

(4.7)
1

2

d

dt
g2q + (κmin(22q, 1) +KV ′)g2q

≤ Cαqg2q2−q(s−1)[‖F̃ , G̃‖B̃s−2,s
2,1 ×Ḃs−1

2,1
+ V ′‖h̃, ξ̃‖

B̃s−2,s
2,1 ×Ḃs−1

2,1
],

where κ = min(Ĉ, C̄).

Step 3: The damping effect. We are now going to show that inequality
(4.7) entails a decay for h and ξ. We postpone the proof of smoothing prop-
erties for ξ to the next step. Let δ > 0 be a small parameter and denote
ψ2
q = g2q + δ2. From (4.7) and dividing by ψq, we find that

(4.8)
d

dt
ψ2
q + (κmin(22q, 1) +KV ′)ψq

≤ Cαq2−q(s−1)[‖(F̃ , G̃)‖
B̃s−2,s

2,1 ×Ḃs−1
2,1

+ V ′‖(h̃, ξ̃)‖
B̃s−2,s

2,1 ×Ḃs−1
2,1

]

+ δ(κmin(22q, 1) +KV ′).
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Integrating over [0, t] and letting δ tend to 0, we get

(4.9) gq(t) + κmin(22q, 1)

t�

0

gq(τ) dτ

≤ gq(0) + C2−q(s−1)
t�

0

αq(τ)‖(F̃ , G̃)‖
B̃s−2,s

2,1 ×Ḃs−1
2,1

dτ

+

t�

0

V ′(τ)[C2−q(s−1)αq(τ)‖(h̃, ξ̃)‖
B̃s−2,s

2,1 ×B̃s−1,s
2,1

−Kgq(τ)] dτ.

By the definition of g2q , we have, for any q ∈ Z,

(4.10) 2q(s−1)g2q ≈ 2q(s−1) max(2−q, 2q)‖h̃q‖2L2 + 2q(s−1)‖ξ̃q‖2L2 .

Thus, we can take K large enough such that∑
q∈Z

[Cαq(τ)‖(h̃(τ), ξ̃(τ))‖
B̃s−2,s

2,1 ×Ḃs−1
2,1
−K2q(s−1)gq(τ)] ≤ 0.

Multiplying both sides of (4.9) by 2q(s−1), according to the last inequality
and (4.10), we conclude after summation on q in Z that

(4.11) ‖h̃(t)‖
B̃s−2,s

2,1
+ ‖ξ̃(t)‖Ḃs−1

2,1

+ κ
( t�

0

‖h̃(τ)‖Ḃs2,1 dτ +
∑
q∈Z

t�

0

2q(s−1) min(22q, 1)‖∆q ξ̃(τ)‖ dτ
)

≤ C
(
‖h̃0‖B̃s−2,s

2,1
+ ‖ξ̃0‖Ḃs−1

2,1
+

t�

0

(‖F̃ (τ)‖
B̃s−2,s

2,1
+ ‖G̃(τ)‖Ḃs−1

2,1
) dτ

)
.

Step 4: The smoothing effect. Once having the damping effect on h, it is
easy to get the smoothing effect on ξ. Thanks to (4.11), it suffices to prove it
for high frequencies only. We therefore suppose in this subsection that q > 0.

Define gq = ‖∆q ξ̃‖L2 . From (4.2)2 and using Lemma 2.7, we obtain
1

2

d

dt
g2q + κ22qg2q ≤ gq(‖Λh̃q‖L2 + ‖Λ−1h̃q‖L2 + ‖G̃q‖L2)

+ gqV
′(t)(Cαq2

−q(s−1)‖ξ̃‖Ḃs−1
2,1
−Kgq).

Standard computations therefore yield∑
q≥1

2q(s−1)‖∆q ξ̃(t)‖L2 + κ

t�

0

∑
q≥1

2q(s+1)‖∆q ξ̃(τ)‖L2 dτ ≤ ‖ξ̃0‖Ḃs−1
2,1

+

t�

0

‖G̃(τ)‖Ḃs−1
2,1

dτ + 2

t�

0

∑
q≥1

2qs‖h̃q(τ)‖L2 dτ + CV (t) sup
[0,t]
‖ξ̃(τ)‖Ḃs−1

2,1
.
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Using (4.11), we eventually conclude that
t�

0

∑
q≥1

2q(s+1)‖∆q ξ̃(τ)‖L2 dτ . (1 + V (t))
(
‖h0‖B̃s−2,s

2,1
+ ‖ξ0‖Ḃs−1

2,1

+

t�

0

(‖F̃‖
B̃s−2,s

2,1
+ ‖G̃‖

B̃s−1
2,1

) dτ
)
.

Combining the last inequality with (4.11), we complete the proof of Propo-
sition 3.2.

5. A global existence and uniqueness result. This section is de-
voted to the proof of Theorem 1.2. The scheme of the proof is a very classical
one. We use an iterative method to build approximate solutions (hn, ξn) of
(3.1) which are solutions of linear systems of type (3.3) coupled with a heat
equation, to which we apply Proposition 3.2 and Lemma 3.1.

In the case of smooth data, that is, for u, F and G continuous in time with
values in S, and for h0 and ξ0 in S, it is easy to prove that (3.3) has a unique
global solution continuous with values in S. We set the first term (h0, u0) to
(0, 0), and then define ((hn, un))n∈N by induction. We choose (hn+1, un+1)
as the unique smooth solution of the following linear system:
(5.1)

∂th
n+1 + u · ∇hn+1 + Λξn+1 = Fn,

∂tξ
n+1 + un · ∇ξn+1 −∆ξn+1 − Λhn+1 − Λ−1hn+1 = Gn + Λ−1 div fn,

∂tη
n+1 − µ∆ηn+1 = Hn + Λ−1 curl fn,

un+1 = −Λ−1∇ξn+1 − Λ−1 div ηn+1,

(hn+1, ξn+1, ηn+1)t=0 = (hn, Λ
−1 div un, Λ

−1 curlun),

with

hn =
∑
|q|≤n

∆qh0, un =
∑
|q|≤n

∆qu0,

fn =
∑
|q|≤n

∆qf, Fn = −hn div un,

Gn = un · ∇hn − Λ−1 div

(
un · ∇un +K(hn)∇hn +

hn

1 + hn
Aun

)
,

Hn = − Λ−1 curl

(
un · ∇un +

hn

1 + hn
Aun

)
.

Step 1: Uniform estimates. In this part, we prove uniform estimates in
EN/2 for (hn, un). Defining

α = ‖h0‖B̃N/2−2,N/2
2,1

+ ‖u0‖ḂN/2−1
2,1

+ ‖f‖
L1(Ḃ

N/2−1
2,1 )

,
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we are going to prove the existence of a positive M such that, if α is small
enough, the following bound holds for all n ∈ N:
(Pn) ‖(hn, un)‖EN/2 ≤Mα.

Suppose that (Pn) is satisfied and let us prove (Pn+1). According to Propo-
sition 3.2 and Lemma 3.1, and the definition of (hn, un, fn), we have

‖(hn+1, un+1)‖EN/2 ≤ C exp(C‖un‖
L1(Ḃ

N/2+1
2,1 )

)(‖h0‖B̃N/2−2,N/2
2,1

+ ‖u0‖ḂN/2−1
2,1

+ ‖f‖
L1(Ḃ

N/2−1
2,1 )

+ ‖Fn‖
L1(B̃

N/2−2,N/2
2,1 )

+ ‖Gn‖
L1(Ḃ

N/2−1
2,1 )

+ ‖Hn‖
L1(Ḃ

N/2−1
2,1 )

).

Therefore, it is only a matter of proving appropriate estimates for Fn, Gn
and Hn using (Pn). The estimate of Fn is straightforward: according to
Lemma 2.6,

‖Fn‖
L1(B̃

N/2−2,N/2
2,1 )

≤ C‖hn‖
L∞(B̃

N/2−2,N/2
2,1 )

‖div un‖
L1(Ḃ

N/2
2,1 )

(5.2)

≤ CM2α2.

To estimate Gn and Hn, we make the following assumption on α:

α ≤ 1/(4C2),

where C is the modulus of continuity of ḂN/2
2,1 ↪→ L∞. If (Pn) is fulfilled, this

entails

(5.3) ‖hn‖L∞(R+×Rn) ≤ 1/2.

Indeed, we use

‖hn‖L∞ ≤ C‖hn‖ḂN/22,1

≤ C‖hn‖
B̃
N/2−2,N/2
2,1

.

We then have, according to Lemmas 2.3 and 2.6,∥∥∥∥ hn

1 + hn
∇2un

∥∥∥∥ ≤ C‖∇2un‖
L1(Ḃ

N/2−1
2,1 )

∥∥∥∥ hn

1 + hn

∥∥∥∥
L∞(Ḃ

N/2
2,1 )

(5.4)

≤ C‖un‖
L1(Ḃ

N/2+1
2,1 )

‖hn‖
L∞(Ḃ

N/2
2,1 )
≤ CM2α2.

We also have, using K(0) = 0, and Lemmas 2.2 and 2.3,

‖K(hn)∇hn‖
L1(Ḃ

N/2−1
2,1 )

≤ C‖K(hn)‖
L∞(Ḃ

N/2
2,1 )
‖∇hn‖

L1(Ḃ
N/2−1
2,1 )

(5.5)

≤ CM2α2.

Thanks to Lemma 2.2, we easily infer

(5.6) ‖un · ∇ξn‖
L1(Ḃ

N/2−1
2,1 )

+ ‖un∇un‖
L1(Ḃ

N/2−1
2,1 )

≤ C‖un‖
L∞(Ḃ

N/2−1
2,1 )

‖∇un‖
L1(Ḃ

N/2
2,1 )
≤ CM2α2.
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From (5.4)–(5.6), we finally deduce

(5.7) ‖Gn‖
L1(Ḃ

N/2−1
2,1 )

+ ‖Hn‖
L1(Ḃ

N/2−1
2,1 )

≤ CM2α2,

whence
‖(hn+1, un+1)‖EN/2 ≤ C exp (CMα)(α+M2α2).

So choosing M = 4C and assuming

M2α ≤ 1, exp (CMα) ≤ 2 and α ≤ 1/(4C2),
(Pn) is fulfilled for all n ∈ N.

Step 2: Existence of a solution. In this part, we shall show that, up to
an extraction, the sequence ((hn, un))n∈N converges in D(R+ × RN ) to a
solution of (3.1) which has the desired regularity properties. The proof relies
on compactness arguments. To begin, we show that the first time derivative of
(hn, un) is uniformly bounded in appropriate spaces. This enables us to apply
Ascoli’s theorem and get the existence of a limit (h, u) for a subsequence.
Now, the uniform bounds of Step 1 provide us with additional regularity and
convergence properties so that we may pass to the limit in (5.1).

It is convenient to consider the solution of a linear system with initial
data (hn, un) and forcing term fn. More precisely, we denote by (hnL, u

n
L) the

solution to

(5.8)


∂th

n
L + div unL = 0,

∂tu
n
L −AunL +∇hnL −∇∆−1hnL = fn,

(hnL, u
n
L)t=0 = (hn, un),

and (h̄n, ūn) = (hn−hnL, un−unL). Obviously, the definition of (hn, un, fn) en-
tails hn → h0 in B̃

N/2−2,N/2
2,1 , un → u0 in Ḃ

N/2−1
2,1 , fn → f in L1(R+; Ḃ

N/2−1
2,1 ).

Lemma 3.1 and Proposition 3.2 therefore ensure that

(5.9) (hnL, u
n
L)→ (hL, uL) in EN/2,

where (hL, uL) is the solution of the linear system
∂thL + div uL = 0,

∂tuL −AuL +∇hL −∇∆−1hL = f,

(hL, uL)t=0 = (h0, u0).

We now have to prove the convergence of (h̄n, ūn). This is of course a trifle
more difficult and requires compactness results. Let us first state the follow-
ing lemma.

Lemma 5.1. For all T > 0, ((h̄n, ūn))n∈N is uniformly bounded in
C1/4([0, T ]; Ḃ

N/2−1/2
2,1 × B̃N/2−1/2,N/2−3/2

2,1 ).

Proof. In all the proof, u.b. will stand for uniformly bounded.
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We first prove that ∂th̄n is u.b. in L4/3(Ḃ
N/2−1/2
2,1 ), which yields the de-

sired result for h̄n. Let us observe that

∂th̄
n+1 = −hn+1 div un − un · ∇hn+1 − div un+1 + div un+1

L .

According to Step 1, (un)n∈N is u.b. in L4/3(Ḃ
N/2+1/2
2,1 ) and (hn)n∈N is u.b. in

L∞(Ḃ
N/2
2,1 ), thus −hn div un−un ·∇hn+1−div un+1 is u.b. in L4/3(Ḃ

N/2−1/2
2,1 ).

The definition of unL obviously provides us with uniform bounds for div unL
in L4/3(Ḃ

N/2−1/2
2,1 ), so we can conclude that ∂th̄n is u.b. in L4/3(Ḃ

N/2−1/2
2,1 ).

Denote ξnL = −Λ−1 div unL, ξ̄
n
L = −Λ−1 div ūn, η̄nL = −Λ−1 curlunL and

η̄n = −Λ−1 curl ūn.
Let us now prove that ∂tξ̄n is u.b. in L4/3(R+; B̃

N/2−1/2,N/2−3/2
2,1 ) and that

∂tη̄
n is u.b. in L4/3(R+; Ḃ

N/2−3/2
2,1 ), which gives the required result for ūn.

Let us recall that

∂tξ̄
n+1 = un · ∇(ξn − ξn+1)− Λ−1 div

(
un · ∇un +K(hn)∇hn+

hn

1 + hn
Aun

)
−∆(ξn+1 − ξn+1

L ) + Λ(hn+1 − hn+1
L ) + Λ−1(hn+1 − hn+1

L ),

∂tη̄
n+1 = − Λ−1 curl

(
un · ∇un +

hn

1 + hn
Aun

)
+ µ∆(ηn+1 − ηn+1

L ).

Results of Step 1 and an interpolation argument yield uniform bounds for
un in L∞(R+; Ḃ

N/2−1
2,1 )∩L4/3(R+; Ḃ

N/2+1/2
2,1 ). As hn is u.b. in L∞(R+; Ḃ

N/2
2,1 )

and ξnL is u.b. in L4/3(R+; Ḃ
N/2+1/2
2,1 ), we easily infer that un ·∇(ξn−ξn+1)−

Λ−1 div(un ·∇un+ hn

1+hnAu
n)+∆(ξn+1−ξn+1

L ) is u.b. in L4/3(R+; Ḃ
N/2−3/2
2,1 ).

Using the bounds for hn in L∞(R+; Ḃ
N/2−2
2,1 )∩L1(R+; Ḃ

N/2
2,1 ), we get hn u.b. in

L4/3(R+; Ḃ
N/2−1/2
2,1 ). We also haveK(hn)∇hn u.b. in L4/3(R+; Ḃ

N/2−3/2
2,1 ). Of

course, ΛhnL and Λhn are u.b. in L4/3(R+; Ḃ
N/2−3/2
2,1 ), while Λ−1hnL and Λ−1hn

are u.b. in L4/3(R+; Ḃ
N/2−1/2
2,1 ). The case of ∂tη̄n+1 goes along the same lines.

As the terms corresponding to K(hn)∇hn, Λ(hn−hnL) and Λ−1(hn−hnL) do
not appear, we easily get ∂tη̄n u.b. in L4/3(R+; Ḃ

N/2−3/2
2,1 ).

We can now turn to proving the existence of a solution. Let (χp)p∈N be
a sequence of C∞0 (RN ) cut-off functions supported in the ball B(0, p + 1)
of RN and equal to 1 in a neighborhood of B(0, p). For any p ∈ N and
T > 0, Lemma 5.1 and Step 1 ensure that ((χph̄

n, χpū
n))n∈N is uniformly

equicontinuous in C([0, T ]; Ḃ
N/2−1/2
2,1 × (B̃

N/2−1/2,N/2−3/2
2,1 )N ) and bounded

in EN/2. Moreover the mapping u 7→ χpu is compact from B̃
N/2−2,N/2
2,1 into

Ḃ
N/2−1/2
2,1 and from Ḃ

N/2−1
2,1 into B̃N/2−1/2,N/2−3/2

2,1 .
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We apply Ascoli’s theorem to the family ((χph̄
n, χpū

n))n∈N on the time
interval [0, p], and then use Cantor’s diagonal process. This finally provides
us with a distribution (h̄, ū) continuous in time with values in ḂN/2−1/2

2,1 ×
(B̃

N/2−1/2,N/2−3/2
2,1 )N and a subsequence (still denoted by ((h̄n, ūn)) for sim-

plicity) such that for all p ∈ N, we have
(5.10)
(χph̄

n, χpū
n) −−−→

n→∞
(χph̄, χpū) in C([0, p]; Ḃ

N/2−1/2
2,1 ×(B̃

N/2−1/2,N/2−3/2
2,1 )N ).

This obviously implies that (h̄n, ūn) tends to (h̄, ū) in D ′(R+ × RN ).
Coming back to the uniform estimates of Step 1, we moreover see that

(h̄, ū) belongs to

L1(R+; Ḃ
N/2
2,1 × Ḃ

N/2+1
2,1 ) ∩ L∞(R+; B̃

N/2−2,N/2
2,1 × (Ḃ

N/2−1
2,1 )N )

and to C1/4(R+; Ḃ
N/2−1/2
2,1 × (B̃

N/2−1/2,N/2−3/2
2,1 )N ). Obviously, we have the

bounds provided by (Pn) for this solution.
Let us now prove that (h, u) := (hL, uL) + (h̄, ū) solves (3.1). We first

observe that, according to (5.1),
∂th

n+1 + un · ∇hn+1 + div un+1 = −hn div un,

∂tu
n+1 −Aun+1 +∇hn+1 +∇∆−1hn+1 +K(hn)∇hn +

hn

1 + hn
Aun

= −Λ−1∇(un · ∇(ξn+1 − ξn)) + fn.

The only problem is to pass to the limit in D ′(R+×RN ) in the nonlinear
terms. This can be done by using the convergence results stemming from the
uniform estimates of Step 1 and the convergences (5.9) and (5.10).

As it is just a matter of tedious verifications, as an example we handle
the term L(hn)Aun (where L(z) := z/(z + 1)). Let θ ∈ C∞0 (R+ × RN ) and
p ∈ N be such that supp θ ⊂ [0, p]×B(0, p). We use the decomposition

θL(hn)Aun − θL(h)Au = θL(hn)χpA(unL − uL) + θL(hn)χpA(χp(ū
n − ū))

+ θAu(L(χph
n)− L(χph)).

As θL(hn) is u.b. in L∞(R+; Ḃ
N/2
2,1 ) and unL → uL in L1(R+; Ḃ

N/2+1
2,1 ),

the first term tends to 0 in L1(Ḃ
N/2−1
2,1 ). According to the uniform estimates

of Step 1 and (5.10), χp(ūn − ū) → 0 in L1([0, p]; Ḃ
N/2+1
2,1 ), so that the

second terms tends to 0 in L1(R+; Ḃ
N/2−1
2,1 ). Clearly L(χph

n) → L(χph) in

L∞(R+; Ḃ
N/2
2,1 ), so that the third term also tends to 0 in L1(R+; Ḃ

N/2−1
2,1 ).

The other nonlinear terms can be treated the same way.
We still have to prove that h is continuous in B̃N/2−2,N/2 and that u

belongs to C(R+; Ḃ
N/2−1
2,1 ). The continuity of u is straightforward. Indeed, u
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satisfies

∂tu = −u · ∇u+Au−∇h+∇∆−1h− h

1 + h
Au−K(h)∇h+ f

and the right-hand side belongs to L∞(R+; Ḃ
N/2−1
2,1 ).

From the equation

(5.11) ht = −div(hu)− div u

and u∈L∞(R+; Ḃ
N/2−1
2,1 ), h∈L∞(R+; Ḃ

N/2−2
2,1 ), we get ht∈L∞(R+; Ḃ

N/2−2
2,1 ).

It still remains to prove the continuity of h in ḂN/2
2,1 .

Applying the operator ∆q to (5.11), we get

(5.12) ∂t∆qh = −∆q(div hu)− Λ∆qξ.

Obviously, for fixed q the right-hand side belongs to L1
loc(R+;L2) so that

each ∆qh is continuous in time with values in L2 (thus in ḂN/2
2,1 ).

Now, we apply the energy method to (5.12). Thanks to Lemma 2.7, we
get

1

2

d

dt
‖∆qh‖2L2 ≤ C‖∆qh‖L2(Cq2

−qN/2‖h‖
Ḃ
N/2
2,1

‖u‖
Ḃ
N/2+1
2,1

+ ‖Λ∆qξ‖L2 + ‖∆q(hdiv u)‖L2).

So time integration yields

2qN/2‖∆qh(t)‖L2 ≤ 2qN/2‖∆qh0‖L2 + C

t�

0

(cq(τ)‖h(τ)‖
Ḃ
N/2
2,1

‖u(τ)‖
Ḃ
N/2+1
2,1

+ 2q(N/2+1)‖∆qξ(τ)‖L2 + 2qN/2‖∆q(hdiv u)(τ)‖L2) dτ.

Since h ∈ L∞(Ḃ
N/2
2,1 ), u ∈ L1(Ḃ

N/2+1
2,1 ) and hdiv u ∈ L1(Ḃ

N/2
2,1 ), we eventually

get∑
q∈Z

sup
t≥0

2qN/2‖∆qh(t)‖L2

. ‖h0‖ḂN/22,1

+ (1 + ‖h‖
L∞(Ḃ

N/2
2,1 )

)‖u‖
L1(Ḃ

N/2
2,1 +1)

+ ‖hdiv u‖
L1(Ḃ

N/2
2,1 )

<∞.

In other words,
∑
|q|≤N ∆qh converges uniformly in L∞(R+; Ḃ

N/2
2,1 ) and we

can conclude that h belongs to C(R+; Ḃ
N/2
2,1 ).

Step 3: Further regularity properties for more regular data. Let s ∈
(N/2, N/2 + 1]. Under the additional assumption h0 ∈ Ḃs

2,1, u0 ∈ Ḃ
s−1
2,1 and

f ∈ L1(Ḃs−1
2,1 ), we shall prove that the sequence ((hn, un))n∈N is uniformly

bounded in Es.
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Applying Lemma 3.1 and Proposition 3.2 yields

‖(hn+1, un+1)‖Es ≤ C exp (C‖un‖
L1(Ḃ

N/2+1
2,1 )

)(‖hn‖B̃s−2,s
2,1

+ ‖un‖Ḃs−1
2,1

+ ‖fn‖L1(Ḃs−1
2,1 ) + ‖Fn‖

L1(B̃s−2,s
2,1 )

+ ‖Gn‖L1(Ḃs−1
2,1 )

+ ‖Hn‖L1(Ḃs−1
2,1 )).

According to (5.3) and Lemmas 2.3, 2.6 and 2.7, we can write

‖Fn‖
L1(B̃s−2,s

2,1 )
. ‖hn‖

L∞(B̃
N/2−2,N/2
2,1 )

‖div un‖L1(Ḃs2,1)

+ ‖hn‖
L∞(B̃s−2,s

2,1 )
‖div un‖

L1(B̃
N/2
2,1 )

,

‖Gn‖L1(Ḃs−1
2,1 ) + ‖Hn‖L1(Ḃs−1

2,1 ) . ‖u
n‖

L2(Ḃ
N/2
2,1 )
‖∇un‖L2(Ḃs−1

2,1 )

+ ‖hn‖
L2(Ḃ

N/2
2,1 )
‖hn‖L2(Ḃs2,1)

+ ‖hn‖
L∞(Ḃ

N/2
2,1 )
‖∇2un‖L1(Ḃs−1

2,1 ).

We thus have

‖(hn+1, un+1)‖Es ≤ C exp(C‖un‖
L1(Ḃ

N/2+1
2,1 )

)(‖h0‖B̃s−2,s
2,1

+ ‖u0‖Ḃs−1
2,1

(5.13)

+ ‖f‖L1(Ḃs−1
2,1 ) + ‖(hn, un)‖EN/2‖(h

n, un)‖Es .

Now, we conclude that ((hn, un))n∈N is uniformly bounded in Es. Indeed,
we can deduce by induction from (5.13) and assumption (Pn) that

‖(hn+1, un+1)‖Es ≤ 2C exp (CMα)(‖h0‖B̃s−2,s
2,1

+ ‖u0‖Ḃs−1
2,1

+ ‖f‖L1(Ḃs−1
2,1 )).

This clearly enables us to prove that the solution (h, u) built in the previous
section also belongs to Es.

Step 4: Uniqueness. Suppose that (h1, u1) and (h2, u2) solve (3.1) with
the same initial data. If we define δh = h2 − h1 and δu = u2 − u1, then
(δh, δu) solves

(5.14)


∂tδh+ u2 · ∇δh+ Λδξ = δF,

∂tδξ + u2 · ∇δξ −∆δξ − Λδh− Λ−1δh = δG,

∂tδη − µ∆δη = δH,

δu = −Λ−1∇δξ + Λ−1 div δη,

with

δF = − δu · ∇h1 − δhdiv u2 − h1 div δu,

δG = u2 · ∇δξ − Λ−1 div

(
u2 · ∇δu+ δu · ∇u1 +

(
h2

1 + h2
− h1

1 + h1

)
Au2

+
h1

1 + h1
Aδu

)
+ Λ(K (h2)−K (h1))
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δH = −Λ−1 curl

(
u2 · ∇δu+ δu · ∇u1 +

(
h2

1 + h2
− h1

1 + h1

)
Au2

+
h1

1 + h1
Aδu

)
,

and K (z) =
	z
0K(y) dy.

Since (h1, u1), (h2, u2), (δh, δu) ∈ E
N/2
T , we can easily prove that δF ∈

L1
T (B̃

N/2−5/2,N/2−1/2
2,1 ) and δG, δH ∈ L1

T (Ḃ
N/2−3/2
2,1 ) for any finite T . Apply

Lemma 3.1 and Proposition 3.2 to (5.14) with s = N/2− 1/2 to get

(5.15) ‖(δh, δu)‖
E
N/2−1/2
T

≤ C exp(c‖u2‖L1
T (Ḃ

N/2+1
2,1 )

)

× (‖δF‖
L1
T (B̃

N/2−5/2,N/2−1/2
2,1 )

+ ‖δG‖
L1
T (Ḃ

N/2−3/2
2,1 )

+ ‖δH‖
L1
T (Ḃ

N/2−3/2
2,1 )

).

Noticing that

h1, h2 ∈ L∞T (B̃
N/2−2,N/2
2,1 ) ∩ L1

T (Ḃ
N/2
2,1 ),

u1, u2 ∈ L∞T (Ḃ
N/2−1
2,1 ) ∩ L1

T (Ḃ
N/2+1
2,1 )

and
‖h1‖L∞([0,T ]×RN ) ≤ 1/2, ‖h2‖L∞([0,T ]×RN ) ≤ 1/2,

by the construction of solutions, we have with the help of interpolation ar-
guments

‖δF‖
L1
T (B̃

N/2−5/2,N/2−1/2
2,1 )

. ‖h1LF‖L1
T (Ḃ

N/2
2,1 )
‖δuLF‖L∞(Ḃ

N/2−3/2
2,1 )

+ ‖h1HF‖L∞T (Ḃ
N/2
2,1 )
‖δuHF‖L1

T (Ḃ
N/2+1/2
2,1 )

+ ‖u2‖L1
T (Ḃ

N/2+1
2,1 )

‖δh‖
L∞T (Ḃ

N/2−5/2,N/2−1/2
2,1 )

,

‖δG‖
L1
T (Ḃ

N/2−3/2
2,1 )

+ ‖δH‖
L1
T (Ḃ

N/2−3/2
2,1 )

. ‖u2‖L∞T (Ḃ
N/2−1
2,1 )

‖δu‖
L1
T (Ḃ

N/2+1/2
2,1 )

+ ‖u1‖L∞T (Ḃ
N/2−1
2,1 )

‖δu‖
L1
T (Ḃ

N/2+1/2
2,1 )

+ (1 + ‖h1‖L∞T (Ḃ
N/2
2,1 )

+ ‖h2‖L∞T (Ḃ
N/2
2,1 )

)‖u2‖L1
T (Ḃ

N/2+1
2,1 )

‖δh‖
L∞T (Ḃ

N/2−1/2
2,1 )

+ ‖h1‖L∞T (Ḃ
N/2
2,1 )
‖δu‖

L1
T (Ḃ

N/2+1/2
2,1 )

+ T (‖h1‖L∞T (Ḃ
N/2
2,1 )

)

+ ‖h2‖L∞T (Ḃ
N/2
2,1 )
‖δh‖

L∞T (Ḃ
N/2−1/2
2,1 )

.

Coming back to (5.15), we eventually get

‖(δh, δu)‖
E
N/2−1/2
T

≤ Z(T )‖(δh, δu)‖
E
N/2−1/2
T

,

with lim supT→0+ Z(T ) ≤ CE(0).
Supposing that Cα < 1, we get ‖(δh, δu)‖

E
N/2−1/2
T

= 0 for a T > 0 small
enough, hence (h2, u2) ≡ (h1, u1) on [0, T ].
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Let Tm (supposedly finite) be the largest time such that the two solutions
coincide on [0, Tm]. If we denote

(h̃i(t), ũi(t)) := (hi(t− Tm), ui(t− Tm)), i = 1, 2,

we can use the above arguments and the fact that ‖h̃i(0)‖L∞ ≤ 1/4 to
prove that (h̃2, ũ2) = (h̃1, ũ1) on a suitable small interval [0, ε] (ε > 0). This
completes the proof.
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