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A generalization of the maximum principle
to nonlinear parabolic systems

by DMITRY PORTNYAGIN (Lviv)

Abstract. A generalization of the well-known weak maximum principle is established
for a class of quasilinear strongly coupled parabolic systems with leading terms of p-
Laplacian type.

1. Introduction. The maximum principle is one of the most impor-
tant tools in the theory of partial differential equations (see the well-known
book by Protter and Weinberger [10]). This principle is a generalization of
the elementary fact of calculus that any function f satisfying the inequality
f” > 0 on the interval [a,b] achieves its maximum value at one of the end-
points of the interval. Many problems associated with differential equations
of elliptic, parabolic and hyperbolic types exhibit maximum principles.

The maximum principle may be used to obtain results on approximation
and uniqueness of solutions of differential equations.

Though the maximum principle for Laplace’s equation has been known
for many years, maximum principles for general second-order elliptic and
parabolic operators were established quite recently.

Concerning systems of differential equations, until now the maximum
principle has been extended only to a special class of systems of parabolic
equations, the so-called weakly coupled systems. The system is said to be
weakly coupled if it is coupled only through the terms which are not differ-
entiated, each equation containing derivatives of just one component.

An extensive study of such systems was given in [7], where the authors
maintain that their results cover all forms of maximum principle known by
that time in the literature. They considered systems whose solutions satisfy
a system of inequalities of the form

Lifua) +Y b 20, ooy Lofun] + > hgi > 0,
=1 =1
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218 D. Portnyagin

where hij; = hij(xz,t) are functions of coordinates and time, and L; are
conventional parabolic operators. Their technique is based upon analytic
semigroup approach and the Tikhonov Fixed Point Theorem. As a most
recent publication dealing with such systems we mention [4].

Consideration of these systems has been motivated by the fact that the
maximum principle for them is a straightforward consequence and direct
generalization of that for a single equation. The approaches to systems of this
kind hinge upon attempting to formulate for such a system the maximum
principle in exactly the same form known for a single scalar equation, i.e.
for each component of a solution separately. In the present paper we take a
different approach.

For strongly coupled or nondiagonal systems of differential equations, a
counterexample given in [10] shows that the maximum principle no longer
holds for a system in which the coupling is greater than in non-differentiated
terms. Since the publication of De Giorgi’s example of an unbounded solu-
tion to a linear elliptic system with bounded coefficients [2], it has become
clear that extension of the maximum principle to strongly coupled systems
is possible only for systems possessing a quite special structure. Ne¢as and
Stard [8] were the first to obtain such results for a nonlinear nondiagonal
elliptic system with coefficients depending on coordinates and unknowns, of
the following structure:

<ZZa§]?“(:c,u) aix]uk> :2%f¢r, r=1,...,m,

j=1k=1

n

D

i=1

0
ox;
under the following condition on the matrix of coefficients:

aff(x,f) = (5krAfj(x,§) + bff(x,g) forall?=1,...,m and £ € R™;
M >0 b (2,8 =0 for|¢F| > M.

There exists yet another formulation of the maximum principle for a
system. It concerns not each component separately, but the sum of the
squares of the components of a solution. This maximum principle is valid
for diagonal systems which on freezing the leading coefficients and discarding
the right-hand sides and lower order terms reduce to just one single equation
rewritten several times for all the unknown functions.

In the present paper we further investigate this matter. Namely, although
restricting ourselves to systems of a quite special structure, we demon-
strate in what way the maximum principle can be generalized to nonlinear
parabolic systems of two equations in which coupling occurs in the leading
derivatives.

To this end we employ the ideas set forth earlier in [5] and [9], and switch
to new functions, for each of which the maximum principle is established
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in the classical form, whence we infer our final conclusion about the vector
function solution itself. It should be stressed that for each component of
the solution separately, the maximum principle in the classical formulation
may not hold. To depict such a situation one can think of a system whose
solutions are the functions sh and ch. The maximum principle states, roughly
speaking, that a solution cannot be humpbacked, and does not hold for ch
in the interval (—1,1). Nevertheless, sh and ch could be decomposed into
exp(z) and exp(—z), and the latter be regarded as new functions for each
of which the principle would be valid in its usual form.
We also consider possible extensions to the case of three equations.

2. Basic considerations. In the present paper we shall be mainly con-
cerned with systems of two equations, the model system being
(2 1) ut :a/lApu+b1Apv+fl7
) (3 :CLQApU+b2ApU+f27 T E Q7

with the Dirichlet boundary conditions, understood in the weak sense:

(2.2) { (u—g1,v — g2)(x,t) € Wy P(R2) ae. te(0,T),
(u,v)(z,0) = (u,v)o(x).

Here a; and b; are some constants; Q@ = (0,7] x £2; 0Q = {2 x {0}} U

{002 x (0,T]}; S = 02 x (0,T); £ is a bounded domain in R"; T > 0;

x € 2;te (0,T]; n > p > 2; Apu denotes the p-Laplacian of u: Ayu =

div([Vul~2Vu); u,0 € C(0,T5 LX(2)) 0 L0, TsW(Q)); fia = fralo):

VVO1 P(£2) is the space of functions in W1P(£2) with vanishing trace on 912.

For a positive number ¢ and a domain ) we use the notation || - [|4,¢ for the
norm in the space L(Q) and || - ||s,@ for the norm in L*°(Q). Let us also
define

Agl) = a1 |VulP2u,, + by |[VoP 2,

AZ@) = ao|VulP%uy, + bo|VolP 20, i=1,...,n.
Throughout the paper the following assumptions are valid:
(%) min[(a1 — az) + (ag — b1)/p; (b2 — b1) + (b1 — a2)/p] = 0;
(x%) fiz € L"(Q) for some 7 >n/p+1;

gi1,2 € LOO(S), (u,v)o S LOO(Q).

By parabolicity of system (2.1) we mean that the part without derivatives
with respect to time is elliptic. The ellipticity is understood in the following
sense, as introduced in [1]:

(23) 3A>0,VsieR™ j=1,2 i=1,...,n, AY(z,s)s} > \|s]".

It is easy to check that under assumption (%), (2.3) holds. We emphasize
that we impose neither the Legendre nor the Legendre-Hadamard condition.
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A solution to system (2.1) with Dirichlet data (2.2) is understood in the
weak sense, as in [3].
DEFINITION 2.1. A measurable vector function (u!, u?) = (u,v) is called

a weak solution of problem (2.1)—(2.2) if
w! € C(0,T; L*(82)) N LP(0,T; WhP($2))
and for all ¢t € (0,77,
S W pi(x, t)de + “ {—wpjp + Agj)gpj o pdrdt’ = S u%goj(a:, 0) dx
Q 2%(0,4] Q
for all test functions
¢ € C(0,T; L*(2)) N LP(0, T; Wy (£2)), ¢ >0.
The boundary condition in (2.2) is meant in the weak sense.
DEFINITION 2.2. Let u € C(0,T; L?(£2)) N LP(0,T; WHP(£2)) and ¢, =
max[p, 0]. We define
supu = inf{l € R | (u—1)y € WyP(R2) for ae. t € (0,T) and
- (u—10)4 =0a.e. in {0} x 2};
sgpu =inf{lleR| (u—1); =0a.e. in Q};

iargu —sup{l € R | (I — u); € Wy () for a.e. t € (0,T) and
(I —u); =0a.e. in {0} x 2};
igfu =sup{l e R| (Il —u); =0 a.e. in Q}.

Our present purpose is to extend the well-known weak maximum prin-
ciple to the case of quasilinear strongly coupled parabolic systems (2.1). We
develop the idea set forth in [5], [6], [9].

To begin with, consider a homogeneous system. Multiplying the first
equation by a and adding the second one, we get

(2.4) aup + vy = (aa1 + ag)Apu + (Oébl + bQ)ApU.
Let us consider « subject to the conditions:
(2.5) aay + ag = yaP~ L,

’ abi +by =7, v>0.

Here, as usual, it is understood that a?~! = |a|P~2a. If there exists an «
satisfying the nonlinear system (2.5) with some v > 0, then (2.4) takes the
form

(2.6) au + v = yAp(au) + yApv.

Now, suppose that at some points of () the linear combination au + v is
greater than k, its supremum on the parabolic boundary 0Q. Multiplying
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both sides of (2.6) by ¢ = ((au + v) — k)4 and integrating with respect to
x over (2, and with respect to ¢ from 0 to 7', we obtain

T
Sdt S dx (aus +v)(au +v — k) = % S dr (au+v — k)?
0 At) A(T)
T
= —v S dt S dz ([VouP~2Vau + |VoP~2Vv, V(au + v)),
0 A
or
(2.7) % S dx (cu +v — k)?
A(T)

T
+ ’yS dt S dz (|VaulP"2Vau + |Vv|P~2Vv, Vau 4+ Vo) = 0,
0 A®1)
where A(t) = {z € 2 | (au + v)(x,t) > k}; (-,-) stands for the scalar
product. We shall make use of the following

LEMMA 2.3. Let p > 2. Then for any @beR",
p—2= | T2 = | I~ 5
(1a=%a + [bP~2b, @+ b) > 5 |a +blP,
where the constant 1/2P~1 is sharp.
A proof of the lemma is given in Section 10; see also [3, p. 13, Lemma
4.4].
Hence, it follows from (2.7) that
T
S dt S dz |V(au+v)P <0,
0 A(t)
and by the embedding theorem we get
T
C’Sdt S dz lou+v — kP <
0 At

dt S dz |V(ou+v — k)P
A(t)

dt S dz |V(au+v)P <0,
A(t)

Ot N Ot N

where C' is a constant. Thus we conclude that

sup(au + v) < sup(au + v).
Q oQ

Similarly, testing (2.6) on the function ¢ = (k — (au + v))+ we obtain
inf(au + v) > inf(ou + v).
Q oQ
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Analogously, by multiplying the first equation of (2.1) by « and subtracting
the second, we arrive at

sup(au —v) < sup(au —v), inf(au —v) > inf(au — v),
aQ Q oQ

provided « satisfies the system

_ — ~vaP~1
2.8 aaq a2 =y« )
( ) {Ozbl—bgz—’}/, ’}/>0.

Summing up, we have

iarbf(oqu +v) <aqu+v <sup(aqu+wv) for ae. (z,t) € Q,
oQ

with o from (2.3); and

inf(aou —v) < agu —v < sup(agu —v) for a.e. (z,t) € Q,
9Q 90

with ag from (2.8). Hence, in particular, the estimates for |u| and |v| follow:

|u| < ————— max{|sup(ai1u + v) + sup(agu — v)|,
a1 + az 2Q aQ L

inf inf(aou —
!ng(alu +v) + lanQ(azu v)[},

or
|u| < ————— max{|sup(aju + v)|, |sup(agu — v)|,
o & o] aQ( )| |8Q( )|
inf inf — ;
linf(aru +v)l, linf(azu — v)[};
and
v| < ———— max{|as sup(aiu + v) — o inf(asu — v)|,
01 gy el sup(onn £ o) — o pf o)
|ag inf(c1u + v) — aq sup(agu — v)|,
Q 9Q
|ag sup(aqu + v) — ag sup(agu — v)|,
oQ 9Q
inf — a1 inf -
|a2gb(a1u+v) oqlanQ(azu v)|},
or
v| < ————— max{|as| |sup(aiu + v)|, |a1| |inf(asu — v)|,
o] € oy ] fsup(avu-+ o) o (o — v)

|az| [inf(aru + v)|, [ea | [sup(azu — v)[}
0Q aQ

for a.e. (z,t) € Q.
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3. The case p = 2. For this case system (2.1) becomes linear and (2.5)
takes the form
aal + az = ya,
{Oébl+b2:fy, v >0,
and thus reduces to the quadratic equation
a2b1 + Oé(bg — al) —ag = 0.

Its solutions are

. (a1 — bg) + \/(al — b2)2 + 4asby
a1(1,2) = )

2by
(a1 + b2) £ /(a1 — b2)? + dash
Y1(1,2) = B )
with a; and b; satisfying the conditions
(i) (al - bg)2 > —4aoby,
(ii) (a1 + 52)((1152 — agbl) > 0.

Similarly, from (2.8) we get
(b —a1) + \/(al — b9)? + dashy

Qa(1,2) = 20,
(a1 + bz) + \/(al — b2)2 + dagbq
Y2(1,2) = 5 .

The condition (xx) guarantees that v > 0, and (*) that a; # ae.
ExaMPLE. Taking for instance
a1 =5 ays=-4, b =-1, b=1,
we have
ap=2(vV2-1), mn=3-2V2>0,
az =2(V2+41), 7 =3+2V2>0,
hence both (i) and (ii) are satisfied.

4. The case p = 2+ ¢, € small enough. Let us consider slight devia-
tions of p from p = 2. We have

{ aay + ag = yaP™L,
aby + by =7,
and hence
aay + ag = (aby + bg)ap_l.
Let us put p = 2 + €. Then, taking the logarithms of both sides and repre-
senting
o = Qg + O,
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where ag stands for the solution of (2.5) with p = 2, we get
In |eay + ag + aear| = In|agby + be + acbi| + (1 + €) In |ag + .
Expanding in a series and equating the terms of the same order with respect
to €, we obtain
al by 1

laY — — — | =elnaos.
“l(agar +az)  (agby +b2) o 2

Hence
o — (a1 + az)(agby + b2)ag In ag (r—2)
© aglbaby 4 arby — biag — az — ba] — az(a1 + by) '
Proceeding in much the same way, it is not difficult to find the next terms
of the expansion.

5. Solutions of system (2.5). System (2.5) results in the equation
bi|alP +bs|aP~2a —aja — ag = 0 under the condition bja + by > 0. Define

(5.1) fla) :b1|a|p+b2|a|p_2a—a1a—a2,
(5.2) f(a) = pblla]p_Qa +(p— 1)b2]a]p_2 —ai,
(5.3) f"(@) = p(p — Vb1l + (p — 1)(p — 2)ba|af’ o

= (p— ]a|”*a{pbia + (p — 2)b2}.
From (5.3) it is easily seen that f(«) = 0 may have at most four roots.

To begin with, consider the (quite possible) situation when the zeros of
both f/(«) and f(«) coincide at some point. That is,

bilal? + be|alP?a — aja — agy = 0,
pbilalP2a + (p — Dba|aP™2 —ay = 0,
for some a. Then from (5.2) we get

5.4 alP~2 = il
(5.4) o = e (=1

and substituting into (5.1) we obtain
(p — Daibia® + (paghy + (p — 2)arbs)a + (p — 1)agby = 0.

By solving this quadratic equation we get two roots:

-2 b
a172:—L%_p—_2i\/5’

p ax, p—2 b]? ab
2(p—1) a1 2(p—1) by ajby’
Now it becomes obvious that the above-described situation occurs provided
that either o or ag (or both) solves the equation

(o) = pb1|a|p_2a +(p— 1)bg|04|p_2 —a; =0.

D=
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This argument provides us with an idea how to proceed in order to determine
conditions for f(«) to have at least two distinct zeros with

(5.5) v =bja+ by > 0.

Take for definiteness the case of by < 0. Then f(+00) is negative. If f(«) > 0
at the point where f’(«) = 0, then we shall have at least two zeros of f(«).
Substituting |a[P~2 from f’(a) = 0 into f(a) > 0 we get

—{(p — Db1a® + (pasby /ar + (p — 2)b2)ax

+ (p— 1)6@52/&1} “

pbia+ (p— 1)by
or, since a1 /(pbia + (p — 1)by) is always positive for o € R,

(p — 1)bra? + (pagby /ar + (p — 2)bz)a + (p — 1)azby/a; < 0.

>0,

And (5.4) must have at least one solution in (—oo,a1] U [ag,00). If this
is satisfied, then f(a) = 0 has at least two distinct roots. When we add
the condition v = bia + by > 0, we have to consider separately the cases
f(:L’()) < 0 and f(JI()) > 0, Trog = —bg/bl.

In the first case, (5.4) must have at least one solution in A = (—o0, 29| N
{(—00, a1]U[a2,00)}. For the second case we must additionally demand that
f'(a@) = 0 for some & € (a1, min[xg, asg)).

Let us consider in turn all the possibilities, that is, b1 < 0, b1 > 0, D < 0,
D >0, f(zo) <0 and f(zg) > 0.

1. by < 0 and f(z9) < 0. To determine the conditions for f’(«) to have
zeros in A we resort to the mean-value theorem. Let 1, z9, 23 be the roots
of f'(a) = 0. The roots may coincide. Note that 0 = |Z1| < |Z2| < |xo],
where Z1, Ty are the extremum points of f’(«). Consider in turn all the
possible mutual positions of x1, x9, T3, a1, as and xy when at least one
x; belongs to (—oo, a1] U [, 00). Suppose for the beginning that zo > ao.
First, notice that xg € (—o00, a1] U [ag, 00) A x3 > x¢ is ruled out, because it
would imply that f(xo) <0, xg € (z1,23) and at the same time f(x2) > 0,
x2 being a local minimum point. By the continuity of f(«) and f’(«), this is
a contradiction. Second, one can similarly see that z2 € (—o00, a1] U [, 00)
and either 1 or z2 in (a1, ag) is also impossible.

So we are left with the following choices:

(a) x1,x2,x3 € (—00, 1];

(b) 21,22 € (—00, 1] and z3 € [, xo];

(c) x1 € (—o0, 1] and 2,23 € (a1, a2);

(d) z1 € (—o0, 1] and 9, z3 € [ag, xo];

(e) x1 € (—o0, 1], 2 € (a1, a2) and x3 € [ag, xo);
(f) 21,22 € (a1,a2) and z3 € [ag, x0).
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When zg < ag or a1 < zyp < az we get just (a). Thus (a)—(f) exhaust all
possibilities.

The sign of f(«) at infinity is determined by that of b;. Basing on the
mean-value theorem we can conclude that f/'(«) has in A zeros with the
required properties if

by - f(minfay, o)) < OV f/(ag) - f(max|ag, z9]) <0 for D >0,
and
by - f/(x()) <0 for D<O0.
These conditions cover the cases of xg < a1, a1 < 29 < g, and zg > as.

Now, we take up the case

2. b1 <0 and f(z¢) > 0. In this case for f(«) to have two distinct zeros
with v > 0, f/(«) must have z; € (—o0,aq] and x2 € [y, ag], i.e. a local
minimum at zy € (21, z9) must be negative. Due to the mean-value theorem
this amounts to the condition

by - f'(c1) < OA f/(min[ag, xo]) - f'(minfay, z0]) <0  for D > 0.
For D < 0 there are no choices.

For the case of by > 0 we argue in pretty much the same way with the
only difference that we stipulate from the very beginning that f(«) < 0 at
a point where f’(«) = 0. This yields:

3. b1 >0 and f(zo) > 0. We have
by - f(max|ag, 7)) < 0V f(a1) - f/(minfay, z]) <0  for D >0,
and
by - f'(zg) <0 for D <0.
4. b1 >0 and f(z9) <0. We have
by - f(a2) < OA f/(max[ay, xo]) - f/(max|ag, z9]) <0 for D > 0.
No choices for D < 0.

Moreover, analyzing the expression (5.4), which is always positive, to-
gether with (5.5), we infer that the cases with bs < 0 A a; < 0 are ruled
out.

All the above-said can be summarized in the following

ASSUMPTIONS.

1. f'(minfaq, xo]) > 0V f(ag) - f/(max]ag, z0]) < 0 for D > 0;
by < 0 and f(xp) < 0;
2. f'(xg) >0 for D < 0; by <0 and f(zp) < 0;
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3. f'(a1) > 0O A f/(min[az, 20]) - f/(min[aq, xo]) < 0 for D > 0;
b1 < 0 and f(:Eo) > 0;
4. f'(max[ag, zo]) <0V f'(a1) - f/(minfaq, x0]) < 0 for D > 0;
by > 0 and f(x¢) > 0;
5. f(z9) <0 for D < 0; by >0 and f(zg) > 0;
6. b1 - f(a2) < OA f(max|aq, xo]) - f/(max[ae, z0]) < 0 for D > 0;
b1 > 0 and f(:Eo) <0
7. f’(al) = f/(ag) =0; {930 > g, by < 0} \Y {SUD < ai,b > 0}.
Choice 7 is self-evident, stipulating that f(«) touches the z-axis at two
extrema.
The situation with f(«) having at least two distinct zeros with v > 0
takes place whenever one of the above assumptions is fulfilled.

6. The main result. Finally, we come to the following

THEOREM 6.1. Let (u,v) be a solution to system (2.1). If there exist two
different numbers a1, ag satisfying

o) fon =
arby +by =7y, >0,

. foua o
agby —by = —7y2, 72 >0,

i.e. one of Assumptions 1-7 is fulfilled, then
lenu 4+ vl < C1, [lagu — vl < Co,

where the constants C12 depend only on p, n, fi2; ||91.2|lsc.s, |10, v0]00,0;
a1,2, bi2; the domain @Q and the constants in the embedding theorems, and
are independent of u and v.

To prove the theorem we need the well-known Stampacchia lemma:

LEMMA 6.2. Let 1 be a nonnegative nondecreasing function defined on
[ko, 00) which satisfies

W) < g Y for 1> k> ko

with 9 >0 and § > 1. Then
Y(ko +d) =0,
where d = CV/0{ap(kg)}(0—1/920/(5=1),

For the proof see [1, Lemma 4.1, p. 8]. We also make use of the following
lemma (see [3, Prop. 3.1, p. 7]):
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LEMMA 6.3. If u € L=(0,T; L2(2)) N LP(0, T; W, P (£2)) then

T T o/n
S S u? < C(S S ]Vu\p> (esssups ]u\2>
00 00 0<t<T ¢
with ¢ = p(n + 2)/n and a constant C depending only on p and n.

Proof of Theorem 6.1. Choosing w = sign(aju+v)(Jaju+v| — k)4 as a
test function with

k > ko = max[[la191 + g2l Lo (s), laruo + voll oo ()]

where a; stands for the solution to system (2.5%), and literally repeating
the argument of Section 2, namely, multiplying the first equation by a7 and
adding to the second, then integrating in ¢ from 0 to ¢, ¢ < T, and in x over
the domain 2, after applying Lemma 2.1 we obtain

t t t
fw? + | [ IV <cf§(fian+ fw < Cl| fu,
(9] 08 09 0

where f = fia; + f2 and C' is a constant. Since ¢ € (0,7 is arbitrary, by
taking supremum we have

(6.1) sup S w? +
0<t<TQ

[

| [VulP < C
(0]

[

S fw.
19

Applying Lemma 6.3 we obtain

T (p+n)/(gm)
o < ( sup Jute i Vwl) .
0<t< 00
With the help of this relation, from (6.1) we get

T
lwlgg™™ < o

Making use of the generalized Holder inequality with exponents ¢, n/p + 1
and 7 on the right-hand side we obtain

)

ngq/(n+p) T 1-1/q-1/7
loll; 5 < Cllullgalflna (] § xann)
09

where X 4(ry) is the characteristic function of the set A(k,t) = {z € 2 |
lau + v|(z,t) > k}. Set
T
(k) = | mes A(k, t) dt,
0
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where mes stands for Lebesgue measure. From the last relation it follows
that
lolly "7t < Cylk)y

Estimating

B = 0] xane) " < (1§ uman) " < ol
0N 0

we arrive at

(I — k)ra/(p)= Loy )y (P =1a < O (k)Y - Ha= 1T,
where [ > k > kg, or, succinctly,
(6.2) p(l) <

with

T Y

5= (1—]ﬁ—%>/<n1p_p(n12)>'

Since we have assumed that

() fiz € L™(Q) for some 7 >n/p+1,
it is not difficult to check that
n 1 n n

S S - , and hence ¢ > 1.
pin+2) 7 n+p pn+2)

By Stampacchia’s result, from (6.2) we conclude that

Y(ko+d) =0
for some d sufficiently large, but finite, depending only on p, n, fi2, Fi2;
a;, b;; the domain @) and the constants in the embedding theorems, and
independent of u and v. Analogously we proceed for asu — v, where as
stands for the solution to system (2.8%).

It is not difficult to see from the previous considerations that the same
estimates hold for the components (u, v) of the solution themselves. In fact,

ulloo = [la1u + aoul|oo /a1 + a2
= [[(c1u 4 v) + (a2u — v)||oo/|o1 + az| < (C1 + Ca) /| + asl,
[v]loo = llv + c1u — a1uloe < [lonuloe + (01t + oo,

and hence the statement follows.

7. General structure. Let us now turn to a general system

(A s 00)) + 1),

D (AP (v + ola), € Q,

Ut =

(7.1)

UV =
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with the Dirichlet boundary conditions (2.2). Here and in what follows,
the summation convention over ¢ is assumed. Agl)’@)(um, v, ) are measurable
R™ x R™ — R functions that satisfy the ellipticity condition (2.3) and are

assumed to be subject to the following structure conditions:
(7.2) o AN (g, 00) + AP (U, v2) — (@jar + a2) | VulP~2uy,
— (aby + b) | VP~ 20y, |
< gjlV{agu+ )P + Fj(z), &5 <27Py;,

for some aj2,b12 and Fio € LY(Q), § > (p+n)/(p — 1); here a1, 1 and
ag, 72 are solutions to systems (2.5%) and (2.8%) respectively.

THEOREM 7.1. Under assumptions (7.2) and (xx), for every solution
(u,v) € C(0,T; L*(2)) N LP(0, T; WEP(02)) of (7.1),

[u;v]loo.@ < C,

where the constant C depends only on p, n, €12; fi2, Fi2; ||g12lcc,s:
lluo, volloo,2; @1,2, b1,2; the domain Q and the constants in the embedding
theorems, but is independent of u and v.

The proof is analogous to that of the previous theorem.

8. The case of three equations. Unfortunately the technique set
above cannot be fully generalized to systems of three quasilinear equations
in u, v, w, with nonlinearities of p-Laplacian type. Namely, consider the
model system

up = a1 Apu + b1 Apv + c1 Apw,
v = agApu + baApv + coApw,
wy = a3Apu + b3 Apv + c3Apw,

where a;, b;, ¢; are constants. Suppose we have managed to select suitable
multipliers « and 3 satisfying

aay + Bag + ag = yaP~ 1,

aby + Bby 4 b3 =B,

acy + feg + ez =7, v >0.
Proceeding as above, we would obtain

1
3 S dz (au + v + w — k)?

A(T)

T
+ 'yS dt S dz (| VaulP">Vau + |VBv|P~2V v + |[Vuw|[P "> Vw,
0

A(t)
Vau+ Vv + Vw) = 0.
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Now, consider the expression
(J@P=2a+ (P26 + P 2ea+b+¢), ab,ceR

Let @= @, b = —|s|@ Then

([@P=2a+ BP0 + [P 26 @+ b+ &) = [2— |s]P1][2 — |s[]l@l” < 0,

provided |s| < 2 and |s|P~! > 2 for p > 2 (obviously, it is always possible to
choose such an s).

The expression is still negative if ¢ = @ + &, b = \s\c‘i + & with
€1, & small. At the same time, it is evident that (|@|P~2a@+ |b|P~2b+ |Z|P~2¢,
G+b+7¢ ) is always positive for @, 5, ¢ orthogonal. Thus the expression in
the corresponding integral in (16) is not well defined.

Nevertheless, consider a system of the form

= (A v, ) + 1),
(8.1) vV = 88x (A(2)(u$7vl‘7w$)) + f2< )
w = 3 (A g, 00)) + fola), € L7(Q),

where Al(j )(uw, Uz, W, ) are measurable R™ x R™ x R™ — R functions satisfying
the ellipticity condition (2.3) with j = 1,2,3 and the following structure
conditions of a special kind:
(8.2)1 ]aAl(l)(ux, Vg, Wy) + AZ(Q) (Ugy Uy Wy ) — Alozp_1|Vu]p_2uxi
— M\ |Vo]P2u,,| < e1|V(au + )P~ + Fi(z),
(8.2)2  [BAY (ug, vp, wy) + A (g, vy, w2) — N8P V0P 20y,
— Xa| VwlP?wy, | < e2| V(Bu + w) P! + Fy(a),
(8.2)5 (YA (e, v, we) + AN (1, V2, w2) — A3y? VP 2wy,
— 3| VulP2ug,| < e3|V(yw +u)Pt + Fa(z), g5 <277,
for some «a, 3, v, A2z > 0 and Fi23 € LY(Q), 8 > (p+n)/(p — 1). For

example, assumptions (8.2)1—(8.2)3 are satisfied for the model system (8.1)
with o = —ca/c1, f = —as/az, v = —b1/bs provided that

p—2
C2 02 az2C1 — €201
cla baci — caby
ag|as |’ azbs — baag
——|— = ———,  (a2c3 — c2a3)az > 0,
as | a asc3 — €203
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b1 b1 p—2 bgCl — Cgbl
= ==- - bsay — aszby)bg > 0
bs | by —— (b3ay — azby)bs > 0,
c2,a3,b1 # 0.

By much the same arguments as above we can show that for every solution
(u,v,w) € C(0,T; L*(£2)) N LP(0,T; WHP(£2)) of (8.1) with Dirichlet data,

lau+olloe < C1, [Butvlloo < Cor v+ vlloc < C.

And hence it is not difficult to deduce that
HU, v, wHOO,Q < C')

where C' is a constant depending only on p, n, €123; f1,2.3, F1,2,3; 01,23,
b1 2.3, c1,2,3; the preassigned values of u, v, w on 0Q); the domain () and the
constants in the embedding theorems, and are independent of u, v and w.

There is yet another possibility of generalization to the case of three
equations. Let us consider a system of the following structure:

0
u =3 (F - (arug, + b1vy, + crwy,)),
Ti
0
(8.3) w=g (F - (agug, + bavy, + cowg,)),
Ty
0
we = 5 (F - (asug, + b3vy, + c3wy,)),
\ Z;
where F' = F(t,x,u,v,w,uy, vy, w;) is a measurable bounded function

R x R" x R® x R3" — R, F > 0; aj, bj, c; are constants, j = 1,2, 3.
Suppose that « and (3 satisfy
aal + Baz + a3z = ya,
(8.4) aby + Bby + by =3,
acy + PBea+c3=7v, ~v>0.

Hence we conclude that the solutions of (8.3) satisfy

iarg(oqu + fiv+w) < aqu + f1v + w < sup(aju + frv + w),
0Q

iarbf(agu + Bov + w) < agu + Pov + w < sup(agu + fov + w),
aQ

iarg(agu + B3v + w) < azu + f3v + w < sup(asu + fzv + w),
0Q

for a.e. (z,t) € Q, provided that det(aj, b;, ¢;) # 0; here a1 23 and 3123 are
three different solutions of system (8.4), i.e. the components of three linearly
independent eigenvectors of the matrix (a;, bj, ¢;) corresponding to positive
eigenvalues. It clearly follows that

[elloos [[0]]oos lw]lee < €,
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with C a constant depending on aj, b;, ¢; and the values of u, v, w on 0Q).
We shall not be concerned with nonhomogeneous systems (8.3) and systems
of more general structure.

9. Discussion. The main idea of our approach is as follows: instead of
trying to establish the maximum principle for each component u’ of the so-
lution, we introduce some linear combinations of the components, in general
some functions H(t,z,u) of t, x and u/, for each of which the maximum
principle holds and from whose boundedness we are able to derive estimates
for the components of the solution, in much the same way as the maximum
principle for a single equation enables us to do.

Let us consider a few examples. For simplicity we restrict ourselves to
the case of one spatial variable and (u,v) € C°(0Q U Q) N C?(Q).

EXAMPLE 1.

up < Mgy — ez,
Vp = gy + 205, (2,0) €Q={1<2<20<t<1}

The substitution
H =u—v, Hy=2u-—3v
reduces the system to the form

Hlt S 5H1x£€7
H2t S 4H2zac7

for which the maximum principle is obviously valid in the conventional form
and which is satisfied by the functions

1 1
Hi = —exp(—2%/20t), Hy; = —exp(—2z%/16t).
1 \/EXP( /20t) 2= xp(—z”/16t)

EXAMPLE 2.

up < —13ugy — 20(t/2) vz — 26(1/2)uy,
v < 12(x/t)ugy + 180y + 24(1/t)uy + (1/1)v,
(r)eQ={1<z<2 1<t<2}

The substitution
H, =3zu+ 4tv, Hs = 4xu + 5tv
reduces the system to the form

Hlt S 3H1x£€7
H2t S 2H2zac7

for which the maximum principle holds.
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EXAMPLE 3.
up < 32(3 — 22t ugy + 18(1 — 4x)uy + 9v — 12tw,
v < 3(3 — 22t)vgy + 42%(3 — 48% + 4at)uy — 12xu + 6220,
(z,)eQ={1/2<z<1,1/2<t<1}.

By the substitution
Hi = zu — tv, Hy = 22°%u — 3v
this system takes the form
{ Hyy < 3x(3 — 2at) Higo,
Hy < 3x(3 — 2xt)Hogy,
for which the maximum principle is valid.

EXAMPLE 4.

g < —2%Upy — 2040 — 62U, — (4/2)V, — 6u,
vy < 24atugy + 132204, + 144230, + 2620, + 144332u,
(z,t)eQ={1<z<20<t<1}.

The substitution
Hy = 4a’u + v, Hy= 32%u + v
reduces this system to the following form:
{Hu < 2 (52°Hy,),

Hy < a%(mth)-
Though this system is degenerate in (), the maximum principle nevertheless
holds.

EXAMPLE 5. As the last example take the system from [10, p. 192]:
Ut < Ulge,
Ut = U2ge — Mg,

or
{ U1t = Ulzx,

ugp < Uz — M1z, Q={0<2<1,0<t <1},

the only difference with [10] being that we demand strict equality in one of
the equations. The maximum principle in the above-stated form holds with

Hy =wu;, Hs=(9/2)zu; — us
for the first system, and with
Hy =w;, Hy=wuy—(9/2)zuy

for the second one. In [10] this example is drawn to illustrate the violation
of the maximum principle if the coupling is stronger than that in nondiffer-
entiated terms. One can easily see that nevertheless the maximum principle
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in our form holds in @ for the latter system, with the choice of functions as
in [10]:
up = —exp(z+1), wup=t—4(x—1/2)%
Hy=wy, Hy=us—(9/2zu; =t—4(x—1/2)*>+ (9/2)zexp(z +1).

10. Proof of Lemma 2.3. We have
(JaP=2a + [6P=25,d@ + B) = |al” + B + [l + [6/P~2)(a. )
= Lllap-? + B2 @ + b
+ 318 — a2 B2 + [alP — B2 [a]
= Lllalr=2 + [blr=2)(@ + b)?
+ L(la=2 - [Ble-2)(Jal? — [B2).
The last expression is always greater than 0 for p > 2. Due to the inequality
1

S p—2 71p—2
a2 5 L

@+ b7,

we thus get
e 1 .
(lal"=2a + [bP~?b, @ +b) > o |a+ b,
The present proof is simpler than that given in [3].
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