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On elliptic systems pertaining
to the Schrodinger equation

by J. CHABROWSKI and E. TONKES (Brisbane)

Abstract. We discuss the existence of solutions for a system of elliptic equations
involving a coupling nonlinearity containing a critical and subcritical Sobolev exponent.
We establish the existence of ground state solutions. The concentration of solutions is also
established as a parameter A\ becomes large.

1. Introduction. The aim of this paper is to establish the existence of
ground state solutions to nonlinear systems of elliptic equations. We con-
sider two types of problems, involving subcritical and critical growth. In the
first part of the paper we examine a system containing a subcritical nonlin-
earity which couples the equations. The problem is a vector form of a scalar
equation studied in [2]. Specifically we look at

(1.1)  —Auj + (\aj(z) + Duy = f;(U), zeRY j=1,...,n,

where U = (u1,...,un), 1 < ¢ <p <2* XA>0 and aj(x) satisfies certain
assumptions. The nonlinearity f;(-) is defined through the variational for-
mulation. For F(U) = (37, ;| )P/, we let f;(U) = %g—i. The interesting
feature is that the genuine vector solutions occur in the case 1 < ¢ < 2 (see
Propositions 2.5-2.8).

The second part of the paper is devoted to the case p = 2*. The particular
problem introduces another coupling term in the equations, following the
work in [1]. This problem is a vector form of a scalar equation presented
in [6]:

(1.2)  —Auj+ Aaj(z)uj = Zajkuk + f;(U), =€ ]RN, j=1...,n.
k=1

We establish some existence results which are related to the best Sobolev
constants.

2000 Mathematics Subject Classification: 35J10, 35J50.
Key words and phrases: elliptic systems, least energy solutions, subcritical and critical
Sobolev exponents.

[273]



274 J. Chabrowski and E. Tonkes

Solutions in both cases exhibit a similar behaviour when A — oo as they
tend to concentrate to solutions of the Dirichlet problem in the set {2 where
a;(z) =0.

We assume that the matrix A = [a;;] with constant coefficients is sym-
metric. The coefficients a;(z), j = 1,...,n, are nonnegative and continuous
on RY. Throughout this work we make the assumption:

(A) :int(aj_1 (0)) are nonempty and bounded sets with smooth bound-

~1(0). Moreover, there exists some My > 0 such that

aries and (2; = a;

the sets
Fj = {l‘ S RN - aj(x) < Mo}

have finite Lebesgue measure.

Additional assumptions on a; will be introduced and used in Section 4.

Throughout this paper we use standard notation and terminology. By
HY(RY) and DV2(R¥) we denote the usual Sobolev spaces equipped with
the norms

lulfn = § (Vul’ +v*)de and [ulfre = § [Vul* de
RN RN
respectively.

The corresponding Sobolev spaces of vector functions with n components
are denoted by H'(RY R") = HY(RY) x ... x HY(RV) and D}M2(RY,R") =
DY2(RN) x ... x DV2(RY) and equipped with the product norm. Analo-
gous notation is used for the Lebesgue spaces LP(RY), with norm |ul}) =
S]RN |u|P dz, and we denote the corresponding space of vector functions by
LP(RN,R™) = LP(RN) x ... x LP(RY).

In a given Banach space X, we denote weak convergence by “—” and
strong convergence by “—”. Let FF € C'(X,R). A sequence {u,,} C X is
said to be a Palais-Smale sequence for F at level ¢ (a (PS). sequence for
short) if F(up) — ¢ and F'(uy,) — 0 in X* as m — oc.

We say that F' satisfies the Palais—Smale condition at level ¢ (the (PS).
condition for short) if any (PS). sequence is relatively compact in X.

For our purposes it will be convenient to use the weighted Sobolev spaces.
Let Ej; = {u € H'(RY) : [y~ aju’ dz < 0o} and define the norm in E; by

lull3, = Juls + § g da.
]RN
We shall also use the norms

lull,, = lullf + X § aju?de,  A>0,
RN
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which are equivalent to || - ||;. Finally we introduce the weighted Sobolev
spaces of vector functions:

E=F x...xE, and E\=F;)\X...xE,
with the norms
IUNE = luallE, + - + lualE,
and
U, = lluallg, , + -+ lunll, -

The associated scalar products in E' and E are denoted by (+,-)g and (-, ) g
respectively.

A

Solutions of system (1.2) will be found as critical points of the functional
Iy : E — R defined by

L(U) = %i( | IVwilde+ A | ai? dx)

i=1 RN RN
1 “ 1
~3 S Zaijuiujd:r—— S FU)dzx.
RN ij=1 P g

Since

n

(BW),®) =" | VuVe d:r+>\§n: | aiuigida

i=1 RN i=1 RN
n Z S aijiug d — Z S fi(U) o dz
h,j=1RN i=1 RN

for every U, ® € E), any critical point of I is a weak solution of (1.2).

2. Subcritical case. In this section we consider the subcritical system
(1.1). We assume that F(U) = (327, lu;|7)P/, 2 < p < 2%, and we consider
the cases 1 < ¢<2,¢g=2and 2 < ¢q <p.

The variational functional for (1.1) is given by

IN(U) = %Z( [ (Vesl? + (s + 1)u?) d) —% | FU)da
i=1 RN RN

for U € E). Solutions of (1.1) will be found by constrained minimisation:

(2.3) M) = inf { Zn: | (\VU¢]2+(Aa¢+1)u?> de: \F(U)de=1,U ¢ EA}.
i=1 RN RN

We commence with an observation with standard proof:
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LEMMA 2.1. Let {U™} be a minimising sequence for (2.3). Then W™ =
]\4)\1/(10_2)Um is a Palais—Smale sequence for Jy, that is,

1 1 _
IA(W™) — <§ - ;))Mf/(p 2 and JA(W™) =0 inE*
as m — 0.

Proof. We follow the argument from Theorem 2.1 in [7] (see also Lemma
8.2.1 in [4]). It is clear that

m m 2 —2 —2
(W%, = U™ 1%, MY P2 = M2 4 o(1),

(2.4) S F(W™)dx = Mf/(?—?) S FU™)dx = Mf/(p_2)
RN RN
m L 1Y, w/e-2)

For & € H'(RN,R"), we define the functional

m 1 ( = OF(W™)
J (45):; 828—m¢zdm7
RN i=1

where & = (¢1,...,¢y). Since g_qi = p(3_j-1 |u;| ) P9/ 9); |9 sign (u;),
applying the Holder inequality we get

7@ < § (S utn) S et o s
RN j=1 i=1
< § (o) () (S hed)
RN j=1 P =
:RSN(Z;|w}ﬂ|q>(p_l)/q<z;|¢i|q>l/qd$
= =
§< X (Zn]wﬂq)p/qdw)(pl)/p( S (Zn:|¢i|q)p/qd$)1/p
RN =1 RN i=1
:< X F(Wm)d:p)(p_l)/p< X F(®) d:c)l/p.
RN RN

It follows from (2.4) that

JM(P) < Mip—l)/(pﬂ)( S F(®) dﬂj‘)l/p_

RN
If ||@||g, =1, then
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VP L ;
AﬁsQ(@M @ @ o e 2 06 ) o

Hence 9
p - —
( | Fo) da:) < M@, = My
RN
Therefore, for such @ we have
J(P) < M)(\p—l)/(P—2)M)\—1/2 _ Mi)/(Q(p—Q)).
This yields
m 2(p—2
1T -1~ mmy < Mf\)/( (P=2),
We also have

M§/<p—2>

1 _
| FOv™)de = +o(1) = MY/ 4 o),

AN o Mf\’/(2(p_2))

By the Riesz representation theorem, there exists V" € E) such that
TB) = (V™ ), = | (vvmw +3 (s + 1)11;"@) dz
RN =1

and
[T g = V™| By

From this, we deduce
m m m||l— m m mi|— 2(p—2

(VoW W g, = T W W5 = MY P (1),

Hence
(V™ W), = MY Wy o(1) = MY o).

We can now write

V™ = W™, = IV IE, — 2007, V™) g, + W™ E,

— Mf/(P—Q) _ 2M§/(p_2) 4 Mz;/(p—2) + 0(1) — 0(1)'

Since

(W™, ) = | (vwmw + Zn: Aai + 1)w;n¢,-) dz

RN

__Z S 8F Wm ¢de_(Wm ) )\_<Vm7¢)E)\’

=1 RN
we get [(JA(W™), )| < |[V™ — W™| g, and the result follows. m
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This lemma shows that if U is a minimiser of (2.3) then M;/(p_Q)U is a
solution of system (1.1).

Let {U™} be a minimising sequence for (2.3). Since U™ is bounded
in F, we may assume that U™ — U in E. We now define the following two
quantities:

Qoo = lim lim sup S FU™)dx,

R—o00
m—00 o[>R

n
Boo = ngrolo lirrnnjélop S (]VUm]2 + Z(Aaj + 1)(u;n)2> dx,
|z|>R Jj=1
which measure the loss of mass at infinity of a weakly convergent sequence
U™ (see [4], [5]). It is clear that both as and [ are finite.
We now note that the infimum M), defined by (2.3), is bounded inde-
pendently of A > 0. Let

M, = inf{ [ (Vul? + ) de: § [uPde=1,ue H&(QZ-)}.
.Qi Qi
Testing M) with vector functions nonzero in the jth component, (7]- =
(0,...,0,u,0,...,0), where u € H}(£2), we derive the estimate
(25) M,\ S min Mj.
7j=1,...,n

In the proof of Theorem 2.2 below, we shall use only the second part of
assumption (A), namely that the measures of the sets F} are finite.

THEOREM 2.2. There exists A > 0 such that problem (1.1) has a solution
for A > A.

Proof. Let {U™} be a minimising sequence for M. It is sufficient to
prove that {U™} is convergent up to a subsequence in E. It follows from
(2.5) that there exists a constant K > 0 such that

i (yVUmy2 +3 (a; + 1)@;@)2) dr < K
RN Jj=1
for all m. We may assume that U™ — U in E. Then for each 1 < j <n,
1
m\2
. . <
(2.6) \ (u])d:c_/\MO+1
{lz|>R, aj(z)>Mo} RN
m m 2/p 1-2/p
(2.7) S (uf )2de < ( S | ]pdx> ( S dx)
{lz|=R, aj(x)<Mo} RN {lz|=R, a;(x)<Mo}
< Cl{z = R} n{a;(z) < Mo},

where C'is a constant depending only on K.

. M2y < —
| (Aaj + 1)(u))?da < YT
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It follows from assumption (A) that
(2.8) Hlz| > R} N{aj(z) < Mo} -0 as R — oo.
Let 6 = (2* — p)/(2* — 2). Applying the Holder inequality we get

| oppde<(§ pppd) (] e de)
lz|>R |z|>R lz|>R
<c( | ()2 dz + S (uy? dx)?
{|lz[=R, a;(z)>Mo} {|z|>R, a;(z)<Mo}

Using (2.6)—(2.8) we see that there exists A > 0 such that as, < 1 for A > A.
We now observe that
1= lim | F{U™)de= | F(U)dz + ac.

To complete the proof, we need to show that a, = 0. Assume that 0 <
s < 1. Let ¢p € CY(RYN) be such that ¢p(z) = 1 for |z| > R+ 1,
¢r(x) =0 for |z| < R and 0 < ¢r(x) < 1 on RY. By Lemma 2.1, we have
(JLUmMYe=2)) g/ (e=2)¢2) — 0 as m — oo uniformly for large R.
From this we deduce that

(29) ﬁoo = M)\Oéoo.

On the other hand, by the Sobolev embedding theorem, we always have
M)\a?x/)p < Poo. Combined with (2.9), this implies that as > 1, which is
impossible, and this completes the proof. =

Theorem 2.2 can be extended to solve (1.1) in the case A = 0.

PROPOSITION 2.3. System (1.1) with A\ = 0 has a solution attained as a
minimiser of the variational problem (2.3) with A = 0.

Proof. We use the following fact known as the vanishing lemma (see [8]):
if {uy,} is a weakly convergent sequence in H'(R") such that

liminf sup S uZ, dz =0
m—00 yERN B(y,R)

for some R > 0 then u,, — 0 in L*(RY) for all 2 < s < 2*.

Let {U™} be a minimising sequence. We may assume that U™ — U in
HY(RN R™).

If liminf,, oo SUPycrN SB(%R)(U’”)2 dr = 0, then by the above result,
ut, — 0 in LP(RY) for each 1 < i < n. Since §ox F(U™)dz = 1, this
is impossible. Therefore, there exists a sequence {y,,} C R such that
SB(OR)(Um(a: + Ym))2dx > n > 0 for every m and some n > 0. Up to a
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subsequence, we have U™(- + y,) — U # 0 in H'(RY,R"). Let
foo = lim limsup V (VU™ + (U™)?) dx

—X0 m—oo | \>R
T

and let a be as in the proof of Theorem 2.2. We have
S FU)dr+ asx = 1.
RN
To complete the proof, we need to show that a, = 0. In the contrary

case, 0 < ao < 1 since U # 0. Repeating the final part of the proof of
Theorem 2.2, we show that 8, = Mpas. On the other hand, it follows
from the definition of My that Moa 2P < Go.

Combining the last two inequalities we derive that as, > 1, which is a
contradiction. =

Let
My, = inf{ S (|Vul? + (Aa; + 1)u?) dx : S lulPde =1, u € Hl(RN)},
RN RN
1=1,...,n.
PROPOSITION 2.4. Let q > 2. For every A > 0, we have
My = min M, ;.

j=1,...n

Proof. Let U € HY(RY,R"). Then

5 ()™ ] = {[§ (3 bl 0]}

RN j:l RN

- /p12/
< {Z( S |u; |P dm)q p] ! (by Minkowski’s inequality)
i=1 RN

n
< Z ( S |uil? dm) A (by Jensen’s concave inequality)
i=1 RN
n
< Z M;ll S (IVui|* + Xa; + 1)u?) da.
i=1 RN

From this, we deduce that
~min M), ; < M,.

i=1,...,n
The opposite inequality follows as before, by testing M) with vector
functions of the form U; = (0,...,0,u,0,...,0), u € H}(RY). u
Suppose that min;—1 ., My; = M) j, for some jo. This means that if
wj, is a minimiser for M) ;,, then Wj, = wj,e;, is a minimiser for M), where
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e; is the vector (0,...,0,1,0,...,0) € R", with 1 as the jth component. In
fact, in Proposition 2.5, we show that these are the only minimisers in the
case 2 < q < p.

PROPOSITION 2.5. Let 2 < q < p < 2*. If q = 2, assume additionally
that My j, < My ; for each j # jo. Then the minimiser for My has the form
U = wjyejy, where wj, is a minimiser for M) ..

Proof. Let U = (u1,...,uy,) be a minimiser for My. Let u;,,...,u;, be
the nonzero components of U and suppose that k£ > 2. Then we have

k k

2/p

ZMAJS( | yujs\pd@ < | (yvm? +3 (Aaj, + 1)@) do = M, .
s=1 RN RN s=1

This yields

k
3§ fuprae)” <1,

s=1 RN

and the inequality is strict if ¢ = 2 by the assumption of the proposition.
On the other hand, we have

k k

p/a  1a/p a/p

1= [ S (Z|uj5|q> da:} §Z< S ]ujs\pda;> .
RN  s=1 s=1 RN

Since ¢ > 2, we get a contradiction. So it follows that one component of U

must be nonzero. Since M) = M) j, we must have U = wj,ej,. m

Ifag = ... = ap and ¢ = 2, we have n minimisers of the form ejw.
However, we obtain other minimisers with the form (cjw, ..., apw).

PROPOSITION 2.6. Suppose that ¢ = 2 and a1 = ... = a,. Then U =
(w, ..., apw) with o3 + ...+ a2 = 1 are the only minimisers for M,
where w is a minimiser of My ;.

Proof. Following the proof of Proposition 2.4, the chain of inequalities
must be equalities. According to Minkowski’s inequality, equality can only
hold if each component is a multiple of a common term. In order that
§en F(U)dx =1, we require 1" jo? =1. =

We now consider the case 1 < ¢q¢ < 2. As before, we set M) ;, =
minizl,n_,n M)\,i- Let
Alz) = ar(z) + ...+ an(:zs)7

n

M =inf { §(Vul+ (A + D) e § ol do =1},
RN RN
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PROPOSITION 2.7. Let 1 < q < 2. Then
n(q—Q)/qM)\’j0 <M, < n(q—2)/qM/[\A]_
In particular, if ap = ... = a, then M) = n(q_Q)/qMA,jo.

Proof. By the Minkowski inequality and the weighted mean inequalities
(see e.g. [9]), we have

(3 r)ae)" < [S(§ )]

RN =1 i=1 RN
[ n
n

n2/4 B
i=1

RN

q/2}2/q

IN

(M L (Ve + (Aai—l—l)u?)dfv)

i=1 RN

IN

<n a1Vl + (Aai + Du?) da,
RN =1

and this gives the estimate n(4=2)/4f Ajo < M)y. The other inequality follows
by testing My with U = (n="/9wy,, ...,n~Y%w,) where w, is a ground state
for M/[\A] "

We now examine the form of minimisers for M) when 1 < g < 2. We aim
to show that we cannot have minimisers of the form wej, or (aw, ..., apw)
for some w € H'(RY) and constants ;.

We commence with the observation that M) ; depends continuously on
a; in the sense of L/ (P=2)(RN) convergence. Let n € C(RY) with 0 <7 < 1
and supp(n) C B(0,1). We set

Mi\a] = inf{ S (IVu* + (Aa + 1)u?) dz : S lulPde =1, u € Hl(RN)},

RN RN
M = inf £ § (Vul? + a4+ Aen + 1)) da
RN

S lulPde =1, u € Hl(]RN)},
RN

where a(-) satisfies assumption (A) and € > 0 is a constant. Then for every
u € HY(RY), we have

§ nu?do < (§ /0 d:z:)(p_z)/ (] ]u|Pd:U)2/ ’

RN RN RN
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and consequently

—2
M < M <M e | § /07 da v

RN
We restrict ourselves to the case n = 2.

PROPOSITION 2.8. (i) Let a1 < az. Then there are no solutions of the
form (0, uz).

(ii) Let a1 < ay be sufficiently close to each other in LP/®=2)(RN) so that
2(a-2)/2 My 1/My2 < 1. Then there are no solutions minimising My of
the form (uq,0).

(iii) If a1 # aa, then there are no solutions of the form (aw,Bw) with
w € HY(RYN) and constants a, 3.

Proof. (i) If U = (0,u2) is a minimiser for M) then
My < | (IVuzl? + (Aaz + 1)u?) de = My, < 2022010 < 2@-2/2)y,
RN
which is impossible.
(ii) If U = (u1,0) is a minimiser for M) then
My < § (1Vur? + (ay + Dud) de = My, < 20 2/apr < ola=2/apg, .
RN
This yields My /My o < 2(2-2)/2 which is impossible.
(iii) If U = (ow, fw) is a minimiser with a # 0, § # 0 and w > 0, then
u; = av and ug = fv with v = ML/ (p=2)qy, satisfy
—Aup 4+ (g 4 Dug = (uf + ud)P=a/a 471
—Aug + (Aag + ug = (u? 4+ ud)P=D/a47 ",
From this we derive
(a1 — ag) = (af + 1) P~D/1(q872 — ga=2)yp~1
which is impossible. =
We remark that if a; is very close to, but slightly smaller than ag, then
all of (i), (ii) and (iii) can be satisfied, and the solution is a genuine vec-

tor function. Thus, ¢ = 2 appears to be an important threshold inducing
transitions in the vector nature of solutions.

3. Palais—Smale sequences for critical nonlinearities. Henceforth,
we consider problem (1.2) with p = 2* = 2N/(N —2) for N > 4. The best
Sobolev constant for the nonlinearity F' is defined by

Sp = inf{i | [Vui?de: U € DY2(RN,R"), | F(U)da = 1}.
i=1 RN RN
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According to Theorem 1.1 in [1], the constant S is attained by a function
U € DV2(RYN R™).

We commence by examining a sequence U™ whose norm ||[U™|| g, ~with
Am — 00 is bounded independently of m.

LeEMMA 3.1. Let [|[U™| g, < K for Ay — 0o and some constant K
independent of m. Then there exists U € HY (1) x ... x H}(§2,) such that
U™ —~U in E and U™ — U in L*(RYN,R").

Proof. We follow some ideas from [6]. We may assume that \,, > 1 for
all m. We have ||[U™|g < |[U™|E,, < K. Therefore up to a subsequence,
U™ = Uin E and U™ — U in L} _(RY,R™). Since for every § > 0 and
j=1...,n,

m m K
) S (u™)? dx < S aj(u] )degm
{a;(z)>4} {a;(z)=0}

we see that uj(z) = 0 almost everywhere on RV \ £2;. Since 9£2; are smooth,
it follows that u; € H}(£2;), 7 = 1,...,n. It remains to show that U™ — U
in L?(RN,R"). First we observe that
1
2 2
| (u)?da < T | Amaj () do <

Fs Fs

— 0 asm — oo,
m4V1Q

where Ff = RN \ Fj. For B¢(0, R) = R \ B(0, R) we have
Vo =)’ de < Cllul — w3 vy | B0, R) N F5 N — 0
B<(0,R)NF;
as R — oo uniformly in m. On the other hand, for each R > 0 we have
S (uf" — uj)*dx — 0,
B(0,R)
and the result follows. =

To proceed further we denote by Ai(£2;), j = 1,...,n, the first eigenval-
ues of the operator —A on (2; with Dirichlet boundary conditions.

Let A‘; = — A+ \a; be self-adjoint operators on L2(RY). Denote by (-, -)
the scalar product on L?(RY). We set
(Aiu, v) = S (VuVv + Aajuv) do
RN

for u,v € E. By ||A]| we denote the norm of the linear mapping in R™ with
matrix A = [a;;].
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PROPOSITION 3.2. Suppose that ||A|| < minj A\1(§2;). Then for every p
satisfying || A|l < p < minj A\ (£2;) there exists A(p) such that

n n
(3.10) Z(Aiuj,uj) - Z S ajrujug dx

> mjina‘,’;HUH%A +(n— ANV

foru e E and A\ > A(p), where
o — )‘1<~Qj) —H '
PooM) + 24
Proof. We follow some ideas from [6]. We commence by showing that for
every p satisfying 0 < pu < A1(£2;) there exists A;(u) > 0 such that
(1) (Aww) - pluu) > adlul for A > Ay(p).
We set ‘ ‘
al = inf{(Au,u) : u € Ej, |ulz = 1}.
We claim that for u € (0, A\1(§2;)), there exists A;(pn) > 0 such that
A+ A1 (825)
2

~ Arguing by contradiction, we can find a sequence \,, — oo such that
@y — a; < (p+A(£2;))/2 as m — oo. Let up, € Ej be such that [um[z = 1

ag\ > for X > A;(p).

and ((Ag\m - af\m)um,um) — 0 as m — o0. Then

lumlE, ,, = § (IVuml? + (1 + Anay)ur,) de

RN
= ((Aim - ag\m)uma um) + (1 + ag\m)lum@
<1 EA)
for large m and j = 1,...,n. It follows from Lemma 3.1 that there exists
U € H} () x ... x H}(£2,) such that U,, — U in E and U,, — U in
L*(RN,R™). Thus |ujls = 1 for j = 1,...,n. Moreover, we have
) 1Vl = agud) do < liminf § (IVe, | = o} (u,)?) do
RN RN
< liminf (A, = o}, ). ) =0
Hence (0
| V|2 de < o < “#1(]) < A (£2)).

£
However, this is impossible since § 2 u? dr =1 and \i(§2;) is the first eigen-
value of —A on {2;.
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We now write
(3.12) (Aiu,u) — [ S u? dx

RN
M(2) —p j 2p 12 j 2
= UG TRy T (W) — d
)\1(!2]-)+2+u( Au’u)Jr>\1(Qj)+2+/~t( a) MRSNu :

T A($2) +2+p M) +24p

RN RN

MUZ) —p g M(25) —p 2
= DG TR gl ) 4 NG TR d
>\1(Qj)+2+u( A )+)\1(Qj)+2+MRSNu !
SIS g M
M) +2+p

From (3.12) we derive the estimate

n ) n
Z(Ag\uj,uj) — Z Ak S UpU; dx
J=1 Jk=1 RN
n n
ijinoﬂ 2E,/\_ Z ajk S ukujdx—i—uz S u?d:c
gk=1 RN j=1RN
2
+ (n = [ADIU,

and the result follows. m
PROPOSITION 3.3. Let I\(U™) — ¢ < Sn/?/N and I} (U™) — 0 in Ef.
Then {U™} is relatively compact in E).

Proof. First we show that {U™} is bounded in E. To show this we use
Proposition 3.2. Indeed, for ||A|| < p < min; A1 (§2;), we know that

U™ ~ g (O™, U™) = %(Z(AJ up) = Y g § g de)

] 1 ],k:l RN
>mj1noHHU"‘HEA (1=l ADIT™ 5.

Hence {U™} is bounded in E) and we may assume that U™ — U in E). It
is easy to show that U is a weak solution of system (1.2). Hence

n n

(3.13) Z(Aiu],uj) — Z Ak S UjUL dx

J=1 J}k’—l RN
1
N PG PLe
i=1 RN i=1 RN
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We set w" = u' —uj and W™ = (wi",...,wy'"). Applying Brézis-Lieb’s

lemma, we get
\ FU™de = | F(U)dz+ | F(W™)dx + o(1),
RN RN RN
and from the weak convergence of U™ to U in E) we derive
(Al uf) = (g, uy) + (Afw], wy) + o(1)

and
n n
g ajk S uiuy dr = ; S wiwy' dx + E S ajrujug dr + o(1).

Therefore we can write

(r(um™,um ZAJA w4 ) (A, )

j=1
— Z aji; S w wi' dx — Z aji; S ujuy dx
7,k=1 RN 7,k=1 RN
~ \ Pyde— | F(W™)dx +o(1).
RN RN
It then follows from (3.13) that
S (A wiy = > ap | wiwptde = | F(W™)dz +o(1).
=1 ik=1 RN RN

Since {U™} is bounded, we may also assume that

n n

Jo,mo,m m, m
g (Aywi", i) — g ajk S wiwi' dr — b
J=1 Jk=1 RN

and
S FW™)dx — b.
RN
Similarly we have
1 1
¢+ o(1) = I(U™) = L) + (W™) = ,(U) + (5 - §>b+ of1).

It follows from (3.13) and Proposition 3.2 that I,(U) > 0. Hence
1

3.14 > —b.

(3.14) ‘=N

Taking A(p) larger if necessary, we may assume that MpA > p > ||AJ|. Let
A > A(p). Since |Fj| < oo, we have SFJ_(w;”)2 dx — 0 as m — oo. It then
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follows from the Sobolev inequality that

SF< | rovm) d:c) ” <Z | Ivwr? da

RN J=1RN
<>V IvepPde+> 0 | (Aay — p)(w])? do
J=1RN j=1Fy

< Z S |Vw;”|2d:1:—|—z S ()\aj—,u)(w;-")2 dx + o(1)

J=1RN J=1RN
n n

< Z S |Vwm|2dm—l—z S Aaj(w )Qdas— Z @k S wiwy" dr + o(1).
j=1RN j=1RN k=1 RN

Letting m — oo, we get

Spb?/%" < b.

If b > 0, this yields S5 N/2 < b. This combined with (3.14) givesc > N~1S,
which is impossible. Consequently, b = 0 and by Proposition 3.2, HWmH o\
— 0 as m — oo, and this completes the proof. m

N/2

4. Existence of solutions. At various points we use the following as-
sumptions on the coefficients a;(-):

(A1)  All coefficients a; vanish on a common set D, that is,
aj_l(O):D;é@, j=1,...,n
where D is a bounded domain in RY with a smooth boundary.
(A2) int(j_, a;l(O) # 0.
In what follows we denote by (2 a set equal to D if (A1) holds and equal

to int (7_; a; ~1(0) if (A2) holds. We shall also use the notation £2; = aj_l(O)
introduced in Section 1. We set
1 1 1
J'Q(U):52§\vuj\2dac—§ > aj | u ukdx—§§F(U)dx
j=10 jk=1 0 Q

for U € H}(£2,R™). A critical point U of I, is a solution of the Dirichlet
problem for (1.2) in {2, that is,

—Auj = Zajkuk; + f;(U) in £2,
k=1
uj(x) =0 ond, j=1,...,n

(4.15)

The solvability of problem (4.15) has been investigated in the paper [1] when
f is slightly more general. Let A\1({2) be the first eigenvalue of —A in 2.
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Define
n n
SF’Q:inf{ S V|2 do — Z aijujukdx:
Jj=14 J.k=1 n

U e Hy(Q,R"), | F(U)do = 1}.
0

Assuming that A is symmetric and ||A]] < A1(£2), by Theorem 1.1 of [1]
we know that if Spo < Sp, then problem (4.15) admits a solution. This
result will be used to derive the existence result for system (1.2) through
application of the mountain pass lemma. The above assumption will be
maintained throughout this section. It is easy to check that the functional
I, defined in Section 3 has the mountain pass geometry: there exist @ > 0
and p > 0 such that Iy(U) > «a for |U||g = o. We can also find W € E such
that |W||g > o and I,(W) < 0. The mountain pass level is defined by

Cx = ;g?org?%xl I)\( ( ))7

where I' = {y € C([0,1], E) : v(0) = 0, v(1) = W}. It follows from the
definition of ¢, that

¢ < inf  max I)(tU)
UeF\{0} 0<t<oco

R 7y Sen (V12 + Aaju?) de — Y7y agi S ujug da) N2
~ N veE\{0} (Spn F(U) da)(N=2)/2 '

Since aj(z) = 0 on §2, j = 1,...,n, we deduce from the above inequality
that

o < 1 inf (Z?:l SQ |Vu|? dz — Z;k:l Qjk XQ UjUg da?)N/z
"= N veHl(QRM)\{0} (§, F(U) dz)(N=2)/2 '

Thus, if Spo < Sk, then ¢, < SN/2

the following existence result:

/N. Applying Proposition 3.3, we get

THEOREM 4.1. Suppose that

(4.16) SF7_Q < Sf.
Then problem (1.2) admits a solution.
Let

(VY — 22
=

The function w, called an instanton, solves the equation

—Aw = |w* 2w inRY.
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It is well known that the best Sobolev constant S, defined by

S = uepl,iz% o) | IVul* da,

RN
is attained by w. Every positive minimiser for S has the form T: ., =
5(2_N)/2w(%) for some € > 0 and zg € RV.

We have the following minimisers for Sp:

PROPOSITION 4.2. Ifq > 2 then Sp = S is achieved only by U =T 5 e;,
for any e >0, zg € RV, 1 < j < n.

If ¢ < 2 then Sp = n@=2/48 s achieved only by U = (n‘l/quOﬁ, e
n=19T,, ), for any e > 0, o € RY.

If ¢ = 2, then Sp = S is achieved by (1Tyqe, ..., 00T ), where
S a2=1,0<aq; <1, for anye >0, 9 € RY.

Proof. Lemma 3 of [1] implies that Sp = S if ¢ > 2. Following a method
of proof similar to that of Proposition 2.4, we note that Jensen’s inequality
for concave functions is an equality if all elements in the sum are zero, apart
from one element.

The proofs of the remaining parts follow the methods of Propositions 2.4
and 2.7. For ¢ < 2, we note that the weighted mean inequality in the proof
of Proposition 2.7 is only an equality if all elements in the sum are identical.
If ¢ = 2, we note that equality holds for Minkowski’s inequality in the proof
of Proposition 2.4 only if each element in the sum is a multiple of a common
term. m

We have the following result:

COROLLARY 4.3. Suppose that F(U) = (30, |wi|)¥/2. If ¢ > 2, as-
sumption (A) holds and a; > 0 for some i, then problem (1.2) admits a
solution. If ¢ < 2, assumption (A2) holds and szzl a;j > 0, then problem
(1.2) admits a solution.

Proof. Since the mountain pass geometry has been confirmed, we only
need to verify (4.16).

If ¢ > 2, then
inf { Z S (|Vu;? + )\aju?) dx — Z ajk S wjuy do
J=1RN jk=1 RN
we H®RN,R"), | F(U)dz = 1}
RN
Vul?dz — a;; u? dx
< inf b, [V . SQZ <8S.
wety(@)  (§g, [uf* da)?/2

The last part of this estimate follows from [3].
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If ¢ < 2, let zg € ﬂj §2;, and let 7 be sufficiently small that B(zo,r) C
N ; §2;. Define u. = ¢y 4y 1% 2, Where ¢, 5, is a smooth function which is zero
on RV \ B(zg,r) and one on B(zq,7/2). Let U = (n~Yu,, ... ,n~Y,).
Then the Brézis—Nirenberg estimates give

> § IV de = ! 215N/ 4 O(N2),
J=1RN

n=2/ Z aije?log(e) + O(e?), N =4,

n

ajk S wjuy dr = M
jk=1 RN n=2/4 Z aije? + O(eN72), N =5,
ij=1
" p/a
( § D fuyl dx) = SV2 1 0(eM),

RN j=1
giving Spo < Sp = n@=2/43. o

We remark that if A is a matrix consisting not only of diagonal elements,
then the solutions possess a genuine vector structure. Suppose we seek so-
lutions of the form uej, u € H'. Suppose that ay; 7 0 for some k # j. Then
the kth component of the elliptic system is

Ozakl><O+...—|—akjuk+...—|—akn><0,

giving u; = 0 and yielding only the trivial solution.
If ¢ < 2, and A consists only of diagonal elements, then the mountain
pass solution possesses a genuine vector structure.

THEOREM 4.4. Let 1 < q < 2. Suppose that for each 1 < ¢ < n,
aii| 2N < S(1 — nla=2/9). Then there exists N\g > 0 so that for each
A > Ao, the ground state (mountain pass) solution has a genuine vector
form, that is, it does not take the form ue;.

Proof. By Proposition 4.2, the bound for the mountain pass level is
1 1 a—2n
o< Loy Lzton
If U is a solution, then (I}(U),U) = 0. Suppose that U = ue;. Then
L(F) = fan (1Vul? + Aaju® — aj;u?)\ /2
TN (e [P )2

1 : SRN [Vul* dx . SRN (Aaj — ajj)u2 daz\ /2
inf, o 1 \2/2 i (Vo [al® da)2/?
u€ (S]RN |l d:v) u€ RN
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1 ( S (a5 — Aaj)u? dfff>N/2
Z NT S - 5 * *
N wert (Sg [ul* dz)?/2

Let I; = {z € RY : a;; > Xaj(z)}. For X sufficiently large, this set is of
finite measure by assumption (A). Furthermore, |I;| — [£2;] as A — oc.
Now,

aii — Aau2 dr S ‘(a~—)\a-)u2dm
sup $p (a5 2* J)Q L < sup r;\%43 . j v
. G W AP < S0 (Tl d
SF u?dx
< s 2/N
< 2 O < I
J

where the last step follows by Hélder’s inequality.

Thus, I\(T) > N='(S — aj;|T|>N)N/2. For A sufficiently large, || is
arbitrarily close to |£2;]. Thus a contradiction arises as I)(U) exceeds the
mountain pass energy for any element U of the Nehari manifold with only
one nonzero component. m

We now examine the behaviour of solutions to (1.2) as A — oo.

THEOREM 4.5. Suppose that the assumptions of Corollary 4.3 hold. Let
Am — 00 and let {U™} be a sequence of corresponding mountain pass so-
lutions of (1.2), such that I (U™) — ¢ < SN/2/N. Then, up to a subse-
quence, U™ — U in E and U € H} (1) x ... x H}(£2,). If (A1) holds, then
U is a solution of (4.15). In particular, if aj_l(O) = §2; and §2; are pairwise
disjoint then u; (meaning the jth component of U) satisfies:

—Auj = ajju+ fi(u;) in 2,

(4.17)
u; =0 on 012,

where ]?](uj) = £;(0,...,0,u;,0,...,0).

Proof. Since U™ g,z,, < K for some K > 0 and all m, by Lemma 3.1
we may assume that U™ — U in F and U™ — U in L*(RY,R"), with
U € H}(2,R"). Let wi =l —uj, W = (wl",...,wy"). From the proof
of Proposition 3.3 we have

> (A wiwi) = | F(W™)dx + o(1).

J=1 RN
We may assume that
nlinooz (AL wl"wi) = lim | F(W™)dz =0b.

m—00

RN
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We claim that b = 0. Assuming that b > 0, it follows from the Sobolev
inequality that

s( | rovm dx) - <Z [ (Vw2 de < 37 (A] wit,wi).
=1

RN J=1RN
Letting m — 0, we deduce from this that
(4.18) b> SN2,
On the other hand,

I, (U™) = I, (W™ + I, (U) = =) (A, wl",w) + 1, (U) + o(1)

:%Z(AJ W, W) + I, (U),

yielding b < Ne¢. Combining this with (4.18), we have a contradiction. Since
b = 0, we deduce from Proposition 3.2 that U™ — U in E.

It is clear that if a;l(O) = D for each j (that is, if (A1) holds) then U
satisfies (4.15). If aj_l(O) = (2; are pairwise disjoint, then if x € §2;, we have
fi(U) = £;(0,...,0,u;,0,...,0), which means that u; is a solution of the
Dirichlet problem (4.17). m

Finally, we make the following observation about the mountain pass lev-
els for I, and I;. Let us denote these by ¢y and cg, respectively. By Theo-
rem 4.5, we have limy_,, ¢y < ¢ < ¢g. On the other hand, by Corollary 4.3,
for each large A, there is a solution. So by Theorem 4.5, c¢ is achieved by Ig;.
Thus ¢ > ¢ with, necessarily, limy_,, ¢y = cg.

REMARK 4.6. A similar result can be derived for solutions of (1.1) ob-
tained through the constrained minimisation (2.3). In this case, the limiting
Dirichlet problem has the form

—Au+u=|ulP in §2,
u=0 on 0f2;.
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