ANNALES
POLONICI MATHEMATICI
109.2 (2013)

Asymptotics of solutions to the Dirichlet—Cauchy problem
for parabolic equations in domains with edges

by Vu TRONG LUONG (Sonla), NGUYEN MANH HuNG (Hanoi)
and Do VAN Lor (Thanhhoa)

Abstract. This paper is concerned with the Dirichlet—-Cauchy problem for second
order parabolic equations in domains with edges. The asymptotic behaviour of the solution
near the edge is studied.

1. Introduction. We are concerned with initial boundary value prob-
lems (IBVP) for parabolic equations or systems in non-smooth domains.
Such problems in domains with conical points have been studied in [3] 4} [5];
we investigated the solvability and asymptotics of solutions in a neighbour-
hood of the conical point. Solonnikov [I0] dealt with the Neumann problem
in domains with edges for the classical heat equation. By using the Fourier
transform to reduce the problem to an elliptic boundary value problem with
parameter, he proved the unique solvability and obtained coercive estimates
of the solution in a weighted Hoélder norm. Frolova [2] extended the solvabil-
ity results of [I0] to the case of boundary conditions involving derivatives
with respect to both space variables and time.

In the present paper, we consider the first initial boundary value problem
for second order parabolic equations in domains with edges. We modify the
approach suggested in [9, 3] to demonstrate the asymptotic representation
of the generalized solution of the problem in a neighbourhood of the edge.

Let 2 be a bounded domain in R", n > 2, with the boundary 9f2 con-
sisting of two surfaces I, I which intersect along a manifold 5. Assume
that in a neighbourhood of each point of Iy the set §2 is diffeomorphic to
a dihedral angle. For any P € [y, two half-spaces T1(P) and T5(P) tangent
to {2, and a two-dimensional plane 7(P) normal to [y, are defined. We de-
note by v(P) the angle in the plane 7(P) (on the side of £2) bounded by the
rays R1 = T1(P) N7 (P) and Ry = T»(P) N« (P), and by B(P) the aperture
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of this angle. Set Q7 = 2% (0,T), Sy = 0§2x(0,T) for each 7,0 < T < o0.
For each multi-index p = (p1,...,pn) € N, |p| = p1 + -+ + pp, the sym-
bol DPu = 9lPlu/daht - - - 9zl denotes the generalized derivative of order [p)
with respect to z = (1, ...,,); upm = 0%u/0t* is the generalized derivative
of order k with respect to t.

We denote by H'(£2), H'(£2) the usual Sobolev spaces as in [1]. We denote
by H.(82) (o € R) the weighted Sobolev space of all functions u defined on
{2 with the norm

||u”§{é(9) = Z S(T2(a+‘p|—l)‘Dpu|2 4+ |’LL‘2) dx
0<|p|<i £2
2= :1:% + x%
By Hl’k(QT,y),Hé;k(QT,fy) (v € R) we denote the weighted Sobolev
spaces of functions u defined on Q7 with the norms

k
3 gpm = ( > \Dpu|2+2|utjyz)e—wdxdt

Qr 0<|p|<l Jj=1

where r

and

k
||uHHlk Q ’Y) — S ( Z r2(0¢+|p|—l)|DPu|2 + Z|utj|2)e—’yt dl’dt
Qr 0<]|p|<l j=0

The space Ij[l’k(QT, 7) is the closure in H"¥(Qr,~) of the set of all infinitely
differentiable functions on Q7 which vanish near Syp.

Denote by L2(Qr,7), H.(Qr,v) the spaces of functions u(z,t) defined
on Q7 with the norms

lull? g = lulPe™ " dadt,
Qr

lullfry = D @PCTPEEDPu R 4 fuff)e " de dt.
0< |p|+k<l Qr

Notice that if T < oo, then we can omit the weight ~.
Let

L(x,t,@)u:—zai.<amxt >+Zb :Ut + c(z, t)u
igj=1 """ ‘

be a second order partial differential operator, where a;;(z,t), bi(z,t) and
c(x,t) are real-valued functions on Qr belonging to C°°(Qr). Moreover,
suppose that a;; = aj;, 7,7 = 1,...,n, are continuous in x € {2 uniformly
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with respect to t € [0,7") and

(1.1) > aij(@, )68 > pol¢l

ij=1
for all £ € R™\ {0} and (x,t) € Qr, where pp = const > 0. We consider the
problem

(1.2) u + Lz, t,0)u= f in Qr,
with the initial condition
(1.3) ulg=0 =0 on {2,
and the boundary condition
(1.4) uls, = 0.
Let us denote
- ou
B(u,v;t) = Z S a;j(z, t)8 (9301 Y dx +Z S vda:—i—g c(x, t)uv de,
1,j=1 2 i=1 {2 2

a time-dependent bilinear form. Applying condition ((1.1)) and similar argu-
ments to the proof of Garding’s inequality it follows that

(15)  Bluwt) 2 wolluling — Mollult,y,  ae.t e 0.7),

for all u € Ijll’l(QT, ), where pg = const > 0 and \g = const > 0. Without
loss of generality, we shall deal explicitly with the case when \g = 0, since
by the substitution v = e*tu, problem (1.2)-(1.4) can be transformed to a
problem with Ag = 0.

We denote by (-,-) the inner product in La({2). A function u(z,?) is
called a generalized solution in HYY(Qr,) of problem (T1.2))—(T.4)) if u(x,t) €
HYYQr,7), u(x,0) = 0, and the equality
(1.6) (u¢,v) + B(u,v;t) = (f,v), ae.te€0,T),
holds for all v € H'(2).

2. Preliminaries. In this section, we will present some results on the
well-posedness of the problem in weighted Sobolev spaces and the regularity
in the time variable.

THEOREM 2.1. Let f € H2(Q7,%), 70 > 0, a € [0,1], and suppose the
coefficients of the operator L satisfy
sup{|aij|, |aijel, [bil, |e] = 4 j =1,...,m (z,t) € Qp} < pu.
Then for each v > o, problem (1.2 . ) has a unique generalized solution
w in H YQr,7), and the followmg estimate holds:

(2.1) 21 0pm) < C 1200
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where C is a constant independent of w and f. This solution depends con-
tinuously on f.

Proof. Firstly, we will prove the existence by Galerkin’s approximation

method. Let {w;;}7°, be an orthogonal basis of H 1($2) which is orthonormal
in LQ(.Q) Put

N
= Z CN (t)wp (@
k=1

where O (t),t € [0,T), k =1,..., N, is the solution of the following system
of ordinary differential equations:

(2.2) (uiv,wk)—kB(uN,wk;t):(f,wk.), te0,T),k=1,...,N,

with the initial conditions

(2.3) cN0)=0, k=1,...,N.

Multiplying ([2.2) by C,iv (t), then summing over k from 1 to N, we arrive at
(uf u™) + B, u™;t) = (f,u”),  t€[0,T).

This can be rewritten in the form

d
(2.4) @(IIUNH%Q(Q)) +2B(u™, u;t) = 2(f,u").

By the Cauchy inequality and the Hardy inequality, for all o € [0, 1] we have
25)  |(f )] < M fllao lruMa00) < Cl g lIr™ u™ a0
< CIf g ™l (o) < C( If Iz () +ellu™ I )

for any small e, where C' = C(¢) is a constant independent of N, f,¢. Com-
bining the estimate above and (1.5)), we deduce from ([2.4)) that

d
(26) (e (DI ) + 200 — e () By < CUFC D g

for a.e. t € [0,T). Multiplying (2.6) by e, then integrating with respect
to t from 0 to 7, 7 € (0,T"), we obtain

T T

_afd -
e ’Yt(dt”uNH%m)) dt +2(0 = &) e 1) dt < Ol Flrg @m0
0 0
Notice that

T ~ d T d T .
fe 7t(dt||uNH%2(rz)) = (NG 0) dt + Y e N g dt
0 0 0

= e N (@, )17, + 7 e NN g dt > 0.
0

H~
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The inequalities above yield

T

@7 e Y B o)dt < Cl a7 € (0.T).
0

Since the right-hand side of (2.7)) is independent of 7, we get

(2.8) 1™ 0(rm) < CllF 0 @m0

where C' is a constant independent of u, f and N.

Multiplying (2.2)) by e*thC’éV /dt, then summing over k from 1 to NV, we
obtain

(2.9) e (u ul) + e BN, uit) = e (f,u))
for a.e. 0 <t < T. To simplify notation, write u,, = du/0x;; then

n
(210) e "B i) = | 37 e Maguu, de
Nij=1

n
+ (S szugui\f dx + S cul¥ul dm)e gk
Qi=1 Q

=T+ 1le "

It is easily seen that
1 "9 Oe a;;
(2.11) I=- S Z —e” Vta,]uNuiV] dx — = S Z o —_— ]\; Ndx

t 2 z
m,; 1 0 Qi,j=1

Furthermore,

11| < GOl IF @) + ellur’ I, 0)

|(Fui)l < CONfIZy) +elud 12,0
Combining the above inequalities and (2.9)—(2.11f), we deduce

n

_ 1 0
e lud 17,0 + *S > i Magjuy ugy ] da
21,7=1

< C(e)e a3 ) + 11 Zy2)] + 2ee " luf 17,0

1 " de g
ij N, N
+§S,,278t Uy Uy, dx
214,5=1
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Since a;j, Da;j/0t, e~ 7" are bounded, using Cauchy’s inequality, we get
—vt,, N2 1 9 —t N _ N
(212) e Iy + 5 ) D0 File M aiuz s de

< Cr()e M o) + IF 11T, ()] + 2e7 [l 12,0

Choosing ¢ = 1/4, then integrating (2.12)) with respect to t from 0 to 7
(0<7<T), we find

()
(2.13)  [jud HL2 Qs ) —i—S Z Sa— e 7tawu wl]drdz
214,j=10

N
< Ol 0y + 1125000 )
By a simple calculation using (|1 , we obtain

||ut HLZ QTv’Y) S C[HUNHHl 0(Qr) + ||f||L2(QT 'Y)]
Letting 7 — T" and using we find that

(2.14) ”ut ||L2 (Qr,Y) CHfH?{O(QT,'yo)’
It follows readily from (2.8) and (2.14) that
(2.15) HuNIIHu @r < Cl 2@ a0y

where C is a constant independent of u, f and N.

According to , by standard weak convergence arguments, the se-
quence {u?V}_, has a subsequence convergent to a function ue H LQr,7),
which is a generalized solution of problem ([1.2 . Moreover, it follows

from (2.15)) that inequality (2.1)) holds.

Finally, we will prove the uniqueness of the generalized solution. It suf-
fices to check that the only generalized solutlon of problem (]1.2] . . with

f=0is u=0. By setting v = u(-,t) in (1.6 (for f =0), we get
d
(- >||2>+2B<u,u;t>=o.

By (L.5)), we have

(||u|]L2(Q)) + 2u0||u||H1 y <0 forae tel0,T).

Since uly—g = 0, it follows that © = 0 on QT. By (2.15} -, we also see that the
solution u depends continuously on f. =

By the same arguments used in the proof of Theorem together with
inductive arguments (cf. [3]), we obtain the following theorem:

THEOREM 2.2. Let h € N*, and assume that

(i) sup{lagjpsrl, byl leg] s i, 5 =1,...,n; (2,t) € Qp, k < h} < p,
(i) fue € HY(QT,7v0) for all k < h; fu(x,0) =0 for all0 <k < h— 1.
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Then for each v > 79, the generalized solution u € fOILl(QT,’y) of problem
(1.2)—(1.4) has derivatives with respect to t up to order h, and

(2.16) luen 71,1 (Qpm) CZ £ 1320 (@0

where C' is a constant independent ofu and f-

3. Regularity of the generalized solution. We reduce the operator
with coefficients at P € ly, t € [0,T),

@) - 02
Ly = — a;i (Pt
0 Z U( ’ )81‘1'8.1?]'7

i,0=1
to its canonical form. After a linear transformation of coordinates that re-
alizes this reduction, T} and T4 go over into hyperplanes 7] and T3, respec-
tively, the angle between which is denoted by w(P,t). It is easy to see that

w(P,t) does not depend on the method by which LéQ) is reduced to its canon-
ical form. The function w(P,t) is infinitely differentiable, and w(P,t) > 0.

THEOREM 3.1. Let the assumptions of Theorem be satisfied for a

gwen positive integer h. Furthermore, let o € [0,1], 1 —a < 7/w. Then the
generalized solution u € HYY(Qr,v) of problem (1.2)-(1.4) has derivatives
with respect to t up to order h, um € Hi’O(QT,y) and

h
HuthH?{i’o(QTﬁ) = CZ HftkH?{g(QTﬁo)’
k=0

where C' is a constant independent of u, f.

Proof. We use induction on h. Firstly, we consider the case h = 0. It
is easy to see that u(-,tg), to € (0,7), is the generalized solution of the
problem

L(x,tg,0)u = F(x,tg) in 2, ulgn =0,

where F(x,tg) = f(x,t0) — w(z,t9) € H2(£2). From [8, Thm. 2], we get
u(-,to) € H2(£2) and

(3.1) [u(sto) 32 2) < CUF s to)F0 ) + 1ull7, ()]
< CllIf gy + luelZ, ) + lullZ,w@)-

Multiplying the above inequality with e~%7, then integrating with respect
to to from 0 to T and using the estimates from Theorem we obtain

luliz00grm < CI s @0 a0)

Thus, the assertion is valid for h = 0.
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Next, suppose that the assertion is true for h — 1; we will prove it for
k = h. Differentiating (1.2]) h times with respect to ¢, we find

h—1
k

(32) Luth — fth - uth+1 - ;} (h) Lth—kUtk =. F
By the assumptions of the theorem and the induction assumption, this im-
plies that fn € HO(£2), up+r € Lo(2) € H2(2), a € [0,1], and uw €
HY(02), k < h— 1. Therefore, F(-,ty) € H2(§2) for a.e. ty € (0,T). By using
again [8, Thm. 2], we get u;n € H2(£2) for a.e. tg € (0,T) and
(33)  llunlzio) < ClIFIH o)

h—1

< C[Hft"”?{&(!)) + w700 + D Hut’“H%g(Q)]
k=0

Multiplying (3.3]) with e~%7, then integrating with respect to to from 0 to
T and using again the estimates from Theorem we obtain

h
”uthH?ﬁ’O(QTﬂ) = CZ 1fee HJQLIQ(QTKYO)’
k=0

This means that the assertion of the theorem is valid for k = h. n

THEOREM 3.2. Assume that f,f; € H!Qr,%0), fu(x,0) = 0 for all
k<h-—1, and
h+l—-—a<rn/w, acl01].

Then the generalized solution u of problem (1.2)-(T.4) is in H2t"(Qr,~).
Moreover,

Ba) sl Zaenio, ) < CUMm@pm + 1)
where C' is a constant independent of u, f.

Proof. We have
lullfz i@y = D § OHOTPHR2D w4 fuf?)e ™" da dt

Ip|+k<2 QT
_ Z S (r2@tlel=2) DPy 2 4 |y[2)e ™ da dt
lp|<2 Qr
n Z S 2(a4|p|—1) |Dput| Je~ M dx dt + Sr2°‘|utt|2e_7td$dt
pI<1 Qr Qr

= [l 2000, -+ Nuelpn00, oy + it g 0r )

2
_ 2
= 3 luelEsn
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Therefore, u € H2(Qr,7) by Theorem Moreover, we have

2
2 2 2
1ullzrz (@7 ) kZ_O ”Utk||H2 B0 Qg ) = CULS 0 (@r o) T el E0 (@1 00))-

Thus, the assertion is valid for h = 0. Suppose it is true for h — 1. It is easy
to see that

h+2
(3.5) ”UHJQLIEM(QTW) = kzo ”utkHiIgmfk,o(QTﬁ)-
We will prove that
(3.6) uw € H2780(Qr.~),  k=0,...,h,
and
k
BT el ) < CZO 7o Wvo gy # S I
o=

By using Theorem this holds for & = h. Suppose that it holds for
k=h,h—1,...,5+ 1; we will prove it for k¥ = j. Returning once more to

(3-2) (h=7), we get

-1 .
J
Luy; = fi; — g — E <k> Lugj—wupe =: F7.

k=0

Notice that f,; € H"(2) Hh_j(Q) for a.e. t € (0,T") (by the assumptions
of the theorem), uy+1 € Ho 9T (2) € HE7I (1) for ae. t € (0,T) (by
which holds for k = j + 1), up € HF(2) c HY 7(2), k=0,...,j -1
(by the induction assumption for k = h — 1).

This implies that Fy(-,¢) € H:(£2) for a.e. t € (0,T). From [§, Thm. 2],
we obtain

€ H"20(2)  for ae. t € (0,T)

and

(38) HuthiIngZ*j(Q) é CHFlHHZ*J(_Q)
< ClIPyes gy + T sy + 0 Mt s ]
k=0

Multiplying (3.8)) with e™7, then integrating with respect to t from 0 to T
we arrive at

12 2
[ ‘|HZ+2_j’O(QT7'Y) ¢ kzo I fee ||H2_j’O(QT,’Yo)'
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This means that (3.6) and (3.7) are true for k = j, so they hold for all
k=0,1,...,h. From (3.5)), we get

h+1
2 2
HUHHQH(QTW) = Ckz—o ”ftk”Hg_k’O(QTﬁo)

= O @) + 1ellEn (00
The proof is complete.

4. Asymptotics of the solution in a neighbourhood of the edge.
In the previous section, we have seen that if k+1—a < 7/w, o € [0, 1] and
fo fe € H¥(Q7,70), then the solution u is in H2T*(Qr,70). Now we study
the solution in the case m/w < k + 1 — «. In this case we can obtain for u
an asymptotic representation in a neighbourhood of Iy : 1 = 9 = 0. To
start, we denote y1 = x1, y2 = T2, ¥y = (Y1,Y2), 2i = Tit2, 2 = (21, .-, 2n—2),
r =z} +x3; (r,¢) are the polar coordinates of y = (y1,y2) € 2, = 2N{z =
const}. Set Q. = 2, x (0,T).

LEMMA 4.1. Suppose that the following hypotheses are satisfied:

(i) fes € HQ’O(QT,’VO) for all s < h; fis(2,0) =0 for all s < h—1.

(i) k—a<7m/w<k+1l—a<2r/w, acl0,1].
Let u be the solution of f with u = 0 outside some neighbourhood
of lo. Then

u(y, z,t) = c(z, )r™/“d(z, 0,t) + u1 (y, 2, t)

where ¢is € La(Qr,7y), © € C* and (uy)s € H§+2’O(QZ,T,7) for all s < h.

Proof. Using (i), we deduce from Theorem [3.2 that us € HE ™ *(Qr, )
for all s < h, in particular, u, € H¥(2) and ug, € H¥ () for a.e. t € (0,T).
On the other hand, we have

Lu, = fz — U, — Lyu =: fl

"9
LZZ_Z(%‘ < zyz )+szz ] Cz

3,7=1

where

and f; € H*=1(0) for a.e. t € (0,T). Using Theorem we obtain u, €
HE1(0) for ae. t € (0,T). Therefore, equality (1.2) can be rewritten in
the form

(4.1) LPu=F

where F' € HE(2) for a.e. t € (0,T). Now we can apply Theorem 1" of [I]
to get

(4.2) uly, z,t) = ez, ™ “D(z, ¢, 1) + ur(y, z,t)
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where & € O, u; € HE2(£2,) and

le(2,0)1* < CUIF 1k .y + ullT 40,
lryasayy < CUEI e + uldyi0,). =€ lor t € (0.7).
Hence, ¢ € Lo(Q1,7), u1 € H§+2’O(QZ7T, 7). This implies that the conclusion
holds for h = 0. Suppose it is true for h — 1; we will prove it for k = h.

Denoting v = u;n, and differentiating (4.1) h times with respect to t, we
find

h
h
(4.3) L((Jz)v = Fyn — Z <j>L(()2uthj.

Jj=1

Setting Sy = r™/“®, we have

1) 5 (M r@uss =5 (M) 12(es - ()1
(4.4) Z j Otjuth—j—z j Otj(c 0)¢h—i +Z j Otj(ul)th—j-

The first term of the right-hand side of (4.4)) can be rewritten in the following
form:

"R o WY o (A -
S0t = S (up(E ()
j=1 j=1 i=0

h—j .
h h—j

j=1 i=0
h h—j .
h h—j

j=1 i=1

" (h
+z(%wmm

Jj=1 J
h h—j .
h h—7j
=Z() (,yMJ@%
J/ < t
7=0 =1

b , b ,
+ Z ( .)CthjL(()t350 — Z (Z,>CthiL(() )SOti
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From the assumptions of the lemma and the inductive assumptions, this
implies that I} € H¥(£2,). Hence, from (4.4) we obtain

" (h " (h
Z (])L(()iguth Jj — F2 - Z <Z>Cth—zLé2)SOtz

j=1 i=1
where Fy € HE(£2,). Employing the equality above, we infer from (4.3)) that

(45) 2)’0 = F3 + Z ( )Cth 7,L SOtl

Thus,
" (h
2
Lé ) (U — Z (Z,)Cth—iSOti) = Fg

i=1
where F3 € HF(2,). Analogously to the case h = 0, we get

v — Z < >Cth zSOt’L — d(Z t)SO +U2(y72 t)

Therefore,
h

h
(4.6) Uph = Z <i>CthiSOti +d(z,t)So + ua2(y, 2, 1)

=1

where d € La(Qr,70) and ug € HET? O(QZ 7). By the assumption (i), this
implies that wu is differentiable with respect to t. Then, we can see that the
functions ¢(z,-) and wu;(-,t) are differentiable with respect to t. Combining

and , we conclude that
e =d € Lo(Qr,v), (ur)m = ug € H20(Q, 7,7).
The proof is complete. u
Next, we have the following theorem.

THEOREM 4.2. Suppose that the hypotheses of Lemma[A.1] are satisfied.
Then the following representation holds:

u(z, t) = c(z, )r™/“®(z, o, t) + ui (z, 1)
where ¢;s € H P20 (Qr,7) and (u1)s € H§+2’O(QT,7) for all s < h.

a+7/w
Proof. From Lemma we have the representation:
(4.7) (@, t) = ez, )™/ P(z,t, ) + wi (. t)

where ¢;s € Lo(Qr,7y) and (uq)es € H§+2’0(Qz’T,'y) for all s < h. Consider
the differential operator

o 10

D=2 422
! 8r+r(9<,0’
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in the coordinates x1, xo, it is

0 0
Di=®1— +Py—
1 18x1+ 2&1:2

where @1, @, are infinitely differentiable. From representation (4.7)), we find
(4.8) Diu = Ze(z, )™ Py (2, t, 0) + Dyuy (. t).

w
Moreover,

k+2
2aa+u1

4.9) wu € H*20(Q, 1,7), (7’
(4.9) o (Qa1:7) QS Ozt oxh?

)e_'yt dx1 drs dt < 0.

By arguments analogous to the proof of Lemma [4.1] we obtain
Uy, u € H0(Qr, 7).
Therefore,
(D1u): € HX*(Qr,7),
(4.10) | (PO P|(Dru).le dedt < | (2 f17)e " da dt < oo.
Qr Qr
Combining and , we get

r~™ Dy € Hzivlr’/owﬂ(Qz,T’V)» Tt (D). € Hsjr?lT’/Ow—l(QT’W)'

On the other hand, equality (4.8]) yields

(r—ﬂ'/w-i-lDlu)y _ (T—W/w-i-lDlul)y.

Consequently,

_ k+1,0
(4.11) r M Dy e Hy Dl (Qr,7)-
Now write

c1(z,t) = %r_”/wHDlu@g.

Then (4.11]) implies ¢ € Hiii,/owq(QTﬁ)' From Lemma 2 in [9], we con-
clude that there is ¢ € H*T*? (Qr,~) with (¢1)s € H* 20 (Qr,) for all

a+m/w atm/w
s < h such that

(4.12) S (ler — & |2r2letm/w=k=2)) =7 g dt < oco.
Qr

Ultilizing (4.8)) and the fact that u; € H§+2’O(QZ7T,7), we get

(4.13) S (lc — ey [Pr2letm/w=k=2))e=7 4o dt < co.
Qr
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We can rewrite representation (4.7)) in the form
(414) U(ZL‘, t) = Aél (ZL‘, t)rW/wé(zv 2 t) + [C - El]rﬂ—/w¢('z7 2 t)

= ¢1(x, t)rw/“’@(z, o, t) + ua(x,t)

where uy € HY™(Q.r,7) for all z € ly. Since u is differentiable with
respect to z and ug = u — ¢&177/“®, we see that Luy € HF(£2) and

S POk =2) |y | da < oo.
0

By Lemma 2 in [7], we obtain uy € H2(£2). Hence, us € HE2°(Qr, 7).

To prove (ug)es € HET2Y(Qp,) for all s < h, we can use arguments

analogous to the proof of Lemma n
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