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A Littlewood—Paley type inequality with
applications to the elliptic Dirichlet problem

by CAROLINE SWEEzY (Las Cruces, NM)

Abstract. Let L be a strictly elliptic second order operator on a bounded domain
2 C R™. Let u be a solution to Lu = div f in 2, u = 0 on 9f2. Sufficient conditions on two
measures, 1 and v defined on {2, are established which imply that the L(§2, du) norm of
|Vu| is dominated by the LP(£2, dv) norms of div f and |f|. If we replace |Vu| by a local
Hoélder norm of u, the conditions on g and v can be significantly weaker.

Introduction. The intent of this paper is to establish sufficient condi-
tions on two measures, p and v, defined on a bounded domain {2 in R",
n > 3, so that

@ (§IVu@au) " < o[ (div Fap + 1Fe)p) av()
[0} 9]

1/p

if 2 < p<q<2+e, for any function u(x) that is a weak solution to

—

Lu(z) =div f(x), =€ 2,

u(z')|oe = 0.

Here {2 is assumed to satisfy an exterior cone condition, ]F € HY(£2), and

= ¥ g (wtr)

1<i,j<n
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is a strictly elliptic divergence form operator, in other words,

Z Eiai;(2)€; > AP for some A > 0 and all z € £2.

1<i,j<n

L’s coefficients are assumed to be symmetric, a; ;(x) = a; ;(x), and bounded
and measurable on (2. Since {2 is bounded, for u(f2) < oo and v(£2) < oo
(this is implied by the conditions that will be imposed on p and v), we can
extend (1) to be valid for indices 0 < ¢ < 2+ € and 2 < p < oo, simply by
using Hoélder’s inequality. The constant C' in (1) depends on {2 in any case,
so this does not restrict the result too much for the wider range of indices.
However, the presence of the gradient of u does introduce a restriction.
Following a suggestion of Professor Wheeden, we replace |Vu(z)| by a local
Holder norm of w at x, and prove sufficient conditions on u and v so that
for0 < g<oo,1<p<oo,

(2) (1@ du@) " < ¢ (§(aiv fa)p) avia)) "
2 2
" u(z) — u(y)
~ w u(x) —u(y
(@)l = sup ==,
where

Plx)={z€2:|z;—z| <b(z),i=1,...,n},

0(x) = dist(x, 012).
The constant b < 1 is fixed and chosen so that both P(z) and nP(z) =
{z € 2:|z;—2z| <nbd(x),i=1,...,n} for ng >n > 1, ny > 4 fixed, are
Whitney-type cubes in {2 centered at x. Corresponding results for solutions
to the homogeneous Dirichlet problem

{Lu(:v) =0, ze
u(@)oa = f('),
are proved in [S].
Combining the results of this paper with those in [S] and [SW], and using

superposition, we have established sufficient conditions on measures y and

v on {2, and on a boundary measure, godw, so that for ||u(x)||, which denotes
either |Vu(z)| or ||u(z)| e, it follows that

@ (] @] du@) "

2

: C(((S)(\div fllr + ]f(a;)|P> dy(x))l/p + ( S lg(2")|"o(z") dw(m'))m)

o1
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for solutions to

Lu(z) = div f(z), =z € £,

u(z’)|on = g(z"),
if {2 is a bounded Lipschitz domain in R"”, n > 3. w = w™ is the elliptic
measure on 02 generated by L, measured from a fixed point x( interior
to 2. So for L = A, w is harmonic measure.

The method of obtaining the conditions on the measures follows that
of Wheeden and Wilson [WW] in using dual operator norms. This argu-
ment utilizes a norm inequality that derives from Littlewood—Paley theory.
The crucial Littlewood—Paley type inequality is proved in Theorem 1 for
functions of the form

h(x): Z)\JQO(J)<$), Aj ER,
JeF

using methods closely allied to those in [W], [SW]. The ¢ (z) are members
of a family of functions that have certain decay and cancellation properties,
and F is a finite family of dyadic cubes. The details about the ¢(;)(z) are
stated below in (a), (a’), (b) and (c). To prove the @) (z) satisfy the neces-
sary conditions, we utilize geometric properties of elliptic Green’s functions
on rough domains, proved by Griiter and Widman [GW] (see also [K]).

The results presented in this paper stem from a considerable body of
work. References for situations in which an inequality of the form

1/q 1/p
(4) (§Ivu@)du(@) ™ < (| lg@)rv(’) do())
0 o0

holds when u is harmonic are given in [SW]. The history for semi-discrete
Littlewood—Paley results is mentioned in [W]. Wheeden and Wilson dealt
with the case of the Dirichlet problem in the upper half space for harmonic
u(x). Sweezy and Wilson later found sufficient conditions for p and gdw to
ensure (4) for harmonic gradients on Lipschitz domains; they found that
similar techniques allowed them to deal with elliptic functions on rough do-
mains. A key part of their argument consisted in establishing a Littlewood—
Paley type inequality for functions of the form } ;Ao (s (2) with mini-
mal smoothness conditions assumed for the ;) and for the domain. They
accomplished this by an argument in the spirit of Wilson’s method of prov-
ing a semi-discrete Littlewood—Paley type inequality on R™ for smoother
functions (see [W]). The fact that the operator L has an associated ker-
nel function which has geometric decay was an essential ingredient to their
proof. It remains an important ingredient in the case of a solution to the
inhomogeneous equation.

In Section 1 of this paper the two main theorems are stated. To avoid
becoming immersed in technical details too early we leave the proof of The-



108 C. Sweezy

orem 1 until the last section of the paper. Section 2 contains the proof of
Theorem 2, assuming that Theorem 1 is valid. Theorem 3 for a local Holder
norm of a solution u instead of the gradient of u is stated and proved after
Theorem 2 in that section. Section 3 presents the proof of Theorem 1, the
Littlewood—Paley type inequality.

1. The main results. To state the first main theorem, the Littlewood—
Paley type inequality, we need to establish some definitions. First recall that
a measure o defined on a domain D is said to be A> with respect to Lebesgue
measure if for any cube Q C D and any measurable subset E of (), there
are fixed constants Cy and k > 0 so that

<U(E))” <ol (e [CE)).

a(Q) Q|

We will utilize a family © of dyadic cubes which includes all dyadic
subcubes of a given (large) cube Q9. When () is a cube, I(Q) will denote
the side length of Q. If () is a region that is comparable to a cube, say, Q@
is the image of an actual Euclidean cube under a Lipschitz map, then I(Q)
denotes a length comparable to the side length of the pre-image cube. One
could also take {(Q) to be the diameter of any such region. @y is chosen
so that 2 C Qo and I(Qo) ~ diam(f2). In order to have ;oo I cover {2
completely, we take the dyadic subcubes I to be half closed, i.e. of the form
[a1,b1) X -+ X [an,by). W is a collection of special dyadic cubes from D;
these are Whitney-type cubes that lie inside (2, are pairwise disjoint, and
cover the interior of 2. I € W implies that {(I) ~ dist(,042), but the
I € W may be subcubes of a fixed proportion to the usual Whitney cube
decomposition of 2. We need to be sure that 31 (the §-dilate of I, that is,
the cube concentric with I and of side length §I(I)) is also a Whitney cube
for any 1 < 3 < ng, no > 4. The point x; will denote the geometric center
of the dyadic cube J, and 0(z) = dist(x, 912).

When f(z) =) ;e Aspcn (x), the function g*(f)(x) = g*(z) is defined

by
o= (50 ) )"

JeF

It is a discrete version of the g} function of classical Littlewood—-Paley theory.
Notice that the order of decay in g*, as defined here, is slightly less than
that said to be optimal in [W]. The reason for this is the order of decay for
the Green function, G(z,y), which appears in u(z) = {, G(z,y) div fly) dy,
the integral representation for solutions to Poisson’s equation.
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The four conditions that will be assumed to hold for the family {5 (x)}
are:

2—n
O T e () for all 2 € 0,

|z — x|

1(J)

2—n—«a
) for all z € {2,

lz =2y | ly—zs |\
><<1+ i) + i) for all x,y € £2,

(c) HZ Awm(ﬂﬂ)r de < C Y AJ.

JeF JeF

THEOREM 1. Suppose that f(xz) = > ;e Asp(s)(x) is a function defined
on £2, where F is a finite set of dyadic cubes from W, and the {¢(j)}seF
are a family of functions that satisfy conditions (a), (a’), (b), and (c), and
o) =0ifx € Qo \ 2. Then, if o € A®(Qo,dx), there is a constant
C =C(n,a,p, 2,k,Cy) such that, for any 0 < p < oo,

1fllzr(@o.do) < Cllg" | Lr(Qo.do)-

The major application of Theorem 1 of concern here is to demonstrate
sufficient conditions on measures p and v so that (1) is valid. To state these
conditions we need to recall what it means for a measure to satisfy a reverse
Holder condition on a domain D with respect to Lebesgue measure. This is
written as u € B" (D, dz), with r > 1, if for every cube Q C D,

(i) ) =gl de)

(Y ar) <ol A,

IPAN QI ) s

It is true that any measure satisfying a reverse Holder condition with respect
to Lebesgue measure is also an AP measure on D, for some exponent p.

(A non-negative L{ (D) function w is in AP(D,dz) if

loc

1 1 1 p'—1 1/(p'—1)
— d —\ | — d A
(|@|§2w $>(|@1§2<w) )<

for all cubes Q C D.) A measure p is in AP(D,dx) if du/dx € AP(D,dx).)
We let p’ denote the Holder conjugate index for p, that is, 1/p+1/p’ = 1.
Any measure that is either an AP measure on D, or satisfies a reverse Holder
condition on D, is also an A*° measure on D (see [CF]).
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To avoid cluttering up the statement of Theorem 2 we define, for any
dyadic cube Q; in ©,

N = \n/2+1 dv —2/P=2) N P=2)/2p
M(Q;) = max3 1(Q;) { = i |
2Q;

(10 ) ) "}

Suppose that L =}, ., (0/0xi)(a;,;(x)0/0x;) is a strictly elliptic diver-
gence form operator on the domain (2, as described above. Suppose also that
1, a Borel measure defined on {2, satisfies a reverse Holder condition of order
((¢ + €)/q)" with respect to Lebesgue measure on £2, i.e. u € B+2)/2(0 dx).

THEOREM 2. Let p and v be Borel measures on {2 with v finite and
absolutely continuous with respect to Lebesque measure, and suppose that
do(x) = (dv/dx)* P dz satisfies the condition A (2,dx). Let u be a so-
lution to Lu = div f on 2, ulpo = 0, f € H'(£2). If there is a constant
Co > 0 so that for every dyadic cube Q; in W,

w@)VIM(Qy) < Col(@y)",
then there is a constant C = C(n,p,q,a, b, K, 2, \,n9,€) such that

M (J1vu@)dut) " < O(S (laiv fw) 1 + | f) 1) du<x>)w

Q Q
for2 < p < qg<24e For0 < q<gqand 2 < py < p < oo, the
same inequality is valid upon replacing C' by Cu(2)Y/4=1/90y(£2)1/Po=1/p,
C = C(po,qo,n,, bk, 2, X\, n0,€), for some fired pair of indices 2 < py <
Qo < 2+¢.

We will start with a brief discussion of the condition on the measures u
and v given in Theorem 2. Then we will prove Theorem 2 assuming that
Theorem 1 is valid. Subsequently we prove Theorem 3, the version of Theo-
rem 2 with ||u(x)| g replacing |[Vu(x)| in (1). The companion result, suffi-
cient conditions on a measure p on {2 and a boundary measure podw on 0f2
so that || ||u(z)||ze | La(2,du) < Cll9llLr90,0dw) When Lu = 0 in 2, ulso = g,
is proved in [S].

2. Proof of Theorem 2. The condition on the measures p and v given
in Theorem 2 may look complicated, but in fact it is closely related to well
known properties of measures such as AP conditions, geometric decay and
the concept of Carleson measures. To gain an idea of what the condition
in Theorem 2 can mean for the relation between p and v, we look at some
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simple examples. The domain {2 is bounded, so we need only consider the
case when [(Q;) < 1.
If v is taken to be Lebesgue measure, then Theorem 2’s condition be-

comes that 1, on the Whitney-type cubes @; in {2, must satisfy M(Qj)l/q <
Cl(Q;)"? with C = C(p',n, diam(2)). This follows from taking

M(Q;) = (S <1+ ly (Qﬁ]y)w/z da(y))l/p/

Qo

and performing a standard estimate of the integral over Qg by dividing Qg
into dyadic annular regions centered at ();. An elementary calculation shows
that this condition also implies that p(Q; )1/ 7 multiplied by the other term,

)

1@+ (] (awfde) 2" da
2Q;

)(p—2)/2p

in the definition of M(Q);), is also less than or equal to CI(Q;)""" since
dv/dx = 1.

As a second example, consider letting p = ¢ = 4, and take y = v. The
requirement that

(p—2)/2p
Q)1+ 1(Q3)" 2§ a2/~
Qj

be bounded by C1(Q;)" turns out to be equivalent to the following A%-type
condition:

g (dp/dx) da - (

’Q;\ S (dp/dx)™* dm) < C.

1
@il 5

(In fact we know that p is an A% measure by the reverse Holder condition
on .) The second condition, that

1/p’

p(@)Y- (] (1 Iy — 2,1 /1@0) " o) < CUQ)™,
Qo

does not have an exact interpretation as a well known measure condition,
but it too can be viewed as a weighted version of an AP-type condition with
vanishing trace.

To prove Theorem 2 we start by dividing the integral ||Vu||qu( 0,4y I0to
a sum of integrals over Whitney cubes from W:
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| IVu@)dutz) = 3§ [Vu(a)|? du(e)

Q;EW Q;
c ((g+e)/a) e/(q+e)
< Z (S V(s ’q+€dx)q/(q+)<g <§—Z> ate)/q dg;> q |
QW Q; Qj

Now we can use the reverse Holder conditions on both du/dx and |Vu(z)|9t¢
if € is sufficiently small (see [GM], [A] for reverse Holder inequalities for Vu),
to bound the last sum by

‘2 (@) 'V“@)‘Qdf‘?ym*(@?g i) ")

(1))

Assuming that f lies in H!(§2), the Sobolev inequality allows us to replace
(1Q51 1§50, 1Fa) )3/ ) Dy

(i § o)+ (s § joe o))

Simplifying gives

q/2
| V@) du@) < C Y (Q])<ﬁ | |Vu(x)]2da:>

n Q;EW Q;

we 3 (g § o)+ (g § o))

By duality it will suffice to bound the three expressions:

1 1/2
awp Y g(Qj)u(Qj)<@ S |Vu<x>|2d:c) ,
J 2Q‘

H9(@i) ot (2, =1 @ ew

1/2
s Y g(Qul@ >(‘QJ‘ S Fa >|) ,

@)} ot 2.y =1 ey

1 . 1/2

awp Y g(Qj>u<Qj>(—_ S Idin(w)l2> |
9@ M’ (=L Gy @il 5,

Moreover we can assume {g(@;)} is a finite sequence. The second and
third sums are handled in the same way, so we only write out the details of
bounding the second sum. By Holder’s inequality
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(] 170R) < (§ wraw) (| <j—:)(2/”@/2);@)1/2@/”'.

2Q; 2Q; 2Q;

Using Holder’s inequality on the sum now gives

> g(Qj)MQj)(@%, | rﬂ:c)rZ)l/zs (3§ Ifwraw)”

Q;EW Qj Q;EW 2Q;
y ( Z <9(Qj)N(Qj)>p,< S <@>—2/(p—2) dli)PI/Q(P/Q)')l/p"
=TS L1 2, \0%
So we need to bound the second term by
C( > Q(Qj)q’H(Qj)>1/q :
QieW

It is enough show that

( 2 <%>P< ) <%>2/(p2) dx)”’/?(p/z)’)q’/p’

Q;EW 2Q;
<C > g(Q)" (@)

Qj;EW

Now, p < ¢so ¢ <p and ¢'/p’ < 1. Consequently, the left hand side of
the last inequality is less than or equal to

M)f/( (@) ~2/(p-2) dw) ¢ /2(0/2)
Q;W< Q112 2§2j dx

If we compare the last two expressions term by term we will have a sufficient
condition to obtain the desired inequality. So we need to have

<M ) . ( g (d”> _2/@_2)619;) ne < 9(Q)7 1(Q;)

Q172 o, \da
or
,u(Qj)q,*l dy\ ~2/(P=2) q/2(p/2) /

2Q;
Taking ¢’'th roots gives

dv —2/(p—2) (p—2)/2p
wep ([ (5) 7 a) " <
2Q;
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This condition also implies that

1 . 1/2
awp Y g(@MQ»(@ S Idin(w)!2>
T2,

9@ Ha? (=L Gy

S 1/
< c(g |divf(:v)|pdu(x)> g
Q
To handle the first sum,

1/2
oY Q@) (g | Fu@P )

IH9@ Ml (g2, =1 0 oW 2Q;

we note that

(@ 265% |Vu(:c)|2d93) v (@ 2§2j Vu(z) — Vii(z)[? dm>1/2

Q]

with u(z) = S4Qj(div F()G(z,y) dy, where G(z,y) is the Green function
for L on the domain 4Q);. Since

1 v~ 2d 1/2<C 1 . 2d 1/2
(,Q—j,z(;jr wodr) < <,Q—j‘4§2j|f(ar)! :)

by standard results, the sum containing /7 can be handled as above. We are
left with estimating

1 N 1/2
w5 a@n@) (1 § V- @)
To do this, notice that

<® 2§34 Vi = a)(fv)l%zx)l/2

1 1/2
+ <— | Vi) daz) =T +1I,
2Q,;

1 L _ 9 1/2
(& 3§ A (9200 = 9Bt iz

< \diVJF(?J)’<L | IVa(Gla,y) - é(%y)ﬂzdiﬁ) v dy.
5 Q5 20,

Now for each y € 4Q;, G(z,y) — G(z,y) is a solution to Lv = 0 in

supp(G(-,y)) C 4Q; (see [K, pp. 87-88]), and we have, by the Caccioppoli
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inequality,

1 N . 1/2
(@ 652 1V (Glay) — Gl y)) az)

1 C _ , 1/2
= 1Q) (@g (Gla.y) ~ Cla.p)) dx) .

Since G(z,y) — é(x,y) > 0 by the maximum principle, we can use the
Harnack inequality to obtain

c N 1/2 c N

(57 1 166 - GeaPas) <00 ] (@) - Glo)
@il 40, @il 45,

If y € 2\ 4Q);, then é(m,y) = 0 for z € 2Q;, and G(z,y) is a positive
solution to L,v = 0 in 3.5Q);. In this case

1 B 1/2 1 1/2
(g7 3 IVa(Glan -~ GlamPas) = (7 | 19:GapPa)
il l,)
< ! (i S ]G(x,y)]2dx) v < L ¢ S G(z,y)dx
BRACHAN IS RN
1 C ~
3Q;
for the same reasons. Putting all this together we see that
1 N 1/2
> 0(@n(@)( 157 § V- @) )
Q;EW 71 2@,
<0 Y @@ | Fl 15 (g7 § (Gl ~Gla)ds )y
Q;EW [0 J T 3Q;

The last expression is then dominated by

o 1 1 ~
C\ |div f(y)| 9(Q;) Q) — \ (G(z,y) — G(z,y))dz | dy
flav Sl 3 @il S )

=C\ldiv ()l Y New,) ) dy.
(9] Q;EW

The constants A; are taken to be

\ = 9(@5)r(Qy)
T U@)VIQ]
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and the functions ¢(q,) are defined by

. | (G(z,y) - Gla,y)) da.

e)) = Joi
I13Q;

Assuming for now that the ¢(q,)(y) satisfy (a), (a’), (b), and (c), Holder’s
inequality followed by the application of Theorem 1 to the function h(y) =

2_0,ew Ni®(Q;) (y) gives
§ ldiv /)| S Mo,

ip) Qj;EW 1/
< ( [ div f<y>rpdu<y>) (V@ doty))

1/p’

< Cldiv fllLe@.anllg" (P 1o (2,d0)-

It will suffice to show that Hg*(h)||Lp (.do) < C’||{g(Q])}||lq (2 . Using

p > 2 implies p'/2 < 1. Recall that the sum defining h(y) is finite. We have
A ly =251\ "
J j
g o 1+ > ) do(y
157l 6,00, = (Z o 1+ W

<Y g ) i1+ 55 ’>W o)

So it suffices to show that the last sum is dominated by (D g(Qj)q/
x u(Q;))P/7. Once again, taking advantage of the fact that ¢//p’ < 1,
this is equ1valent to showing that

So if

)N
‘Qj‘q//2 <S (1 + Q) > da(y)> < Cg(Qy)" u(Qy)
0

we will have the desired result. But this is the same as requiring that

S e Rt

The verification of (a), (a’), and (b) for the functions

L | (G(w,y) - Gla,y)) da

P (Y) = V@l
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follows directly from the estimates of Griiter and Widman [GW] for the
Green function on any bounded domain satisfying an exterior cone condition.
To see that (c) is also true, we may assume that A\; > 0 and that ¢ (q,)(y) > 0
on {2. We can write

| 1n(y) | dy = H > N ’ dy =" X\ (e, () dy

Q Q Q,eF Q,eF Q
1 -
= Aji\h — G(z,y) — G(z,y))dz ) d
szg | (y)<m3§2f (2,) - Gz, 1)) ) y

< Aj x)dx
B sze:]: V ’Q]’ 36827 ( )

(29" (2 (g o))
(W)X | e

Q;€F 3Q;
o3 ) (jroran) <o (5 ) (o)

We have taken v(z) = {, G(x,y)h(y) dy to be the solution to Lv = h in £2.
Dividing by ({,, h(z)? dz)'/? gives the property of almost orthogonality.

In contrast to Theorem 2 the condition on the weights for the inequal-
ity with the local Holder norm replacing |Vu/| is much simpler. The other
obvious advantage of using Holder norms is that one obtains results for a
larger range of exponents p and ¢. Suppose {2 is a bounded domain in R"
that satisfies an exterior cone condition. Then we have

THEOREM 3. Let u be a solution to Lu = divf on 2, ulpn = 0, and
let p and v be Borel measures on {2, with v finite and absolutely continuous
with respect to Lebesque measure, and do(x) = (dv/dz) =P dxz. If there is a
constant C > 0 so that

1 1/Pl
W@ s (| o) = ClQ

we2Q, ‘w _ y|(n+0172)p

for all dyadic cubes Q; in W, then for any 0 < g < 0o, 1 < p < oo, there is
a constant C' = C'(C,n, \,«, q, 2) so that

@ (§ @ do) < 0§ v f@p ve)
2 9}

with ||u(x)| ge defined as above, o = a(n, A, 012).
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Proof. As in the proof of Theorem 2 we start by subdividing {2 into
Whitney cubes Q;:

V lu@) e du(z) = Y- | lu(@)|fa dulz)

n Q;EW Q;

¥ g( ap M>qdu(as>

Q;EW Q; weP(z), w#x |I’ - w|a

u(z) = u(w)|\*
RO K
x iy THEW
QiEWQ; N

rmm—umny

- ( Sy | |
i TEQ;, THW Tr—w
Q;EW w€J2

J

S du(z).
Qj

Now the integral representation of u(x) and the fact that the Green function
is Holder continuous imply the last expression is dominated by

¢ Y @) sw o Vi ]Gl - Gl dy )

QjEW veQy, zrw [7 =W 5

'LUEQQJ'
1
<C Z M(Qj)( sup T —w
daw' "\ sl

. Y «a 1 1 !

X S |div f(y)] |z — w (\a: — y[n—2ta + lw — ‘n2+oc> dy>
2 y Y q
éC?}j/AQﬂ<=gg SMWf@th—yF””aﬁo‘

Q;eW i
The next to last inequality was obtained from the result of Theorem 1.9

n [GW]. The constant C has changed from one line to the next, but is
independent of u, f and ;. The last sum is less than or equal to

I (S [div f(@)|? dv () )q/p( s ( | fw—y| e’ da(y)>l/p/)

Q,;EW
qa/p
= c(}zy o) [Pdv(z )

5 @)z, (11— o)™

Q;eW
The gth root of this last expression will be bounded by

el (§ aiv fla) P dva)) "
2
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if

’ 1/17/
(@) sup ([ o=yl do(y)) T < |Q,1
’LUGQQJ’ 0

for every Q; € W.

3. Proof of Theorem 1. To prove Theorem 1 we follow the method
of Wilson [W] in using the functions

F(lw)= Y ey, FU)=F(,e), F(z)=supF()

Jes(I) I3z
and
B M2 |z — s\ " 1/2
o =( > F0Tt) )
JeS(I)
G(I)=G(I,z1), G*(z)=supG).

I>x

They are always generated by a given function f(z) = ;. Ay (),
where F is a finite family of dyadic cubes, S(I) ={J € F:J ¢ I}, and [(I)
is the side length of the dyadic cube I. F(I,z) and G(I, z) are only defined
for z € I. We note some special properties of the particular functions ¢ 5 (z)
that were used in the proof of Theorem 2. These properties will be crucial
in proving the estimates in Lemmas 1-7 and the Central Lemma. We have
¢(s)(x) = 0 whenever z lies outside f2. Also each ¢(;) is chosen so that
J € W. As in [W] we obtain local estimates relating the functions F(I,z),
G(I,z), etc. in order to use these functions to prove the crucial good-\
inequality of the Corollary to the Central Lemma. The good-A inequality
then yields the result of Theorem 1 by standard methods. The local estimates
are established in Lemmas 1-7 below.

For the remaining part of the paper we take f(z) = > cr Aso(s)(2),
where F is a finite family of dyadic cubes; the () satisfy properties (a),
(a'), (b), and (c), and they have all the properties mentioned in the previous
paragraph. We note that many of the constants obtained in Lemmas 1-7
depend on diam({2). For the functions ¢ that appeared in the proof of
Theorem 2, i.e.

1 ~

= — G(z,y) — G(z, d:c),
P) = = (2§J< (z.) - Gla.y))
the constants in (a’) and (b) also depend on diam(f2) and {2 (see [GW]), so
this is no new restriction. We also note that having ¢ (z) = 0 whenever
x lies outside 2 means that F(I,z) = 0 when x € 2°. However, F*(x),
G(I,x), G*(x) are not necessarily zero for z outside §2. Following Wilson [W]
we start with
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LEMMA 1. f(z) < F*(x) for a.e. x € Qo.

Proof. This follows from the definition of F*(x), the fact that F is a
finite family, and that (a) and (b) imply that f is continuous.

LEMMA 2. There is a constant C so that G*(xz) < Cg*(z).

Proof. We have G*(z) = supgs, G(Q). If » € Q and I € §(Q), then
either I D @ or I lies outside Q. In both cases, |x; — zg| > cl(Q) and
|z — zg| < 1(Q). Therefore |z — x| < |z — 2| + |zg — x| < Clzg — =1l
Sol+ |z —af|/l(I) < C'(1+|zg — x1|/I(I)) or

(I |oq —2|/1(1) ™" < C"(1 + |z — x| /U(T)) ™"
For I € F, whenever the term on the left is in G(Q), the term on the right

appears in ¢g*(x), x € @, multiplied by 1/C”. This is true for all dyadic
cubes @ with the same constant C' = max(1,C"), so G(Q) < Cg*(z).

LEMMA 3. For any 0 < n < 1, if x € nQ, then there is a constant
Cy = C(n,n) so that C71G(Q) < G(Q,z) < C1G(Q).

Proof. For any cube I € §(Q), |z —x1|/|xg — 1| is bounded above and
below by constants that depend on 7 and n.

LEMMA 4. For any 0 < n < 1, if x,y € nQ, then there is a constant
Cy = C(n,\,n,diam(£2), 2, ) so that |F(Q,z) — F(Q,y)| < C2G(Q).

Proof. As in [W] we write

F(Q.2) - FQul=| 3 Ml - v ®)

1ES(Q)

< > (Al e (@) = e ()]
JeS(Q), I ()= Q)
+ > Ml (@) = e ()| =1 +1I1.

JeS(Q), I(N)<l(Q)

When x and y both lie inside {2, I will be shown to be bounded by CG(Q)
using the Holder continuity of the ¢ 5y’s (property (b)), and II should be
bounded using Holder continuity. When both x and y lie outside £2, F(Q, x)
and F(Q,y) are both 0, so the estimate of Lemma 4 is trivially valid. How-
ever, the situation when x € {2 but y € £2° needs to be considered separately.
We are not guaranteed that (b) is valid when one point, x or y, lies outside
the domain (2. In this case I and IT should be estimated using (a’).

We start with the proof for z,y € n@Q C {2. Then by (b) and the Cauchy—
Schwarz inequality (remember that n > 3),
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I= . illew @) = ewm®)

JES(Q), (I)=2UQ)

2—n—a
) \ ey -2 (1 |z — x4 |y—ay
< > Wl -yl ) T

JeS(Q), 1(JI)>UQ)

() e el

JeS(Q), 1(J)>1(Q)

e 5 )

JES(Q), (T)>U(Q)

g ( > ('9;(_J)y|>ml(¢7)‘L (1 + |9”l(_<]9§»7|>4_"_2°“>1/2

JES(Q), UJN)=2UQ)

G(Q,z) - C(d(£2))?

x( Z (|x—y|>2a< x—iUJ’)n 2a>
JES(Q), U(J)=UQ) ') )

The last inequality follows from the fact that I(J)(1 + |x — z|/I(J)) <
cdiam(£2) = cd(§2). From Lemma 3, G(Q,z) < C(n,n)G(Q) because = €
nQ. So we need only show that

(> (5 () ) <e

JES(Q), 1)) 2UQ)
Since z and y lie in @), the sum on the left can be written as

[e'e) —n—2«
2720&]6 1 ‘.:U - x‘]’
> oy (1+ 5
k=0 1(7)=2%1(Q)
JeS(Q)

k=0 Jzk 2971 (Q)<()+H]z—z 7| <271(Q)
U(N)=2"1(Q), JeS(Q)

0 —n—2«
SRR > (1425
k=0 J2k 2i=k= 1<1+\m x| /1(J)<27~F
1(N=2"1(Q), JES(Q)

n—2a
—2ak n(j—k) | $J|
ZQ ZQ <1+ i) > :
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The last estimate follows from counting the number of cubes J of side length
2k1(Q) that can exist in the annular region 27 ~%~1 < 1 4 |zg — x;|/1(J) <
=k if § > k. It is easy to see that the last expression is bounded by

22 2akZ2n(] k) 2] k— 1) (n+2a)<0na ZZQ 2aj

k=0 k=0 j=Fk
< C(n,a) 22*26“’“ 22*26”' < C(n,a).
k=0 j=0

Now to bound I1, still keeping =,y € n@Q C {2, we have

1< > I\l Lo @) = o W),
JES(QUN<IQ)

so by Lemma 3 it is enough to show this sum is < CG(Q, x). Using (b) gives
(A) > Asllen (@) — e (v)]

JES(Q), L(N)<UQ)

2—n—a
S Z |AJ] ‘Jf—y‘o‘l(J)2_n/2—a 1+ [z — 2| i ly — xs|
I(J) 1(J)
JES(Q), I(N)<I(Q)

(¥ rA2J| 1+ |$Z?J:§J’)n>l/2

Jes(Q)

X ( > 1(Q)%1(J)*—2 <1 n %)471231/2

JES(Q), UI)<UQ)

canl,, 5, () () )

JES(Q), 1(J)<U(Q)

< CG(Q) - Hig)(w).

Now,

HQ(x)SC(diamQ)Z( ) (%)“(H \m_m) —n— 2a>

JeS(Q), (I)<l(Q)
< C(d(£2),n,n)

(5 () ) )

JeS(Q), I(N)<(Q)

The last inequality follows from the fact that for J N Q = 0, J
z € nQ, we have |x — z;|/|lxg — xs| ~ C, and since |xg — ;| 2 1(Q), we
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have

1+

|z —z5 o UQ) |vg — 2] _ U(Q) lrg — ]
)~ KQ) 51«])(” Q) )

This means that

(-5 (0 )

Finally, to estimate

( 2 (%)W <1+ %)‘”‘2“)“2

JES(Q), L (N)<UQ)

we can proceed as in [W] to divide Qg \ @ into dyadic cubes @’ whose size
is the same as that of (). We write the sum as

(5 5 (1) (et )"

Q'CQo\Q JeS(Q), JCQ'
U\ (14 lrg =z T 2
LB adalia) (@) )
Q'CQ\QR JeS(Q), JCQ’

which is valid since |xg — xs| 2 |rg — x¢/|. Now the J are Whitney cubes
from F, so they are disjoint. Consequently, for each @',

2 (l(@) > st

JCQ’ JCcQ’

Therefore we can write

fe'e) —n—2«
X — T/
DD > (14120 ore)
k=0 Q'CQo\Q
2k‘1l(Q)S|wQ*IQ/\<2kl(Q)

oo
S Z 9kng—k(n+2a) < C(a,n),
k=0

by counting the maximum number of cubes @’ that can lie inside the annular
region 2¥71(Q) < |zg — zo/| < 281(Q).

We have shown that |F(Q,z) — F(Q,y)| < C2G(Q) when both z and y
lie inside 2, or when both points lie in Qg \ {2. The remaining case is for one
point lying inside {2 and the other outside 2. This implies of course that the
dyadic cube @ is such that nQ N 2 # () and nQ N 2°¢ # (. Without loss of
generality = € {2 and y ¢ {2. So F(Q,y) = 0. Here we cannot use (b), since
the decay in (b) is not necessarily valid for points outside 2. However, we
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note that (a’) is useful. Since @ overlaps the boundary of 2, and z € QN (2,
we have 0(x) = dist(z,92) < 1(Q). So

|F(Q,z) — F(Q,y)| = |F(Q, )|
< > (Al s (@)] + > Al lps(x)| =1+ 1T

JeS(Q), UN2UQ) Je8(Q), l(J)<UQ)

Now,

2—n—«
D S Y ()
JeS(Q), 1(J)=2UQ) ()

from using (a’) on the | (x)|’s in I’. The last sum is bounded by

C(diam(£2))? > |AJ|<%>°‘Z(J)_"/2 (HM)—n_a

TES(@) 1N21(Q) 1(J)
< C(d(£2),n, 0, A\, n)G(Q)

(e i) () )

JES(Q), (T)>U(Q)

Dominating the last sum by a constant follows as before. Estimating II” fol-
lows from almost the same proof that gave the bound for I in the first case,
in which = and y were both located inside (2. Here the fact that §(z) < I(Q)
replaces the similar estimate for |x — y| in (A). After that the calculations
are identical.

For the next four lemmas we define

N{I)={I"e®:I"CTandI(I*)=0.5l(I)}
for any dyadic cube I € ©. We have
LEMMA 5. G(I) < CG(I*).

Proof. We have x;~ € nl if 0 < n < 1 is sufficiently large, depend-
ing on n. By Lemma 3, G(I) < CG(I,x;+), and by definition G(I,z-) <
G(I*,z+) = G(I*).

LEMMA 6. For I* € N(I), G(I*) < CG*(x) whenever x € I.

Proof. By definition G*(x) = sup 5, G(J), so if x € I*, then G(I*) <
G*(z). Suppose that z lies in I \ I*. For any J C I \ I* such that = € J,
we have G(I*)? < CG(J)? + B, where

)\2 ’x[*—.%K’ -
B = G I T e et .
> K\( LTI

KCJ,KeS(I*)
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All the terms in B occur in G(I*)2. If L € S(I*)\{K C J : K € §(I*)}, then
L € §(J). Moreover |z —zj| < |z —zp|+|xg—xp| < |op—ap|+el(I) <
d|xp — x| since |xp, — x| 2 1(I). We may assume ¢’ > 1; this implies that

So each term in G(I*) that does not occur in B is less than or equal to a
constant times a term that occurs in G(J). Now F is a finite family, so for
|J| sufficiently small, the sum in B will be empty, and G(J) < G*(x).

LEMMA 7. |F(I*) — F(I)| < CG(I*).

Proof. Lemmas 4 and 5 imply that |F(I,z;«) — F(I)] < CG(I) <
C'G(I*); consequently, it is enough to show that |F(I,zp+) — F(I*)] <
CG(I*). If x;« € £2° then both functions on the left are zero, so we can
assume that x;+ € 2. We have

F(Lar) =~ FI) =] > Aesler)
JeS(I*)\S(I)
2—n
D S I (R
JeS(IN\S(I) ()

from (a). The Cauchy—Schwarz inequality gives

|F(I,z-) — F(I")| < < ) ’)‘\j“z <1 N ]xlg&)xj‘)n) 1/2

JeS(I*)\S(I)

(B, ) )

JES(I*N\S(I)

SCG(I*)-C(diam(Q))2-< > <1+%>n)m.

JeSI*)H\S()

If we can show that (3_;cs(rpns(n(1 + |z — xy|/1(J))~™)"/? is bounded
by a constant, we will be done. Notice that

|z —xg| e —xg]  U(I) .|$I*_37J‘

(
Wy =~ i) ) )
and |z — x| ~ I(I) because J € S(I*)\ S(I). So

D) e —ag] . U (o e — ]
U ZCZ(J)(” Iz<I>J>‘

1+




126 C. Sweezy
We have

(H%)ﬁ §c<%>"<1+ %yn

This gives

> <1+%)nsc 3 <%>"<1+%)n

JeS(I*N\S(I) JeS(I*N\S(I)

~

Now remember that the cubes J originally came from F so they are disjoint.
Also J € §(I*) \ S(I) means that either J =1 or J C I \ I*. As a result

Jesuz*;\su)(%)n(l ! %)" : Jes(fz*):\sm <%>n ="

The purpose of establishing Lemmas 1-7 is to prove the following

CENTRAL LEMMA. Let f(z) = > ;c 7 A1) (), where F is a finite fam-
ily of cubes from W, the ¢y satisfy (a), (a’), (b) and (c), and A\ = 0 for
any I ¢ Iy, where Iy is a fized cube in . For any 0 < B < 1, there is a
v =v(8,m,\, o, £2,m) such that

Hx € Ip: F*(x) > 1 and G*(z) < ~}| < B

Proof. Let I; be the dyadic cubes for which one of the subcubes I €
N(I;) is a maximal dyadic cube in Iy so that G(I) > Ay for A large enough
so AC~1 > 1, C being the constant in Lemma 6. Notice that G(Iy) = 0 (and
so F(Iy,z) = 0 for any = € Iy), and I; C Iy. We see that G(I;) < Ay, x € I;
implies that G*(z) > AC~'y > ~ from Lemma 6, and G*(z) < A~ for all
x € Iy \ UI]

Let E = {z € Iy : F*(z) > 1 and G*(z) < v}. For any = € E there
is a maximal dyadic cube @; such that F(Q;) > 1. We have Q; C Iy and
Q; ¢ I; for any of the maximal cubes defined in the previous paragraph,
because G*(x) < v means that « cannot lie in I;. Following the argument
in the proof of the Main Lemma in [W], we create the family G = { Py} of
dyadic cubes which consists of the maximal disjoint cubes that result from
combining the I; and the Q;. So E C |J, Py. In fact x € E implies that
x € Py for some maximal cube in G for which F(Py/) > 1. It is also true
that G(Py) < 7, since G*(x) < . We proceed to divide the cubes in F
into two sets, 7y = {J : J ¢ Py for any P, € G} and Fo = {J : J C Py
for some Py € G}. Writing f(z) = >_ ;e 5, Ason) () + 22 jer, Ao (@) =
fi(x) + fa(x), we can define F;(Q,x), F(Q), Gi(Q,z), G} (x) for i = 1,2
just as we did for f(z). We have F(Q,z) = F1(Q,z) + F2(Q,x), while
Gi(Q,2) < G1(Q,) + Ga(Q,2) = G(Q, ).

The facts that E C |J Py and that Lebesgue measure is a doubling
measure mean |E| < C(n) Y, [¢(Py)|, where ¢(Py) = {z € Py, : x € 15 P}
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For © € Py, we must have either Fy(Py) > 0.5 or Fy(Py) > 0.5. For
x € ¢(Py), Lemma 4 says that either Fy (P, x) > 0.25 or Fy(Py,x) > 0.25
whenever ~ is small enough. Also

dole@l < D P+ Y fe(Pe)l
™

Fy(P,/)>0.5 Fa(P,1)>0.5

<Yz ec(Pr): Fi(Pe,x) > 025} + ) [{z € c(Pr) : Fa(Pr, x) > 0.25}].

Using Chebyshev’s inequality we can say we only need to estimate

216 | |F(Pe,2)Pde and > 16 | [Fa(Py, ) da.
C(Pk) k C(Pk)

In fact, for the second sum we will estimate each integral taken over a smaller
set than ¢(Py). This will be explained after we obtain a bound for the first
sum. Notice that the definition of F; gives that Fy(Py,z) = fi(z) for any
z € P... Then

216 \ [F(P2))Pde=>"16 | |fi(2)Pdz < C | |fu(2)] da.

c(Pr) k c(Py) Io

By almost orthogonality, property (c) for the ¢p)’s,

2 3
JIn@Pde< > Xy=1 3 {rde< (40| < 7|kl
I JeF, Iy JJ€9f1

for ~y sufficiently small. The second to the last estimate follows from the fact
that for z € Iy \|J/; (I; are the maximal cubes defined at the beginning
of the proof), 3,5 A5/|J| < G*(z)? < (Ay)? , and for x € I, the sum

Zsz,JeE is empty.

Next we bound ), [{z € c¢(Py) : Fo(Pr,x) > 0.25}. As in [W] we
cut out a thin annular region around each of the P;’s to handle edge effects.
Choosing 7 > 1 so that |7 P\ Px| < (8/3)|Pk|, and letting D = (J{7 P\ P},
we have |D| < (8/3)|1o| (remember the Py are disjoint). Also

> Kz € c(Py): Fa(Pe,x) > 025} < D]+ 16 | [Fa(Pr,2)|* da.
k c(Pp)\D

We need only prove that

Y16 | R(Prx)de < C'(Ay)?|To),
c(Px)\D

and take v small enough so that C’(A4v)% < 3/3.
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If k£ is temporarily fixed and z € ¢(P) \ D, then Fy(Py,x) =
2 sersagp, AP (), 50

| Fy(Pr, )] < ’ Z Asen ()
JEF2, JZ Py

(oo ) )

JeF2, JZ Py

‘ 2

by (a). Again, the Cauchy—Schwarz inequality gives
| Fo(Py, ) [?

(2,305 ) (2 () )
SCG(Pk)2.C(diam(Q))4-( 3 (1+|xl(_;§"’)_n>.

JCPFj, j#k

To bound the last sum by a constant we note that |z —x ;| > C|z — zp,|
whenever z € ¢(Py) \ D and J C P}, j # k. So as above

|z — x| - |z — x| >C|m—xpj|.l(Pj) o

I(FPy) |z —zp,|
o 2 1 = ()
since also [z — xzp,| > C"I(P;). We have

() e () ()

JCPjv]’?'ék JCPjvj?'ék

1+

This means that

S [ B(Pao)Pd
k c(Po)\D r N
.T}pj
SO ZZ!P!( <Pj>> e

k c(Py)\D j#k JCP;

<oy (1+ )

Ip j
“ox i %)”KPﬂ”d(%)

< cz |P; |§ — dr dwy—1 < C|Io|log(1 + diam(12)),
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using polar coordinates and the fact that the P;’s are disjoint in Iy. The
Central Lemma is proved.

COROLLARY. Suppose o € A>(Qo,dx) and f(x) = Y ;cr Aspn ()
with F a finite family of cubes from W and the ¢y satisfying (a), (a’), (b)
and (c). Then for any > 0 there exists a v = y(n, A\, &,82,a,3) so that,
for every & > 0,

o({r € Qo: F"(x) > 2, G"(x) <~€}) < fo({z € Qo : F*(x) > &}).
Proof. Let {I;} be the maximal dyadic cubes in @y such that F(I;) > &.
We need only show that
{z el F(x) > 26, G*(x) <€} < B{w € I : F*(2) > &}

for some (3 such that (003)1/” < f, because o € A*(dr). Notice that
{x € Qo : F*(z) > &} = |JI;. Once again we cut out a small annular region
for each cube I;, but here the region lies inside I;. We take € > 0 so small

that [{z € [; : dist(z,I§) < e}| < (3/3)|Ij] For z € (1 — ¢)I; we have
|F(1;) — F(I;,x) ] < CG(I;), by Lemma 4. It is also true that for IA] D I
with I(1;) = 0.51(1 ) Lemma 7 implies that |F(I; ;) —F(I;)| < C'G(1;). By
maximality F'(I;) < & We also have
E;={zxel;: F*(z) >2¢, G"(z) <~¢}
Cl{re(l—e)l: F*(x)> 2, G*(x) <&}
U{x € [; : dist(x, [) < e}
For any I, such that E; # 0, we have G(I;) < ~¢. From the previous

calculations we obtain |F(I;,z)| < F(I ;) + cG(I;) for any x € nl;. So if v
is small enough then |F(I;,z)| < 1.2¢. ertmg

f@y= > Newm@+ > Aew(@) =F(I,z) + h(z),
JZ1;, JEF JCI; JEF
we get

F*(z) - 12§ < H*(x) with H*(z) =sup H(I,zy).
I>zx

This happens since I; is maximal so that F(I;) > &; consequently, any
dyadic cube @ > z such that F(Q) > 2§ must be contained in the I; that
contains z. Setting Fj;(x) = F(I;,z), we have

sup F;j(J,z;) = sup Fj(z).

J3 Jox

JCr, JCI;
Also, € (1 — €)I; means that for any dyadic J C I; such that x € J,
dist(w, I§) > (¢/2)I(1;). Taking n = 1 —¢/2, we have Fj(x;) < 1.2 for any



130

C. Sweezy

such J, so
{xe(l—e)l;: F*(x) > 2§, G*(x) <&}

C{rxe(l—e)l;: H(z) > 0.8¢, G*(x) <~}

After rescaling, the Central Lemma can be applied to the function h(x).

The full result of Theorem 1 follows from the Corollary by a standard
argument because (2 is bounded and f(z) being a finite sum, means that
F* € LP(£2,do). To prove Theorem 1 for infinite sums we can use Fatou’s
lemma on |fy ()P, for fn(®) = X jex 17)>1/m A19(1) (@), taking F to be
an infinite family of dyadic cubes from W.
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