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Invariance of regularity conditions under definable,
locally Lipschitz, weakly bi-Lipschitz mappings

by MALGORZATA CzAPLA (Krakow)

Abstract. We describe the notion of a weakly Lipschitz mapping on a C'? stratifica-
tion. We also distinguish a class of regularity conditions that are in some sense invariant
under definable, locally Lipschitz and weakly bi-Lipschitz homeomorphisms. This class
includes the Whitney (B) condition and the Verdier condition.

Introduction. The first goal of this paper is to study the notion of
a weakly Lipschitz mapping on a fixed C? stratification, which generalizes
the notion of a Lipschitz function. Section [I] consists of the basic defini-
tions and notation, while in Section [2] we introduce the main idea together
with its geometrical interpretation and discuss its fundamental properties.
Weakly Lipschitz mappings were used earlier under the name fonctions
rugueuses by J.-L. Verdier [Ver|, who considered them from a different point
of view.

The second goal of this paper is to distinguish a special class of regularity
conditions (Section ; namely, the conditions which are definable, generic,
C1? invariant and have the lifting property with respect to locally Lipschitz
mappings and the projection property with respect to weakly Lipschitz map-
pings. In the definable case these properties make the regularity conditions
in some sense invariant with respect to definable, locally Lipschitz, weakly
bi-Lipschitz homeomorphisms (Theorem .

In Sections [4| and [5| we prove that the Whitney (B) condition and the
Verdier condition belong to the above class.

1. Preliminaries. We denote by | - | the euclidean norm of R", and
S"1 = {z € R" : |z| = 1}. In the whole paper ¢ denotes the class of
smoothness of a mapping, so ¢ € Nor g € {oo,w}, unless otherwise indicated.
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Also we denote by Gy, the Grassmann manifold of k-dimensional vector
subspaces of R". Then P,,_; = G1,, is the real projective space of dimen-
sion n — 1.

DEFINITION 1.1. Let v € S ! and W be a nonzero linear subspace
of R™. We put

d(v, W) = inf{sin(v,w) : w € W N S"1},

where sin(v,w) denotes the sine of the angle between the vectors v and w.
We also put d(u, W) =1if W = {0}.

DEFINITION 1.2. For any P € Gy, and Q € Gy, we put
d(P,Q) = sup{d(\,Q) : A e PnS"1}
when k£ > 0, and d(P, Q) = 0 when k£ = 0.

Now we list some elementary properties of the function d, leaving the
proof to the reader.

ProrosiTION 1.3.

(a) 0 <d(P,Q) <1.

(b) d(P,Q) =0 P CQ.

(¢) d(P,Q) =1« PNQ*+ #£{0} (ord(P,Q) <1< PNQ*={0}).
(d) d(P.R) < d(P,Q) + d(Q. R).

(e) d(P,Q) =d(Q,P) if dim P =dim Q.

(f) d is a metric on every Gy p,.

(g) We have

d(Rv, Q) = |v — TrQ(v)(—) dist(v, Q) = |TQL EU%\
=sin| v W) ) _ v T
=sin( F20) =a(mom T2 ).

where mg denotes the orthogonal projection onto @), v is a unit vector
not orthogonal to @, and dist(v, Q) = inf{|v — w| : w € Q}.
(h) Consider the following metric on Pp_:

d(Rv,Rw) = min{|u — w|, |u + w|}  for u,w € $"".

Then
1

V2
(i) If PC P, then d(P,Q) < d(P', Q).
() If @ CQ, then d(P.Q) < d(P,Q).
To transform d into a metric D in G, = [J;Z] G, (disjoint union), we
put

d(Rv, Rw) < d(Rv, Rw) < d(Rv, Rw).

D(P,Q) = max{d(P,Q),d(Q, P)}.
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Then Gy, are open-closed components in G,, and D(Gy,,G;p) = 1 for
k # 1. It is easy to check that

[d(P1, Q1) — d(P, Q2)| < D(P1, P») + D(Q1,Q2),
hence the function d is continuous.
We will need another function which characterizes the mutual position
of two linear subspaces V and W of R".
DEFINITION 1.4. Set
S(V.W) = {inf{d(v, W):veVnst} ?f V # {0},
1 if V.={0}.

The reader will easily check the following properties:
ProprosITION 1.5.

(i) 6(V,IW)=0<VNW # {0}.
(ii) S(V,W) >0 VNnW ={0}.
(iii) S(V,W) =1V LW.
(iv) 6(V, W) < d(V,W) < D(V.W) if V # {0} # W.
(v) 4 is continuous.
PROPOSITION 1.6. Let A C R™ be a C? submanifold and f: A — R™ be
a C1 mapping. Assume that for each x € graph f|,,
0(Ty graph f|4,{0} x R™) > a > 0,
where o 1s a positive constant. Then
(i) For any xy € graph f|x and any sequence {x,},en C graph f|a con-
verging to xo such that the sequence {T,, graph f|a},en is conver-
gent,
O( lim T, graph f]4,{0} x R™) > o > 0.
(ii) For any C? submanifold M C A, M xR™ is transversal to graph f|4
in A x R".
Proof. Observe that (i) follows from the continuity of .
(ii) By Proposition [L5[(ii),
T graph f[4 N ({0} x R™) = {0},
hence it is enough to observe that dim 7, graph f|4 = dim A. =

PROPOSITION 1.7. Let A C R"™ be a C? submanifold and let f: A — R™
be a Lipschitz C1 mapping. Then there exists a positive constant a such that

§(Ty graph f, {0} x R™) > a >0
for each x € graph f.
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Proof. There exists L > 0 such that ||d, f|| < L for each y € A. Now let
v € T, graph f with |v| = 1 for some = = (y, f(y)), y € A. Then there exists
a vector v € Ty /A such that

v = (3,dyf (7).
1= o] = /102 + 1y f @) < VI+ L2 0]

1

—>0.
V1+ L?
On the other hand, d(v, {0} x R") = |7]. »

Now we briefly recall the notion of a C stratification.

DEFINITION 1.8. Let A be a subset of R™. A C? stratification of A is a
(locally) finite family X 4 of connected C'? submanifolds of R™ (called strata)
such that

o A=J%X4;

o if I, Iy € X4, I'1 # I then Ny =0;

e for each I' € X4 the set (I'\ I') N A is a union of some strata from X 4

of dimension < dim I".

Hence

Therefore
0] >

We say that the stratification X 4 is compatible with a family of sets B; C A,
1 € I, if every set B; is a union of some strata of X 4.

Actually, we will only be interested in finite stratifications.

DEFINITION 1.9. Let A C R™, let f: A — R™ be a continuous mapping,
and let X4 be a CY stratification of A such that f|r is of class C? for all
I' € X4. Then the induced C? stratification of graph f is

Xgraph f(Xa) = {graph f|r : I € Xa}.

A natural setting for our results is the theory of o-minimal structures (or
more generally geometric categories), as presented in [D] (or [DM]). In the
whole paper the adjective definable (e.g. definable subset, definable mapping)
will refer to any fixed o-minimal structure on the ordered field R of real
numbers.

2. Weakly Lipschitz mappings. In this section we define weakly Lip-
schitz mappings and list their important properties.

DEFINITION 2.1. Let A be a subset of R™ and let X4 be a finite C?
stratification of A.

We say that a mapping f : A — R™ is weakly Lipschitz of class C? on
the stratification X 4 if for each stratum I" € X 4 the restriction f|p is of class
C? and the pair (f, X 4) satisfies one of the following equivalent conditions:
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(a) Whenever A,I" € X4, I' C A\ A, a € I" and {a,},en, {by}ven are
sequences such that a, € I" and b, € A for v € N, then

|f(av) — f(by)]

ay, by — a (v — o0) = limsup ——"————— < 00
V—00 |au _bz/|

(b) For any stratum I" € X 4 and any a € I" there exists a neighbourhood
U, of a such that the mapping

[f(z) = f(y)]

cR
|z — |

Y (I'NU) x (A\I')NU,) 3 (x,y) —

is bounded. ~
(c) For any strata A,I" € X4 with I' C A\ A and for any a € I" there
exists a neighbourhood U, of a such that the mapping

flz) = fW)

w:(FﬂUa)x(AﬁUa)B(:):,y)H’ ] eR

is bounded. B
(d) Whenever A, I' € Xgraph f(X4), ' C A\ A, x € I' and {x, }yen C I,
{yv }ven C A are sequences convergent to x, then

d( lim R(z, —y,),{0} x R™) > 0.
vV—00

(e) Whenever A, I" € Xgraph 1(X4), I' C A\ A, z € I', and {z, }yen C I,
{yv }ven C A are sequences convergent to x such that the limit

L= limR(z, —y»)
V—00

exists, then L N ({0} x R™) = {0}.

PROPOSITION 2.2. The conditions (a)—(e) from Definition[2.1] are equiv-
alent.

Proof. (a)=-(c). Suppose that (c) is not satisfied. Then we find some
strata I, A € X4 with I' C A\ A and a point a € I" for which we can find a
basis of neighbourhoods {U, } ,en and two sequences {ay, }nen, {bn}nen such
that a, € I'NU,, b, € ANU, and

| f(an) — f(bn)]

>n
|an — bn| ’

a contradiction with the assumption.

(c)=(a) and (b)<(c) are trivial.

(a)&(d)<>(e). Since I' = graph f|r, A = graph fla, z = (a, f(a)),
x, = (ay, f(ay)) and y, = (by, f(b,)), when ", A" € X4, a,a, € ', b, € A,
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a, — a and b, — a (v — 00), it is enough to observe that

my ‘au - bl/‘
AR (2, = 9) {0} X R™) = 1 S 0 )]
1

= . n
[ (av) = F(bu)] )
\/1 + ( lay,—by] )
REMARK 2.3. If f: A — R™ is weakly Lipschitz on a stratification X 4
of A, then f is continuous on A.

Of course, the weak lipschitzianity is a generalization of the Lipschitz
condition. Obviously, we have the following

PROPOSITION 2.4. Let A C R™ and let f: A — R™ be a locally Lipschitz
mapping. Assume that A admits a CY? stratification X 4 such that for all strata
I' € X4 the map f|r is of class C1. Then f is weakly Lipschitz of class C4
on X4.

By the C? Cell Decomposition Theorem (see [DM]), we have the following
COROLLARY 2.5. Let A CR" and let f: A — R™ be a definable locally

Lipschitz mapping. Then there ezists a definable C? stratification X4 of A
such that f is weakly Lipschitz of class C? on X 4.

The weak lipschitzianity is a much weaker property than the local Lip-
schitz condition, as shown by the examples below.

EXAMPLE 2.6. Let A C R?, A = AU U and X4 = {A, I, 1%},
where

A={(z,y) eR*: 3 € (0,1), 2° <y < 2?},
I={(z,y) eR*:2€(0,1), y =32}, I»={(0,0)}.
The mapping
fir A3 (z,y) — (z,y) € R?
is not Lipschitz in any neighbourhood of (0,0), because % = (0, ﬁ) is

unbounded. However, f is weakly Lipschitz, because it is locally Lipschitz
on A\ {(0,0)} and

[f(z,9)| ?t+y _ 227
- </ <V,
()] w?y? T Vot T
EXAMPLE 2.7. Let A = {(z,y) € R? : y > 0}, I' = {(z,y) € R? : y = 0},

A=AUT. Define f: A — R by

fag) = [ @V -0 0<a? <y,
’ 0, 22 > y° > 0.
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Then f is weakly Lipschitz of class C! on {A,I'}. Indeed, f is C' on
A\ {(0,0)}, hence locally Lipschitz on A\ {(0,0)}. Moreover, if (z,y) € 4,
(/,0) € I' and f(z,y) # 0, then

]f(:):,y)—f(x',O)] — (xQ/y7_y2)2 < y74 :y3
|(z,y) — (2, 0)] (x—a)+y> "y

Nevertheless, f is not a Lipschitz mapping in any neighbourhood of (0,0),

because

of <y9/2 ) ’ —8 L oo as 0

— = — — 0.
ar\v3'')| T 53 i Y

The proofs of the following three propositions are straightforward.

PROPOSITION 2.8. Let A C R™ and let f: A — R™ be weakly Lipschitz
of class C1 (q > 1) on a C stratification X 4. Let B C A. Then for any
C1 stratification Xg of B, compatible with X 4, the mapping f is weakly
Lipschitz of class C1 on Xp.

PROPOSITION 2.9. Let f : A — RP be a weakly Lipschitz mapping of
class C1 (g > 1) on a C? stratification X4 of A CR™, and let g : B — R" be
a weakly Lipschitz mapping of class C1 on a CY stratification Xp of B C RP.
Assume that the tmage under f of each stratum from X4 is contained in
some stratum from Xp (in particular, f(A) C B). Thengof: A—R" isa
weakly Lipschitz mapping of class C? on X 4.

REMARK 2.10. The last proposition allows one to define a category with
stratified sets as objects and weakly Lipschitz mappings of class C? (¢ > 1)
as morphisms.

PROPOSITION 2.11. Let f: A — R™ and g : A — RP be two weakly
Lipschitz mappings of class C1 on a C? stratification X4 of A C R™. Then
the mapping

(f,9): A3 3> (f(2), g(x)) € R™ x R

1s weakly Lipschitz of class C1 on X4 as well.

DEFINITION 2.12. For a homeomorphic embedding f : A — R™ and a
C1? stratification X4 of A such that for any I" € X4 the map f|r is a C?
embedding, we have a natural C? stratification of the image f(A),

fXa={f(I"): " € Xa}.
This leads to the following definition of a weakly bi-Lipschitz homeomor-
phism:

DEFINITION 2.13. Let A C R™ and let f: A — R be a homeomorphic
embedding. Let X4 be a C? stratification (¢ > 1) of A such that for all
I' € X4 the mapping f|r is a C? embedding.
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We say that f is weakly bi-Lipschitz of class C'1 on the stratification X 4 if
f is weakly Lipschitz of class C9 on X 4 and the inverse f~!: f(4) — A C R®
is weakly Lipschitz of class C'? on fX 4.

In order to check that the inverse mapping is weakly Lipschitz on fX 4,
we can use the following obvious

PROPOSITION 2.14. Let A C R™ and let f : A — R™ be a homeomorphic
embedding. Let X4 be a C? stratification of A and assume that for each
stratum I" € X4 the mapping f|r is a C? embedding. Then the mapping
f~t: f(A) — A is weakly Lipschitz of class C? on the stratification fXa if
and only if it satisfies the following condition:

(a') for any strata I’ A € X4 with I' C A\ A and for any point a € T,
if {ay}ven, {by}ven are sequences such that a, € I' and b, € A for
v €N, then

ay, by — a (v —o00) = liminfw

im in lay — by > 0.

3. The WL class of regularity conditions. In this section we de-
scribe some class of regularity conditions and we prove that in o-minimal
geometry they are in some sense invariant under definable, locally Lip-
schitz, weakly bi-Lipschitz homeomorphisms. As shown in the next sec-
tions, this class includes the Whitney (B) condition and the Verdier con-
dition.

From now on we fix, on the ordered field R, an o-minimal structure D
admitting definable C'? cell decompositions (¢ > 1 is also fixed). In the whole
paper, “definable” means “definable in D”.

THEOREM 3.1. Let p € N, p > 1. For any finite family of definable sets
A,By,...,B, C A CR", there exists a finite definable C? stratification of
A compatible with B;, i =1,...,p.

Proof. This easily follows from the C'? Cell Decomposition Theorem (see
[DM] 4.2]). =

Let Q be a condition on pairsi(/l, I') at points = € I', where A,I" C R"
are C'? submanifolds with I" C A\ A. Sometimes we will refer to Q as a
reqularity condition.

DEFINITION 3.2. We say that the condition Q is local if for any open
neighbourhood U of any x € I' the pair (A, I') satisfies Q at x if and only if
(ANU,I'NU) satisfies Q at x.
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We will be considering only local conditions. We adopt the following
notation:

WS(A, I, z) = the condition Q is satisfied for the pair (A,I") at = € I,
WE(A, ') = WE(A, T, z) for each x € T,
-WE(A, T, z) = the negation of WQ(A, T, z).
DEFINITION 3.3. We say that Q is definable if for any definable C? sub-
manifolds I') A C R"™ such that I" C A\ A, the set
{x eI WA, Tz)}
is definable.
DEFINITION 3.4. Let Q be a definable condition. We say that Q is ge-
neric if for any definable C? submanifolds A, I" C R™ with I" C A\ 4, the

set
{x el -WSAT,z)}

is nowhere dense in I'.
We are interested in C'? stratifications satisfying a condition Q.

DEFINITION 3.5. Let X4 be a C? stratification of A and Q a condition.
We say that X 4 is a stratification with condition Q (or a Q-stratification) if
for each pair A, I' C X4,

rcA\A = WSAT).

THEOREM 3.6 (Lojasiewicz—Stasica—Wachta). Let Q be a definable, ge-
neric condition. Then for any finite family {A;};jer of definable subsets
of R™, there exists a finite definable C? stratification Xgn of R™ with con-
dition Q, compatible with {A;}jer.

Proof. In [LSW| Prop. 2| a proof was given in the subanalytic case. It
suffices to observe that the same argument works in the general definable
case. m

COROLLARY 3.7. Let Q be a definable, generic condition. Given a de-
finable C? stratification X4 of a definable set A C R™, there exists a finite
definable C? stratification X'y of A with condition Q such that X'y is com-
patible with X 4 and moreover

{I'eXy:dimI" =dim A} ={I" € X4 : dim [ = dim A}.
Proof. Observe that using the downward induction from [ESW] and mod-

ifying the definable C? stratification to one satisfying condition Q, all we
need to do is to substratify those strata of X4 of dimension < dim A. =

DEFINITION 3.8. We say that a condition Q is C'? invariant (or invariant
under C? diffeomorphisms) if for any C? diffeomorphism ¢ : U — W of open
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subsets U, W C R" and any C? submanifolds A, I' C U such that I C A\ 4,
and for any point z € I,

WC(A,T,z) & W2($(A),d(I), ¢(x)).

The class of conditions that we are to describe consists of conditions
that are definable, generic and invariant under definable C'? diffeomorphisms.
Additionally, two more features are required.

DEFINITION 3.9. We say that the condition Q has the projection property
with respect to weakly Lipschitz mappings of class C? if for any mapping
f i+ A— R™ weakly Lipschitz of class C'? on a CY stratification X 4 of a set
A C R", we have

Xgraph £(X4) is a O-stratification = X4 is a Q-stratification.

Notice that this condition is equivalent to the following one:

For any subset £ C R™ x R™ and its C? stratification Xg such that
mi|lg : E — R™ is a homeomorphic embedding and for each I" € Xp,
mi|r: I’ — R" is a 9 embedding and (m2|g) o (71|g)~! is weakly Lipschitz
of class C? on m X, we have

XE is a O-stratification = mXpg is a Q-stratification,

where 1 : R® x R™ — R” and 7 : R® x R™ — R™ denote the natural
projections.

REMARK 3.10. By Propositions[2.9/and the condition that the map-
ping (ma|g) o (m1|g) ! is weakly Lipschitz of class C? on 71X is equivalent
to m1|g being weakly bi-Lipschitz of class C? on Xp.

The following proposition is obvious.

PROPOSITION 3.11. Let Q be a condition having the projection property
with respect to weakly Lipschitz mappings of class C1. Let f: A — R™ be
weakly Lipschitz of class C'1 on a stratification X 4 of a set A C R™. Then for
any C? submanifolds I'y A C graph f such that I' C A\ A, dim " < dim/l
and {A,I'} is compatible with the stratification Xgraph £(X4),

WE(A, T) = W(mi(A), m(I)).

DEFINITION 3.12. We say that the condition Q has the lifting property
with respect to locally Lipschitz mappings of class C if for any two C'? sub-
manifolds A, I' C R™ such that I' C A\ A, for any locally Lipschitz mapping
f AU — R™ such that the restrictions f|4, f|r are of class C?, and
for any CY submanifolds M, N C R” such that N C M \ M and {M, N} is

(*) The inequality dim I" < dim A is required for {A, T'} to be a stratification of AUT".
In the definable case the inequality follows from I C A\ A.
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compatible with {A, I'}, we have
WE(M, N) A WS (graph f|4, graph f|r) = W< (graph f|u, graph f[x).

Equivalently, O has the lifting property with respect to locally Lipschitz
mappings of class C? if for any two C? submanifolds A, I’ C R"™ x R™ such
that I' C A\ A and 71 |4ur is a homeomorphic embedding, 71|, 71| are
C% embeddings and the mapping m|aur © (m1|aor) ™t @ m(A) Um () —
R™ is locally Lipschitz, the following holds true: for any C'? submanifolds
M,N C R" such that N ¢ M \ M,

(i) W(M,N),W(A,I"),M C m1(A),N C (')
= WE((M xR™)NA, (N xR™)NTI),
(i) WE(M, N), M, N C m1(A) = W2((M x R™) N A, (N x R™) N A),
(iii) WE(M,N),M,N C 7 (I') = We(M x R™)NI,(N x R™)NT).

REMARK 3.13. If a condition @ is C? invariant, then the implications
(ii) and (iii) are always satisfied.

DEFINITION 3.14. We say that a condition Q is a WL condition of class
C?if it is
definable;
generic;
invariant under definable C' diffeomorphisms;
has the projection property with respect to weakly Lipschitz mappings
of class CY;

e has the lifting property with respect to locally Lipschitz mappings of
class C1.

Conditions of type WL are invariant under definable locally Lipschitz,
weakly bi-Lipschitz homeomorphisms in the following sense:

THEOREM 3.15 (Invariance of WL conditions under definable, locally
Lipschitz, weakly bi-Lipschitz homeomorphisms). Let Q be a WL condition
of class C4. Let A C R"™ be a definable set and let f: A — R™ be a definable
homeomorphic embedding, weakly bi-Lipschitz of class C? on a definable C?
stratification X4 of A. Assume that for any two submanifolds A, I' € X4
such that I' C A\ A, the mapping f|aur is locally Lipschitz. Then there
exists a definable C? stratification X'y of A, compatible with X 4, such that

{reXxs:diml’=dimA} ={I" € X, : dim I'" = dim A}

and the condition Q is invariant with respect to the pair (f,X',) in the Jfollow-
ing sense: for any definable C? submanifolds M, N C A such that N C M\ M
and {M, N} is compatible with the stratification X',

WE(M,N) = WO(f(M), f(N)).
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Proof. Consider graph f C R" x R and its definable C? stratification
Xgraph f(X4) = {graph f[r: I' € Xa}.

By Corollary we find a definable C? substratification %ggraph f(fﬁA) of
graph f with condition Q that is compatible with the family Xgraph r(X4)

and moreover

{I" € X2, p(Xa) s dim IV = dim A} = {I" € Xgrapn s(X4) : dim I' = dim A}.

We will show that
Xy ={m(A): A€ X2 (Xa)}
is the required stratification.

Of course X/, is a definable C? stratification of A, compatible with X4
and such that

{rexy:diml’=dimA} = {A € X/, : dim A = dim A}.

By the projection property of the condition Q with respect to weakly Lip-
schitz mappings, X/, is a Q-stratification.

Observe that for any two strata A, I" € X, with I' C A\ A, the mapping
flaur is still locally Lipschitz, by the compatibility of X’y with X 4.

For the same reason fX’, is compatible with fX 4. Therefore, from Propo-
sition we see that f is still weakly bi-Lipschitz of class C? on X/j.

Consider now two definable C? submanifolds M, N in R" with N C M \ M
that are compatible with the stratification X', and W<(M, N) holds. Then
two cases are possible:

I. There exists a submanifold A € X', such that M, N C A. As f|s
is a definable C? embedding, by the invariance of Q under definable C?
diffeomorphisms we get WE(f(M), f(N)).

I1. There exist two different A, I" € X', such that N C I', M C A. Then
I' c A\ A and f|ur is still locally Lipschitz.

In this case, W<(graph f|1,graph f|r) holds by the construction of
:{g%aph f(.'f A), so as Q has the lifting property under locally Lipschitz map-
pings of class C'9, we get

WE(graph f|ar, graph f|n).
On the other hand, f~! is weakly Lipschitz on the definable C? stratifi-
cation {f(A), f(I")} and thus on {f(M), f(N)}. Observe that

®(graph f|ar) = graph f 'y, P(graph f|nv) = graph f | yv),
where @ : R" xR™ 5 (z,y) — (y,z) € R™ xR"™. Therefore, by the projection
property of @ with respect to weakly Lipschitz mappings we have

W€ (ma(graph f| ), m2(graph f|n)).
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But mo(graph f|asr) = f(M) and me(graph f|n)) = f(IV), which completes
the proof. =

REMARK 3.16. As a corollary from the proof of Theorem [3.15| we find
that the definable C? stratifications X'y and %}(A) ={f(I"): I'e X4} are

O-stratifications.

4. The Whitney (B) condition as a WL condition. In this section
we will prove that the Whitney (B) condition is of type WL of class C4,
qg=>1

DEFINITION 4.1. Let N, M be C?% submanifolds of R™ such that N C
M\ M, dim N < dim M and let a € N.

We say that the pair of strata (M, N) satisfies the Whitney (B) condition
at the point a (notation: WB(M, N,a)) if for any sequences {a,},en C N,
{by}ven C M both converging to a and such that the sequence of the secant
lines {R(a, —by)}yen converges to a line L C R™ in P,,_; and the sequence of
the tangent spaces {7}, M },cn converges to a subspace T' C R™ in Ggim a,n,
always L C T.

If WB(M, N, a) for any point a € N, we write WZ(M, N).

THEOREM 4.2. The Whitney (B) condition is definable and generic.

Proof. The proof in [TL2] for the structure (R, +, -, exp, (r),cr) remains
valid for arbitrary o-minimal structures on (R, <,+,-). See also [DM]. =

DEFINITION 4.3. A definable C? stratification X4 of a definable set
A CR" is called a Whitney stratification if for any pair of strata I'; A € X4
such that I" C A\ A, the condition W5 (A, I') is satisfied.

REMARK 4.4. The Whitney (B) condition is invariant under C! diffeo-
morphisms (see [Tro]).

In order to show that the Whitney (B) condition has the projection
property with respect to weakly Lipschitz mappings of class C'?, it suffices
to prove the following theorem.

THEOREM 4.5. Let A,I" C R"™ be C9 submanifolds such that ' C A\ A
and dim I' < dim A. Consider a mapping f : AU — R™ weakly Lipschitz
of class C? on the stratification {A,I'}. Then

W5 (graph f|4, graph f|r) = WB(A,T).

Proof. Let a € I' and {ay }ren C I'y {br}ren C A be sequences converg-
ing to a and such that

R(ax, —bx) = L, TpA—T, k— oo,
with some L € P,_1 and T' € Ggim A,n- Then

(ak, flar)) = (a, f(a)), (b, f(br)) — (a, f(a)), Kk — ooc.
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Without loss of generality we may assume that for k& — oo we have
R((ag, f(ar)) = (bx, f(br))) — L', T, f(bp)) eraph fla — T

with some L' € Pp i1, T' € Gaim A ntm- Since W5 (graph f| 4, graph f|r),
we have L' C T'. Because f is weakly Lipschitz on {A, I'}, it follows that

m (L) = L.
On the other hand, as f|, is of class CY, for any k € N we have
71 (T, £ (b)) €raph fla) = Ty, A,
and hence m1(7”) C T by the continuity of 7. Consequently,
L=myCcm(T')CT. u
Now we deal with the lifting property with respect to locally Lipschitz
mappings of class C? for the Whitney (B) condition. It will easily follow

from a more general transversal intersection theorem for the Whitney (B)
condition.

THEOREM 4.6. Let A;, I (i = 1,2) be two pairs of C? submanifolds
in R™ such that T; C A; \ A; and WB(A;, I;). Assume that Ay N Ay and
I1 NIy are CY submanifolds such that 11 NIy C A1 N As and for each
xo € I N Ty and any sequence {y, },en C A1 N A converging to xg, we have

Tyu/li — S (Z = 1,2) = dimS; NSy = dim A; N As.

Then WB(Al NAs, 17N FQ) @

Proof. Let xg € I1 N I5. Consider two sequences

{zntnen C TN T, {Yntnen C A1 N Ay

such that x,,y, — xo as n — oo. Assume that R(x,, — y,) — L and that
the sequences

{Ty, (M N A2)bnen,  {Ty, Mitnen,  {Ty,A2}nen

are convergent. Let
T = lim Tyn (/11 N /12)

Yn—T0

By the assumptions,

L C lim TynAl N lim Tyn/lg = lim Tyn(Al N /12) =T =
Yn—%0 Yn—x0 Yn—2T0

THEOREM 4.7. Let A, I be C9 submanifolds of R™ such that I' C A\ A.

Let f: AU — R™ be a locally Lipschitz mapping such that f|a, flr are of

(}) Ifforany G € {A1, 1} and K € {A2, I} the submanifolds G and K are transversal
in R™, then the conclusion of Theorem follows from Lemma 4.2.2 in [Té€].
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class C9. Let M, N be CY submanifolds of R"™ such that N C M \ M and
{M, N} is compatible with {A,I'}. Then

WE(M, N) A W5 (graph f| 4, graph f|r) = WP (graph f|u, graph f|n).

Proof. If M,N C Aor M, N C I, then W5 (graph f|ar, graph f|x) holds,
because the Whitney (B) condition is CY invariant. Now let M C A and
N C I'. Tt is enough to use Theorem [£.6] where

Alzgraphf’/la Flzgraphf’f‘y AQZMXRmy FQZNXRm-

The last assumption of Theorem [£.6]is satisfied, because f is locally Lipschitz

(use Propositions and [L.7). =

COROLLARY 4.8. The Whitney (B) condition is a WL condition of
class C1.

COROLLARY 4.9. The conclusion of Theorem holds true for Q being
the Whitney (B) condition.

REMARK 4.10. A similar theorem holds true in the analytic-geometric
category defined in [DM], as the Whitney stratification theorem holds true
in this category.

5. The Verdier condition as a W/.L condition. We start with some
preparation.

LEMMA 5.1. Let V be a linear subspace of R®, R = V @ V1. Let
0 < a<1 bea constant and set

B, ={ue€ S" ' dRu, V) > a}.
Then there exists C,, > 0 such that:
(i) for any u,w € By we have
d(Rry (u), Rry (w)) < Cod(Ru, Rw),

(ii) for any two linear subspaces L, K C R™ with L N S" 1 K NSt
C B,

d(ﬂ'V(L)a 7TV([(» < Cad(L7 K)
Proof. (i). Let u,w € B,. Then

v ()] = Ju =y i (w)] = dRu, V) > e,
|y ()| = |w — Ty 1 (w)] = d(Rw, V) > a.
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Hence
my (u) (w) ) - [y (w )!—Wv(w)'hv(u)\‘
v (w)] |7Tv w)| [y (u)] - [y (w)]

my (u) - |y (w)| — 7y (u) - |y (u)| + 7y (u) - |7y (u)| = 7y (w) - |7y (u)]
[Ty (u)] - [y (w)]

< Slmv(w) - (v ()] = v (@)]) + [mv ()] - (v () = 7 (w))]
< 3 (v (@)l v ()] = b )] |+ [y ()] - ey () = v ()
< % (|my (u) — my(w)|) = % Iy (u —w)| < % lu — wl.
Similarly,
mv(w) | av(w) || vy  av(w) | o2
|7y (u)| lvrv(w)!’ @l Tl = o futwl
Finally,
d(Rry (), Ry (w)) < d(Rry (v), Ry (w))
< ai d(Ru, Rv) < —- d(Ru, Rv)

Item (ii) follows easily from (i). =

We will also need the following definition of the sine of the angle between
two linear subspaces.

DEFINITION 5.2. Let S, K C R”™ be linear subspaces. Then we define
inf{d(Ru,Rw) :u € SNS" 1, we KNS uvywl SNK}
)\(SK){ ifSZ Kand K ¢ S,
0 ifSCKorKCS.
REMARK 5.3. Notice that if S ¢ K and K ¢ S, then

MS,K)=6(SN(SNK)H, KN (SNK)™).

PROPOSITION 5.4. Let k,I,n € N and let S € G, and K € Gy, be
such that X\(S, K) > 0. Then

(i) For any v € R™ with |v| =1,

d(Rv,SNK) < (d(Rv, S) + d(Rv, K)).

1
= XS, K)
(ii) If R, L are linear subspaces in R™, then

dRNL,SNK) <

NS K) (d(R,S)+d(L,K)).
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Proof. (i) If v € SN K, then the desired inequality is satisfied as
dv,SNK)=d(v,S)=d(v,K)=0.
Assume now that v ¢ SN K, which means that d(v, S N K) > 0. Then
A(S, K) < d(R(mk (v) — msnk (0)), R(7s (v) — msnk ()
< dR(mx (v) — 7snx (v), R(v — 750K (v)))
+dR(v = w50k (v), R(ms(v) = Tsnx (v)))
pomx@) | _oms)] _ d K) d(v, 5)

T o —msnx ()] | v—msnx ()] d(w,SNK) " d(v,SNK)’
as required.
Assertion (ii) follows trivially from (i). m

PROPOSITION 5.5. Let p,k,s,n € N with p < min{k, s}. Set
Y ={(S,K) € Gsy xGgp:dim(SNK) = p}.
Then the mapping X : X > (S, K) — (S, K) € [0,1] is continuous.
Proof. The continuity of A follows easily from the fact that the mapping
P: X3S K)—SNK eGy,

is continuous at any point (Sp, Ko) € X, because Proposition [5.4{ii) implies
the inequality
1

d K K< ——
(Sﬁ , 50N 0)_>\(SO,K0)

(d(Sv SO) + d(K7 KO))

for any (S,K) € X. u

PROPOSITION 5.6. Let s,k,p,n € N and p < min{k,s}. Let Y be a
compact subset of

Then inf{\(S,K) : (S, K) € £} > 0.

Proof. Trivial as A : ¥ 5 (S, K) — A(S, K) € [0,1] is continuous and X
is compact. =

COROLLARY 5.7. Let s,k,p,n € N with p < min{k, s} and let Y bea
compact subset of ¥ = {(S,K) € Ggy X Ggp, : dim(S N K) = p}. Then
there exists C' > 0 such that for any linear subspaces R, L of R™ and for any
(S,K) e X,

d(RNL,SNK)<C(d(R,S)+d(L,K)).

Proof. By Propositions and (ii) the above inequality holds with
C =1/inf{\(S$,K): (S,K)e X}. u
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DEFINITION 5.8. Let A, I" be C? submanifolds of R” with I' C A\ A. We
say that the pair (A, I") satisfies the Verdier condition at xo € I' (notation:
WV (A, T, x0)) if there exists an open neighbourhood Uy, of zg in R and
Czo > 0 such that

Ve e I'NUy, Yy € ANUy, d(Tx1,TyA) < Cyylz —y|.
We say that (A, ") satisfies the Verdier condition (notation WV (A, I)) if
WV (A, T, xg) for each zg € I
In 1998 Ta Le Loi proved that
THEOREM 5.9. The Verdier condition is definable and generic.
Proof. See [TLI] (cf. [ESW] and [DW]). =

REMARK 5.10. As explained in [Ver], the Verdier condition is invariant
under definable CY diffeomorphisms, ¢ > 2. However, it is not C! invariant,
as was shown in [BT].

Now we prove that the Verdier condition has the projection property
with respect to weakly Lipschitz mappings of class C'9, where ¢ > 2.

THEOREM 5.11. Let ¢ > 2 and let A, I' be C? submanifolds of
R™ x R™ with ' ¢ A\ A and dim I’ < dim A [®)| Suppose that m|sur
is a homeomorphic embedding such that mi|a, m1|p are C? embeddings @
Assume that ma|aur o (m1|aur) ™t is weakly Lipschitz on the CY stratification
{m1(A), 71 (I")}. Then

WY(A, T) = WY (r(A), ().

Proof. Put 2’ = 73| aur o (m1]aur) () for any z € m (AU T).

Let g € m(I"). After a suitable C? change of coordinates in a neigh-
bourhood of (g, x)) we can assume that 71(I") = R* x {0}" % and I" =
71 () x {0}™ = R* x {0}t™~F = RF. Then 2’ = 0 for any = € my(I').

There exists an open neighbourhood Uy, ¢y of (70,0) in R™ x R™ and a
constant C'(,) o) > 0 such that

d(T(z,O)Fv T(y,y’)A) < C(zo,O)‘(xa 0) - (yv y/)’
for all (z,0) € I'N Uy 0y and (y,y") € AN U g, 0)-
Since ma|qur © (m1|aur)”! is weakly Lipschitz on the stratification
{m(A), 71 (I")}, there is a neighbourhood U, of zp in R™ and a constant
Ly, > 0 such that

0—y/|
|z =yl
for all x € m (") N Uy, and y € m1(A) N Uy,.

< La,

(®) Again we have to assume that {A, '} is a C stratification of AU I'.
(4) As before, 11 : R" xR™ — R™ and 73 : R” xR™ — R™ are the natural projections.
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Without loss of generality we may assume that Uz, = Uggo) N
(R™ x {0}™). Then from the above argument, for all (z,0) € I' N Uy, )
and (yv y/) eAN U(:co,())7

d(T(m,O)Fa T(y,y’)A) < C(mo,O)|($a O) - (yvy/)| < C(IO,O) vV 1+ (L$0)2 |'T - y|’
in other words
d(Rk,T(yVy/)A) < C(xo,O) 1+ L%() |$ — y|
Hence, after diminishing U, o),
d(Rk,T(%y/)A) <1- a,

where 0 < a < 1, and then denoting by K, the orthogonal projection of Rk
onto T\, ,nA, we get a k-dimensional subspace Ky of T, A such that

d(R*, K,) = d(RF, T, ,nA).
Consequently, by Lemma (ii),
d(Tymi (1), Tymi(A)) = d(R¥, w1 (T, nA))
— d(my(BF x {0}),m1(K,)) < Cad(R¥, T(, 1 A) < Cle — .
which completes the proof. =

COROLLARY 5.12. The Verdier condition has the projection property with
respect to weakly Lipschitz mappings of class C'?, where ¢ > 2.

It remains to deal with the property of lifting the Verdier condition with
respect to locally Lipschitz mappings of class C4, ¢ > 2. The argument is
analogous to that in the case of the Whitney (B) condition.

THEOREM 5.13. Theorem [4.6) remains true when the Whitney (B) con-
dition is replaced by the Verdier condition, assuming that q > 2.

Proof. Let xy € It N I,. There exists a neighbourhood Uy, of zp and a
constant Cy, > 0 such that for all x € I; N U,, and y € A; N Uy,

d(TIFZ,TyAZ) S Cxo|l‘ - y|, 1= 1,2

CASE I. Assume that dim A; N A2 = min{dim A;,dim Ay} = dim A; (the
other case is similar). Then A; N Ay is open in Ay, hence T, (A1 N Ag) = Ty Ay
and

d(Tx(Fl N FQ),Ty(Al N /12)) < d(Txrl,Ty/h) < Cm]ac — y[

forall z € ITNI2NUg, and y € Ay N A2 N Uy, as desired.
CAsE II. Assume now that dim A; N A2 < min{dim A;, dim As}. Let
X = {(S, K) € Gdim/ll,n X Gdim/lg,n :dimSNK =dimA; N /12}
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Then by the assumptions, after perhaps diminishing the neighbourhood Uy,
the closure X' of the set

{(TyA1,TyAs) € Gaim Arn X Gdim as,n 1y € A1 N AN Uy}

is a closed subset of X'. By Corollary there exists a constant C' > 0 such
that for all x € I NI N Uy, and y € A; N Az N Uy, we have

d(Txfl NT,I5, Ty/ll N Ty/lg) < O(d(Txfl, Ty/ll) + d(Tl«FQ, TyAQ))
Consequently,
Cl(Tx(Fl N FQ),Ty(/ll N /12)) <C- QCzO . |J,‘ — y| =

THEOREM 5.14. Theorem[L.7) remains true if the Whitney (B) condition
1s replaced by the Verdier condition, assuming that q > 2.

Proof. This follows from Theorem in the same way as Theorem [4.7]
follows from Theorem .

COROLLARY 5.15. The Verdier condition is a VWL condition of class CY,
q=>2.

COROLLARY 5.16. Theorem/[3.15| holds true for the Verdier condition with
q=>2.
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