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On arc-analytic functions definable by a Weierstrass system

by KrzyszTor JAN Nowak (Krakow)

Abstract. This paper presents certain characterizations through blowing up of arc-
analytic functions definable by a convergent Weierstrass system closed under complexifi-
cation.

Consider a real convergent Weierstrass system W closed under com-
plexification and the o-minimal expansion R of the real field by restricted
Wh-analytic functions. Our previous article [6] presented several theorems
about the rectilinearization of W-subanalytic functions and their applica-
tion to quantifier elimination for the structure R. In this paper, we shall
apply those results to the theory of arc-W-analytic functions definable in
the structure R. In what follows, the word “definable” will mean “definable
in the structure R”.

The notion of a definable arc-W-analytic function generalizes that of
an arc-analytic function, considered by Kurdyka [3] in relation with arc-
symmetric semialgebraic sets. Kurdyka also posed the question whether ev-
ery such function can be, perhaps under additional assumptions, modified by
means of blowing up to an analytic function. We should mention that func-
tions of this type (i.e. analytic after composition with certain modifications)
were investigated by Kuo [2] as well.

In the classical, real-analytic case, the affirmative answer was first given
by Bierstone-Milman [I], and next by Parusinski [7]. Also developed in [I]
was a method for rectilinearization of a continuous subanalytic function in
such a way that every such function becomes analytic after composing it
with a locally finite family of modifications, each of which is a composite
of finitely many local blowings-up and local power substitutions. Parusinski
improved the above result so that it is enough to substitute powers only at
the last step after all local blowings-up.
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The main objective of this paper is to carry over the foregoing results
to the real field with restricted W-analytic functions (see [6] for basic defi-
nitions). What is crucial for our approach to arc-W-analytic functions is a
theorem from [6] on rectilinearization of a continuous definable function (the
corollary to Theorem 2*). We first recall some necessary notation from that
paper.

By a quadrant in R™ we mean a subset of R of the form

{r=(z1,...,2m) ER™ 12, =0,2; >0, 2, <0foriely, jeli kel },

where {Ip,I;,1_} is a disjoint partition of {1,...,m}; its trace @ on the
cube [—1,1]™ will be called a bounded quadrant; put

Qy ={zxel0,1]":2;=0,z; >0foriecly,jel UI_}.

The interior Int(Q) of the quadrant @ is its trace on the open cube (—1,1)™.
A bounded closed quadrant is the closure @ of a bounded quadrant @, i.e. a
subset of R™ of the form

Q:={ze[-1,1]":2;=0,2; >0, 2, <0foriely,jely, kel }.

A quadrant of dimension m in R™ is called an orthant.

We say that a function g on a bounded quadrant @ in R™ is a fractional
normal crossing on @ if it is the superposition of a normal crossing f in the
vicinity of the closure Q of @ and a rational power substitution ¢ given
by the equality

:R™ =R™, @y, zm) = (o™ [om]*7),

where a4, . .., a,, are non-negative rational numbers. In other words, a frac-
tional normal crossing g on @ is a function of the form

g(z1, .. zm) = |z N - m Y (YN | YY),

where N is a positive integer, ny, ..., n,, are non-negative integers such that
n; = 0 for i € Iy, and u is a W-analytic function near @, which vanishes
nowhere on Q.

Let U be an open subset of R™ and f : U — R a definable function. Given
a bounded orthant ) and a collection of modifications ¢;, we denote by
dom; (@) the union of @ and all those bounded quadrants that are adjacent
to @ and disjoint from 90;1(8U); it is, of course, an open subset of the
closure . Moreover, the open subset ¢;° Y(U) of the cube [~1,1]™ coincides
with the union of dom;(Q), where @ ranges over the bounded orthants that
are contained in ¢; *(U), and with the union of those bounded quadrants
that are contained in ¢; '(U).

Consequently, the union of the images ¢;(Int(Q)), where @ ranges over
the bounded quadrants that are contained in gp;l(U ), coincides with the
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union of the images
pi(dom;(Q) N (=1,1)™),
where @) range over the bounded orthants () that are contained in ¢; Lan.

We now recall the following rectilinearization result from our paper [6],
which plays a key role in this article.

THEOREM 1 (On rectilinearization of a continuous definable function).
Let U be a bounded open subset of R™ and f : U — R be a continuous
definable function. Then there exists a finite collection of modifications

wi:[-1,1]"—=R™, i=1,...,p,
such that

(1) each ¢; extends to a W-analytic mapping in a neighbourhood of the
cube [—1,1]™, which is a composite of finitely many local blowings-up
with smooth centres;

(2) each set p; *(U) is a finite union of bounded quadrants in R™;

(3) each set p; (QU) is a finite union of bounded closed quadrants in R™
of dimension m — 1;

(4) U is the union of the images p;(dom;(Q) N (—1,1)™) with Q ranging
over the bounded orthants QQ contained in cpi_l(U), i=1,...,p;

(5) for every bounded orthant Q, the restriction to dom;(Q) of each func-
tion f o @; either vanishes or is a fractional normal crossing or a
reciprocal fractional normal crossing on @, unless cpfl(U) nQ=>0.

A function f: U — R on an open subset U C R" will be called arc-WW-
analytic if, for every W-analytic arc v : (—1,1) — U, the superposition f o~y
is W-analytic too.

It is well known that every definable arc-W-analytic function is contin-
uous (cf. [3, I]). For the reader’s convenience, we give here a short proof of
this fact.

PROPOSITION 1. Given an open subset U in R™, every definable arc-WV-
analytic function f: U — R is continuous.

Suppose, on the contrary, that the function f is not continuous at a point
a € U. Then there are o, 8 € R, a < 3, such that

a€EyNEy with Ey:={zeU: f(r)<a}, Bp:={xcU: f(zx) >}

The structure R admits W-analytic cell decomposition, and thus also finite
Wh-analytic stratifications of definable subsets (see e.g. [4, [5 §]). Therefore,
one can partition the set U into finitely many definable W-analytic sub-
manifolds M, ..., M, on each of which the function f is VW-analytic. Take
a definable W-analytic stratification I7,...,Is of R” compatible with the
sets By, Fo and My, ..., M,.



102 K. J. Nowak

Due to the curve selection lemma and the arc-W-analyticity of f, we get
the following implication (considered by Bierstone—Milman [I]):

Iycrhi = f(Iy) C f(I).
Consequently, the sets E7 and FEs are closed, whence a € E1 N Es. This
contradiction proves Proposition 1.
We now turn to the main purpose of this paper.

THEOREM 2 (Rectilinearization of a definable arc-W-analytic function).
Assume that a definable function f # 0 is arc-YW-analytic on a connected
open subset U in R™. Then there exists a finite collection of modifications

i [-1,1" —=R™,  i=1,...,p,
such that

(1) each ¢; extends to a W-analytic mapping in a neighbourhood of the
cube [—1,1]™, which is a composite of finitely many local blowings-up
with smooth centres;

(2) each set p; *(U) is a finite union of bounded quadrants in R™;

(3) each set p; *(OU) is a finite union of bounded closed quadrants in R™
of dimension m — 1;

(4) U is the union of the images p;(dom;(Q) N (—1,1)™) with Q ranging
over the bounded orthants Q) contained in <pi_1(U), i1=1,...,p;

(5) each function f o ¢; is a W-analytic W-subanalytic function on the
union

|Jdomi(Q) n(~1,1)™
Q

with Q) ranging over the bounded orthants that are contained in goi_l (U),
which is an open rectangular subset of the open cube (—1,1)™.

Theorem 2 follows directly from Theorem 1 and the proposition below.
PROPOSITION 2. Let
O ={zeR™:2, >0}, H:={zxeR":z, <0}

and F1 and Fy be two W-analytic functions in the vicinity of the set §21.
Suppose that Fy and Fy coincide on 21 N {25. For a positive integer r € N,
consider the functions

fit 2 =R, fi(a) = F(x1, .., tmet, |om| V"),  i=1,2,
and denote by f : R™ — R their gluing. If for all x1,...,xm-1 € R the

functions f(xi1,...,Zm—1,) of one variable x,, are W-analytic, then so is
the function f.

We start with the obvious observation that, under the circumstances, the
Taylor series of the functions F} and Fy at each point (ay,...,am,—1) € Rm-1
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belong to the ring R[[z1,...,2m—1,2],]]. Further, the assumption about f;
and fo implies that these two functions glue to an analytic function f. Con-
sequently, f is a W-analytic function, because the Weierstrass system W is
convergent, and thus closed under analytic prolongation. This completes the
proof.

COROLLARY 1 (Criterion for arc-W-analyticity). A definable function
f U — R is arc-W-analytic iff there exists a finite collection of definable
modifications
wi: (=L, )" —=R™ i=1,...,p,
such that

(1) Uy (=1, 1)™) =U;

(2) each ¢; is a definable mapping which is a composite of finitely many
local blowings-up with smooth centres;

(3) each f o ; is a W-analytic function.

Indeed, whereas the “if” direction is obvious, the “only if” is a special case
of Theorem 2.

REMARK. The above criterion embraces the classical characterization of
arc-analytic functions due to Bierstone-Milman [IJ.

COROLLARY 2. If f: U — R is an arc-W-analytic function, then f is a
W-analytic function outside a closed definable YWW-analytic subset Z C U of
codimension > 2.
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