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On global regular solutions to the Navier–Stokes equations
with heat convection

by Piotr Kacprzyk (Warszawa)

Abstract. Global existence of regular solutions to the Navier–Stokes equations for
velocity and pressure coupled with the heat convection equation for temperature in a
cylindrical pipe is shown. We assume the slip boundary conditions for velocity and the
Neumann condition for temperature. First we prove long time existence of regular solu-
tions in [kT, (k + 1)T ]. Having T sufficiently large and imposing some decay estimates
on ‖f(t)‖L2(Ω), ‖f,x3(t)‖L2(Ω) we continue the local solutions step by step up to a global
one.

1. Introduction. We consider the problem

(1.1)

v,t + v · ∇v − divT(v, p) = α(θ)f in Ω × R+,

div v = 0 in Ω × R+,

θ,t + v · ∇θ − χ∆θ = 0 in Ω × R+,

n̄ · D(v) · τ̄α = 0, α = 1, 2, on S × R+,

v · n̄ = 0, n̄ · ∇θ = 0 on S × R+,

v|t=0 = v0, θ|t=0 = θ0 in Ω,

where α ∈ C2(R), Ω ⊂ R3 is a bounded domain, S = ∂Ω, v = (v1(x, t),
v2(x, t), v3(x, t)) ∈ R3 is the velocity of the fluid, θ = θ(x, t) ∈ R is the tem-
perature, p = p(x, t) ∈ R is the pressure, f = (f1(x, t), f2(x, t), f3(x, t)) ∈ R3

the external force, ν > 0 is the constant viscosity coefficient, χ > 0 is the
constant heat coefficient. We introduce the Cartesian system x = (x1, x2, x3)
such that the cylinder Ω is parallel to the x3 axis. We assume that S =
S1∪S2, where S1 is the part of the boundary which is parallel to the x3 axis
and S2 is perpendicular to x3. Hence
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S1 = {x ∈ R3 : ϕ(x1, x2) = c0, −a ≤ x3 ≤ a},

S2(−a) = {x ∈ R3 : ϕ(x1, x2) < c0, x3 = −a},

S2(a) = {x ∈ R3 : ϕ(x1, x2) < c0, x3 = a},
where a, c0 are given positive numbers and ϕ(x1, x2) = c0 describes a suf-
ficiently smooth closed curve in the plane x3 = const. Next n̄ is the unit
outward vector normal to S and τ̄α, α = 1, 2, are tangent vectors to S.

By T(v, p) we denote the stress tensor

T(v, p) = νD(v)− pI,
where I is the unit matrix and

D(v) = {vi,xj + vj,xi}i,j=1,2,3

is the dilatation tensor.
The aim of this paper is to prove the existence of global regular solutions

to problem (1.1) without smallness restrictions on the initial velocity and the
initial temperature. Since (1.1) is a coupling of the Navier–Stokes equations
with the heat equation the aim cannot be achieved without any restrictions,
because the regularity problem for the Navier–Stokes equations is up to
now an open problem. However, there are already some results on regularity
of weak solutions to the Navier–Stokes equations (see [7, 13, 14, 15, 16]).
These results describe solutions which are close either to two-dimensional
(see [7, 13]) or to axially-symmetric (see [14, 15, 16]) solutions. In the first
case the L2 norm of the derivative of the initial velocity with respect to x3
must be sufficiently small. The existence of global regular solutions which
are either two-dimensional or axially symmetric was proved in [5]. Looking
for solutions which are close to two-dimensional solutions requires that the
domain Ω be a cylinder.

Therefore to prove the existence of global regular solutions to the Navier–
Stokes equations which are close to 2d-solutions we need analytical
(‖v0,x3‖L2(Ω) to be small) and geometrical (Ω a cylinder) restrictions.

In this paper we generalize results on the Navier–Stokes equations to the
system (1.1) (see also [8, 9]). Moreover, the results from [8, 9] are extended
because the global existence is proved.

The problem of existence of global regular solutions to the Navier–Stokes
equations with slip boundary conditions which are close to two-dimensional
solutions has a long history. In the first paper [12] in this direction, long time
existence of regular solutions to the Navier–Stokes equations was proved by
using a complicated technique of Besov spaces. A simplified and more elegant
revision of the proof from [12] was given in [7], where Sobolev spaces were
used only.

In [6] the long time solution from [7] was prolonged in time up to infinity.
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Finally in [13] the global existence of regular solutions to the Navier–
Stokes equations was proved step by step in time up to infinity.

Problem (1.1) is a nontrivial generalization of the Navier–Stokes equa-
tions. The proof of the existence of a global regular solution to problem (1.1)
is divided into two steps. In the first step we consider problem (1.1) in the
interval [kT, (k + 1)T ], where k ∈ N ∪ {0} and T > 0 is a given number.
Hence problem (1.1) takes the form

(1.2)

v,t + v · ∇v − divT(v, p) = α(θ)f in ΩT (k+1) = Ω × (kT, (k + 1)T ),

div v = 0 in ΩT (k+1),

θ,t + v · ∇θ − χ∆θ = 0 in ΩT (k+1),

n̄ · D(v) · τ̄α = 0, α = 1, 2, on ST (k+1) = S × (kT, (k + 1)T ),

v · n̄ = 0, n̄ · ∇θ = 0 on ST (k+1),

v|t=kT = v(kT ), θ|t=kT = θ(kT ) in Ω,

where v(kT ), θ(kT ) are treated as given.
Let us introduce the quantities

G1(k, T ) = ‖f‖L∞(kT,(k+1)T ;H1(Ω)) + ‖v(kT )‖H1(Ω)

+ ‖θ(kT )‖H1(Ω) + ‖v,x3(kT )‖H1(Ω) + ‖θ,x3(kT )‖H1(Ω),

η(k, T ) = ‖f,x3‖L2(Ω×(kT,(k+1)T )) + ‖f3‖L2(S2×(kT,(k+1)T ))

+ ‖v,x3(kT )‖L2(Ω) + ‖θ,x3(kT )‖L2(Ω).

Then the following local regularity result holds.

Theorem 1.1. Assume that G1 is finite and η is sufficiently small. Then
there exists a solution (v, θ, p) to problem (1.2) such that

v, v,x3 , θ, θ,x3 ∈W
2,1
2 (Ω × (kT, (k + 1)T )),

∇p,∇p,x3 ∈ L2(Ω × (kT, (k + 1)T ))

and

(1.3)
1∑
i=0

(‖∂ix3v‖W 2,1
2 (Ω×(kT,(k+1)T ))

+ ‖∂ix3θ‖W 2,1
2 (Ω×(kT,(k+1)T ))

+ ‖∇∂ix3p‖L2(Ω×(kT,(k+1)T ))) ≤ β(G1(k, T )) ≡ A(k, T ),

where β is an increasing positive function.

From the form of G1 we see that A(k, T ) does not increase with T .
The proof of Theorem 1.1 is divided into the following stages. First the

a priori estimate (1.3) is shown by applying the energy method, estimates
for the Stokes system (2.2) and the parabolic problem (2.4), using smallness
of the quantity η. This smallness does not imply smallness of the initial data
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v(kT ), θ(kT ) but only smallness of its derivatives with respect to the variable
along the axis of the cylinder in the L2-norm. The estimate is proved in
Section 4. The final result is formulated in Lemma 4.8. Having the a priori
estimate the existence is proved by using the Leray–Schauder fixed point
theorem.

In the second step we prove

Main Theorem. Assume that

(1.4)

‖f(t)‖H1(Ω) ≤ e−δt‖f(0)‖H1(Ω),

‖f,x3(t)‖L2(Ω) ≤ e−δt‖f,x3(0)‖L2(Ω),

f3|S2 = 0, δ > 0.

Then

(1.5) ‖α((k + 1)T )‖H1(Ω) ≤ ‖α(kT )‖H1(Ω),

where α replaces v, θ, v,x3, θ,x3, for any k ∈ N∪{0}. Moreover, Theorem 1.1
implies global existence of solutions to problem (1.1).

Estimates (1.5) are proved in Section 6. The crucial elements of the proof
are decays (1.4) and the fact that the quantity A(k, T ) does not increase
with T . The last property explicitly appears in the proof of Lemma 4.8.

Now we justify the dividing of the proof of global existence of regular
solutions to (1.1) into two steps: Theorem 1.1 and Main Theorem. Setting
k = 0 in Theorem 1.1 we actually have global existence because the quantity
A(k, T ) does not increase with T . Then estimate (1.3) implies strong decays
of v, θ and p in time. To omit this restriction we need the Main Theorem.

2. Notation and auxiliary results. To simplify considerations we in-
troduce the following notation:

|u|p,Q = ‖u‖Lp(Q), Q ∈ {ΩT , ST , Ω, S}, p ∈ [1,∞],

‖u‖s,Q = ‖u‖Hs(Q), Q ∈ {Ω,S}, s ∈ R+ ∪ {0},
‖u‖s,QT = ‖u‖

W
s,s/2
2 (QT )

, Q ∈ {Ω,S}, s ∈ R+ ∪ {0},

u p,q,QT = ‖u‖Lq(0,T ;Lp(Q)), Q ∈ {Ω,S}, p, q ∈ [1,∞],

‖u‖s,q,QT = ‖u‖
W
s,s/2
q (QT )

, Q ∈ {Ω,S}, s ∈ R+ ∪ {0}, q ∈ [1,∞],

‖u‖s,q,Q = ‖u‖W s
q (Q), Q ∈ {Ω,S}, s ∈ R+ ∪ {0}, q ∈ [1,∞].

We denote by c a generic constant which changes its magnitude from formula
to formula. By c̄(σ), β(σ) we denote generic functions which are always
positive and increasing. Finally, we do not distinguish scalar and vector-
valued functions in notation.
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We denote

ΩTk = Ω × ((k − 1)T, kT ), ΩT2,T1 = Ω × (T1, T2).

We introduce the quantities

(2.1)
h = v,x3 , q = p,x3 , g = f,x3 , ϕ = θ,x3 ,

w = v3, χ = v2,x1 − v1,x2 .
Moreover, we introduce the space

V k
2 (ΩT ) =

{
u : ‖u‖V k2 (ΩT ) = ess sup

t∈(0,T )
‖u‖Hk(Ω)

+
(T�
0

‖∇u(t)‖2Hk(Ω) dt
)1/2

<∞
}
, k ∈ N ∪ {0}.

Let us consider the Stokes problem

(2.2)

v,t − divT(v, p) = f in ΩT ,

div v = 0 in ΩT ,

n̄ · D(v) · τ̄α = gα, α = 1, 2, on ST ,

v · n̄ = d on ST ,

v|t=0 = v0 in Ω.

Theorem 2.1 (see [1]). Let f ∈ Lq(ΩT ), d ∈ W 2−1/q,1−1/2q
q (ST ), v0 ∈

W
2−2/q
q (Ω), gα ∈ W

1−1/q,1/2−1/2q
q (ST ), α = 1, 2, q ∈ (1,∞). Assume the

compatibility conditions n̄ · D(v0) · τ̄α|S = gα|t=0, α = 1, 2, in W
1−3/q
q (S)

for q > 3 and n̄0 · v0|S = d|t=0 in W
2−3/q
q (S) for q > 3/2. Then there

exists a unique solution (v, p) to problem (2.2) such that v ∈ W 2,1
q (ΩT ),

∇p ∈ Lq(ΩT ) and

(2.3) ‖v‖
W 2,1
q (ΩT )

+ ‖∇p‖Lq(ΩT ) ≤ c
(
‖f‖Lq(ΩT ) + ‖v0‖W 2−2/q

q (Ω)

+ ‖d‖
W

2−1/q,1−1/2q
q (ST )

+
2∑

α=1

‖gα‖W 1−1/q,1/2−1/2q
q (ST )

)
.

Next we consider the following problem:

(2.4)

θ,t −∆θ = f in ΩT ,

n̄ · ∇θ = d on ST ,

θ|t=0 = θ0 in Ω.

Theorem 2.2 (see [4, Ch. 4]). Let f ∈ Lq(ΩT ), θ0 ∈ W 2−2/q
q (Ω), d ∈

W
1−1/q,1/2−1/2q
q (ST ), q ∈ (1,∞). Then there exists a unique solution θ to
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problem (2.4) such that θ ∈W 2,1
q (ΩT ) and

(2.5) ‖θ‖
W 2,1
q (ΩT )

≤ c(‖f‖Lq(ΩT ) + ‖θ0‖W 2−2/q
q (Ω)

+ ‖d‖
W

1−1/q,1/2−1/2q
q (ST )

).

Remark. In view of the considerations in [13] we know that the con-
stants c in (2.3) and (2.5) do not depend on T .

Theorem 2.3 (Korn inequality, see [14]). Assume that Ω ⊂ Rn is not
invariant with respect to any rotation. Assume that

(2.6) ‖D(u)‖L2(Ω) <∞, u · n̄|S = 0, div u = 0.

Then ‖u‖H1(Ω) ≤ c‖D(u)‖L2(Ω).

We now show estimates for the temperature. Applying the classical
De Giorgi methods (see also [4]) to problem (2.4) we get

Lemma 2.4. Assume that θ(0) ≥ c1 > 0. Then solutions to (2.4) satisfy

(2.7) θ(t) ≥ c1, t ≥ 0.

Proof. Let (θ − c1)− = min{0, θ − c1}. Multiplying (1.1)3 by (θ − c1)−
and integrating over Ω we obtain

1

2

d

dt

�

Ω

(θ − c1)2− dx+ χ
�

Ω

|∇(θ − c1)−|2 dx = 0.

Integrating with respect to time we have

‖(θ − c1)−‖2L∞(0,T ;L2(Ω)) + ‖∇(θ − c1)−‖2L2(ΩT )
≤ ‖(θ − c1)−(0)‖2L2(Ω).

Since (θ − c1)−(0) = 0 we conclude the proof.

Lemma 2.5. Assume that θ0 ∈ L2(Ω). Then solutions to problem (2.4)
satisfy

(2.8) ‖θ‖2L∞(0,T ;L2(Ω)) + ‖∇θ‖2L2(ΩT )
≤ ‖θ0‖2L2

.

Proof. Multiplying (1.1)3 by θ and integrating over Ω using (1.1)2,4,5, we
obtain

(2.9)
1

2

d

dt

�

Ω

θ2 dx+ χ
�

Ω

|∇θ|2 dx = 0.

Finally integrating with respect to time we obtain (2.8).

Lemma 2.6. Assume that θ(0) ≤ c2. Then solutions to problem (2.4)
satisfy

(2.10) θ(t) ≤ c2, t ≥ 0.

Proof. Let (θ − c2)+ = max{0, θ − c2}. Multiplying (1.1)3 by (θ − c2)+
and integrating over Ω we obtain

1

2

d

dt

�

Ω

(θ − c2)2+ dx+ χ
�

Ω

|∇(θ − c2)+|2 dx = 0.
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Integrating with respect to time we have

‖(θ − c2)+‖2L∞(0,T ;L2(Ω)) + ‖∇(θ − c2)+‖2L2(ΩT )
≤ ‖(θ − c2)+(0)‖2L2(Ω).

Since (θ − c2)+(0) = 0 we conclude the proof.

Lemma 2.7. Assume that f ∈ L2(R+, L6/5(Ω)), v(0) ∈ L2(Ω) and c1 ≤
θ(t) ≤ c2, α ∈ C0(R). Then

(2.11) ‖v(t)‖L2(Ω) ≤ c(‖f‖L2(R+,L6/5(Ω)) + ‖v(0)‖L2(Ω))

for any t > 0. Next

(2.12) ‖v‖V 0
2 (Ω×(kT,t)) ≤ c(‖f‖L2(kT,(k+1)T ;L6/5(Ω)) + ‖v(kT )‖L2(Ω))

≤ c(‖f‖L2(R+;L6/5(Ω)) + ‖v(0)‖L2(Ω)) ≡ l1, t ∈ (kT, (k + 1)T ).

Proof. Multiplying (1.1)1 by v and integrating overΩ using the boundary
conditions, the Korn inequality, Lemmas 2.4, 2.6 and the fact that α ∈ C0(R)
we obtain

(2.13)
d

dt
‖v‖2L2(Ω) + ‖v‖2H1(Ω) ≤ c(ε‖v‖

2
L6(Ω) + c̄(1/ε)‖f‖26/5,Ω).

Integrating (2.13) with respect to time we obtain (2.11). Finally integrating
(2.13) with respect to time from kT to t ∈ (kT, (k + 1)T ) yields (2.12).

3. Basic formulations. To prove the existence of global solutions to
problem (1.1) we follow [10, 13]. Therefore we need problems for quantities
(2.1). First we have

Lemma 3.1 (see [10]). The quantities h, q are solutions to the problem

(3.1)

h,t − divT(h, q) = −v · ∇h− h · ∇v + α,θϕf + αg in ΩT (k+1),

div h = 0 in ΩT (k+1),

n̄ · h = 0 on S
T (k+1)
1 ,

n̄ · D(h) · τ̄α = 0, α = 1, 2, on S
T (k+1)
1 ,

hi = 0, i = 1, 2, on S
T (k+1)
2 ,

h3,x3 = 0 on S
T (k+1)
2 ,

h|t=kT = h(kT ) in Ω,

where v and θ are treated as given.

Lemma 3.2 (see [10]). The function χ = v2,x1 − v1,x2 is a solution to the
problem
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(3.2)

χ,t + v · ∇χ− h3χ+ h2w,x1 − h1w,x2 − ν∆χ = F3 in ΩT (k+1),

χ = −vi(ni,xjτ1j + τ1i,xjnj)

+ v · τ̄1(τ12,x1 − τ11,x2) ≡ χ∗ on S
T (k+1)
1 ,

χ,x3 = 0 on S
T (k+1)
2 ,

χ|t=kT = χ(kT ) in Ω,

where v, h, w are assumed to be given and

n̄|S1 =
(ϕ,x1 , ϕ,x2 , 0)√
ϕ2
,x1 + ϕ2

,x2

, τ̄1|S1 =
(−ϕ,x2 , ϕ,x1 , 0)√

ϕ2
,x1 + ϕ2

,x2

, τ̄2|S1 = (0, 0, 1) ≡ ē3,

n̄|S2 = ē3, τ̄1|S2 = ē1, τ̄2|S2 = ē2,

where w = v3, ē1 = (1, 0, 0), ē2 = (0, 1, 0) and F3 = (f2,x1 − f1,x2)α +
α,θ(θ,x1f2 − θ,x2f1).

Finally differentiating (1.1)3 with respect to x3 we get

(3.3)

ϕ,t + v · ∇ϕ+ h · ∇θ − χ∆ϕ = 0 in ΩT (k+1),

n̄ · ∇ϕ = 0 on S
T (k+1)
1 ,

ϕ = 0 on S
T (k+1)
2 ,

ϕ|t=kT = ϕ(kT ) in Ω,

where v, h, θ are treated as given.

4. Estimates. First we examine problem (3.2). The aim is to obtain an
energy type estimate for solutions to (3.2). Since (3.2) has non-homogeneous
Dirichlet boundary condition such approach is not possible. To make it pos-
sible we introduce a function χ̃ as a solution of the problem

(4.1)

χ̃,t − ν∆χ̃ = 0 in ΩT (k+1),

χ̃ = χ∗ on S
T (k+1)
1 ,

χ̃,x3 = 0 on S
T (k+1)
2 ,

χ̃|t=kT = kT in Ω.

Introducing the new function χ′ = χ − χ̃ we see that it is a solution to the
problem

(4.2)

χ′,t + v · ∇χ′ − h3(v2,x1 − v1,x2) + h2w,x1 − h1w,x2
− ν∆χ′ = F3 − v · ∇χ̃ in ΩT (k+1),

χ′ = 0 on S
T (k+1)
1 ,

χ′,x3 = 0 on S
T (k+1)
2 ,

χ′|t=kT = χ(kT ) in Ω.
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Lemma 4.1. Assume that h ∈ L5(Ω
T (k+1)), F3 ∈ L10/7(Ω

T (k+1)), v′ ∈
L∞(kT, (k + 1)T ;L3(S1)), v′= (v1, v2), v∈W s,s/2

r (ΩT (k+1)) with 5/r − 3/2
< s, χ(kT ) ∈ L2(Ω). Assume also that v is a weak solution to problem
(1.1) satisfying (2.12). Then every solution χ to problem (3.2) satisfies the
inequality

(4.3) |χ(t)|22,Ω +

t�

kT

‖χ(t′)‖21,Ω dt′ ≤ c(l21(‖v′‖2L∞(kT,t;L3(S1))
+ |h|25,Ωt,kT )

+ ‖v′‖2s,r,Ωt,kT + |F3|210/7,Ωt,kT + |χ(kT )|22,Ω),

where F3 is given by (3.2), l1(t) is given by (2.12) and t ∈ (kT, (k + 1)T ).

Proof. Multiplying (4.2)1 by χ′ and integrating the result over Ω we get

1

2

d

dt
|χ′(t)|22,Ω + ν|∇χ′|22,Ω =

�

Ω

(v2,x1 − v1,x2)h3χ
′ dx

−
�

Ω

(h2w,x1 − h1w,x2)χ′ dx+
�

Ω

v · ∇χ̃χ′ dx+
�

Ω

F3χ
′ dx.

Utilizing the Poincaré inequality and integrating with respect to time yields

(4.4) |χ′(t)|22,Ω +

t�

kT

‖χ′(t′)‖21,Ω dt′

≤ c
( �

Ωt,kT

|h3| |∇v′| |χ′| dx dt′

+
�

Ωt,kT

|h′| |∇′w| |χ′| dx dt′ +
∣∣∣ t�
kT

�

Ω

v(t′) · ∇χ̃(t′)χ′(t′) dx dt′
∣∣∣

+
�

Ωt,kT

|F3| |χ′| dx dt′ + |χ(kT )|22,Ω
)
.

We estimate the first term on the r.h.s. of (4.4) by |h3|5,Ωt,kT |∇v′|2,Ωt,kT ·
|χ′|10/3,Ωt,kT and the second by |∇′w|2,Ωt,kT |h′|5,Ωt,kT |χ′|10/3,Ωt,kT . The third
term on the r.h.s. of (4.4) can be expressed in the form∣∣∣− t�

kT

�

Ω

v(t′) · ∇χ′(t′)χ̃(t′) dx dt′
∣∣∣ ≡ I

and estimated as follows:

I ≤ ε‖χ′‖2L2(kT,t;H1(Ω)) + ‖v‖2L2(kT,t;H1(Ω)) χ̃
2
3,∞,Ωt,kT

≤ ε‖χ′‖2L2(kT,t;H1(Ω)) + l21 χ̃ 2
3,∞,Ωt,kT .
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We bound the fourth integral on the r.h.s. of (4.4) by

|χ′|10/3,Ωt,kT |F3|10/7,Ωt,kT .
Utilizing the above estimates in (4.4) we obtain

|χ′|22,Ω +

t�

kT

‖χ′(t′)‖21,Ω dt′ ≤ c(ε(|χ′|210/3,Ωt,kT + |∇χ′|22,Ωt,kT )

+ l21 χ̃ 2
3,∞,Ωt,kT + |h|25,Ωt,kT |∇v|

2
2,Ωt,kT + |F3|210/7,Ωt,kT + |χ(kT )|22,Ω).

Applying the transformation χ′ = χ− χ̃, for sufficiently small ε we have

|χ(t)|22,Ω +

t�

kT

‖χ(t′)‖21,Ω dt′ ≤ c
(
l21 χ̃ 2

3,∞,Ωt,kT + |h|25,Ωt,kT |∇v|
2
2,Ωt,kT

+ χ̃(t) 2
2,∞,Ωt,kT +

t�

kT

‖χ̃(t′)‖21,Ω dt′ + |F3|210/7,Ωt,kT + |χ(kT )|22,Ω
)
.

Now using the inequalities

|u|10/3,Ωt,kT ≤ c( u 2,∞,Ωt,kT + ‖u‖L2(kT,t;W 1
2 (Ω))) ≤ c‖u‖s,r,Ωt,kT ,

where 5/r − 3/2 < s, r ≤ 2, we obtain

|χ(t)|22,Ω +

t�

kT

‖χ(t′)‖21,Ω dt′ ≤ c(l21 χ̃ 2
3,∞,Ωt,kT + l21|h|25,Ωt,kT

+ ‖χ̃‖2s,r,Ωt,kT + |F3|210/7,Ωt,kT + |χ(kT )|22,Ω).

Finally, using the inequalities

‖χ̃‖s,r,Ωt,kT ≤ c‖χ∗‖s−1/r,r,St,kT1
≤ c‖v′‖s,r,Ωt,kT

and
χ̃ 3,∞,Ωt,kT ≤ v′

3,∞,St,kT1
,

we obtain (4.3).

Having energy type estimates for χ and h we are able to consider the
problem

(4.5)

v1,x2 − v2,x1 = χ in Ω′,

v1,x1 + v2,x2 = −h3 in Ω′,

v′ · n′ = 0 on S′1,

where Ω′ = Ω ∩ {x3 = const ∈ (−a, a)}, S′1 = S1 ∩ {x3 = const ∈ (−a, a)},
and x3, t are treated as parameters.

Lemma 4.2. Let the assumptions of Lemma 4.1 be satisfied. Then every
solution v′ = (v1, v2) to problem (4.5) satisfies
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(4.6) sup
kT≤t′≤t

‖v′(t′)‖21,Ω + ‖v′‖2L2(kT,t;H2(Ω))

≤ c
(
l21(|h|25,Ωt,kT + 1) + ‖v′‖2s,r,Ωt,kT + |F3|210/7,Ωt,kT

+ |χ(kT )|22,Ω + sup
kT≤t′≤t

|h(t′)|22,Ω +

t�

kT

‖h(t′)‖21,Ω dt′
)
,

whenever 5/r − 3/2 < s, r ≤ 2.

Proof. For solutions to problem (4.5) we get the estimates

‖v′‖21,Ω′ ≤ c(|χ|22,Ω′ + |h3|22,Ω′), ‖v′‖22,Ω′ ≤ c(‖χ‖21,Ω′ + ‖h3‖21,Ω′),
where v′ = (v1, v2). Integrating the above estimates with respect to x3 and
the second one also with respect to time, and adding them, we obtain

sup
kT≤t′≤t

a�

−a
‖v′(x3, t′)‖21,Ω′ dx3 +

t�

kT

a�

−a
‖v′(x3, t′)‖22,Ω′ dx3 dt′

≤ c
(

sup
kT≤t′≤t

a�

−a
|χ(t′)|22,Ω′ dx3 + sup

kT≤t′≤t

a�

−a
|h3(t′)|22,Ω′ dx3

+

t�

kT

‖χ(t′)‖21,Ω dt′ +
t�

kT

‖h3(t′)‖21,Ω dt′
)
.

Adding to both sides the expression supkT≤t′≤t |h′|22,Ω +
	t
kT ‖h

′(t′)‖21,Ω dt′,
we obtain

sup
kT≤t′≤t

‖v′‖21,Ω +

t�

kT

‖v′‖22,Ω dt′ ≤ c
(

sup
kT≤t′≤t

|χ(t′)|22,Ω +

t�

kT

‖χ(t′)‖21,Ω dt′

+ sup
kT≤t′≤t

|h|22,Ω +

t�

kT

‖h(t′)‖21,Ω dt′
)
.

Utilizing (4.3) to estimate the first norm in the last inequality and the in-
equality

v′
3,∞,St,kT1

≤ ε‖v′‖L∞(kT,t;H1(Ω)) + c(1/ε) v 2,∞,Ωt,kT ,

we obtain (4.6).

Next, we examine problems (3.1) and (3.3).

Lemma 4.3. Assume that v is a weak solution to problem (1.1) and

f ∈ L2(kT, (k + 1)T ;L3(Ω)), g ∈ L2(Ω
T (k+1)),

f3 ∈ L2(S
T (k+1)
2 ), h(kT ), ϕ(kT ) ∈ L2(Ω),

v, θ ∈ L2(kT, (k + 1)T ;W 1
3 (Ω)).
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Then ϕ, h defined by (2.1), which are solutions to problem (3.3), (3.1), re-
spectively, satisfy

(4.7) |ϕ(t)|22,Ω + |h(t)|22,Ω +

t�

kT

(‖ϕ(t′)‖21,Ω + ‖h(t′)‖21,Ω) dt′

≤ c exp( ∇v 2
3,2,Ωt,kT + ∇θ 2

3,2,Ωt,kT + f 2
3,2,Ωt,kT )

× (|g|22,Ωt,kT + |f3|22,St,kT2

+ |h(kT )|22,Ω + |ϕ(kT )|22,Ω)

≡ c exp(η1(t))η
2(t)

whenever t ∈ (kT, (k + 1)T ).

Proof. Multiplying (3.3)1 by ϕ and integrating over Ω and by parts yields
d

dt
|ϕ|22,Ω + |∇ϕ|22,Ω ≤

�

Ω

|h · ∇θϕ| dx(4.8)

≤ c(ε|ϕ|26,Ω + c̄(1/ε)|∇θ|23,Ω|h|22,Ω).

Next multiplying (3.1)1 by h and integrating over Ω and by parts using the
Korn inequality, we get

d

dt
|h|22,Ω + ν‖h‖21,Ω ≤ ε‖h‖21,Ω + c̄(1/ε)|∇v|23,Ω|h|22,Ω(4.9)

+ c(|ϕ|22,Ω‖f‖2L3(Ω) + |g|26/5,Ω + |f3|22,S2
).

Assuming ε is sufficiently small and adding (4.8) and (4.9) we have

d

dt
(|ϕ|22,Ω + |h|22,Ω) + ‖ϕ‖21,Ω + ‖h‖21,Ω
≤ c(|∇v|23,Ω + |f |23,Ω + |∇θ|23,Ω)(|ϕ|22,Ω + |h|22,Ω) + c(|g|26/5,Ω + |f3|22,S2

).

Integrating the above inequality with respect to time from t = kT to t ∈
(kT, (k + 1)T ] we obtain (4.7).

Now we increase the regularity of v. From (4.6) we derive

(4.10) ‖v′‖2L∞(kT,t;H1(Ω)) + ‖v′‖2L2(kT,t;H2(Ω))

≤ c(|h|25,Ωt,kT + ‖h‖2V 0
2 (Ωt,kT ) + ‖v′‖2s,r,Ωt,kT + |F3|210/7,Ωt,kT + l21

+ |f3|22,St,kT2

+ |χ(kT )|22,Ω)

and
|F3|10/7,Ωt,kT ≤ c(|∇′f |10/7,Ωt,kT + f 7/2,∞,Ωt,kT |∇θ|2,Ωt,kT )

≤ c(c2)(|∇f |10/7,Ωt,kT + f 7/2,∞,Ωt,kT ),

where we used (2.8) and (2.10).
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Using the notation
H1(kT, t) = |h|5,Ωt,kT + ‖h‖V 0

2 (Ωt,kT ),

K1(kT, t) = |∇′f |10/7,Ωt,kT + f 7/2,∞,Ωt,kT ,

D1(kT ) = |χ(kT )|2,Ω,
we write (4.10) in the form

(4.11) ‖v′‖V 1
2 (Ωt,kT )

≤ c(H1(kT, t) +K1(kT, t) +D1(kT ) + ‖v′‖s,r,Ωt,kT + l1).

In view of (4.11) we are in a position to consider the Stokes system

(4.12)

v,t − divT(v, p) = −v′ · ∇v − v3h+ α(θ)f in ΩT (k+1),

div v = 0 in ΩT (k+1),

v · n̄ = 0, n̄ · D(v) · τ̄α = 0, α = 1, 2 on S
T (k+1),

v|t=kT = v(kT ) in Ω.

Lemma 4.4. Assume that H2(kT, t) < ∞, K2(kT, t) + D2(kT, t) ≡
A1(kT, t) < ∞, v′ ∈ W

s,s/2
r (Ωt,kT ), 5/r − 3/2 < s, r ≤ 2 and v(kT ) ∈

W 1
2 (Ω), where H2, K2, D2 are given by (4.14). Then every solution (v, p) of

(4.12) satisfies

(4.13) ‖v‖2,2,Ωt,kT + |∇p|2,Ωt,kT ≤ c̄(l1)H2
2 + β(A1).

where

(4.14)
H2 = H1, K2 = K1 + |f |2,Ωt,kT ,
D2 = D1 + ‖v(kT )‖1,2,Ω.

Proof. By Theorem 2.1 with q = 5/3 and (4.11) we have

(4.15) ‖v‖2,5/3,Ωt,kT + |∇p|5/3,Ωt,kT ≤ c(‖v′‖V 1
2 (Ωt,kT )|∇v|2,Ωt,kT

+ |v3|10/3,Ωt,kT |h|10/3,Ωt,kT + |f |5/3,Ωt,kT + ‖v(kT )‖4/5,5/3,Ω)

≤ c̄(l1)(H2(kT, t) +K2(kT, t) +D2(kT ) + l1),

where we used that

‖v′‖s,r,Ωt,kT ≤ ε‖v′‖2,5/3,Ωt,kT + c(1/ε)|v′|2,Ωt,kT ,
whenever 5/r − 3/2 < s, r ≤ 2. In view of (4.14) we obtain for solutions to
problem (4.12) the inequality

(4.16) ‖v‖2,2,Ωt,kT + |∇p|2,Ωt,kT ≤ c(|v′|10,Ωt,kT |∇v|5/2,Ωt,kT
+ |v3|5,Ωt,kT |h|10/3,Ωt,kT + |f |2,Ωt,kT + ‖v(kT )‖1,2,Ω).

From (4.11), (4.14) and (4.15) we obtain the estimate

(4.17) ‖v′‖V 1
2 (Ωt,kT ) ≤ c̄(l1)(H2(kT, t) +K2(kT, t) +D2(kT ) + l1).
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Using (4.14) and (4.17) in (4.16) yields

‖v‖2,2,Ωt,kT + |∇p|2,Ωt,kT ≤ c((H2(kT, t) +K2(kT, t) +D2(kT ) + l1)
2

+ |f |2,Ωt,kT + ‖v(kT )‖1,2,Ω).

Next we consider the problem

(4.18)

θ,t −∆θ = −v′∇θ − v3ϕ in ΩT (k+1),

n̄ · ∇θ = 0 on ST (k+1),

θ|t=kT = θ(kT ) in Ω.

Lemma 4.5. Assume H2(kT, t)<∞, A2(kT, t)≡A1(kT, t)+‖θ(kT )‖1,2,Ω
< ∞, ϕ ∈ L10/3(Ω

t,kT ) and θ(kT ), v(kT ) ∈ W 1
2 (Ω). Then every solution θ

of (4.18) satisfies

‖θ‖2,2,Ωt,kT ≤ c̄(l1, c2)(H2
2 (kT, t) +A2

2(kT, t) +A2(kT, t)(4.19)

+ |ϕ|10/3,Ωt,kT ).

Proof. In view of Theorem 2.2 we have

‖θ‖2,5/3,Ωt,kT ≤ c(|v′|10,Ωt,kT |∇θ|2,Ωt,kT |v3|10/3,Ωt,kT |ϕ|10/3,Ωt,kT(4.20)

+ ‖θ(kT )‖4/5,5/3,Ω).

Using (2.8) and (4.17) in (4.20) we obtain

‖θ‖2,5/3,Ωt,kT ≤ c̄(l1, c2)(H2(kT, t) +A1(kT, t)(4.21)

+ |ϕ|10/3,Ωt,kT + ‖θ(kT )‖4/5,5/3,Ω).

In view of (4.20) we obtain for solutions to problem (4.18) the inequality

‖θ‖2,2,Ωt,kT ≤ c(|v′|10,Ωt,kT |∇θ|5/2,Ωt,kT + |v3|5,Ωt,kT |ϕ|10/3,Ωt,kT(4.22)

+ ‖θ(kT )‖1,2,Ω).

Using (4.17) and (4.21) in (4.22) implies (4.19).

Finally we consider the problem

(4.23)

ϕ,t − χ∆ϕ = −v · ∇ϕ− h · ∇θ in ΩT (k+1),

n̄ · ∇ϕ = 0 on S
T (k+1)
1 ,

ϕ = 0 on S
T (k+1)
2 ,

ϕ|t=kT = ϕ(kT ) in Ω.

Lemma 4.6. Assume H3(kT, t)=H2(kT, t) + h 3,∞,Ωt,kT <∞, A3(kT, t)
= A2(kT, t) + |ϕ(kT )|2,Ω <∞, A4(kT, t) = A3(kT, t) + ‖ϕ(kT )‖1,2,Ω. Then
every solution ϕ of (4.23) satisfies

‖ϕ‖V 0
2 (Ωt,kT ) ≤ c̄(c2)(H3(kT, t) +A3(kT, t)),(4.24)

‖ϕ‖2,2,Ωt,kT ≤ c̄(l1, c2)(H3
4 (kT, t) + β(A4(kT, t))).(4.25)
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Proof. Multiplying (4.23) by ϕ, integrating over Ω × (kT, t), using the
boundary conditions and initial conditions we obtain

‖ϕ‖V 0
2 (Ωt,kT ) ≤ ε|ϕ|22,Ωt,kT + c̄(1/ε) h 2

3,∞,Ωt,kT |∇θ|
2
2,Ωt,kT + c|ϕ(kT )|22,Ω.

Assuming that ε is sufficiently small and using (2.8) and (2.10) we have

(4.26) ‖ϕ‖V 0
2 (Ωt,kT ) ≤ c̄(c2) h 3,∞,Ωt,kT + c|ϕ(kT )|22,Ω.

Hence, (4.24) holds.
In view of (4.26) we derive from (4.19) the inequality

(4.27) ‖θ‖2,2,Ωt,kT ≤ c̄(l1, c2)(H2
3 (kT, t) +A2

3(kT, t) +H3(kT, t) +A3(kT, t)).

Applying Theorem 2.2 to (4.23) yields

‖ϕ‖2,5/3,Ωt,kT ≤ c(|v|10,Ωt,kT |∇ϕ|2,Ωt,kT + |h|10/3,Ωt,kT |∇θ|10/3,Ωt,kT(4.28)

+ ‖ϕ(kT )‖4/5,5/3,Ω)

≤ c̄(l1, c2)(H2
3 + β(A3)) + c‖ϕ(kT )‖4/5,5/3,Ω,

where in the second inequality we used (4.13), (4.24) and (4.27).
Applying again Theorem 2.2 and employing (4.13), (4.27) and (4.28) we

obtain

‖ϕ‖2,2,Ωt,kT ≤ c(|v|10,Ωt,kT |∇ϕ|5/2,Ωt,kT + |h|5,Ωt,kT |∇θ|10/3,Ωt,kT(4.29)

+ ‖ϕ(kT )‖1,2,Ω) ≤ c̄(l1, c2)(H3
4 (kT, t) + β(A4)).

Lemma 4.7. Assume v ∈W 2,1
2 (Ωt,kT ), g ∈ L2(Ω

t,kT ), ϕ ∈ L10/3(Ω
t,kT ),

h(kT ) ∈ L2(Ω) and f ∈ L5(Ω
t,kT ). Then every solution (h, q) of (3.1) satis-

fies

(4.30) ‖h‖2,2,Ωt,kT + |∇q|2,Ωt,kT ≤ c(β(‖v‖2,2,Ωt,kT )|h|2,Ωt,kT
+ |ϕ|10/3,Ωt,kT |f |5,Ωt,kT + ‖h(kT )‖1,2,Ω + |g|2,Ωt,kT ),

where β an increasing positive function.

Proof. From (3.1) we get

(4.31) ‖h‖2,2,Ωt,kT + |∇q|2,Ωt,kT ≤ c(|v · ∇h|2,Ωt,kT + |h · ∇v|2,Ωt,kT
+ |ϕ|10/3,Ωt,kT |f |5,Ωt,kT + ‖h(kT )‖1,2,Ω + |g|2,Ωt,kT ).

Using the Hölder inequality in (4.31) we obtain

‖h‖2,2,Ωt,kT + |∇q|2,Ωt,kT
≤ c(|v|10,Ωt,kT |∇h|5/2,Ωt,kT + |h|5,Ωt,kT |∇v|10/3,Ωt,kT

+ |ϕ|10/3,Ωt,kT |f |5,Ωt,kT + ‖h(kT )‖1,2,Ω + |g|2,Ωt,kT ).

Now using the interpolations

|v|10,Ωt,kT |∇h|5/2,Ωt,kT ≤ ε‖h‖2,2,Ωt,kT + ϕ1(|v|10,Ωt,kT )|h|2,Ωt,kT
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and

|∇v|10/3,Ωt,kT |h|5,Ωt,kT ≤ ε‖h‖2,2,Ωt,kT + ϕ2(|∇v|10/3,Ωt,kT )|h|2,Ωt,kT ,
where ϕ1, ϕ2 are increasing positive functions, we obtain (4.27).

Finally, we derive an a priori estimate for solutions to problem (1.1). Let

G1(k, t) = ‖v(kT )‖1,2,Ω + ‖θ(kT )‖1,2,Ω + ‖h(kT )‖1,2,Ω + ‖ϕ(kT )‖1,2,Ω
+ ‖f‖L∞(kT,t;H1(Ω)) + |g|2,Ωt,kT ,

η(k, t) = |g|2,Ωt,kT + |f3|2,St,kT2
+ |h(kT )|2,Ω + |ϕ(kT )|2,Ω.

Lemma 4.8. Assume that G1(k, t) <∞, η(k, t) is sufficiently small, t ∈
[kT, (k + 1)T ], k ∈ N0. Then there exists a constant A(k, t) > 0 such that
solutions (v, p, θ) of (1.1), (h, q) of (3.1), and ϕ of (3.3) satisfy

(4.32) ‖v‖2,2,Ωt,kT + ‖h‖2,2,Ωt,kT + ‖θ‖2,2,Ωt,kT + ‖ϕ‖2,2,Ωt,kT
+ |∇p|2,Ωt,kT + |∇q|2,Ωt,kT ≤ A(k, t) ≡ α(G1(k, t)),

where α is an increasing positive function.

Proof. Using (4.7), (4.13), (4.27) in (4.30) and employing the imbedding

H4(kT, t) ≤ c‖h‖2,2,Ωt,kT
we obtain from (4.30) the inequality

(4.33) ‖h‖2,2,Ωt,kT ≤ β(‖h‖2,2,Ωt,kT , G1(k, t))η(k, t) + β(G1(k, t)),

where β is an increasing positive function and t ∈ [kT, (k + 1)T ].
For η(k, t) sufficiently small and a fixed point argument we obtain from

(4.33) the estimate
‖h‖2,2,Ωt,kT ≤ β(G1(k, t)).

Then from (4.13), (4.25) and (4.27) we obtain (4.32).

5. Existence. We prove the existence of solutions by the Leray–Schau-
der fixed point theorem (see [4]). Define

‖(v, θ)‖M(ΩT (k+1)) = ‖v‖L4(kT,(k+1)T ;W 1
12/5

(Ω)) + ‖θ‖L4(kT,(k+1)T ;W 1
12/5

(Ω))

+ ‖v,x3‖L4(kT,(k+1)T ;W 1
12/5

(Ω))

+ ‖θ,x3‖L4(kT,(k+1)T ;W 1
12/5

(Ω)),

M(ΩT (k+1)) = {(v, θ) : ‖(v, θ)‖M(ΩT (k+1)) <∞},
‖(v, θ)‖N (ΩT (k+1)) = ‖v‖

W 2,1
2 (ΩT (k+1))

+ ‖θ‖
W 2,1

2 (ΩT (k+1))

+ ‖v,x3‖W 2,1
2 (ΩT (k+1))

+ ‖θ,x3‖W 2,1
2 (ΩT (k+1))

,

N (ΩT (k+1)) = {(v, θ) : ‖(v, θ)‖N (ΩT (k+1)) <∞}.
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Lemma 5.1. We have:

• (M(ΩT (k+1)), ‖ ‖M(ΩT (k+1))) is a Banach space.
• (N (ΩT (k+1)), ‖ ‖N (ΩT (k+1))) is a Banach space.
• ‖u‖M(ΩT (k+1)) ≤ c‖u‖N (ΩT (k+1)) for u ∈ N (ΩT (k+1)) and the imbedding
N (ΩT (k+1)) ⊂M(ΩT (k+1)) is compact.

Proof. This follows from imbeddings between Sobolev spaces.

Let us consider the problems

(5.1)

v,t − divT(v, p) = −λ[ṽ · ∇ṽ + α(θ̃)f ],

div v = 0,

n̄ · D(v) · τ̄α|ST (k+1) = 0, α = 1, 2,

n̄ · v|ST (k+1) = 0,

v|t=kT = v(kT ),

and

(5.2)

θ,t − χ∆θ = −λṽ · ∇θ̃,
n̄ · ∇θ|ST (k+1) = 0,

θ|t=kT = θ(kT ),

where λ ∈ [0, 1] is a parameter and ṽ, θ̃ are treated as given functions.

Lemma 5.2. Assume that 0 < c1 ≤ θ̃ ≤ c2,
(ṽ, θ̃) ∈M(ΩT (k+1)), f ∈ L2(Ω

T (k+1)), v(kT ) ∈W 1
2 (Ω).

Then there exists a unique solution (v, p) to problem (5.1) such that

v ∈W 2,1
2 (ΩT (k+1)) ⊂ L4(kT, (k + 1)T ;W 1

12/5(Ω))

and

‖v‖L4(kT,(k+1)T ;W 1
12/5

(Ω)) ≤ c‖v‖W 2,1
2 (ΩT (k+1))

≤ c(λ‖ṽ, θ̃‖2M(ΩT (k+1))
λc3‖f‖L2(ΩT (k+1)) + ‖v(kT )‖W 1

2 (Ω)).

Proof. We have

‖ṽ · ∇ṽ‖L2(ΩT (k+1)) ≤ c‖ṽ‖L4(kT,(k+1)T ;L12(Ω))‖∇ṽ‖L4(kT,(k+1)T ;L12/5(Ω
T (k+1)))

≤ c‖ṽ‖2L4(kT,(k+1)T ;W 1
12/5

(Ω)) ≤ c‖ṽ, θ̃‖
2
M(ΩT (k+1))

.

and
‖α(θ̃)f‖L2(ΩT (k+1)) ≤ c3‖f‖L2(ΩT (k+1)).

By Theorem 2.1 the proof is complete.

Lemma 5.3. Assume that 0 < c1 ≤ θ̃ ≤ c2,
(ṽ, θ̃) ∈M(ΩT (k+1)), θ(kT ) ∈W 1

2 (Ω).



172 P. Kacprzyk

Then there exists a unique solution θ to problem (5.2) such that

θ ∈W 2,1
2 (ΩT ) ⊂ L4(kT, (k + 1)T ;W 1

12/5(Ω))

and
‖θ‖L4(0,T ;W12/5(Ω)) ≤ c‖θ‖W 2,1

2 (ΩT (k+1))

≤ c(λ‖(ṽ, θ̃)‖2M(ΩT (k+1))
+ ‖θ(kT )‖W 1

2 (Ω)).

Proof. We have

‖ṽ · ∇θ̃‖L2(ΩT (k+1)) ≤ c‖ṽ‖L4(kT,(k+1)T ;L12(Ω))‖∇θ̃‖L4(kT,(k+1)T ;L12/5(Ω))

≤ c‖ṽ‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖θ̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))

≤ c‖(ṽ, θ̃)‖2M(ΩT (k+1))
.

Lemma 5.4. Assume that 0 < c1 ≤ θ̃ ≤ c2, h(kT ) ∈W 1
2 (Ω),

(ṽ, θ̃) ∈M(ΩT (k+1)), f ∈ L4(Ω
T (k+1)), g ∈ L2(Ω

T (k+1)),

where g = f,x3. Let (v, p) be the unique solution to problem (5.1) and h = v,x3,
q = p,x3. Then

h ∈W 2,1
2 (ΩT (k+1)) ⊂ L4(kT, (k + 1)T ;W 1

12/5(Ω))

and

‖h‖L4(kT,(k+1)T ;W 1
12/5

(Ω)) ≤ c‖h‖W 2,1
2 (ΩT (k+1))

≤ c(λ‖(ṽ, θ̃)‖2M(ΩT (k+1))
+ λc3‖(ṽ, θ̃)‖M(ΩT (k+1))‖f‖L4(ΩT (k+1))

+ λ‖g‖L2(ΩT (k+1)) + ‖h(kT )‖W 1
2 (Ω)).

Proof. The function h is a solution to the problem

h,t − divT(h, q) = λ[−ṽ · ∇h̃− h̃ · ∇ṽ
+ α,θ(θ̃)θ̃,x3f + α(θ̃)g] in ΩT (k+1),

div h = 0 in ΩT (k+1),

n̄ · h = 0, n̄ · D(h) · τ̄α = 0, α = 1, 2 on S
T (k+1)
1 ,

hi = 0, i = 1, 2, h3,x3 = 0 on S
T (k+1)
2 ,

h|t=0 = h(kT ) in Ω,

where h̃ = ṽ,x3 , ϕ̃ = θ̃,x3 . We have

‖ṽ · ∇h̃‖L2(ΩT ) ≤ c‖ṽ‖L4(kT,(k+1)T ;L12(Ω))‖∇h̃‖L4(kT,(k+1)T ;L12/5(Ω))

≤ c‖ṽ‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖h̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))

≤ c‖(ṽ, θ̃)‖2M(ΩT (k+1))
,
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‖h̃ · ∇ṽ‖L2(ΩT (k+1)) ≤ c‖h̃‖L4(kT,(k+1)T ;L12(Ω))‖∇ṽ‖L4(kT,(k+1)T ;L12/5(Ω))

≤ c‖h̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖ṽ‖L4(kT,(k+1)T ;W 1
12/5

(Ω))

≤ c‖(ṽ, θ̃)‖2M(ΩT (k+1))
,

‖α,θ(θ̃)θ̃,x3f‖L2(ΩT (k+1)) ≤ c3‖θ̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖f‖L4(ΩT (k+1))

≤ c3‖(ṽ, θ̃)‖M(ΩT (k+1))‖f‖L4(ΩT (k+1))

and
‖α(θ̃)g‖L2(ΩT (k+1)) ≤ c3‖g‖L2(ΩT (k+1)) ≤ c3‖g‖L2(ΩT (k+1)).

Thus by Theorem 2.1 the proof is complete.

Lemma 5.5. Assume that 0 < c1 ≤ θ̃ ≤ c2, ϕ(kT ) ∈ W 1
2 (Ω), (ṽ, θ̃) ∈

M(ΩT (k+1)). Let θ be the unique solution to problem (5.2) and ϕ = θ,x3.
Then

ϕ ∈W 2,1
2 (ΩT (k+1)) ⊂ L4(kT, (k + 1)T ;W 1

12/5(Ω))

and
‖ϕ‖L4(kT,(k+1)T ;W 1

12/5
(Ω)) ≤ c‖ϕ‖W 2,1

2 (ΩT (k+1))

≤ c(λ‖(ṽ, θ̃)‖2M(ΩT (k+1))
+ ‖ϕ(kT )‖W 1

2 (Ω)).

Proof. The function ϕ is a solution to the problem

ϕ,t − χ∆ϕ = −λ[h̃ · ∇θ̃ + ṽ · ∇ϕ̃] in ΩT (k+1),

n̄ · ∇ϕ = 0 on ST (k+1),

ϕ = 0 on ST (k+1),

ϕ|t=kT = ϕ(kT ) in Ω,

where ϕ̃ = θ̃,x3 . We have

‖h̃ · ∇θ̃‖L2(ΩT (k+1)) ≤ ‖h̃‖L4(kT,(k+1)T ;L12(Ω))‖∇θ̃‖L4(kT,(k+1)T ;L12/5(Ω))

≤ c‖h̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖θ̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))

≤ c‖(ṽ, θ̃)‖2M(ΩT (k+1))

and
‖ṽ · ∇ϕ̃‖L2(ΩT (k+1)) ≤ ‖h̃‖L4(kT,(k+1)T ;L12(Ω))‖∇ϕ̃‖L4(kT,(k+1)T ;L12/5(Ω))

≤ c‖ṽ‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖ϕ̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))

≤ c‖(ṽ, θ̃)‖2M(ΩT (k+1))
.

From Lemmas 5.1–5.5 it follows that if (ṽ, θ̃) ∈ M(ΩT (k+1)), then there
exists a unique solution (v, θ) to problems (5.1)–(5.2) such that (v, θ) ∈
M(ΩT (k+1)).
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To prove the existence of solutions to the problem (1.1) we apply the
Leray–Schauder fixed point theorem. Therefore we introduce the mapping
φ : [0, 1]×M(ΩT (k+1))→M(ΩT (k+1)), (λ, ṽ, θ̃) 7→ φ(λ, ṽ, θ̃) = (v, θ), where
(v, θ) is the solution to problems (5.1)–(5.2).

For λ = 0 we have the existence of a unique solution. For λ = 1 every
fixed point is a solution to problem (1.1).

Lemma 5.6. Let the assumptions of Lemmas 5.2–5.5 be satisfied and f ∈
L∞(ΩT (k+1)). Then the mappings

φ(λ, ·) :M(ΩT (k+1))→M(ΩT (k+1)), λ ∈ [0, 1],

are completely continuous.

Proof. By Lemmas 5.1–5.5 the mappings φ(λ, ·), λ ∈ [0, 1], are compact.
It follows that bounded sets in M(ΩT (k+1)) are transformed into bounded
sets in M(ΩT (k+1)). Let (ṽi, θ̃i) ∈ M(ΩT (k+1)), i = 1, 2, be two given ele-
ments. Then (vi, θi), i = 1, 2, are solutions to the problems

(5.3)

vi,t − divT(vi, pi) = −λ(ṽi · ∇ṽi + α(θ̃i)f),

div vi = 0

n̄ · D(vi) · τ̄α|ST (k+1) = 0,

n̄ · vi|ST (k+1) = 0,

vi|t=kT = v(kT ), i = 1, 2,

and

(5.4)

θi,t − χ∆θi = −λṽi · ∇θ̃i,
n̄ · ∇θi|ST (k+1) = 0,

n̄ · ∇θi|ST (k+1) = 0,

θi|t=kT = θ(kT ), i = 1, 2.

To show continuity we introduce the differences

(5.5) V = v1 − v2, P = p1 − p2, T = θ1 − θ2,

which are solutions to the problems

(5.6)

V,t − divT(V, P ) = −λ[Ṽ · ∇ṽ1 + ṽ2 · ∇Ṽ + (α(θ̃1)− α(θ̃2))f ],

div V = 0,

n̄ · D(V ) · τ̄α|ST (k+1) = 0, α = 1, 2,

V · n̄|ST (k+1) = 0,

V |t=kT = 0,
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and

(5.7)

Tt − χ∆T = −λ[Ṽ · ∇θ̃1 + ṽ2 · ∇T̃ ],

n̄ · ∇T |ST (k+1) = 0,

T |t=kT = 0,

where Ṽ = ṽ1 − ṽ2, T̃ = θ̃1 − θ̃2. For problems (5.6), (5.7) we have

(5.8) ‖V ‖
W 2,1

2 (ΩT (k+1))
+ ‖T ‖

W 2,1
2 (ΩT (k+1))

≤ c[‖Ṽ ‖L4(kT,(k+1)T ;L12(Ω))‖∇ṽ1‖L4(kT,(k+1)T ;L12/5(Ω))

+ ‖ṽ2‖L4(kT,(k+1)T ;L12(Ω))‖∇Ṽ ‖L4(kT,(k+1)T ;L12/5(Ω))

+ c3‖T̃ ‖L∞(kT,(k+1)T ;W 1
4 (Ω))‖f‖L4(ΩT (k+1))

+ ‖ṽ2‖L4(kT,(k+1)T ;L12(Ω))‖∇T̃ ‖L∞(kT,(k+1)T ;L12/5(Ω))

+ ‖Ṽ ‖L4(kT,(k+1)T ;L12(Ω))‖∇θ̃1‖L4(kT,(k+1)T ;L12/5(Ω))]

≤ c(‖Ṽ ‖M(ΩT (k+1)) + ‖T̃ ‖M(ΩT (k+1))).

Let hi = vi,x3 , qi = pi,x3 , ϕi = θi,x3 , h̃i = ṽi,x3 , ϕ̃i = θ̃i,x3 . The functions
hi, ϕi, i = 1, 2, are solutions to the problems

hi,t − divT(hi, qi)

= −λ[h̃i · ∇ṽi + ṽi · ∇h̃i + α,θ(θ̃i)ϕ̃if + α(θ̃i)g] in ΩT (k+1),

div hi = 0 in ΩT (k+1),

n̄ · hi = 0, n̄ · D(h) · τ̄α = 0, α = 1, 2, i = 1, 2, on S
T (k+1)
1 ,

hi = 0, i = 1, 2, on S
T (k+1)
2 ,

hi3,x3 = 0 on S
T (k+1)
2 ,

hi|t=kT = h(kT ) in Ω,

and
ϕi,t − χ∆ϕi = −λ[h̃i · ∇θ̃i + ṽi · ∇ϕ̃i] in ΩT (k+1),

n̄ · ∇ϕi = 0 on S
T (k+1)
1 ,

ϕi = 0 on S
T (k+1)
2 ,

ϕi|t=kT = ϕ(kT ) in Ω.

We introduce the differences

H = h1 − h2, Q = q1 − q2, R = ϕ1 − ϕ2,

which are solutions to the problems
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H,t − divT(H,Q) = −λ[H̃ · ∇ṽ1 + h̃2 · ∇Ṽ + Ṽ · ∇h̃1
+ ṽ2 · ∇H̃ + (α,θ(θ̃1)− α,θ(θ̃2))ϕ̃1f + α,θ(θ̃2)R̃f

+ (α(θ̃1)− α(θ̃2))g] in ΩT (k+1),

divH = 0 in ΩT (k+1),

n̄ · D(H) · τ̄α|ST (k+1)
1

= 0, α = 1, 2, n̄ ·H|
S
T (k+1)
1

= 0,

Hi|ST (k+1)
2

= 0, i = 1, 2, H3,x3 |ST (k+1)
2

= 0,

H|t=kT = 0,

and
R,t − χ∆R = −λ[H̃ · ∇θ̃1 + h̃2 · ∇T̃ + Ṽ · ∇ϕ̃1 + ṽ2 · ∇R̃] in ΩT (k+1),

n̄ · ∇R = 0 on S
T (k+1)
1 ,

R = 0 on S
T (k+1)
2 ,

R|t=kT = 0 in Ω,

where H̃ = h̃1 − h̃2, R̃ = ϕ̃1 − ϕ̃2. Then we have

‖H‖
W 2,1

2 (ΩT (k+1))
+ ‖R‖

W 2,1
2 (ΩT (k+1))

≤ c[‖H̃‖L4(kT,(k+1)T ;L12(Ω))‖∇ṽ1‖L4(kT,(k+1)T ;L12/5(Ω))

+ ‖h̃2‖L4(kT,(k+1)T ;L12(Ω))‖∇Ṽ ‖L4(kT,(k+1)T ;L12/5(Ω))

+ ‖Ṽ ‖L4(kT,(k+1)T ;L12(Ω))‖∇h̃1‖L4(kT,(k+1)T ;L12/5(Ω))

+ ‖ṽ2‖L4(kT,(k+1)T ;L12(Ω))‖∇H̃‖L4(kT,(k+1)T ;L12/5(Ω))

+ c3‖T̃ ‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖ϕ̃1‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖f‖L∞(ΩT (k+1))

+ c3‖R̃‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖f‖L∞(ΩT (k+1))

+ c3‖T̃ ‖L4(kT,(k+1)T ;W 1
12/5

(Ω))‖g‖L4(ΩT (k+1))

+ ‖H̃‖L4(kT,(k+1)T ;L12(Ω))‖∇θ̃1‖L4(kT,(k+1)T ;L12/5(Ω))

+ ‖h̃2‖L4(kT,(k+1)T ;L12(Ω))|∇T̃ ‖L4(kT,(k+1)T ;L12/5(Ω))

+ ‖Ṽ ‖L4(kT,(k+1)T ;L12(Ω))‖∇ϕ̃1‖L4(kT,(k+1)T ;L12/5(Ω))

+ ‖ṽ2‖L4(kT,(k+1)T ;L12(Ω))‖∇R̃‖L4(kT,(k+1)T ;L12/5(Ω))]

≤ c(‖H̃‖M(ΩT (k+1))] + ‖T̃ ‖M(ΩT (k+1)).

Now from (5.8) and Lemma 5.1 we obtain

‖(V, T )‖M(ΩT (k+1)) ≤ c‖(Ṽ , T̃ )‖M(ΩT (k+1)).

So continuity of φ follows.
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Proof of Theorem 1.1. In view of the above considerations the assump-
tions of the Leray–Schauder fixed point theorem are satisfied. Hence the
main theorem is proved.

6. Global existence. To prove the global existence of solutions to the
problem (1.1) we have to show that the constant A appearing in Theorem
1.1 does not depend on k. For this purpose we have to show that

(6.1)

‖v((k + 1)T )‖H1(Ω) ≤ ‖v(kT )‖H1(Ω),

‖θ((k + 1)T )‖H1(Ω) ≤ ‖θ(kT )‖H1(Ω),

‖h((k + 1)T )‖H1(Ω) ≤ ‖h(kT )‖H1(Ω),

‖ϕ((k + 1)T )‖H1(Ω) ≤ ‖ϕ(kT )‖H1(Ω).

To show (6.1) we need

Lemma 6.1. Asume that there exists a local solution to problem (1.2) in
the interval [kT, (k + 1)T ] and there exists δ > 0 such that

(6.2)1
‖f(t)‖H1(Ω) ≤ ‖f(kT )‖H1(Ω)e

−δ(t−kT ),

‖g(t)‖L2(Ω) ≤ ‖g(kT )‖L2(Ω)e
−δ(t−kT ), t ∈ (kT, (k + 1)T ].

Then

‖v(k + 1)T‖2H1(Ω) ≤ ce
−δT+α(A(k,T ))‖f(kT )‖2L2(Ω)(6.2)2

+ e−c1T+α(A(k,T ))‖v(kT )‖2H1(Ω),

where c1 > 2δ, the constants c, c1 are independent of T , and α is an in-
creasing positive function of A(k, T ), which in view of (6.2)1 and (4.32) does
not increase with T .

Proof. Multiplying (1.2)1 by divT(v, p) and integrating the result over
Ω yields

(6.3)
�

Ω

v,t · divT(v, p) dx−
�

Ω

|divT(v, p)|2 dx

= −
�

Ω

v · ∇v · divT(v, p) dx+
�

Ω

α(θ)f · divT(v, p) dx.

Integrating the first integral by parts leads to�

Ω

vi,tTij(v, p),xj dx =
�

Ω

(vi,tTij(v, p)),xj dx−
�

Ω

vi,xjtTij(v, p) dx(6.4)

= −
�

Ω

vi,xjtDij(v) dx = −1

2

�

Ω

Dij(vt)Dij(v) dx

= −1

4

d

dt

�

Ω

|D(v)|2 dx,
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where

D(v) = {Dij(v)}i,j=1,2,3, T(v, p) = {Tij(v, p)}i,j=1,2,3.

Using (6.4) in (6.3) we obtain

1

4

d

dt

�

Ω

|D(v)|2 dx+
1

2

�

Ω

|divT(v, p)|2 dx ≤ c
( �

Ω

|v · ∇v|2 dx+
�

Ω

f2 dx
)
.

Using Theorem 2.1 and the Korn inequality we have

(6.5)
d

dt

(
1

4

�

Ω

|D(v)|2 dx
)

+ c1
1

4

�

Ω

|D(v)| dx

≤ c2‖v‖2L∞(Ω)

1

4

�

Ω

|D(v)|2 dx+ c3‖f‖2L2(Ω),

where c1, c2, c3 do not depend on f . From (6.5) we have

(6.6)
d

dt

(
1

4

�

Ω

|D(v)|2 dxec1t−c2
	t
kT ‖v(t

′)‖2
L∞(Ω)

dt′
)

≤ c3‖f‖2L2(Ω)e
c1t−c2

	t
kT ‖v(t

′)‖2
L∞(Ω)

dt′

for all t ∈ (kT, (k + 1)T ). Integrating (6.6) with respect to time yields

1

4

�

Ω

|D(v(t))|2 dx ≤ e−c1t+c2
	t
kT γ dt

′
c3

t�

kT

‖f‖2L2(Ω)e
c1t′−c2

	t′
kT γ dt

′′
dt′(6.7)

+ e−c1(t−kT )+c2
	t
kT γ dt

′ 1

4

�

Ω

|D(v(kT ))|2 dx,

where γ = ‖v(t)‖2L∞(Ω). Since we assume (6.2)1, (6.7) implies

1

4

�

Ω

|D(v(t))|2 dx ≤ c3e−c1t+c2
	t
kT γ dt

′‖f(kT )‖2L2(Ω)

t�

kT

e(c1−2δ)t
′
dt

+ e−c1(t−kT )+c2
	t
kT γ dt

′ 1

4

�

Ω

|D(v(kT ))|2 dx.

Hence
1

4

�

Ω

|D(v(t))|2 dx ≤ c3e−2δ(t−kT )+c2
	t
kT γ dt

′ 1

c1 − 2δ
‖f(kT )‖2L2(Ω)(6.8)

+ e−c1(t−kT )+c2
	t
kT γ dt

′ 1

4

�

Ω

|D(v(kT ))|2 dx.
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Setting t = (k+ 1)T and using the Korn inequality we obtain from (6.8) the
relation

(6.9) ‖v((k + 1)T )‖2H1(Ω)

≤ c3e−2δT+c2
	(k+1)T
kT ‖v(t)‖2

L∞(Ω)
dt 1

c1 − 2δ
‖f(kT )‖2L2(Ω)

+ e
−c1T+c2

	(k+1)T
kT ‖v(t)‖2

L∞(Ω)
dt‖v(kT )‖2H1(Ω).

From (6.9) we obtain (6.2)2.

Lemma 6.2. Assume that there exists a local solution (v, p, θ) to problem
(1.2) in the interval [kT, (k + 1)T ]. Then

‖θ((k + 1)T )‖2H1(Ω) ≤ e
−c1T+α(A(k,T ))‖∇θ(kT )‖2L2(Ω)(6.10)

+ ‖θ(kT )‖2L2(Ω),

where the constant c1 is independent of T , and α is an increasing positive
function of A(k, T ), which in view of (6.2)1 and (4.32) does not increase
with T .

Proof. Multiplying (1.2)3 by θ and integrating the result over Ω yields

(6.11)
d

dt
‖θ‖2L2(Ω) ≤ 0.

Next multiplying (1.1)3 by ∆θ and integrating the result over Ω and by parts
yields

1

2

d

dt
‖∇θ‖2L2(Ω) + χ‖∆θ‖2L2(Ω) ≤ ε‖∆θ‖

2
L2(Ω) + c(1/ε)

�

Ω

|v · ∇θ|2 dx.

Using Theorem 2.2 we obtain

(6.12)
1

2

d

dt
‖∇θ‖2L2(Ω) + c1‖∇θ‖2L2(Ω) ≤ c2‖v‖

2
L∞(Ω)‖∇θ‖

2
L2(Ω).

where c1, c2 do not depend on T . From (6.12) we have

(6.13)
d

dt

(
‖∇θ‖2ec1t−c2

	t
kT γ dt

′) ≤ 0,

for all t ∈ (kT, (k + 1)T ), where γ = ‖v(t)‖2L∞(Ω). Integrating (6.13) with
respect to time yields

(6.14) ‖∇θ(t)‖2L2(Ω) ≤ e
−c1(t−kT )+c2

	t
kT γ dt

′‖∇θ(kT )‖2L2(Ω).

Integrating (6.11) with respect to time we obtain

(6.15) ‖θ(t)‖2L2(Ω) ≤ ‖θ(kT )‖2L2(Ω).

Adding (6.14), (6.15) and setting t = (k + 1)T we have

‖θ((k + 1)T )‖2H1(Ω) ≤ e
−c1T+c2

	(k+1)T
kT γdt′‖∇θ(kT )‖2L2(Ω) + ‖θ(kT )‖2L2(Ω).
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Lemma 6.3. Assume that there exists a local solution (v, p, θ) to problem
(1.2) in [kT, (k + 1)T ]. Then

(6.16) ‖ϕ((k + 1)T )‖2H1(Ω)

≤ e−c1T+α(A(k,T ))(‖∇θ(kT )‖2L2(Ω)α(A(k, T )) + ‖ϕ(kT )‖2H1(Ω)),

where the constant c1 is independent of T and α is an increasing positive
function of A(k, T ), which in view of (6.2)1 and (4.32) does not increase
with T .

Proof. Multiplying (3.3) by ∆ϕ and integrating the result over Ω and by
parts yields

(6.17)
1

2

d

dt
‖∇ϕ‖2L2(Ω) + χ‖∆ϕ‖2L2(Ω)

≤ ε‖∆ϕ‖2L2(Ω) + c(1/ε)(‖h‖2L∞(Ω)‖∇θ‖
2
L2(Ω) + ‖v‖2L∞(Ω)‖∇ϕ‖

2
L2(Ω)).

Using Theorem 2.2, from (6.17) we have

(6.18)
d

dt

(
1

2
‖∇ϕ‖2L2(Ω)e

c′1t−c′2
	t
kT ‖v(t

′)‖2
L∞(Ω)

dt′
)

≤ ‖h‖2L∞(Ω)‖∇θ‖
2
L2(Ω)e

c′1t−c′2
	t
kT ‖v(t

′)‖2
L∞(Ω)

dt′

for all t ∈ (kT, (k + 1)T ). Integrating (6.18) with respect to time yields

(6.19)
1

2
‖∇ϕ(t)‖2L2(Ω)

≤ e−c′1t+c′2
	t
kT γ dt

′
t�

kT

‖h‖2L∞(Ω)‖∇θ‖
2
L2(Ω)e

c′1t
′−c′2

	t′
kT γ dt

′′
dt′

+ e−c
′
1(t−kT )+c′2

	t
kT γ dt

′‖∇ϕ(kT )‖2L2(Ω),

where γ = ‖v(t)‖2L∞(Ω). From (6.19) we get

(6.20) ‖∇ϕ(t)‖2L2(Ω) ≤ e
−c′1t+c′2

	t
kT γ dt

′

·
t�

kT

‖h(t′)‖2L∞(Ω)e
−c1(t′−kT )+c2

	t′
kT γ dt

′′+c′1t
′−c′2

	t′
kT γ dt

′′
dt′‖∇θ(kT )‖2L2(Ω)

+ e−c
′
1(t−kT )+c′2

	t
kT γ dt

′‖∇ϕ(kT )‖2L2(Ω).

We assume that c1 in (6.12) is equal to c′1 in (6.18). Then from (6.20) we get
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(6.21) ‖∇ϕ(t)‖2L2(Ω)

≤ e−c1t+c′2
	t
kT γ dt

′
t�

kT

‖h(t′)‖2L∞(Ω) dt
′ec1kT+c3

	(k+1)T
kT γ dt

· ‖∇θ(kT )‖2L2(Ω) + e−c1(t−kT )+c
′
2

	t
kT γ dt

′‖∇ϕ(kT )‖2L2(Ω).

Setting t = (k + 1)T and using the Poincaré inequality we get (6.16).

Lemma 6.4. Assume that there exists a local solution (v, p, θ) to problem
(1.2) in [kT, (k + 1)T ] and there exists δ > 0 such that

(6.22)
‖f(t)‖H1(Ω) ≤ ‖f(kT )‖H1(Ω)e

−δ(t−kT ),

‖g(t)‖L2(Ω) ≤ ‖g(kT )‖L2(Ω)e
−δ(t−kT ), t ∈ (kT, (k + 1)T ],

and f3|S2 = 0. Then

(6.23) ‖h((k + 1)T )‖2H1(Ω) ≤ e
−c1T+α(A(k,T ))‖h(kT )‖2H1(Ω)

+ ce−δT+α(A(k,T ))(α(A(k, T ))‖f(kT )‖2L2(Ω) + ‖g(kT )‖2L2(Ω)),

where the constants c, c1 are independent of T , c1 > 2δ, and α is an in-
creasing positive function of A(k, T ), which in view of (6.22) and (4.32) does
not increase with T .

Proof. Multiplying (3.1)1 by divT(h, q) and integrating the result over
Ω yields

(6.24)
�

Ω

ht · divT(h, q) dx−
�

Ω

|divT(h, q)|2 dx

= −
�

Ω

(v · ∇h+ h · ∇v) divT(h, q) dx

+
�

Ω

(α,θϕf + αg) divT(h, q) dx.

Repeating the considerations from Lemma 6.1 we have

(6.25)
�

Ω

ht · divT(h, q) dx = −1

4

d

dt

�

Ω

|D(h)|2 dx+
�

S2

h3,tT33(h, q) dS2,

where the last term equals
�

S2

h3,t(2h3,x3 + q) dS2 =
�

S2

h3,tf3 dS2.

Since we do not know how to cope with this term, we have assumed that

(6.26) f3|S2 = 0.
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Then (6.25) implies

(6.27)
d

dt

1

4

�

Ω

|D(h)|2 dx+
�

Ω

|divT(h, q)|2 dx

≤ ε
�

Ω

|divT(h, q)|2 dx+ c(1/ε)(‖v‖2L∞(Ω) + ‖∇v‖2L3(Ω))‖h‖
2
H1(Ω)

+ c(1/ε)(‖ϕ‖2L∞(Ω)‖f‖
2
L2(Ω) + ‖g‖2L2(Ω)).

Repeating the considerations from the proof of Lemma 6.1 we obtain

(6.28)
�

Ω

|D(h(t))|2 dx

≤ c3e−c1t+c2
	t
kT (γ+β) dt

′
( t�

kT

‖h‖2L∞(Ω)e
(c1−2δ)t′ dt′‖f(kT )‖2L2(Ω)

+

t�

kT

e(c1−2δ)t
′
dt′‖g(kT )‖2L2(Ω)

)
+ e−c1(t−kT )+c2

	t
kT (γ+β) dt

′
�

Ω

|D(h(kT ))|2 dx,

where γ = ‖v‖L∞(Ω) and β = ‖v‖L3(Ω). We estimate

(6.29)
t�

kT

‖h(t′)‖2L∞(Ω)e
(c1−2δ)t′ dt′

=

t′�

kT

‖h(t′′)‖2L∞(Ω) dt
′e(c1−2δ)t

′
∣∣∣t
kT

+ (2δ − c1)
t�

kT

t′�

kT

‖h(t′′)‖2L∞(Ω) dt
′′e(c1−2δ)t

′
dt′

≤
t�

kT

‖h(t′)‖2L∞(Ω) dt
′e(c1−2δ)t.

Using (6.29) in (6.28), setting t = (k + 1)T and using the Korn inequality
we obtain (6.23).

To prove the global existence of solution to problem (1.1) we have to
prove inequalities (6.1) for any k ∈ N0. For this purpose we use Lemmas
6.1–6.4. Let us introduce some assumptions. Assume that for some δ > 0,

(6.30)
‖f(t)‖H1(Ω) ≤ ‖f(kT )‖H1(Ω)e

−δ(t−kT ),

‖g(t)‖L2(Ω) ≤ ‖g(kT )‖L2(Ω)e
−δ(t−kT ).

Moreover, assume that
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(6.31)

ce−δT+α(A(T ))‖f(0)‖2L2(Ω)+e
−c1T+α(A(T ))‖v(0)‖H1(Ω) ≤ ‖v(0)‖2H1(Ω),

e−c1T+α(A(T ))‖∇θ(0)‖2L2(Ω)+‖θ(0)‖2L2(Ω) ≤ ‖θ(0)‖2H1(Ω),

e−c1T+α(A(T ))(‖∇θ(0)‖2L2(Ω)α(A(T ))+‖ϕ(0)‖2H1(Ω)) ≤ ‖ϕ(0)‖2H1(Ω),

e−c1T+α(A(T ))‖h(0)‖2H1(Ω)+ce
−δT+α(A(T ))(α(A(T ))‖f(0)‖2L2(Ω)

+‖g(0)‖2L2(Ω)) ≤ ‖h(0)‖2H1(Ω),

where c1 > 2δ, α is a polynomial and A(T ) = A(0, T ).
Proof of Main Theorem. Take k = 0. Then in view of assumptions (6.30),

(6.31) we obtain

(6.32)

‖v(T )‖H1(Ω) ≤ ‖v(0)‖H1(Ω),

‖θ(T )‖H1(Ω) ≤ ‖θ(0)‖H1(Ω),

‖ϕ(T )‖H1(Ω) ≤ ‖ϕ(0)‖H1(Ω),

‖h(T )‖H1(Ω) ≤ ‖h(0)‖H1(Ω)

and so A(1, T ) ≤ A(0, T ).
Take k = 1. Then in view of (6.31) we can repeat the proof of Theorem 1.1

in the interval [T, 2T ]. The assumptions (6.1) imply

(6.33)

‖v(2T )‖H1(Ω) ≤ ‖v(T )‖H1(Ω) ≤ ‖v(0)‖H1(Ω),

‖θ(2T )‖H1(Ω) ≤ ‖θ(T )‖H1(Ω) ≤ ‖θ(0)‖H1(Ω),

‖ϕ(2T )‖H1(Ω) ≤ ‖ϕ(T )‖H1(Ω) ≤ ‖ϕ(0)‖H1(Ω),

‖h(2T )‖H1(Ω) ≤ ‖h(T )‖H1(Ω) ≤ ‖h(0)‖H1(Ω),

so A(2, T ) ≤ A(1, T ). Repeating the above considerations we prove the Main
Theorem.

Remark. Since we assumed the decay estimates
(6.34) ‖f(t)‖H1(Ω) ≤ ‖f(0)‖H1(Ω)e

−δt, ‖g(t)‖L2(Ω) ≤ ‖g(0)‖L2(Ω)e
−δt,

we find that for any k ∈ N0, A(k, T ) decreases with time. Therefore for T
sufficiently large, −c1T + α(A(k, T )) is as small as we need.

Instead of the decay estimates (6.34) it is sufficient to assume that all time
integrals of norms of f increase less than linearly. Then the above assertion
holds too.
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