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Weighted composition operators
from Zygmund spaces to Bloch spaces on the unit ball

by YUu-X1A LiaNG (Tianjin), CHANG-JIN WANG (Xiamen)
and Ze-HuA Zuou (Tianjin)

Abstract. Let H(B) denote the space of all holomorphic functions on the unit ball
B C C". Let ¢ be a holomorphic self-map of B and u € H(B). The weighted composition
operator uC,, on H(B) is defined by
uCy f(2) = u(2)f(¢(2)).
We investigate the boundedness and compactness of uC, induced by u and ¢ acting from
Zygmund spaces to Bloch (or little Bloch) spaces in the unit ball.

1. Introduction. Let H(B) be the class of all holomorphic functions
on B, where B is the unit ball in the n-dimensional complex space C".
Denote by S(B) the collection of all holomorphic self-mappings of B. Let
z=(z1,...,2n) and w = (w1, ..., wy,) be points in C". Then we write

(zw) = 2101 + -+ 2aWn, 2] = V]2 4+ |zl
For f € H(B), let Vf and Rf denote the complex gradient and the radial
derivative of f € H(B), i.e

VIO = (G (), R sz = (V)9

Moreover, we write R f = R(R™Lf) for f € H( ) and m € N.
The Bloch space B = B(B) is the space of all f € H(B) such that

1flls = sup (1 — |2|*)|Vf(2)| < oc.
z€B

It is clear that B is a Banach space under the norm |f(0)| + || f||5. Let Bop
denote the subspace of B consisting of those f € B for which (1—|z|?)|V f(2)|
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converges to zero as |z| — 1. This space is called the little Bloch space. It
follows from [19, Theorem 3.4] that f € B if and only if

sup (1 — [2[*)|Rf (2)] < oo
z€B

Also f € By if and only if lim,_; (1 — [2[*)|Rf(2)| = 0. From [I3, The-
orem 2.1] we obtain

(1= 2P)IRf(2)] = (1 = )V f(2)],
thus
11l = sup (1 — [2*)|Rf(2)].
z€B
For a € (0,1), £1_q = L1_o(B) denotes the holomorphic (1—«)-Lipschitz
space which is the set of all f € H(B) such that for some C' > 0, we have
1f(2) = f(w)] < Clz —w|'™® for every z,w € B.

Moreover, £1_, is endowed with a complete norm || - ||z, ., given by
|f(2) = f(w)]
(1.1) 1fllzi—a = 1£(O)[+  sup T
z#w: z,weB ‘Z - ’LU‘

In the above, B and B are interchangeable, since functions in £;_, extend
continuously to B. The supremum in is called the Lipschitz constant
for f. By [1L Theorem 3.5], it follows that the a-Bloch space B*(B) equals
Li_o(B) and

£l = sup (1 = 2P RF )] = N fllera

zeE
Let Z = Z(B) denote the space of all f € H(B) such that

sup (1 — [2[*)| R f(2)] < oo.
z€B

It is also known that f € Z if and only if f € A(B) and there exists a
constant C' > 0 such that

[F(C+h)+ f(C=h) =2f(O)] < CIh|
for all ¢ € OB and ¢ £ h € OB (see e.g. [19, p. 261]). It is clear that Z is a
Banach space with the norm

1£llz = 1£(O)] +sup (1 — |2*)[ R (2)].
z€B

Let Zy denote the closure in Z of the set of all polynomials. From [19]
Theorem 7.18], we see that

fez & |1}m1(1 — |2H)IR*f(2)| = 0.



Weighted composition operators 103

Equivalently (see e.g. [3]), Z consists of all f € H(B) whose first order
partial derivatives are in the Bloch space, namely f € Z if and only if

sup (1= 27 Y[ 2L (o) < o
z€B ij=1 8Zi82j
Also, f € Z if and only if
1.2 lim (1 — |2|? =0.
(12) i (1= 1) Y- |52 L) =0

ij=1

Let u € H(B) and ¢ € S(B). The weighted composition operator uC, is

defined by
uCy(f) =ulfoy), feH(B).

It is obvious that when u = 1, we have the composition operator C, given
by

(Cof)(2) = fle(2)), [feHB),zeB.
When ¢(z) = z, we obtain the multiplication operator M, f(z) = u(z)f(2).
Therefore the weighted composition operator can be regarded as a general-
ization of a multiplication operator and a composition operator.

Recently, there has been an increasing interest in describing the bound-
edness and compactness of weighted composition operators acting on dif-
ferent spaces of holomorphic functions in terms of the inducing functions u
and mappings ¢; see, for example, |2}, [6-9] T4-18] and numerous references
therein.

In 2008, Li and Stevié [4] characterized the properties of

uCy : Z (or Z9) — B (or By)
on the unit disk.

In 2012, X. L. Zhu [20] gave some conditions for the boundedness and
compactness of C, acting from Z to B (or By) by using the notations

O01(2) . Opi(z)
0z1 0zn
DSO(Z): .. DR e N
Ipn(2) . on(2)
8z1 an
" og . | 1/2
Dol = (2[5 )

k=1

Our main aim is to generalize the results of [4] and [20].

Throughout the paper, constants are denoted by C, they are positive
and may differ from one occurrence to the other. The notation a < b means
that there is a positive constant C' such that a < Cb. If both ¢ < b and
b = a hold, then we write a < b.
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2. Some lemmas. In this section, we state several lemmas which will
be used in the following proofs.

LEMMA 2.1 ([5, Lemma 1]). Suppose that f € Z. Then:
(a) There is a positive constant C independent of f such that

e
(2.1) 1Rf(2)] < C| fllzlog TP
(b) There is a positive constant C' independent of f such that
(2.2) [£lloc = sup [f(2)] < ClIf]2-

REMARK 2.2. (1) It is obvious that Z is a subset of the a-Bloch space B
consisting of all f € H(B) such that sup,cp (1—|2|?)¥|Rf(2)| < oo, for a > 0.
Indeed, for any f € Z, (2.1) is true, and so

e
(1= [z)*Rf(2)] < ClIfllz(1 = |2*)* log m <00
for any o > 0.

(2) Every bounded sequence { fx } ren in the a-Bloch space B* (0 < a < 1)
which converges to zero uniformly on compact subsets of B, converges to zero
uniformly on B. We include the proof for the convenience of the readers.

For € > 0, let r € (1 —¢,1) and w € rB. Since B* = L1, and by (1.1)),
it follows that |f(2) — fe(w)] < Clz — w|'™ for z,w € B. Thus |fx(2)| <
| fr(w)] + C|z — w|'~*. Since sup, .5 |fx(w)| — 0 and moreover, for any
z € B\ 7B, there exists w, € B satisfying |z — w,| < ne, it follows that

lim sup |fx(2)] < lim sup |z — w,['™% < (ne)' ™.
> 2cB k=00 e

(3) If 0 < a < 1, we have Z C B, and hence every bounded sequence
{fk}ken in Z which converges to zero uniformly on compact subsets of B,
converges to zero uniformly on B.

Using the above fact and a modification of [2, Proposition 3.11] yields
the following lemma.

LEMMA 2.3. Let u € H(B) and ¢ = (¢1,...,¢n) € S(B). Then uC, :
Z — B is compact if and only if uCy, : Z — B is bounded and for any
bounded sequence { fx}ren in Z which converges to zero uniformly on B as
k — oo, the sequence ||uCy f||g converges to zero as k — oco.

LEMMA 2.4 ([3, Lemma 2.3]). Let f € Z and

@B
Qre) p{|u|+log11|2<u,z>| oFuee)

Then sup{Q(z) : z € B} < C| f]|z.
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LeEMMA 2.5 ([I12] Lemma 4]). A closed set K in By is compact if and
only if it is bounded and satisfies
lim sup (1 —[2*)[Rf(2)| =
|z |a1f

3. Main results. In this section we characterize the boundedness and
compactness of the operator uCy, acting from Zygmund spaces to Bloch (or
little Bloch) spaces in the unit ball.

THEOREM 3.1. Suppose ¢ = (¢1,...,¢n) € S(B) and u € H(B). Then
the following statements are equivalent:

(a) uCy : Z — B is bounded.
(b) uCy, : Z9 — B is bounded.

(c) (i) u € B, that is, sup,cg (1 — |2]?)|Ru(z)| < oo;
(i) sup.ep (1 — |2*)[u(2)] [Re(2)] < oo;
(iii) sup,cp (1 = [2*)|u(2)]log = 2z [ (Re(2), ¢(2)) | < o0,
where Rp(z) = (Re1(2), ..., Rpn(2)).

Proof. (a)=(b). This follows from Zy C Z.
(b)=(c). Taking fo(z) =1 € Zy, it follows that

[uCi folls = Sup (1= [2*)[Ru(2)| < oo,
zE

that is, u € B. Then choosing f; = z; € Zy, we get
[uCy fillz = Sup (1= [21%) [Ru(2)pi(2) +u(z)Repi(2)|

> sup (1 — |2*)|u(z)Rei(2)] ~ sup (1= |21)[Ru(2) @i (2)]-

z€B
It follows that

sup (1 — [2*)[u(2)Rei(2)] < [luCl fills + Slég(l = |2 [Ru(2)] lei(2)] < oo.

z€B

Thus
Slelg(l = |2 u(2)| R (2)] < Zsup (1= 2P u(2)] Rpi(2)] < 0.
4 i=1 FAS
That is, (ii) of (c) holds.
Next, we choose
2
(3.1) Fule) = (1= {evplo) (1410 ).

It is easy to show that

aguz(j) _ <log 1_<272M> ei(w)
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and

Pfu(z) _ pi(w) pj(w)

020z;  1—{(z,0(w))’
Then by (L.2), it follows that f, € Zo and sup,ep || fulz < co. By the
boundedness of uCy, : Zg — B, we have
uCi fulls = (1 = [wP)R(u o o))
= (1~ [wf)[Ru(w) fu(p(w)) + u(w)R(fuw o ) (w)]
> (1 = [w]?)[u(w)| [R(fu © ¢)(w)]

= (1= [wl)[Ru(w)|(1 ~ p(w)[?) <1 + log

1—|j(w)l2>'

Since limy—o tlog (1/t) = 0, we have sup;cg 1] tlog (2/t) < oo. Thus

— w2 072 o
sup (1 W<”)O+lgrﬂwmw>< |

From u € B, it follows that

2
sup (1 = [l )Ru(w)| (1~ o)) (1 + 1ok 2 ) <
Therefore,
(3.2) sup (1 faf?) (o) | [R(fu  9) )| < oc.
By an easy computation, we have
S}él% (1- |w\2)\u(w)\ log WK%@(U’)? p(w))]
= sup (1 - [w]?)Ju(w)] [R(fw 0 ) (w)] < oo.

That is, (iii) of (c) is true.
(¢c)=(a). For any f € Z, using (c), Lemma 2.1 and Lemma 2.4, we
deduce that

[uCoflis = Sup (1= |2 IR(uf o 9)(2)]

< sup (1—[2)|[Ru(2) f((2)] + sup (1= 2 [u(2)| IR(f © )(2)|

< sup (1= [2*)[Ru(2)] || flloo
z€B

+sup (1~ |2[%)|u(2)] KV £ (p(2)), Rep(2)))|
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< sup (1 — [2*)[Ru(2)| || f] 2
z€B

2
+sup (L- 2 u(2)] <\%s0(2)l+loglemw(zr),so(z)ﬂ) 1fllz < oo.
Also, [uCy,f(0)| = |u(0)||f(¢(0))] < co. Thus uCy : Z — B is bounded. =

THEOREM 3.2. Suppose ¢ = (¢1,...,¢n) € S(B) and u € H(B). Then
the following statements are equivalent:

(a) uCy, : Z — B is compact.
(b) uCy, : Z9 — B is compact.
(¢) (1) u € B, that is, sup,ep (1 — |2]?)|Ru(z)| < oo;
(i) Timyg )51 (1 — |2 |u(2)] [Re(2)| = 0;
(iid) limyg (o)1 (1 = [2]*)|u(2)] log t— 25z | (Re(2), ¢(2))] = 0,
where Rp(z) = (Re1(2), ..., Rpn(2)).

Proof. (a)=(b). This follows from Zy C Z.
(b)=>(c). Suppose that uC, : Zy — B is compact, so in particular
bounded. From Theorem 3.1, we find that (i) of (c) holds.

Choose {zi}tren C B such that |p(zx)] — 1 as k — oo, where z, =
(21,ks - -+ Zn k). (If such a sequence does not exist, equalities (ii) and (iii)
of (c) hold vacuously.) Define the function sequence

hi(z) = (1 — <z,g0(2’k)>)<<1 + log W)Z - 1)

X (log 1_’5(%”2) 71.

It is obvious that hj converges to zero uniformly on compact subsets of B
as k — oo. Moreover,

(¢(21)) = —wi(2r) log

0?hy(2) _ —20;i(21) 0;(2k) <
8zi8z]- 1—(z,0(21))

so hy € Zy. Therefore,

1 —[o(z) >

8T <z,2so<zk>>) (l"g = |j<2k>12>1’

[uCphills > (1 — |2k*)[R(uCphi) (21)]
> (1= |z ) [u(zi) | [R(hi © ) (z) | — (1= |26 )| Ru(zr) | e (0 (z0))]-
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Since

-1
hi(ip (1)) = 21 = [(z)|°) (bg 1—\5()1)

+2(1 = lo(z)*) + (1 = (21)|*) log

—0, k— oo

L —[p(z1)?

the compactness of uCy, : Zg — B and (i) of (c) imply that
lim (1 — |2 [*) ()| R (g © ) (1) = 0.
k—o00

By an easy computation,

(b o @) (a0 = [30 T8 o e o)

i=1

= log E [(Rep(21), (2)) -

2
1 — [p(zk)

Thus we have

lim (1 — |z |?)|u(z)| log
k—o00

2
WK%VJ(%), ¢(2x))| = 0.

That is, (iii) of (c) holds.

Now we choose the test functions fy(z) = zjkk/k for j € {1,...,n} and
k € N. Obviously, the sequence {fx}ren converges to zero uniformly on
compact subsets of B as k — oco. It follows that

luClp fills = (1 — 2k f*) [ R(ugf i/ k) (21)]
= (1 — |2 [Ru(zr) @5 1 (1) /K + ulzi) 25 (21) Repj k(2|
> (1= |z [ulze) el 3! (z) R (1)
— (L= [z ") [ Rulzr) 5 i (21) /.
from which we obtain
Tim (1~ [k ) u(z0)] Ry (20)] Ik (20)] = 0.

By the elementary inequality (a1+---+ay)? < C(af +---+a}) for ai, ..., ay
> 0, where C is a positive constant, it follows that
lim (1 — |2 *) w(z)| 1Repjk(20)] |0 (z) [
k—o0

< lim (1= |z fu(z0)| (R (1) (Zm 2)))

k—1

< lim (1 — |z|? R, , k=1 _ .
= lim (1 = [ex])|u(zr)] | %,k(zk)!;w],k(zk)!
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Since {zj breny C B with |p(2)| — 1 as k — oo, we have
(1= L) [ulze)| [ Rz ()] = 0.

lim
k—o0
Similarly,
lim (1 — |2,[*)|u(zk)| [Re(z1)] = 0.
k—o0

That is, lim ()1 (1 — [2]*)[u(z)| [Re(2)] = 0, thus (ii) of (c) holds.
(c)=(a). Suppose (c) holds. Then it obvious that (c¢) of Theorem 3.1
holds, so uC,, : Z — B is bounded. We have

(3-3) ilelg(l = 2P)|u(2)| [Re(2)| < oo.

In order to prove that uC, : £ — B is compact, according to Lemma 2.3,
it suffices to show that if {fx}ren is a bounded sequence in Z converging
to zero uniformly on B, then ||[uC, fi||s converges to zero as k — o0o. So
let {fx}ren be a sequence in Z with sup,ey || fkllz < L, and suppose fi
converges to zero uniformly on B as k — oco.

From (ii) and (iii) of (c), we find that for any ¢ > 0, there is a § € (0,1)
such that § < |p(z)| < 1 implies

(3-4) (1= [2*)u(2)] Re(2)] < €/L,
(3.5) (1= |21*)|u(2)[log 1‘290(2”2@%%0(2); p(2)) < ¢/L.

From — and Lemma 2.4, we obtain
[uCy frlls = Sup (1= [21%)[Ru(2) fi(p(2)) + ul(2)R(fi 0 (2))|

< [lulls sup [fr(2)] + Sup (1= 21 |u(2) | (Y fulp(2)), Reo(2))]

z€B
< lullssup | fu(2)] + sup (1 — |2[*)|u(2)] KV fil(o(2)), Reo(2))]
z€B lo(2)|<6
+ sup (1= [2[)[u(2)| [(V fi(p(2)), Re(2))]
lp(2)1>6
< |lullgsup [ fu(2)| + sup (1 —[z[*)[u(2)] [Re(2)] [V fu(p(2))]
z€B l(2)|<0
+ sup (1 [2*)]u(2)|
lp(2)[>6

< (\wz)\ T log ,zwmgo(z),w(z») Va2

2
1 —ep(2)
<2, k- o0

On the other hand, |u(0)fz(¢(0))| converges to zero as k — oo. By Lem-
ma 2.3, it follows that uCy, : Z — B is compact. m
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THEOREM 3.3. Suppose ¢ = (¢1,...,¢0n) € S(B) and u € H(B). Then
uCy : Z — By is bounded if and only if u € By and

(36)  Jim (1 |2)ju()| R ()] =0,
. 2
BT) im0 ) ()] los oyl (Re(), ()] =0,

where Rp(z) = (Re1(2), ..., Rpn(2)).

Proof. Necessity. Taking f(z) = 1 and f;(z) = z;, we find that u € By
and
lim (1 = [2[*)]u(2)] |Rg;(2)| = 0.
|z|]—1

It follows that

n

lim (1~ [2*)[u(2)] [Re(2)] < lim > (1 —[2*)|u(z)] [Re;(2)] = 0.

1 1
|z|— |z]— =

Similarly, taking fi,(2) defined in (3.1]), we deduce that uC, f,, € By. Thus,
as u € By,

lim (1 — |w|?)|R(uCyp frp)(w)]

Jw|—1

= lim (1 — |w]?)[Ru(w) fu(p(w)) + w(w)(V fulp(w)), Reo(w))]

|w|—1

> Tim (1 — [w]?)[u(w)|log 1_‘2|2\(3‘€<P(w)7 p(w))]

|w|—1 p(w)
= C lim (1 —[w])[Ru(w)] | f] 2

|w|—1

— Tim (1 — [w]?)|u(w)| log W\(%w(w), o(w))].

|w|—1

This shows that (3.7)) holds.
Sufficiency. Since u € By, (3.6]) and (3.7 hold, by Theorem 3.1 we know
that uCy, : Z — B is bounded. On the other hand, for any f € Z, we have

lim (1 — [2>)|R(uCy f)(2)]

|z]—1

< Jim (1= |=)Ru(z)] 7]z + lim (1= |=f5)fu(2)

Tzl

 ([B0(2)| + tog {2y o)l 112
=0.

That is, uCy f € By for any f € Z. Since By is a closed subset of B, the map
uCy : Z — By is bounded. =
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THEOREM 3.4. Suppose ¢ = (¢1,...,¢n) € S(B) and uw € H(B). Then
uCy, : 2o — Bo is bounded if and only if uCy, : Z9 — B is bounded and
u € By and

(3.8) lim (1 — |2*)u(z)Re(2)] = 0,

|z]—1

where [Rp(2)| = /[Rp1(2)2 + - + Repn(2)
Proof. Necessity. This is obvious by taking the test functions f(z) =1
and f;(z) = z;, respectively.
Sufficiency. For any polynomial p, if u € By and holds, we have
(1= [2[*)[R(uCyp)(2)|
< (1= |2 Ru(2)p(p(2))] + (1 = [2[)|ul2)] [(Vo(p(2)), Re(2)]
< (1= 2 Ru(2)] [plloo + (1 = |2 [u(2)] [Re ()| | Vlloo
< (L= [zP)[Ru(2)] + (1 = |2 [u(2)] [Re(2)]
—0, |z]—=1

That is, uC,p € By for any polynomial p. It is well known that the set of all
polynomials is dense in Zj, so there exists a polynomial sequence {p,}nen
such that || f — pn||z converges to zero as n — oo for any f € Zj. By the
boundedness of uC, : Zg — B, we have

Hucgof - uccpanB < ”Ucc,OHZ()—)B”f _anZ < C”f _anZ —0
as n — 0oQ.

Since uCyp, € Bp and By is a closed subset of B, we deduce that
uCy(Z2y) C By. That is, uCy, : Zyg — By is bounded. =

THEOREM 3.5. Suppose ¢ = (¢1,...,¢n) € S(B) and u € H(B). Then
the following statements are equivalent:

(a) uCy, : Z — By is compact;

(b) uCy : Zo — By is compact;
(¢) uwe By and

(39) lim (1= 2P)u(z)] Re(2)] =0,
. 2
(310)  Jim (1= P)lu(:) og s (R (2), o)) = 0

where Rp(2) = (Re1(z), ..., Ron(2)).
Proof. (a)=(b). This follows from Zy C Z.

(b)=>(c). Suppose that uCy, : Zy — By is compact, hence obviously
bounded. Thus v € By and (3.8)) holds from Theorem 3.4. That is, (3.9)) is
true. Also, it is obvious that uCy, : Zy — B is compact, so by Theorem 3.2,
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it follows that

i — [2]?)|u(2)|lo 2 z z)| =
(3.11) Mlg‘ﬂ_ﬂ(l |2]%)u(z)[1 g1_|¢(z)|2\<3‘390( ),(2))| = 0.
Then there exists r € (0,1) such that

— |23 |u(2)| 1o 2 z),p(z €
312) (- P og 2yl Rl (2D <

whenever r < [p(2)] < 1.
On the other hand, by (3.9)), there exists o € (0,1) such that
(3.13) (1 = |2*)[u(2)] [Re(2)] <

€

log 1,2T2

whenever o < |z| < 1. Thus, when o < |z] < 1 and r < |p(2)| < 1, from

(3.12) it follows that

B1) (=) log T el () <

On the other hand, when |p(2)] < r and o < |z| < 1, by (3.13]) we have

315) (1= ()l log ;i

< (1= [z u(2)] [Re(2)|log

Combining (3.14)) with (3.15)) yields (3.10).

(¢)=(a). From the conditions in (c), it follows by Theorem 3.1 that
uCy, : Z — B is bounded. Hence uCy,({f : || f||z < 1}) is bounded in B.
Moreover,

(1= 2P IR(uCy f)(2)]
= (L= 2P)Ru)] Iz + (1 = [2[)u(=)[ [Re(2)] |1 f] 2
2
+ (1 — |2]?)|u(2)]log ———= |(Rp(2), o) || f]| 2.
(1= 2[)u(2)] 1—!@(2)!2|< (2), (DI A]
It is clear that uC,({f : || f||z < 1}) is bounded in By by conditions in (c).
On the other hand, by taking the supremum in the above inequality over

the unit ball in Z, then letting |z| — 1 and using the conditions in (c), it
follows that

|[(Rep(2), 0 (2))

2
Tz <e

lim  sup (1 — [2%)|R(uCyf)(2)] =0.
Z=1 ) rlz<1

From the above equality and Lemma 2.5, we conclude that uC, : Z — By
is compact. =
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