
ANNALES

POLONICI MATHEMATICI

114.2 (2015)

Weighted composition operators
from Zygmund spaces to Bloch spaces on the unit ball

by Yu-Xia Liang (Tianjin), Chang-Jin Wang (Xiamen)
and Ze-Hua Zhou (Tianjin)

Abstract. Let H(B) denote the space of all holomorphic functions on the unit ball
B ⊂ Cn. Let ϕ be a holomorphic self-map of B and u ∈ H(B). The weighted composition
operator uCϕ on H(B) is defined by

uCϕf(z) = u(z)f(ϕ(z)).

We investigate the boundedness and compactness of uCϕ induced by u and ϕ acting from
Zygmund spaces to Bloch (or little Bloch) spaces in the unit ball.

1. Introduction. Let H(B) be the class of all holomorphic functions
on B, where B is the unit ball in the n-dimensional complex space Cn.
Denote by S(B) the collection of all holomorphic self-mappings of B. Let
z = (z1, . . . , zn) and w = (w1, . . . , wn) be points in Cn. Then we write

〈z, w〉 = z1w1 + · · ·+ znwn, |z| =
√
|z1|2 + · · ·+ |zn|2.

For f ∈ H(B), let∇f and <f denote the complex gradient and the radial
derivative of f ∈ H(B), i.e.

∇f(z) =

(
∂f

∂z1
(z), . . . ,

∂f

∂zn
(z)

)
, <f(z) =

n∑
j=1

zj
∂f

∂zj
(z) = 〈∇f(z), z̄〉.

Moreover, we write <mf = <(<m−1f) for f ∈ H(B) and m ∈ N.
The Bloch space B = B(B) is the space of all f ∈ H(B) such that

‖f‖B = sup
z∈B

(1− |z|2)|∇f(z)| <∞.

It is clear that B is a Banach space under the norm |f(0)| + ‖f‖B. Let B0
denote the subspace of B consisting of those f ∈ B for which (1−|z|2)|∇f(z)|
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converges to zero as |z| → 1. This space is called the little Bloch space. It
follows from [19, Theorem 3.4] that f ∈ B if and only if

sup
z∈B

(1− |z|2)|<f(z)| <∞.

Also f ∈ B0 if and only if lim|z|→1 (1 − |z|2)|<f(z)| = 0. From [13, The-
orem 2.1] we obtain

(1− |z|2)|<f(z)| � (1− |z|2)|∇f(z)|,

thus

‖f‖B � sup
z∈B

(1− |z|2)|<f(z)|.

For α∈ (0, 1), L1−α=L1−α(B) denotes the holomorphic (1−α)-Lipschitz
space which is the set of all f ∈ H(B) such that for some C > 0, we have

|f(z)− f(w)| ≤ C|z − w|1−α for every z, w ∈ B.

Moreover, L1−α is endowed with a complete norm ‖ · ‖L1−α given by

(1.1) ‖f‖L1−α = |f(0)|+ sup
z 6=w: z,w∈B

|f(z)− f(w)|
|z − w|1−α

.

In the above, B and B are interchangeable, since functions in L1−α extend
continuously to B. The supremum in (1.1) is called the Lipschitz constant
for f . By [1, Theorem 3.5], it follows that the α-Bloch space Bα(B) equals
L1−α(B) and

‖f‖Bα � sup
z∈B

(1− |z|2)α|<f(z)| � ‖f‖L1−α .

Let Z = Z(B) denote the space of all f ∈ H(B) such that

sup
z∈B

(1− |z|2)|<2f(z)| <∞.

It is also known that f ∈ Z if and only if f ∈ A(B) and there exists a
constant C > 0 such that

|f(ζ + h) + f(ζ − h)− 2f(ζ)| < C|h|

for all ζ ∈ ∂B and ζ ± h ∈ ∂B (see e.g. [19, p. 261]). It is clear that Z is a
Banach space with the norm

‖f‖Z = |f(0)|+ sup
z∈B

(1− |z|2)|<2f(z)|.

Let Z0 denote the closure in Z of the set of all polynomials. From [19,
Theorem 7.18], we see that

f ∈ Z0 ⇔ lim
|z|→1

(1− |z|2)|<2f(z)| = 0.
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Equivalently (see e.g. [3]), Z consists of all f ∈ H(B) whose first order
partial derivatives are in the Bloch space, namely f ∈ Z if and only if

sup
z∈B

(1− |z|2)
n∑

i,j=1

∣∣∣∣ ∂2f

∂zi∂zj
(z)

∣∣∣∣ <∞.
Also, f ∈ Z0 if and only if

(1.2) lim
|z|→1

(1− |z|2)
n∑

i,j=1

∣∣∣∣ ∂2f

∂zi∂zj
(z)

∣∣∣∣ = 0.

Let u ∈ H(B) and ϕ ∈ S(B). The weighted composition operator uCϕ is
defined by

uCϕ(f) = u(f ◦ ϕ), f ∈ H(B).

It is obvious that when u = 1, we have the composition operator Cϕ given
by

(Cϕf)(z) = f(ϕ(z)), f ∈ H(B), z ∈ B.
When ϕ(z) = z, we obtain the multiplication operator Muf(z) = u(z)f(z).
Therefore the weighted composition operator can be regarded as a general-
ization of a multiplication operator and a composition operator.

Recently, there has been an increasing interest in describing the bound-
edness and compactness of weighted composition operators acting on dif-
ferent spaces of holomorphic functions in terms of the inducing functions u
and mappings ϕ; see, for example, [2, 6–9, 14–18] and numerous references
therein.

In 2008, Li and Stević [4] characterized the properties of

uCϕ : Z (or Z0)→ B (or B0)
on the unit disk.

In 2012, X. L. Zhu [20] gave some conditions for the boundedness and
compactness of Cϕ acting from Z to B (or B0) by using the notations

Dϕ(z) =


∂ϕ1(z)
∂z1

· · · ∂ϕ1(z)
∂zn

· · · · · · · · ·
∂ϕn(z)
∂z1

· · · ϕn(z)
∂zn

 ,

|Dϕ(z)| =
( n∑
k,l=1

∣∣∣∣∂ϕl∂zk
(z)

∣∣∣∣2)1/2

.

Our main aim is to generalize the results of [4] and [20].
Throughout the paper, constants are denoted by C, they are positive

and may differ from one occurrence to the other. The notation a � b means
that there is a positive constant C such that a ≤ Cb. If both a � b and
b � a hold, then we write a � b.
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2. Some lemmas. In this section, we state several lemmas which will
be used in the following proofs.

Lemma 2.1 ([5, Lemma 1]). Suppose that f ∈ Z. Then:

(a) There is a positive constant C independent of f such that

(2.1) |<f(z)| ≤ C‖f‖Z log
e

1− |z|2
.

(b) There is a positive constant C independent of f such that

(2.2) ‖f‖∞ = sup
z∈B
|f(z)| ≤ C‖f‖Z .

Remark 2.2. (1) It is obvious that Z is a subset of the α-Bloch space Bα
consisting of all f ∈ H(B) such that supz∈B (1−|z|2)α|<f(z)| <∞, for α > 0.
Indeed, for any f ∈ Z, (2.1) is true, and so

(1− |z|2)α|<f(z)| ≤ C‖f‖Z(1− |z|2)α log
e

1− |z|2
<∞

for any α > 0.

(2) Every bounded sequence {fk}k∈N in the α-Bloch space Bα (0<α< 1)
which converges to zero uniformly on compact subsets of B, converges to zero
uniformly on B. We include the proof for the convenience of the readers.

For ε > 0, let r ∈ (1− ε, 1) and w ∈ rB. Since Bα = L1−α and by (1.1),
it follows that |fk(z) − fk(w)| ≤ C|z − w|1−α for z, w ∈ B. Thus |fk(z)| ≤
|fk(w)| + C|z − w|1−α. Since supw∈rB |fk(w)| → 0 and moreover, for any

z ∈ B \ rB, there exists wz ∈ B satisfying |z − wz| < nε, it follows that

lim
k→∞

sup
z∈B
|fk(z)| ≤ lim

k→∞
sup
z∈B
|z − wz|1−α ≤ (nε)1−α.

(3) If 0 < α < 1, we have Z ⊂ Bα, and hence every bounded sequence
{fk}k∈N in Z which converges to zero uniformly on compact subsets of B,
converges to zero uniformly on B.

Using the above fact and a modification of [2, Proposition 3.11] yields
the following lemma.

Lemma 2.3. Let u ∈ H(B) and ϕ = (ϕ1, . . . , ϕn) ∈ S(B). Then uCϕ :
Z → B is compact if and only if uCϕ : Z → B is bounded and for any
bounded sequence {fk}k∈N in Z which converges to zero uniformly on B as
k →∞, the sequence ‖uCϕfk‖B converges to zero as k →∞.

Lemma 2.4 ([3, Lemma 2.3]). Let f ∈ Z and

Qf (z) = sup

{
|〈∇f(z), ū〉|

|u|+ log 2
1−|z|2 |〈u, z〉|

: 0 6= u ∈ Cn
}
.

Then sup{Qf (z) : z ∈ B} ≤ C‖f‖Z .
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Lemma 2.5 ([12, Lemma 4]). A closed set K in B0 is compact if and
only if it is bounded and satisfies

lim
|z|→1

sup
f∈K

(1− |z|2)|<f(z)| = 0.

3. Main results. In this section we characterize the boundedness and
compactness of the operator uCϕ acting from Zygmund spaces to Bloch (or
little Bloch) spaces in the unit ball.

Theorem 3.1. Suppose ϕ = (ϕ1, . . . , ϕn) ∈ S(B) and u ∈ H(B). Then
the following statements are equivalent:

(a) uCϕ : Z → B is bounded.
(b) uCϕ : Z0 → B is bounded.

(c) (i) u ∈ B, that is, supz∈B (1− |z|2)|<u(z)| <∞;

(ii) supz∈B (1− |z|2)|u(z)| |<ϕ(z)| <∞;

(iii) supz∈B (1− |z|2)|u(z)| log 2
1−|ϕ(z)|2 |〈<ϕ(z), ϕ(z)〉| <∞,

where <ϕ(z) = (<ϕ1(z), . . . ,<ϕn(z)).

Proof. (a)⇒(b). This follows from Z0 ⊂ Z.
(b)⇒(c). Taking f0(z) = 1 ∈ Z0, it follows that

‖uCϕf0‖B = sup
z∈B

(1− |z|2)|<u(z)| <∞,

that is, u ∈ B. Then choosing fi = zi ∈ Z0, we get

‖uCϕfi‖B = sup
z∈B

(1− |z|2)
∣∣<u(z)ϕi(z) + u(z)<ϕi(z)

∣∣
≥ sup

z∈B
(1− |z|2)|u(z)<ϕi(z)| − sup

z∈B
(1− |z|2)|<u(z)ϕi(z)|.

It follows that

sup
z∈B

(1− |z|2)|u(z)<ϕi(z)| ≤ ‖uCϕfi‖B + sup
z∈B

(1− |z|2)|<u(z)| |ϕi(z)| <∞.

Thus

sup
z∈B

(1− |z|2)|u(z)| |<ϕ(z)| ≤
n∑
i=1

sup
z∈B

(1− |z|2)|u(z)| |<ϕi(z)| <∞.

That is, (ii) of (c) holds.
Next, we choose

(3.1) fw(z) = (1− 〈z, ϕ(w)〉)
(

1 + log
2

1− 〈z, ϕ(w)〉

)
.

It is easy to show that

∂fw(z)

∂zi
= −

(
log

2

1− 〈z, ϕ(w)〉

)
ϕi(w)
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and

∂2fw(z)

∂zi∂zj
= − ϕi(w) ϕj(w)

1− 〈z, ϕ(w)〉
.

Then by (1.2), it follows that fw ∈ Z0 and supw∈B ‖fw‖Z < ∞. By the
boundedness of uCϕ : Z0 → B, we have

‖uCϕfw‖B ≥ (1− |w|2)|<(ufw ◦ ϕ)(w)|
= (1− |w|2)

∣∣<u(w)fw(ϕ(w)) + u(w)<(fw ◦ ϕ)(w)
∣∣

≥ (1− |w|2)|u(w)| |<(fw ◦ ϕ)(w)|

− (1− |w|2)|<u(w)|(1− |ϕ(w)|2)
(

1 + log
2

1− |ϕ(w)|2

)
.

Since limt→0 t log (1/t) = 0, we have supt∈[0,1] t log (2/t) <∞. Thus

sup
w∈B

(1− |ϕ(w)|2)
(

1 + log
2

1− |ϕ(w)|2

)
<∞.

From u ∈ B, it follows that

sup
w∈B

(1− |w|2)|<u(w)|(1− |ϕ(w)|2)
(

1 + log
2

1− |ϕ(w)|2

)
<∞.

Therefore,

(3.2) sup
w∈B

(1− |w|2)|u(w)| |<(fw ◦ ϕ)(w)| <∞.

By an easy computation, we have

sup
w∈B

(1− |w|2)|u(w)| log
2

1− |ϕ(w)|2
|〈<ϕ(w), ϕ(w)〉|

= sup
w∈B

(1− |w|2)|u(w)| |<(fw ◦ ϕ)(w)| <∞.

That is, (iii) of (c) is true.

(c)⇒(a). For any f ∈ Z, using (c), Lemma 2.1 and Lemma 2.4, we
deduce that

‖uCϕf‖B = sup
z∈B

(1− |z|2)|<(uf ◦ ϕ)(z)|

≤ sup
z∈B

(1− |z|2)|<u(z)f(ϕ(z))|+ sup
z∈B

(1− |z|2)|u(z)| |<(f ◦ ϕ)(z)|

≤ sup
z∈B

(1− |z|2)|<u(z)| ‖f‖∞

+ sup
z∈B

(1− |z|2)|u(z)| |〈∇f(ϕ(z)),<ϕ(z)〉|
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� sup
z∈B

(1− |z|2)|<u(z)| ‖f‖Z

+ sup
z∈B

(1−|z|2)|u(z)|
(
|<ϕ(z)|+log

2

1−|ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉|

)
‖f‖Z <∞.

Also, |uCϕf(0)| = |u(0)| |f(ϕ(0))|<∞. Thus uCϕ : Z → B is bounded.

Theorem 3.2. Suppose ϕ = (ϕ1, . . . , ϕn) ∈ S(B) and u ∈ H(B). Then
the following statements are equivalent:

(a) uCϕ : Z → B is compact.
(b) uCϕ : Z0 → B is compact.

(c) (i) u ∈ B, that is, supz∈B (1− |z|2)|<u(z)| <∞;

(ii) lim|ϕ(z)|→1(1− |z|2)|u(z)| |<ϕ(z)| = 0;

(iii) lim|ϕ(z)|→1(1− |z|2)|u(z)| log 2
1−|ϕ(z)|2 |〈<ϕ(z), ϕ(z)〉| = 0,

where <ϕ(z) = (<ϕ1(z), . . . ,<ϕn(z)).

Proof. (a)⇒(b). This follows from Z0 ⊂ Z.

(b)⇒(c). Suppose that uCϕ : Z0 → B is compact, so in particular
bounded. From Theorem 3.1, we find that (i) of (c) holds.

Choose {zk}k∈N ⊂ B such that |ϕ(zk)| → 1 as k → ∞, where zk =
(z1,k, . . . , zn,k). (If such a sequence does not exist, equalities (ii) and (iii)
of (c) hold vacuously.) Define the function sequence

hk(z) = (1− 〈z, ϕ(zk)〉)
((

1 + log
2

1− 〈z, ϕ(zk)〉

)2

+ 1

)
×
(

log
2

1− |ϕ(zk)|2

)−1
.

It is obvious that hk converges to zero uniformly on compact subsets of B
as k →∞. Moreover,

∂hk(z)

∂zi
(ϕ(zk)) = −ϕi(zk) log

2

1− |ϕ(zk)|2
,

∂2hk(z)

∂zi∂zj
=
−2ϕi(zk) ϕj(zk)

1− 〈z, ϕ(zk)〉

(
log

2

1− 〈z, ϕ(zk)〉

)(
log

2

1− |ϕ(zk)|2

)−1
,

so hk ∈ Z0. Therefore,

‖uCϕhk‖B ≥ (1− |zk|2)|<(uCϕhk)(zk)|
≥ (1−|zk|2)|u(zk)| |<(hk ◦ ϕ)(zk)|− (1−|zk|2)|<u(zk)| |hk(ϕ(zk))|.
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Since

hk(ϕ(zk)) = 2(1− |ϕ(zk)|2)
(

log
2

1− |ϕ(zk)|2

)−1
+ 2(1− |ϕ(zk)|2) + (1− |ϕ(zk)|2) log

2

1− |ϕ(zk)|2

→ 0, k →∞,
the compactness of uCϕ : Z0 → B and (i) of (c) imply that

lim
k→∞

(1− |zk|2)|u(zk)| |<(hk ◦ ϕ)(zk)| = 0.

By an easy computation,

|<(hk ◦ ϕ)(zk)| =
∣∣∣∣ n∑
i=1

∂hk
∂zi

(ϕ(zk))<ϕi(zk)
∣∣∣∣

= log
2

1− |ϕ(zk)|2
|〈<ϕ(zk), ϕ(zk)〉|.

Thus we have

lim
k→∞

(1− |zk|2)|u(zk)| log
2

1− |ϕ(zk)|2
|〈<ϕ(zk), ϕ(zk)〉| = 0.

That is, (iii) of (c) holds.
Now we choose the test functions fk(z) = zkj,k/k for j ∈ {1, . . . , n} and

k ∈ N. Obviously, the sequence {fk}k∈N converges to zero uniformly on
compact subsets of B as k →∞. It follows that

‖uCϕfk‖B ≥ (1− |zk|2)|<(uϕkj,k/k)(zk)|

= (1− |zk|2)
∣∣<u(zk)ϕ

k
j,k(zk)/k + u(zk)ϕ

k−1
j,k (zk)<ϕj,k(zk)

∣∣
≥ (1− |zk|2)|u(zk)ϕ

k−1
j,k (zk)<ϕj,k(zk)|

− (1− |zk|2)|<u(zk)ϕ
k
j,k(zk)/k|,

from which we obtain

lim
k→∞

(1− |zk|2)|u(zk)| |<ϕj,k(zk)| |ϕk−1j,k (zk)| = 0.

By the elementary inequality (a1+ · · ·+ak)p ≤ C(ap1+ · · ·+apk) for a1, . . . , ak
> 0, where C is a positive constant, it follows that

lim
k→∞

(1− |zk|2)|u(zk)| |<ϕj,k(zk)| |ϕ(zk)|k−1

≤ lim
k→∞

(1− |zk|2)|u(zk)| |<ϕj,k(zk)|
( n∑
j=1

|ϕj,k(zk)|
)k−1

� lim
k→∞

(1− |zk|2)|u(zk)| |<ϕj,k(zk)|
n∑
j=1

|ϕj,k(zk)|k−1 = 0.
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Since {zk}k∈N ⊂ B with |ϕ(zk)| → 1 as k →∞, we have

lim
k→∞

(1− |zk|2)|u(zk)| |<ϕj,k(zk)| = 0.

Similarly,

lim
k→∞

(1− |zk|2)|u(zk)| |<ϕ(zk)| = 0.

That is, lim|ϕ(z)|→1(1− |z|2)|u(z)| |<ϕ(z)| = 0, thus (ii) of (c) holds.

(c)⇒(a). Suppose (c) holds. Then it obvious that (c) of Theorem 3.1
holds, so uCϕ : Z → B is bounded. We have

(3.3) sup
z∈B

(1− |z|2)|u(z)| |<ϕ(z)| <∞.

In order to prove that uCϕ : Z → B is compact, according to Lemma 2.3,
it suffices to show that if {fk}k∈N is a bounded sequence in Z converging
to zero uniformly on B, then ‖uCϕfk‖B converges to zero as k → ∞. So
let {fk}k∈N be a sequence in Z with supk∈N ‖fk‖Z ≤ L, and suppose fk
converges to zero uniformly on B as k →∞.

From (ii) and (iii) of (c), we find that for any ε > 0, there is a δ ∈ (0, 1)
such that δ < |ϕ(z)| < 1 implies

(1− |z|2)|u(z)| |<ϕ(z)| < ε/L,(3.4)

(1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
〈<ϕ(z), ϕ(z)〉 < ε/L.(3.5)

From (3.3)–(3.5) and Lemma 2.4, we obtain

‖uCϕfk‖B = sup
z∈B

(1− |z|2)
∣∣<u(z)fk(ϕ(z)) + u(z)<(fk ◦ ϕ(z))

∣∣
≤ ‖u‖B sup

z∈B
|fk(z)|+ sup

z∈B
(1− |z|2)|u(z)| |〈∇fk(ϕ(z)),<ϕ(z)〉|

≤ ‖u‖B sup
z∈B
|fk(z)|+ sup

|ϕ(z)|≤δ
(1− |z|2)|u(z)| |〈∇fk(ϕ(z)),<ϕ(z)〉|

+ sup
|ϕ(z)|>δ

(1− |z|2)|u(z)| |〈∇fk(ϕ(z)),<ϕ(z)〉|

≤ ‖u‖B sup
z∈B
|fk(z)|+ sup

|ϕ(z)|≤δ
(1− |z|2)|u(z)| |<ϕ(z)| |∇fk(ϕ(z))|

+ sup
|ϕ(z)|>δ

(1− |z|2)|u(z)|

×
(
|<ϕ(z)|+ log

2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉|

)
‖fk‖Z

≤ 2ε, k →∞.

On the other hand, |u(0)fk(ϕ(0))| converges to zero as k → ∞. By Lem-
ma 2.3, it follows that uCϕ : Z → B is compact.
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Theorem 3.3. Suppose ϕ = (ϕ1, . . . , ϕn) ∈ S(B) and u ∈ H(B). Then
uCϕ : Z → B0 is bounded if and only if u ∈ B0 and

lim
|z|→1

(1− |z|2)|u(z)| |<ϕ(z)| = 0,(3.6)

lim
|z|→1

(1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉| = 0,(3.7)

where <ϕ(z) = (<ϕ1(z), . . . ,<ϕn(z)).

Proof. Necessity. Taking f(z) = 1 and fj(z) = zj , we find that u ∈ B0
and

lim
|z|→1

(1− |z|2)|u(z)| |<ϕj(z)| = 0.

It follows that

lim
|z|→1

(1− |z|2)|u(z)| |<ϕ(z)| ≤ lim
|z|→1

n∑
j=1

(1− |z|2)|u(z)| |<ϕj(z)| = 0.

Similarly, taking fw(z) defined in (3.1), we deduce that uCϕfw ∈ B0. Thus,
as u ∈ B0,

lim
|w|→1

(1− |w|2)|<(uCϕfw)(w)|

= lim
|w|→1

(1− |w|2)
∣∣<u(w)fw(ϕ(w)) + u(w)〈∇fw(ϕ(w)),<ϕ(w)〉

∣∣
≥ lim
|w|→1

(1− |w|2)|u(w)| log
2

1− |ϕ(w)|2
|〈<ϕ(w), ϕ(w)〉|

− C lim
|w|→1

(1− |w|2)|<u(w)| ‖f‖Z

= lim
|w|→1

(1− |w|2)|u(w)| log
2

1− |ϕ(w)|2
|〈<ϕ(w), ϕ(w)〉|.

This shows that (3.7) holds.

Sufficiency. Since u ∈ B0, (3.6) and (3.7) hold, by Theorem 3.1 we know
that uCϕ : Z → B is bounded. On the other hand, for any f ∈ Z, we have

lim
|z|→1

(1− |z|2)|<(uCϕf)(z)|

� lim
|z|→1

(1− |z|2)|<u(z)| ‖f‖Z + lim
|z|→1

(1− |z|2)|u(z)|

×
(
|<ϕ(z)|+ log

2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉|

)
‖f‖Z

= 0.

That is, uCϕf ∈ B0 for any f ∈ Z. Since B0 is a closed subset of B, the map
uCϕ : Z → B0 is bounded.
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Theorem 3.4. Suppose ϕ = (ϕ1, . . . , ϕn) ∈ S(B) and u ∈ H(B). Then
uCϕ : Z0 → B0 is bounded if and only if uCϕ : Z0 → B is bounded and
u ∈ B0 and

(3.8) lim
|z|→1

(1− |z|2)|u(z)<ϕ(z)| = 0,

where |<ϕ(z)| =
√
|<ϕ1(z)|2 + · · ·+ |<ϕn(z)|2.

Proof. Necessity. This is obvious by taking the test functions f(z) = 1
and fj(z) = zj , respectively.

Sufficiency. For any polynomial p, if u ∈ B0 and (3.8) holds, we have

(1− |z|2)|<(uCϕp)(z)|
≤ (1− |z|2)|<u(z)p(ϕ(z))|+ (1− |z|2)|u(z)| |〈∇p(ϕ(z)),<ϕ(z)〉|
≤ (1− |z|2)|<u(z)| ‖p‖∞ + (1− |z|2)|u(z)| |<ϕ(z)| ‖∇p‖∞
� (1− |z|2)|<u(z)|+ (1− |z|2)|u(z)| |<ϕ(z)|
→ 0, |z| → 1.

That is, uCϕp ∈ B0 for any polynomial p. It is well known that the set of all
polynomials is dense in Z0, so there exists a polynomial sequence {pn}n∈N
such that ‖f − pn‖Z converges to zero as n → ∞ for any f ∈ Z0. By the
boundedness of uCϕ : Z0 → B, we have

‖uCϕf − uCϕpn‖B ≤ ‖uCϕ‖Z0→B‖f − pn‖Z ≤ C‖f − pn‖Z → 0

as n→∞.
Since uCϕpn ∈ B0 and B0 is a closed subset of B, we deduce that

uCϕ(Z0) ⊂ B0. That is, uCϕ : Z0 → B0 is bounded.

Theorem 3.5. Suppose ϕ = (ϕ1, . . . , ϕn) ∈ S(B) and u ∈ H(B). Then
the following statements are equivalent:

(a) uCϕ : Z → B0 is compact;
(b) uCϕ : Z0 → B0 is compact;
(c) u ∈ B0 and

lim
|z|→1

(1− |z|2)|u(z)| |<ϕ(z)| = 0,(3.9)

lim
|z|→1

(1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉| = 0.(3.10)

where <ϕ(z) = (<ϕ1(z), . . . ,<ϕn(z)).

Proof. (a)⇒(b). This follows from Z0 ⊂ Z.

(b)⇒(c). Suppose that uCϕ : Z0 → B0 is compact, hence obviously
bounded. Thus u ∈ B0 and (3.8) holds from Theorem 3.4. That is, (3.9) is
true. Also, it is obvious that uCϕ : Z0 → B is compact, so by Theorem 3.2,
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it follows that

(3.11) lim
|ϕ(z)|→1

(1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉| = 0.

Then there exists r ∈ (0, 1) such that

(3.12) (1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉| < ε

whenever r < |ϕ(z)| < 1.

On the other hand, by (3.9), there exists σ ∈ (0, 1) such that

(3.13) (1− |z|2)|u(z)| |<ϕ(z)| < ε

log 2
1−r2

whenever σ < |z| < 1. Thus, when σ < |z| < 1 and r < |ϕ(z)| < 1, from
(3.12) it follows that

(3.14) (1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉| < ε.

On the other hand, when |ϕ(z)| ≤ r and σ < |z| < 1, by (3.13) we have

(3.15) (1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉|

≤ (1− |z|2)|u(z)| |<ϕ(z)| log
2

1− r2
< ε.

Combining (3.14) with (3.15) yields (3.10).

(c)⇒(a). From the conditions in (c), it follows by Theorem 3.1 that
uCϕ : Z → B is bounded. Hence uCϕ({f : ‖f‖Z ≤ 1}) is bounded in B.
Moreover,

(1− |z|2)|<(uCϕf)(z)|
� (1− |z|2)|<u(z)| ‖f‖Z + (1− |z|2)|u(z)| |<ϕ(z)| ‖f‖Z

+ (1− |z|2)|u(z)| log
2

1− |ϕ(z)|2
|〈<ϕ(z), ϕ(z)〉| ‖f‖Z .

It is clear that uCϕ({f : ‖f‖Z ≤ 1}) is bounded in B0 by conditions in (c).
On the other hand, by taking the supremum in the above inequality over
the unit ball in Z, then letting |z| → 1 and using the conditions in (c), it
follows that

lim
|z|→1

sup
‖f‖Z≤1

(1− |z|2)|<(uCϕf)(z)| = 0.

From the above equality and Lemma 2.5, we conclude that uCϕ : Z → B0
is compact.
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