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Existence and upper semicontinuity of uniform attractors in
H'(RY) for nonautonomous nonclassical diffusion equations

by CuNG THE ANH (Hanoi) and NGUYEN DuoNG ToAN (Haiphong)

Abstract. We prove the existence of uniform attractors A. in the space H*(RY) for
the nonautonomous nonclassical diffusion equation
ug — eAuy — Au+ f(z,u) + M = g(z,t), ¢€]0,1].

The upper semicontinuity of the uniform attractors {A:}ccp,1) at € = 0 is also studied.

1. Introduction. In this paper we consider the nonautonomous equa-
tion
(1.1) {ut—aAut—Au—i—f(a:,u)—i—)\u =g(t,x), xRN (N>3),t>r,
. u|t:7’ = Ur,

where € € [0, 1], and the nonlinearity f and the external force g satisfy some
certain conditions specified later. This equation is known as the nonclassical
diffusion equation when € > 0, and the classical reaction-diffusion equation
when € = 0.

The nonclassical diffusion equation arises as a model to describe phys-
ical phenomena, such as non-Newtonian flows, solid mechanics, and heat
conduction (see, e.g., [I, 10, 15, [16]); and if one considers viscoelasticity
of the conductive medium, we obtain the so-called nonclassical diffusion
equations with fading memory (see [20] 19]). The existence and long-time
behavior of solutions to problem has been studied extensively in re-
cent years, for both the autonomous case [8, 12 13} [I8] 21, 22] and the
nonautonomous case [2], B, 4, [13]. However, to the best of our knowledge,
most existing results related to this problem are valid in bounded domains,
except some recent works [3, 9] where the existence of global/pullback at-
tractors for problem on RY with the nonlinearity of polynomial type
was proved.
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In this paper we will study the existence and upper semicontinuity of
uniform attractors for a family of processes associated to problem in
the case of unbounded domains, the nonlinearity of Sobolev type, and the
external force g depending on time t. To study the existence of weak solutions
to problem , we assume the following conditions:

(H1) The function f(-,-) : RY x R — R is continuous in both variables,
differentiable in the second variable, and satisfies

(1'2) f(xvu)u > _MUQ - (;51(.%'),
(1.3) fulz,u) > —L,

(1.4) |f(z,u)| < C(da(x) + ul”),
(1.5) lim nf uf(z,u) ;Q“F(x’“) >0,
(1.6) limint 25 5

|u| =00 u?

where ¢1 € LY(RN), ¢y € L%(RN ) are nonnegative functions,
1<p<min{{E2 2+ %}ife>0and 1 <p< F5ife =0,
0<p<A and F(z,u) = {; f(z,s)ds.

(H2) The external force g is in L?(R; L?(RY)), the space of translation
bounded functions in L (R; L2(R™Y)), that is, g € L% (R; L2(RY))
satisfies

t+1
lglls = sup § ()72 vy ds < oo

The aim of this paper is to prove the existence of uniform attractors A.,
e € [0, 1], for problem on the whole space RY and the upper semiconti-
nuity of {A:}.c(o,1] at € = 0. It is known that there are two main difficulties
in studying the nonclassical diffusion equation in unbounded domains.
The first one is the unboundedness of the domain R, so the Sobolev embed-
dings are no longer compact. The second one is the appearance of the term
—eAuy, thus if the initial datum u, belongs to H'(RY), then the solution
with initial condition u(7) = u, is always in H'(R") and has no higher reg-
ularity, which is similar to hyperbolic equations. These bring some essential
difficulties in proving the existence of solutions and uniform attractors for
problem . On the other hand, since uniform attractors are not “strictly
invariant” like global attractors, this introduces some significant difficulty
when one wants to show the upper semicontinuity of a family of uniform
attractors {A:}.¢(o,1] With respect to the parameter ¢.

Let us describe the method used in this paper. First, the existence of a
unique weak solution is proved by the Galerkin approximation and the com-
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pactness method. However, because the domain considered is unbounded,
the proof is more complicated than that in the case of bounded domains
since we cannot use the Compactness Lemma of Aubin and Lions directly.

Next, we show the existence of uniform attractors in L?(RY), L%(RN )
and H'(R") under some stronger conditions on the external force g, namely
conditions (H2') in Section 3. Using the so-called “tail estimates” method,
introduced by B. Wang [17], we first prove the existence of a uniform attrac-
tor in L2(RY). After that, using the asymptotic a priori estimate method
of [I1], we prove the existence of uniform attractors in Lne (RM) and then
in H'(RY). Finally, by using the structure of uniform attractors, that is, a
uniform attractor can be viewed as a union of kernel sections (see Defini-
tion , and the continuous dependence of solutions to problem on
g as ¢ — 07 established in Lemma we prove the upper semicontinu-
ity in H'(RY) of the family of uniform attractors {Ac}.coq) at € = 0. It
is worth noticing that the results obtained are also valid for problem
in an arbitrary (bounded or unbounded) domain 2 (we then need to add
the homogeneous Dirichlet condition on 042), and when the external force is
time-independent, the uniform attractor becomes the classical global attrac-
tor and we formally get the corresponding results for the global attractor.
Up to the best of our knowledge, these results are new even for autonomous
nonclassical diffusion equations in unbounded domains.

The paper is organized as follows. In Section 2, for the convenience of the
reader, we recall some results on uniform attractors and the space of transla-
tion bounded functions. Section 3 proves the existence and weak continuity
of the family of processes associated to the problem. In Section 4, we prove
the existence of uniform attractors A, for this family of processes in various
spaces under some additional conditions of the external force. The upper
semicontinuity of the uniform attractors {Ag}ge[m] at e = 0 is investigated
in Section 5.

Throughout this paper, we denote by ||-||, (-,-) the norm and scalar
product in L2(RY), respectively. We also denote by C' a generic constant,
which can vary from line to line, even in the same line.

2. Preliminaries

2.1. Uniform attractors. Let Y be a parameter set, and X, Y be
Banach spaces. A family {U,(t,7),t > 7, 7 € R}, 0 € X, is said to be a
family of processes in X if for each o € X, {U,(t,7)} is a process, that is,
the two-parameter family of mappings {U,(t,7)} from X to X satisfies

Us(t,s)Uy(s,7) = Us(t,7), Vt>s>71,7€R,
Us(r,7)=1d, 71€R,
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where Id is the identity operator and X' is called the symbol space, 0 € X
is the symbol. Denote by B(X) the set of all bounded subsets of X.

We first recall concepts of absorbing sets and uniform asymptotic com-
pactness which are related to the family of processes {U,(t,7T)}sex.

DEFINITION 2.1. A set By € B(Y) is said to be an (X, Y')-uniform (with
respect to o € X) absorbing set for {Uy(t,7)}sex if for any 7 € R, and
B € B(X), there exists Ty > 7 such that J, .5 Us(t,7)B C By for all
t>Tp.

DEFINITION 2.2. A family of processes {Uy(t,T)}rex is called (X,Y)-
uniformly (with respect to o € X) asymptotically compact if for any 7 € R,
any B € B(X), the set {Us,, (tn,T)x,} is relatively compact in Y, where
{zn} C B, {tn} C [r,0), t,, = o0 and {0, } C X are arbitrary.

We now introduce definitions of uniform attractor and kernel.
DEFINITION 2.3. A subset Ay, C Y is said to be an (X, Y)-uniform
attractor of the family of processes {U,(t,7)}yex if

(1) Ay is compact in Y;
(2) for each fixed 7 € R and B € B(X) we have

lim sup disty (U, (t,7)B, As) =0,

t—o00 cex

where disty (+,-) denotes the Hausdorff semidistance in the Banach
space Y,
disty (A, B) = sup inf ||z — yl|y;
zeAYEB

(3) if A’ is a closed subset of Y satisfying (2), then Ay, C A%..

DEFINITION 2.4. The kernel K of a process {U(t,7)} acting on X con-
sists of all bounded complete trajectories of the process {U(t,7)}:

K=A{u(-) | U, m)u(r) = u(t), dist(u(t),u(0)) < Cy, ¥Vt > 7, 7 € R}.
For s € R, the set K(s) = {u(s) | u(-) € K} is said to be the kernel section

at time s.

We will use the following result on the existence and structure of uniform
attractors.

THEOREM 2.5 ([0]). Assume that the family of processes {Uy(t,T)}oecx

satisfies the following conditions:

(1) X is weakly compact, and {Us(t,7)}rex is (X x XY )-weakly con-
tinuous, that is, for any fized t > 7, the mapping (u, o) — Uy (t, T)u
is weakly continuous in Y. Moreover, there is a weakly continuous
semigroup {T'(h)}n>0 acting on X satisfying

T(h)X =X, Us(t+h,7+h) =Urp(t,7), Yoe X, t>1,h>0.
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(2) {Us(t,7)}oex has an (X,Y)-uniform (with respect to o € X) ab-
sorbing set By.

(3) {Us(t,7)}oex is (X,Y)-uniformly (with respect to o € X) asymp-
totically compact.

Then it possesses an (X,Y)-uniform attractor Ax, and
Ay = U Ks(s), VseR,
oeX
where Ky (s) is the kernel section at time s of the process Uy (t,T).

2.2. Translation bounded functions
DEFINITION 2.6. Let £ be a reflexive Banach space. A function ¢ in
L% (R; ) is said to be translation bounded if
t+1
112 = 19122 e = sup § lll2 ds < oo.
LA teR
For g € LZ(R;L*(RY)), we denote by H.,(g) the closure of the set
{g(- + h) | h € R} in LZ(R;L*(RY)) with the weak topology. We have
the following results.

LEMMA 2.7 ([0, Chapter 5, Proposition 4.2]).

(1) For all o € Hy(g), we have ]} < llgl12
The translation group {T(h)} is weakly continuous on Hy(g).

(2)
(3) T(h)Hw(9) = Hul(g)-
(4)

Huw(g) is weakly compact.

3. Existence and weak continuity of the associated family of
processes

DEFINITION 3.1. A function u(t, x) is called a weak solution of equation

(1.1) on the interval [r,T7] if

u e C([r, T); HY(RY)), du e L*(r,T; H'(RY)),

dt
u(z,7) = u (x) for a.e. x € RV,

and
T T T
S S utgodxdt—i-sg S Vuthodxdt—i-S S VuVpdxdt
T RN T RN T RN
T T T
—i-/\S S ugoda:dt—i—g S f(x,u)goda;dtzx Sg(s)gpdmdt
T RN T RN T RN

for all test functions ¢ € C*°([r,T] x RY).
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THEOREM 3.2. Assume that [ satisfies condition (H1), and g satisfies
condition (H2). Then for any u, € HY(RYN), any o € Hy(g) and any given
T >r1,7 €R, problem (with o in place of g) has a unique weak solution
u on [1,T], and the weak solution depends continuously on the initial data.
Moreover, for any t > T,

(31)  Ju@®)[* + el Vu®)|?

SC(G 5(t )(”uTH2+€HvuTH2)+1—|—1_65||g||§)

for some positive number § < min{2,2(\ — u)}.

Proof. (i) Existence. For each integer n > 1, we denote by
n
un(t) = Z'Ym’ (t)w;
j=1

a solution of

d
@(una wj) + 5(vatun7 ij) + (Vun, ij) + <f(x7un)awj>
(3.2) + Atn, wj) = (a(t), wj),
(un(7),wj) = (ur,wy), j=1,...,n,

where {w; | j > 1} € HY(RY) is a Hilbert basis of L?(RY) such that
span{w;};>1 is dense in H!(R"). Replacing w; by u, in (3.2)), we get

1d
(33) 5 ﬁ(llunll2 + el Vun|?) + [ Vunl® + | (@, wn)un da + Allun |
RN

= S o(t)uy, dz.
RN

Using (|1.2), we have
(3.4) V F@,un)un dae > —pllun|® = (|61l 1 vy
RN
By the Cauchy inequality, we have
1 n
(3.5) | o()undz < [|o(t)]]||un]| < %Ha(t)\\z + §Hun|!2.
RN

Combining (3.3))—(3.5)), we get

d n
36 G llualP + eVl + 2070l +2(3 = = ) fual?

<

o)1 + 2011l ay.

|-
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Integrating (3.6]) from 7 to ¢, t € [7,T], we obtain

(@)1 + el Vaun (O + 6§ (lua(s)|1* + el Van(s)]?) ds
T

Vllo ()11 ds + 2/l¢1 ]| vy (T = 7).
where 0 < § < min{2,2(A — p)}. Let P, : H'(RY) — span{wy,...,w,}
be the canonical projector. Since u,(7) = Paur, we have |[un(7)||g1r) <
[[wr || g1 rvy- Therefore, from the inequality above we obtain

< (lun(MI + el Vun()]*) +

|-

(@)1 + el V(O + 6§ (lun(s)I* + el Vun(s)*) ds

T

T

< (lurl® + el Vur %) + 117 Vllo @)1 ds + 2ll¢1 [l 1 vy (T — 7).
This inequality implies that
(3.7) {u,} is bounded in L°(7, T; H(RY)).
Hence, there exists a subsequence of {u,} (still denoted by {u,}) such that
(3.8) u, —u  weakly-star in L>(r,T; H*(RY)).
We deduce from that {Awu,} is bounded in L2(7,T; H~'(RY)), thus
(3.9) Au, — Auin L2(7, T; HH(RY)).

On the other hand, replacing w; by Oyuy, in (3.2), we get

1d
(3.10) \|8tunH2+€||V8tun||2+§£<)\HunH2+|WunH2+2 | F(x,un)daz>

RN
= | o(0un dz < oI+ ol
RN
Integrating from 7 to t, we obtain
(3.11) {Oyun} is bounded in L2(r,T; H(RY)),
thus
(3.12) O — Opu in L2(, T; HY(RY)),
and

(3.13)  Adwu, — Auy  in L2(r, T; H-Y(RY)), up to a subsequence.
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By (1.4)), we have

2N
1P <O Joa(@)| V2 do + 3 372 dr )

NI (RN) N RN

p
= (il 5, TR )

Since p225 +2 <x 2N and H'(RY) — LW(RN ) continuously, we get

2N 2N p2N
) G, < O(lal T, el )
From and we deduce that

(3.15) {f(,up)} is bounded in L34z (7, T; L¥+2 (RV)),

thus

(3.16)  f(-,un) —=x in L%(T,T; L%(RN)) up to a subsequence.

We now prove that xy = f(x,u). For each m > 1, we denote B,,, = {z €R" |
lz| < m}. Let 6 € C*([0,00)) be a function such that 0 < 0 <1, 0| 1) = 1
and 6(s) = 0 for all s > 2. For each n and m we define
|z

V() = 9(722)%(:5, ).

We infer from (3.7) that, for all m > 1, the sequence {vy m }n>1 is bounded
L>®(7,T; H} (Baym)). As Bay, is a bounded set, H(Bam) — L*(Bam) com-
pactly. Then, by [14, Theorem 13.3 and Remark 13.1] we deduce that

{n.m} is precompact in L*(7,T; L*(Bam)),

and thus
{u,|B,, } is precompact in L?(7,T; L*(B,)).

By a diagonal procedure, using (3.8]), we deduce that there exists a subse-
quence of {uy} (still denoted by {u,}) such that

Up = u  ae.in By, X (1,00) as n — 0o, Ym > 1.
Then, since f(-,-) is continuous,
f(z,up) — f(z,u) a.e. in By, x (1,00),

and since { f(x, u,)} is bounded in L%(T, T, L%(Bm)), by [7, Chapter 1,
Lemma 3.1], we have

Foun) = f(u) in DN (7, T; L¥32(B,,)).
From (3-16),
F(@,un) = Xlpox(rry i L¥32 (7, T; L¥52 (By)).
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Hence
x = f(z,u) ae.in By, x (1,7), Ym > 1,

and thus, taking into account that (J>~_; By, = RY, we obtain

(3.17) x = f(z,u) ae inRY x (1,7).

Now, combining (3.8), (3.9), 8.12), (3.13), (3-16) and (3.17)), we see that
up — eAug — Au+ f(z,u) + M= o(t) in HYRY) for ae. t € [r,T].

We now prove that v € C([r,T]; H'(R"Y)). Putting w,, = u,, —u, we have
(3.18) Opwy, — e A(Oywy,) — Awy, + Awy, + f(z,upn) — f(x,u) = 0.
Multiplying (3.18) by wy, then integrating over RV, we obtain

d
@(HwnHQHHanHQ)+2Han|!2+2/\HwnH2+2(f(fE,un) — fz,u), wn) =0.
Using Lagrange’s theorem and (1.3), we get

d 2 2 2 2 2 2

7 lwnll” + el Vwn|”) + 2V |[” + 2A[wa||” < 2U([[wal]” + el Von]7).-
Applying the Gronwall inequality, we obtain

(319)  llwa(®)l* + el Van®)* < T (Jwa(0)? + & Ve (T)]?).

Since u,(7) — u, in HY(RY), we conclude from that u, — w uni-
formly in C([r, T]; H'(RY)). This implies the desired result.

It remains to show that u(7) = wu,. To do this, we choose some test
function ¢ € CY([r,T]; HY(RY)) with o(T) = 0. Multiplying by ¢,
then integrating from 7 to ¢, we obtain

T T T
| —(uw,¢)dwdt+ | | eVuVedrdt+ | | VuVedadt
T T RN T RN
T T
+)‘S S ucpdxdt+§ S (f(z,u) — o)pdxdt = (u(r),(T)).
T RN T RN

Doing the same in the Galerkin approximations yields

T T T
S —(up, @) dx dt + S S eVou,Vodx dt + S S Vu,Vodzdt
T T RN TRN

T T

+)\S S unwdatdt+x S (f(x,up) — o)pdrdt = (un(7), (7))

T RN T RN
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Taking limits as n — oo, we conclude that

T T T
| (¢ dzedt+ | | eVuVededt+ | | Vuvedzdt
T T RN T RN
T T
+)\S S ugod:ndt+§ S (f(z,u) —o)pdxdt = (ur, p(T))
T RN T RN

since uy(7) = ur. Thus, u(7) = u,.

(ii) Uniqueness and continuous dependence. Let u; and ug be two so-
lutions with the initial data w(7) and wus(7), respectively. Denoting w =
u1 — U2, we have

(3.20) wy — eAwy — Aw + f(z,u1) — f(z,u2) + Aw = 0.

Taking the inner product of (3.20) in L?(R") with w, then repeating the
argument as in the proof of the fact that u € C([r,T]; H'(R")) and using
assumption ([1.3]), we see that

d
ﬁ(IIWII2 + e Vol ?) + 2|Vl + 2AJw||* < 20w]* < 20(|w]|* + ] Vuw|[*).
By the Gronwall inequality, we obtain
lw@)I* + &l Vuw@)[* < T ([lw ()] + & Va(r)]?).

This proves the uniqueness (when u;(7) = ua(7)) of the weak solution and
its continuous dependence on the initial data.

(iii) The a priori estimate (3.1). Multiplying (1.1]) by u(¢) and integrat-
ing over RY, we get

5 () + el Tu(e)?) + IVu@)? + Ml + | 5, ut)ut) da
RN
= S o(t)u(t) dx.
RN

Arguing as in derivation of (3.6), we have

d 1

22l + &l Vun|*) + 6(||un* + €| Vun [*) < ;H(f(?f)\l2 +2[01]l 1.y,
where 6 < min{2,2(A — u)}. Hence, by the Gronwall inequality,

(3:21)  [lu(®)|® + [ Vu(®)|?
{720 o (s)|| ds.

T

< ) (ur | + el Vs |?) + 2l | s vy +

|-
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On the other hand, we have

t
(3.22) e (s)[|? ds

T t—1

t
< (S e =|o(s)[*ds + | e—5<f—8>||a(s)||2ds+---)
t—1 -2

1
—0 —26
<(+e et ol < —— gl

where we have used the fact that ||o||Z < ||g||? for all o € H,(g). Combining

(3.21)) and (3.22), we get the desired estimate (3.1]). =
Theorem allows us to define a family of continuous processes
Uy(t,7): HY(RY) = HYRY), o€ Hul(yg),

where U, (¢, 7)u, is the unique weak solution of (1.1)) (with ¢ in place of g)
at time ¢ with initial datum u, at 7.
We now prove the weak continuity of the family {U, (¢, 7)}.

LEMMA 3.3. The family of processes {Us (1, T) }oep,(g) asS0Ciated to prob-
lem (L)) is (H'(RN) x Hy(g), HY(RN))-weakly continuous, that is, for any

W s in HYRYN) and o, — 09 in Hy(g), we have

Uy, (t, 7)ul™ — Uy (t,7)u, in HYRN), t > 7.

T

Proof. Denoting u,(t) = U,, (t,T)uS-n), we easily see that all estimates
for approximate solutions in Theorem are still valid for w,(t). Thus,
there is w(t) such that

(3.23) U, = w  weakly-star in L°(r,t; HL(RY)),

and
{un(s)}, 7 < s < t, is bounded in H*(R").

Using arguments in Theorem we see that

(3.24) O — wy  in L2(1,t; HY(RY)),
and
(3.25) F(x,un) = f(z,w)  in L¥52 (r, ¢ L¥43 (RY)).

Hence, by combining (3.23)—(3.25)), we find that w solves the problem
wy — eAwy — Aw + f(z,w) + Aw =09, w(T) = ur,

and therefore w = Uy, (t, T)u, due to the uniqueness of the weak solution. m



282 C. T. Anh and N. D. Toan

4. Existence of uniform attractors

4.1. Existence of an (H!'(RY), L?(R"))-uniform attractor. First,
we prove the existence of an (H'(R™), H'(R"))-uniform absorbing set for
the family {U, (¢, T)}UeHw(g).

PROPOSITION 4.1. The family of processes {Us(t,7)}rem, (g) asSociated
to problem (L.1]) has an (H'(RN), H'(RN))-uniform absorbing set, which is
independent of €.

Proof. Multiplying (T.1]) by u + u; in L?(RY), and after some standard
computations, we get

1d
(41 5 (O Dlull® + (e + DIVull®) + flul* + & Ve |[* + [[Vul®

F Al (fla,w)yu+ue) = (0 (), u+ uy).
Applying the Cauchy inequality, we see that

42 (ot < (554 Jlo@F + Gl +

By (1.5), for any m; > 0, there exists C1 > 0 such that

(43) ) f@wuds = | Flru)+mlul®+Cr 20, vue H'(RY).
RN RN

Combining (4.2)), (4.3) and the fact that

S flz,u)(u+ u) de = S f(m,u)ud:n—{—% S F(x,u)dz,
RN RN RN

we deduce from (4.1) that

(4.4) %((/\—i-1)Hu\|2+(€+1)||VuHQ+2 [ Flau)de)
RN

+ 2\ |[ull? + 2| Vul® + 2lful|* + 26| Ve * + 25§ F(a,w)
RN

1 1
s(A+2)omW+CL
Thus, from (4.4)) we have
d A+2 9
- <=
V() +Cy(t) < — = llo@)I" + Cr,

where

(4.5) y(t) = A+ Dlul® + (¢ + )| Vul* + 2 S F(z,u)dz,
RN
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and ( = min{f—j‘l, Ii}. Hence, by the Gronwall inequality, we obtain

)\+2

t
(46) () < e Ty(r) + 2 2 e o(s)]Pds + Cy

< et )<()\—|—1)HuTH2 e+ DIVur 2 +2 § Fla,ur) deo)

RN
o m”gﬂb + Ch.
On the other hand, using (1.4) we have
(4.7) | P(z,u)de < | (da(a)u+ [ul’*) da.
RN RN

By the Holder inequality, and the fact that H'(RY) < LN (RY) continu-
ously, we have

2N % 2N %
| ¢2(@)ude < (g | o ()| ¥52 d:c) (g |u|mdx)
RN RN RN
< 6l o 11, 22 ) < Clall i, Tl ey,
and
| ult de = L ey < Cllullian,.

RN
where we have used the embedding H'(RY) < LPTHRY) since 2 < p+ 1
< 2N This embedding follows from the facts that H'(RY) — L*(RY),
HY(RN) — L%(RN ), and the interpolation inequality between Lebesgue
spaces. Thus, from (4.7)), we have

(4.8) | Fz,ur)de < cC.
RN

Combining (4.6)) and ( ., we have

A+2 1
—C(t—7) 2 2 T
(4.9) y(t)§0< (lurll” + Ve l® + 1) + 1+ == 1_6_4!\9|b>,

where C'is independent of ¢, 7, . On the other hand, by (1.6), for any a > 0,
there exists C,, > 0 such that

(4.10) | F(z,u)de+ollul® + Ca >0, Vue H'(RY).
RN
Combining (4.5 and ( , we have
(4.11) y( ) > (A +1—2a)[[u(t)|® + (¢ + 1[I Vu(®)||* +2Ca

> Bllu@®|? + [[Vu®)|?).
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From (4.9) and (4.11)), we see that there exists pp > 0 such that
(4.12) lu(@®)]1* + [ Vu®)|* < o3
for all t > Th, ur € B and o € H,(g). This completes the proof. =

REMARK 4.2. The (H'(RY), H'(R™))-uniform absorbing set obtained
2N
in Proposition {4.1]is also an (H'(RY), L2(RY))- and (H*(RY), L~¥=2(RY))-
uniform absorbing set. Thus, in order to prove the existence of uniform at-
tractors for the family of processes {Us (t,7)} gep,, (g); it Temains to check the
uniform asymptotic compactness of {Us (%, 7)},e,(g) in the corresponding
function spaces.

To prove the uniform asymptotic compactness of {Uy(t,7)}rer,, (g), We
assume that the external force g satisfies a stronger hypothesis:

(H2') g,0:g € Lg(R; L?(RY)) and

t+1
(4.13) lim sup S S lg(s,z)|*dz ds = 0.
koo teR || >k

LEMMA 4.3. Let assumptions (H1) and (H2') hold. Then for any T € R
and any bounded subset B C HY(RYN), there exist p1 > 0 and Ty > T such
that

(4.14)  lug(s)|? + 2| Vug(s)|? < p3, Yur € B, s > T, and o € Hy(g).

Proof. Multiplying (1.1) by u; and applying the Cauchy inequality, we
get

d
(4.15) el + 26| Vel *+ 2 (IVulP+2 | Flz,u) do+Alul?) < lo(0)]
RN

Integrating (4.15)) from ¢ to ¢t + 1, t > Tj, and using (4.12) and (4.9), we
have

(4.16) tJSrl(IIUt(S)Ilz + 2¢]| Ve (s)]|) ds
t
< MNu@)? + [Va@®l* +2 | Flz,ut) de + ||o]f < C(A 2, [9]7)-
N
On the other hand, diﬁerentiatinj with respect to ¢, then denoting
v = uy and multiplying by v in L2(RY), we get
% %HUH2 + g %”V“HQ + ||Vl + RSN fi(z, uw)?de + M| = RSN o (t)vdx.

Using the facts that f)(z,u) > —¢ and (v Qo (t)v < 55 (10,0 @)[% + 3|v]12,
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we obtain

d 1

(I + el Vo)) + 2 Vol* + Allol|* < 2€]0]* + S 1do @))%,
thus

d 1
(4.17) (I +ellVoll®) < 26(jo]]* + | Vol®) + flloe (1]
From (4.16|) and (4.17)), using the uniform Gronwall inequality, we get
[o(@)]? + el Vo®)|* < pi

for all t > T 4 1. This completes the proof. =

LEMMA 4.4. Let B be a bounded subset in H'(RN). Then for any n > 0,
there exist T;, > 0 and K, > 0 such that

| Ut Tu P de <n, ¥t >T,, Vu, € B, Vo € Hulg).
|z|> Ky

Proof. Let 6 : Ry — R be a smooth function satisfying 0(s) = 1, 0 <
s<1;0<0(s) <1,1<s<2;and f(s) =0, s > 2. It is easy to see that
¢'(s) < C for all s € [0,00) and #'(s) = 0 for s > 2. Multiplying by
0(|z|?/k*)u and integrating over R", we obtain

(4.18) ;i(g 9<|i’22>\u|2dx+6 g e(‘kf>yvu\2dx>

RN

+A | 9(‘““" >| ?de+ | 9('”“"’ )\v 2de+ | 0<;Z|22>f(x,u)udx

RN RN RN

+ S —9’ |$|2 uVudxr + ¢ S —0’ |x| uVu dx
k20 \ k2 k20 \ k2 ¢
RN RN

By (T.2), we have
(419) | 9<‘;§|22>f(m,u)u2 —u 9('””22>|u|2— | 9<“Z|22>¢1(x)

RN RN RN
> (o B p - d1(z).
k
RN || >+/2k

Using 6'(s) = 0 for all s > 2, we get

S EH’ < |2’2 >uVu

RN

(4.20) | 2|x‘

<C 5 [ul [Vu| < (HUHZH\VUHQ),

MS\fk
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and similarly,

Ce

(4.21) ?(HU\V + €%Vl *).

By the Cauchy inequality,

| 0(t)9<|3;|22>u‘ < g

z|? 1
3 ga<|k’2>\u|2+2A | o)

Combining (4.18))—(4.22)), we deduce that

(4.23) i(RSNa(iLQ)yuPH S (\ zf? )yv \2>

(4.22)

RN
+5(§ 9<|x|2>]u|2+5 { 9<| |2>|v |2>
k2
RN RN
1 C
<3 S lo(t)]* + 2 S ¢1(x)+E(IIUI|2+IIWH2+€2HVWH2)-

|z|>/2k |z|>V/2k

Multiplying ([#.23) by e’ and integrating from T* to t, where T* =max{T}, T>},
we find that

(4.24) | 9<|‘:|22>|u(t)|2+s | 9<|1<;|2 )yv )

RN RN
S(t—T* 2 oy, € ‘ 5 2
<e T (Ju(T)|1 + el Vu(T) | )+T O]
T |z[>v2k

t &t t
+ 2¢7% S S 5 py(x) + Cek t S e

T |z|>V2k T

Since ¢1 € LY(RY), we have

P (lul® + IVull? + €2 Vue ).

t
(4.25) lim sup lim sup e~ S S e3¢ (x) = 0.

t—o00 k—o0 p |z|>k

Using the arguments in (3.22) and assumption (4.13)), we get

¢
(4.26) lim sup lim sup e_&g S 655\0(8)|2 =0.

t—o00 k—o00 T |2[>k

Using (4.12)) and (4.14)), we see that
(4.27) e ST (Ju(TH))? + || Va(TH)|?) < e ?ETIp2 50 ast — oo,
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and
Ce ¥ ¢ 5 2 2, 2 2
(4.28) — ) P ul® + 1Vl + 2 Vudl )
T*
5t t
SCek Se‘ss(p(%er%)gC(pz”’l)—m as k — oo.

T*
From (|4.24)-(4.28)), we can take T;, and K, > 0 large enough such that

S (Ju(®)]* +e|Vu®)|?) <n forallt > T, u, € B and o € Hy(g).
x> Ky
The proof is complete. =

THEOREM 4.5. Assume that f satisfies (H1) and g satisfies (H2"). Then
the family of processes {Uy(t,T)}oen,(g) POSSESSES an (HY(RN), L2(RN))-
uniform attractor As. Moreover,

Ay= |J Ko(s), VseR,
UEHw(g)
where Ky (s) is the kernel section at time s of the process Uy (t, T).

Proof. By Proposition {U,(t,7)} has an (H*(RY), L?(R"))-uniform
absorbing set. It remains to show that {U,(¢t,7)} is (H'(RY), L*(RY))-
uniform asymptotically compact. Fix 7 € R, let {z,} c HY(RY) be a
bounded sequence, {t,} be a sequence such that lim, . t, = oo, and
{on} C Hw(g); we have to show that {U,, (tn,T)zn} is precompact in
L2(RM).

We will prove that, for any n > 0, there exists a finite covering by balls
with radii n for {U,,, (tn, T)zn}. Since t,, — oo, we can choose N large enough
such that t,, > T, for all n > N, where T;, is stated in Lemma @ From
Lemma [£.4] there exists K, > 0 satisfying

(4.29) Uy, (tn, T)an%g(B%n) <n/4, Vn >N,

where By = {z € RY | |z| > K, }. On the other hand, from Proposition
the sequence {Us,, (tn, )y} is bounded in H' (B, ); taking into account that

HY(Bg,) — L*(Bg,) compactly, we see that
(4.30)  {Us, (tn,T)zyn} has a finite covering by balls
with radii less than 1/4 in LZ(BKW).

Combining (4.29) and (4.30)), there is a finite covering by balls with radii n for
{U,, (tn, )z, }. Thus, we get the existence of an (H'(RY), L2(R"))-uniform
attractor As. The structure of Ay follows directly from Theorem n
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4.2. Existence of an (H'(RY), L%(RN))—uniform attractor

THEOREM 4.6. The family {U,(t,7)} has an (H'(RYN), L%(RN))—um'-
form attractor.
Proof. By [B, Corollary 3.12], Proposition 4.1l and Theorem [2.5] we only

need to prove that, for any 7 > 0, and any bounded set B in H'(R"), there
exist constants M = M(n, B) and T' = T'(n, B) such that

(4.31) S |Us(t, T)u7—|% dv <Cn forallu, € B,t>T,
Q2|Us (t,7)ur |2 M)
where 2(|Uy(t, 7)u,| > M) = {z € RN | |Uy (¢, 7)u,(z)| > M}.

Multiplying (L.I) by 2uj,, where u}, = u— M if u > M and uj, = 0
otherwise, and using ((1.2) and the Cauchy inequality, we obtain

d
@(Hqu+6HWM|2)+2Hvum2+2(A—u—m)lluﬁll2
1
<— | Je)Pda
n 2(u>M)

for 71 > 0 small enough. Hence for 0 < § < min{2,2(\ — u)}, noting that
e € (0, 1], we have

d

(4.32) @(HULHQ + el Vg 1?) + oI Vui,l1? + ellui,)1?)
1
<— | Jo)Pd.
T o)
Thus, from (4.32), we find that
t
(4.33) y(t) < e 0Ty (1) + Ce® S e S lo(s)|* dx ds,
T 2(u>M)

where y(t) = ||u]'f/[(t)||2 + sHVuL(t)HQ. Noting that S: 675()&73)”0(8)”2(18

< 00, we have
t

Ce™0 S e’ S lo(s)|? dxds < Cn
T (u>M)
for M large enough. Combining this with (4.33)), we obtain

g 1 + IV, 1 < Cn

for M large enough and ¢ > T. Since H'(RV) — L%(RN ) continuously,
we also have

(4.34) ||u—]\"/[HL o < COn.

N2 (RY)
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Repeating the above arguments, just replacing uj\r/[ by uy;, where u,, =
u+ M if u < —M and u,; = 0 otherwise, we get

(4.35) Hu—MnL% w* cn.

Combining (4.34) and (4.35]) yields (4.31] , which ends the proof. =

4.3. Existence of an (H'(R"Y), H'(R"))-uniform attractor. We
have the following result, which is very useful in verifying the uniform asymp-
totic compactness of the family of processes {Us(t, )} o, (g)-

LEMMA 4.7 ([LI, Theorem 2.2]). Suppose a family {U,(t,T)}rex satisfies
the uniform (X,Y)-Condition (C), that is, for any fired T € R, B € B(X),
and any n > 0, there exist T > 7 and a finite-dimensional subspace Y1 of Y
such that:

(1) P(Upes Uisr Us(t, 7)B) is bounded in Y1,
(i) [|(dy = P)ylly <mn for ally € Usex; Upsr Us(t,7)B
where P :' Y — Y7 is a bounded projector and Idy is the identity in Y. Then

{Us(t,7)}oex is (X,Y)-uniformly (with respect to o € X) asymptotically
compact.

We prove the following lemma.

LEMMA 4.8. Assume that 2 < q¢ < oo and that {Uys(t,7)}sex has an
(HY(RN), L9(RN))-uniform attractor. Then, for any n > 0, any 7 € R and
any bounded subset B C HY(RYN), there exist T > 7 and mgo € N such that

S (I — P)Us(t, T)u | <n  foranyt>T, u € B,m>mgy, o€ X,
RN

where Py, is the projection of LI(RN) onto an m-dimensional subspace gen-
erated by the first m elements of a Schauder basis of LI(RN).

Proof. Let A be the (H'(RY), LI(RY))-uniform attractor of the family
{Us(t,7)}sex. Then for any n > 0, any 7 € R and any bounded subset
B C HY(RY), there exists Tj such that

U U Us(t.7)B € Nia(A,m).

t>Ty o€l

where Nzq(A,n) is the n-neighborhood of A in LI(RY). Since A is compact
in LI(RY), there exist n € N and v; € LY(RY), i = 1,...,n, such that

U U v tTBCUNquz,

t>Ty o€X
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For each v; there is an m; such that

S |(I — Pp)vi|? <n for all m > m,.

RN
Take mo = max{mi,...,my} and denote Qp, = I — Pp,,. For any t > Ty,
any ur € D and any o € H,(g), there exists some v; such that

S ’Qmo (t T)uT‘q = S ’Qmo (t T)uT Qmovi + Qmo'l}z"q

RN RN
<27 | Qo Uo (£, T)r — Qugi|? + 27 | |Qugil?
RN RN
<29C, | [Us(t, T)ur — vil? +27 | |Quouil?

RN RN
< 2Y(Cy + 1)n,
where C,; depends only on ¢. =

We are now ready to prove the main result of this section.

THEOREM 4.9. Let conditions (H1) and (H2") hold. Then the family of
processes {Uq(t, T)}oen, (g generated by (L1) has an (H'(RN), H'(RY))-
uniform attractor AHw(g). Moreowver,

A= U Kols), VseR
o€Hw(9g)

Proof. Since H*(RY) is separable, we can choose a set {wy}2°; which
forms an orthogonal basis in both L?(R") and H'(R"). Let H,, = span{wy,
., W}, Py, be the canonical projector on H,, and I be the identity. Then
for any v € H'(RY), u has a unique decomposition v = Ppu+ (I — Py,)u =
u1 + uo. Let 7 > 0 be arbitrary. Taking us as a test function in , we
obtain

d
(4.36) - (luzll® + el Vuall*) + 2] Vo |* + 2 | fla,uus + 2Xus|?
RN

= S o(t)us.
RN
Using the Holder inequality in (4.36)), we obtain
d
(4.37) %(HWHQ + el Vua|?) + 2(| Vus||* + 2 [[uz|?
< 2| f (2, )l luall 2, ey 2l @l 2l

LN+2 (RN) RN)
By -, (x,u)]| ra(rN) is bounded when ¢ is large enough in view of

Proposition Since {Uq(t,7)}petn (g has (H'(RY),L*(RY))- and
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(Hl(]RN),LWQV]X2 (R™))-uniform attractors, for any > 0, by Lemma
we get m* such that

(4.38) |lug]l <m and |ug| o~ <mn, forallm>m".

LN-2(RN)
From (4.37)) and (4.38) we get
d
a(llwl2 +elVuz||?) + 6(|uz||* + & Vuz|?) < Cy+no].
By the Gronwall inequality, we obtain

lusl® + | Vus |
t
< e (Ju(m) 2 + | Vu(r)|?) + Oy 4§ el (s)]] ds

< eI (Ju(n)|? + e Vu(r) 1) + Cn

e Jereas) P (et otoeas)

< e D (|lu(n)| + £l Va(m) %) + On + n—eee—=xlglls
5(1 —e9)

where we have used the Cauchy—Schwarz inequality and an argument as
in (3.22). Thus, we can find ¢y > 7 and mg € N such that

luzl|* + €l Vua|[* < Cn

for any ¢t > t9, ur € B and m > mg. This shows that {Us(t,7)}sep(g)
satisfies condition (i) in Lemma The condition (ii) is obviously satis-
fied since Uyey,, (g) Uiz Uo (8, 7)D is bounded and Py, is a bounded pro-
jector for any m. Then, by Lemma we see that {Us(t,7)}oer, (g) 1
(HY(RY), H'(RY))-uniformly asymptotically compact. Thus, we obtain the
existence of an (H'(R™), H'(RN))-uniform attractor Az, (g)- Finally, the
structure of the uniform attractor Ay, (4) follows from Theorem [2.5] w

5. The upper semicontinuity of uniform attractors at ¢ = 0.
Hereafter, we denote by {US(¢,7)} the process associated to equation
with —eAwu; term and the external force o, and by A. the corresponding
uniform attractor in H'(R™). In the case ¢ = 0, using arguments as in Sec-
tion 2, one can prove the existence of a uniform attractor Ag in H'(R"Y) for
the family of processes U (t, 7) associated to the reaction-diffusion equation.
In this section, we will prove that A tends to Ag (in the sense of Hausdorff
semi-distance) in H'(RY) as ¢ — 0. To do this, we need the following
lemma.
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LEMMA 5.1. For any sequences {ep}tn>1 C [0,1], {on} C Hw(g), and
{¢n} € HYRYN) such that e, — 0, 0, — o in Hy(g) and ¢, — ¢ in
L2(RN) as n — oo, we have, for all t > T,

nh—{go HUgn (ta T)¢n - Ua(t57)¢||H1(RN) =0.

Proof. Denoting un(t) = USr(t,7)¢n, v(t) = U(t,7)¢ and wy(t) =
un(t) — v(t), we have
(5.1) Opwy, — en Adyuy, — Awy, + f(x,uy) — f(z,v) + Aw, =0
and wy,(T) = ¢, — ¢. Multiplying (5.1)) by 2wy, then integrating over RY,

we have

d
(5.2) ﬁHwn(t)HQ—i—an | VorunVw, + 2|V, (1)

RN
+2 | (f(@,un) = f(z,0))w, da + 2X[Jw, (1)]|* = 0.
RN
By we get
2 | (f(z,un) = flz,v))wn duw > =20 w, (1)]|*.
RN
Thus,

d
T llwn (I < 26l|wn (B + 2en]| VO ()| [Veon (t)]]

By the Gronwall inequality, we have
¢
lwn ()] < e flwn (7)|1? + 225 § 27 [V Dsun ()| | Vawa(s)l|

< e%(t—T)”(bn - ¢H2
¢ 1/2 ¢ 1/2
+ 22?0 (2, § VO ()P ds) ([ IVwn(s)]2ds)

T T

By and the fact that ¢, — ¢ in L?(R"), we deduce
(5.3) lwn(®)]> =0 asn— oc.
On the other hand, from we have
IV wn ()1 < 100wn (@) lwn ()] + 20|V Ortun (8)[| 1|V ewn (8] + 26 wn (£)]|.
Using once again and , we find that
lwn ()| 1y =0 asn — oc.
This completes the proof. m
LEMMA 5.2. The set A = m is a compact set in L*(RY).
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Proof. We will prove that, for any 1 > 0, there exist finite balls with
radii less than n that cover 2(t). By the invariance of A., for any u € A
and ¢ > 7 there is a v € A; satisfying u = U, (¢, 7)v. Then, using Lemma
for U(t, 7)v, we can get K > 0 independent of u such that

On the one hand, by the existence of a family of uniform absorbing sets in
H'(RY), which is independent of ¢, there is a constant C' > 0 such that

(5.5) lull gy < G, Vuet.

Since HY(Bk) — L?*(Bg) compactly, the set 2l is precompact in L?(Bk);
hence there is a finite covering in L?(Bf) of balls with radii less than 7/4.

On the other hand, from Proposition and Theorem we see that
the set A = {J.¢(g,1) Ae is bounded in HY(RY). Combining this with
and (5.5)), we conclude that 2 is precompact in L*(R").

THEOREM 5.3. The family of uniform attractors {A:}.cpo,1) s upper
semicontinuous in H'(RY) at ¢ = 0, that s,
lim diStHl (RN)(AE, AO) =0.
e—0
Proof. For contradiction, assume that
dist 1 gy (Az, Ag) = 0 ase — 07
Then there exists 6 > 0 such that
lim sup dist g1 gy (Ae, Ag) > 6.

e—0
Since A. is compact for any £ € [0, 1], we can choose a sequence ¢, with
en — 0 as n — oo, and ¥, € A, satisfying
(5.6) dist 1wy (¥, Ao) > 6 foralln > 1.
By Proposition and Theorem we see that the set 2 = UEE(O,” A
is bounded, and by the uniform attracting property of Ay, we can choose t
large enough such that
(5.7) dist g1 vy (U (8, 0)2, Ag) < 6/2  for all o € Hu(g).
From Theorem we know that
AEn = U Ici'n (t)7
c€EHw(g)

thus, since ¢, € A, , there exists a 0, € Ho(g) such that ¢, € K52 (t). By
definition of K, we get a ¢, € K (0) satisfying vy, = Uz (t,0)ép.

By Lemma 2l is precompact in L?(RY) and as {¢,} C Uns1 K52 (0),
we can assume (without loss of generality) that ¢, — ¢ in L?(RY) for
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¢ € L2(RN). Since H,(g) is weakly compact, we obtain

on — oo in L%(1,t; LA(RY)).

Now applying Lemma [5.1} we deduce that
14 —=Ugy (£, 008l ;2 vy = I1UZ2 (£ 0) = Ugy (£, 0)8l| 1 ey = 0 a5 1 — o0,
which contradicts (5.6) and (5.7)). This completes the proof. =
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