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Pullback attractors for non-autonomous 2D
MHD equations on some unbounded domains

by CUNG THE ANH (Hanoi) and DANG THANH SON (Nha Trang)

Abstract. We study the 2D magnetohydrodynamic (MHD) equations for a viscous
incompressible resistive fluid, a system with the Navier—Stokes equations for the velocity
field coupled with a convection-diffusion equation for the magnetic fields, in an arbitrary
(bounded or unbounded) domain satisfying the Poincaré inequality with a large class of
non-autonomous external forces. The existence of a weak solution to the problem is proved
by using the Galerkin method. We then show the existence of a unique minimal pullback
D,-attractor for the process associated to the problem. An upper bound on the fractal
dimension of the pullback attractor is also given.

1. Introduction. Let {2 be an arbitrary (bounded or unbounded) do-
main in R? with boundary 2. In this paper we consider the following non-
autonomous 2D magnetohydrodynamic (MHD) equations:

( Ou 1 S
— - - —A Z|B?) -8(B-V)B =
8t+(u V)u R u~|—V<p+2| |> S(B-V) f,
0B 1 -
(1.1) 5 +(u-V)B—(B-V)u+ R—curl(curlB) =0,
divu = 0,
div B =0,
with the initial conditions
(1.2) u(z,7) =up(x), B(x,7)= By(x), Ve 2,

and the boundary conditions
{ u=0 on 0f2,

(1.3)
B-n=0 and curlB=0 on 042,
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where u = (uy(z,t),uz(x,t)) is the velocity of the particulate of fluid which
is at point = at time t, B = (B1(x,t), Ba(x,t)) is the magnetic field at point
x at time t, p = p(z,t) is the pressure of the fluid, the term |B|?/2 denotes
the magnetic pressure, f = f(x,t) represents a volume density force, n is the
unit outward normal on 02, R, is the Reynolds number, R, is the magnetic
Reynolds number, S = M?/(R.R,,), where M is the Hartman number, and

0 0
curly = 222 91 for every vector function u = (uy,ug),
aﬂfl 8932
~ 0 0
curl p = —¢, _9 for every scalar function ¢,
8332 81‘1

curl(curlu) = grad divu — Auw.

The MHD equations govern the dynamics of the velocity and the mag-
netic field in electrically conducting fluids such as plasma (see [C]). Be-
cause of their significant role in physics, mathematical questions related to
MHD equations have attracted interest of many mathematicians in the past
years. The existence and uniqueness of both weak and strong solutions to
the MHD equations in bounded domains was proved in [DLl [ST|, while the
well-posedness of the initial-value problem in some other function spaces was
proved in [CMZ, IMY]. The regularity of solutions has been studied exten-
sively in recent years (see e.g. [CW] IGl [JZ, [K|). The large-time behavior
of solutions, including the decay properties of solutions and the stability of
stationary solutions, has been studied in [AgS| [SSS| [ZL].

As is well known, a useful way for studying the long-time behavior of
solutions is to use the theory of attractors. The classical global attractor for
autonomous dynamical systems is an invariant compact set which attracts
all bounded sets and contains some important information about the long-
time behavior of the solutions. For the autonomous 2D MHD equations in
bounded domains, the existence of a finite-dimensional global attractor for
the semigroup generated by the equations was proved in [ST) [T97]. The
aim of this paper is to extend this result to the non-autonomous case, i.e.
the external force depends on the time variable, and in some domains not
necessarily bounded.

More precisely, the domain {2 can be an arbitrary bounded or unbounded
open set in R? without any regularity assumption on its boundary 92 and
with the assumption that the Poincaré inequality holds on it, i.e., there exists
A1 > 0 such that
(1.4) | | da < % | IVo?dz  for all ¢ € Hy(£2).

2 Lo

We also require that the domain {2 satisfies the cone condition so that Lemma
in Section 2 is valid on (2 (see [AF, Chapter 5| for details).
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Let us now explain the method used in this paper. Because the exter-
nal force is time-dependent, we will use the theory of pullback attractors to
study the long-time behavior of solutions to problem 7. This theory
is a natural generalization of the theory of global attractors for autonomous
dynamical systems and allows considering a number of different problems
of non-autonomous dynamical systems for a large class of non-autonomous
forcing terms (see e.g. the recent monograph [CLR]). To prove the existence
of a pullback attractor, the usual approach is to obtain a family of bounded
pullback absorbing sets in a more regular space and then use the compact-
ness of the Sobolev embeddings. Here, because the domain considered may
be unbounded, the Sobolev embedding is no longer compact, and therefore
the method used in [ST}, [T97] for 2D MHD equations in bounded domains
no longer works. To overcome this difficulty, we exploit the energy equation
method introduced by Ball [B] with suitable modifications so as to handle
non-autonomous equations. As a result, we obtain the pullback asymptotic
compactness of the process; combined with the existence of a family of pull-
back absorbing sets, this will lead to the existence of a pullback attractor.
Such an approach has been used to prove the existence of pullback attractors
for the 2D Navier—Stokes equations [CLR], the Bénard or Bousinessq system
[AS], and the Navier-Stokes—Voigt equations [AT| in the non-autonomous
case. Finally, following the general lines of the approach in [LLR], we show
that the pullback attractor has a finite fractal dimension under some ad-
ditional conditions on the external force and on the domain. The results
obtained in this paper extend some existing ones for the 2D Navier—Stokes
equations |[CLR) [LLR] [Ros|, and in particular, when f is time-independent,
we recover and extend the results for 2D MHD equations in [ST) [T97] to
some unbounded domains.

The paper is organized as follows. In Section 2, for the convenience of
the reader, we recall some auxiliary results on function spaces and opera-
tors related to the problem, and abstract results on the existence and fractal
dimension of pullback attractors. In Section 3, we prove the existence and
uniqueness of a weak solution to problem f by using the Galerkin
method. In Section 4, using the energy equation method, we prove the exis-
tence of a pullback D,-attractor for the process associated to the problem.
An upper bound on the fractal dimension of the pullback D,-attractor is
given in the last section.

2. Preliminaries

2.1. Function spaces and operators. In this subsection we recall
several function spaces necessary to write the MHD equations in their vari-
ational formulation.
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We denote
L*(2) = (LX(2))?, H™Q2)=(H™(2))?, Hy(Q) = (Hg"(2))*

The spaces used in the theory of the MHD equations are a combination of
spaces used for the Navier—Stokes equations and spaces used in the theory
of Maxwell equations. They are

Vi ={veCF(0)*: V- v=0},

Vi = closure of V; in the H(£2) norm = {v € H}(2) : V - v = 0},

H; = closure of V; in the L?(£2) norm
={vel?2):V-v=0and v-n|go = 0},

Vo ={C € (C®(2))?:V-C=0and C -n|gop =0},

Vs = closure of Vs in the H'(£2) norm
={CcH(2):V-C=0and C -nlpy =0},

Hy = closure of Vs in the ]L2(_Q) norm = Hi,

V=V, xVo, H=H x Ho.

The inner product and norm in V; are given by

2
(wa) =\ Vu; - Vigde, Vu,iie Vi,
=1
lulls = ((u,w))}?, Vu e V.

Due to (1.4)), this norm is equivalent to the usual one in H§(§2). The inner
product and norm in V5 are given by

((B,B))y = S curl B-curl Bdz, VB,B €V,
Q
1Bll2 = ((B.B)),", VB € V.

Since the domain {2 is simply connected, the above bilinear form is actually
a scalar product on Va; it defines a norm which is equivalent to that induced
by H!(£2) on V4 (see [DL]). Repeating the notations again for simplicity, we
define the inner product and norm in V' by

(('272)) = ((uv{”))l + S((B,B))Q, Vz = (U,B), zZ= (7173) ev,
2]l = ((z,2))"?, VzeV.

The inner products and norms in H; and H»s are the usual ones inherited
from IL2(§2). We define the inner product and norm in H by

(2,2) = (u,a) + S(B,B), Vz=(u,B), 2= (4,B)cH,
2| = (z,2)'/?, Vze H.
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Since S is positive, the inner products and norms defined above for H and V'
are equivalent to the usual ones defined on these product spaces.

It follows from and the equivalence of norms in H! and V5 that
there exists a positive constant ¢y such that

(2.1) Mlul? < Jlullf, el BI? < ||Bl3

for all w € V; and B € V5. Applying the Riesz representation theorem, we
can identify the dual space H' with H and obtain the following relation:
V € H = H' C V', where the injections are continuous and each space is
dense in the following ones.

Define the bilinear forms a; : V; x V; = R, fori =1,2, a: V xV — R,
and the corresponding linear operator A : V. — V' by

ai(u, @) = ((u,0))1 = S Vu; - Vi, dz,
Q=1

aa(B,B) = ((B,B))2 = S curl B - curl B dz,
2
(2.9) = (A2, B)yry = 21w, ) + o-ax(B, B)
alz,z) = 2, Z)v v = Real U, u Rma2 s .

The operator A is clearly a homomorphism from V into V', and the bilinear
form a is coercive since

. 1 1 1 1
(2. mm<R; Rm> 1212 < a(z,2) = (A7, 2)yry < maX(R; Rm> 22

We now define the trilinear form b by

2
b(u,v,w) = Z Suig?wj dx,
.. Q K3

3,j=1

whenever the integrals make sense, and By : V' x V x V' — R and B(z) =
B(z, z), its associated bilinear operator B: V x V — V' by

Bo (21, 22, 23) = b(uy, ug, uz) — Sb(By, By, us) + Sb(uy, By, Bs)
— Sb(Bl,UQ,Bg), Vz; = (UZ,BZ) eV,i=1,2,3.

It is easy to check that if u,v,w € V;, i = 1,2, then

(2.3) b(u,v,w) = —b(u,w,v).
Hence
(2.4) b(u,v,v) =0.

The following result is well known.
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LEMMA 2.1 (Ladyzhenskaya’s inequality). For any open set £2 C R? we
have

1 1/2 1/2
25)  lulle < grgllul e IVuls), Ve H().

Using Lemma and the Poincaré inequality ((1.4)) we obtain

1\ /4
ol < (55) IVulizor,  Yuce (@)

LEMMA 2.2 (JAF] Theorem 5.8]). Let 2 be a domain in R? satisfying the
cone condition. Then there exists a constant K depending on the dimension
of the cone (provided that the cone condition holds for §2) such that for all
¢ € H'(92),

1/2 1/2
I8llsca) < Kl 501l g
The following result plays an important role later.

LEMMA 2.3. For any open set 2 C R? satisfying the cone condition and
for z,z € V., we have

Bo(z, 2, 2)| < Clz| 2] |2]]-
Proof. We observe that

1 .. ~ - ~ -
(2.6) —(lall + VS |Bll2) < \/llali? + SIBI3 = |11,

V2
(2.7) b(u, @, @)| < ||lullpa || Val[pz ||a] s
From ) and . we have

|b(u, u, )

Applying Lemma [2.2] shows

| < \[IU\ [[ull1]lal:-
|Blluaca) < KIBI?|Blgin), VB €H(2).
This inequality and ([2.7)) tell us that
b(B, B, u)| < \[‘B‘ (1Bl |2l < \f\B! [Bll2/[]s-
Using the Cauchy inequality, we obtain

[b(u, u, @) — Sb(B, B, u)| < \fIZIH 2| el
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In a similar way we get

1Sb(u, B, B) = Sb(B.w, B)| < <2 (ul [ull | B | Bllax) /21 Bl

7
< S (ul s BI1B1) ) Bl
Cfmu 1Bl
Hence
Bo(z.2,9)] < Slel el (il + VS Bll).

Using ([2.6)) we complete the proof. m

From the relation
Bo (21, 22, 22) =b(u1, uz, u2)+Sb(uy, Ba, Bo) = S[b(By1, Ba, u2)+b(By, ug, Ba)],

and from (2.3)—(2.4), we get

(2 8) {BQ(Zl,ZQ,ZQ) = 07 v21,22 € V7
. Bo(z1, 22, 23) = —Bo(21,23,22), Vz1,22,23 € V.
Using (2.8]) and Lemma we see that
(29) <B(27z)7z>V’,V = Oa
(2.10) 1Bl < Clel 2], ¥z € V.

2.2. Pullback attractors. Let (X, d) be a metric space. For A, B C X,
we define the Hausdorff semidistance between A and B by

dist(A, B) := sup 1nf d(a,b).
acAb

A process on X is a two-parameter family of mappings {Z(¢,7)} in X
having the following properties:
Z(t,r)Z(r,7)=Z(t,7) forallt>r>r,
Z(r,7)=1d for all 7 € R.

Suppose B(X) is the family of all non-empty bounded subsets of X, and
D is a non-empty class of parameterized sets D = {D(t) : t € R} C B(X).

DEFINITION 2.1. The process {Z(t,7)} is said to be pullback D-asymp-
totically compact if for any t € R, any De D, any sequence 7, — —o0, and
any sequence x, € D(7,), the sequence {Z(t, T,,)xn }n is relatively compact
in X.

DEFINITION 2.2. The family of bounded sets B = {B(t) : t e R} € D is
called pullback D-absorbing for the process Z(t,7) if for any ¢t € R and any



136 C. T. Anh and D. T. Son

D € D, there exists 7o = 70(D, t) < t such that

U z(t,7)D(r) c B(2).

7<70

DEFINITION 2.3. A family A = {A(t) : t € R} ¢ B(X) is said to be a
pullback D-attractor for the process {Z(t,7)} if

(i) A(t) is compact for all t € R;
(ii) A is invariant, i.e., Z(¢,7)A(T) = A(t) for all t > 7;
(iii) A is pullback D-attracting, i.e.,

lim_dist(Z(t,7)D(), A(t)) =0 for all DeDandallteR,;

(iv) if {C(t) : t € R} is another family of closed attracting sets, then
A(t) C C(t) for all t € R.

THEOREM 2.1 ([CLR]). Let {Z(t,7)} be a continuous process such that
{Z(t,7)} is pullback D-asymptotically compact. If there exists a family of
pullback D-absorbing sets B = {B(t) : t € R} € D, then {Z(t,7)} has a
unique pullback D-attractor A= {A(t) : t € R}, and

A(t) = m U Z(s,7)B(T).

s<t71<s

We now recall from [LLR] some abstract results on the fractal dimension
of pullback attractors.

Let H be a separable real Hilbert space. Given a compact set K C H
and ¢ > 0, we denote by N:(K) the minimum number of open balls in H
with radius € that are necessary to cover K.

DEFINITION 2.4. For any non-empty compact set K C H, the fractal
dimension of K is the number

e 8OV)
dp(K) =limswp = )8y

Consider a separable real Hilbert space V' C H such that the injection of
V in H is continuous, and V is dense in H. We identify H with its topological
dual H', and we consider V as a subspace of H', identifying n € V with the
element f, € H' defined by

fn(h) = (nah)v h e H.

Let F: V x R — V' be a given family of non-linear operators such that,
for all 7 € R and any 2y € H, there exists a unique function z(t) = z(¢; T, 29)
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satisfying

(2.11)
z€ LA, T;V)NCO([r,T); H), F(z2(t),t) € LY, T;V') forall T >,
d
d;j = F(z(t),t), t>r,
2(T) = zo.
Let us define
Z(t,T)z0 = 2(t;7,20), T <t, 2 € H.
Fix T* € R. We assume that there exists a family {A(t) : ¢t < T*} of
non-empty compact subsets of H with the invariance property
Z(t, T)A(T) = A(t) forall T <t <T¥,
and such that, for all 7 < ¢ < T™ and any zo € A(7), there exists a continuous
linear operator L(t;7,29) € L(H) such that
(2.12) ’Z(t, T)Zo—Z(t, T)Zo—L(t; T, 20)(20—2:0)‘ < x(t—m, |50—Z0’)‘§0—Zo|
for all zg € A(7), where x : RT x Rt — RT is a function such that x(s,-) is

non-decreasing for all s > 0, and

(2.13) lin’(l] x(s,r) =0 for any s > 0.
T

We assume that, for all ¢ < 7™, the mapping F(-,t) is Gateaux differ-
entiable in V' i.e., for any z € V there exists a continuous linear operator
F'(z,t) € L(V; V') such that

1
lim —[F(z + en, t) — F(2,t) — eF'(z,t)n] =0 in V.
e—=0 €

Moreover, we suppose that the mapping
F':V x (=00, T*] 3 (2,t) = F'(2,t) € L(V; V)

is continuous (thus, in particular, for each ¢ < T, the mapping F'(-,t) is
continuously Fréchet differentiable in V).

Then, for all 7 < T™ and zp,m9 € H, there exists a unique 7(t) =
n(t; T, z0,m0) which is a solution of

n€ LX(r,T;V)NC([r, T); H) forall 7 <T < T*,

d
d—’z = F'(Z(t,7)z0,t)n, T <t<T,
n(7T) = no.

We make the assumption that

(2.14) n(t; T, z0,m0) = L(t;7,20)n0 for all 7 <t < T™, z9,mp € A(T).
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Let us write, for m =1,2,...,
-

1
Gm = lim sup sup — S Tr,, (F'(Z(S,T — Tz, s)) ds,
T=00r<T* oeA(r-T) L "

where
m

Trp(F'(Z(s,7)20,8)) = sup > (F'(Z(s,7)20, )i, i),
ngEH, Injl<1,i<m ;—1

{@i}i=1,..m being an orthonormal basis of the subspace in H spanned by
77(5a T, 20, 77(1))7 ... 77](8; T, 20, 776n)

THEOREM 2.2 (|[LLR) Theorem 2.2]). Under the assumptions above, sup-
pose that

U A(T) is relatively compact in H,

r<T*

and there exist ¢, m = 1,2,..., such that

dm < qm for any m > 1,

Gno = 0, @ng+1 <0 for some ng > 1,

m < Gng + (Gng — Gno+1)(no —m)  forallm =1,2,....
Then

dp(A(T)) < dp :=no+ o for all T < T*.
Ano — dno+1

3. Existence and uniqueness of a weak solution. In this section,
we assume that
fe i . (R;VY).

loc

Then ¥ = (f,0) € L2 (R; V') and

loc
@, 2)vry = (fiupyry, forae teR
We define e : V- — R by e(z) = (¥, z)y v It is obvious that
le(2)] = (&, 2)| < [[@]lv-|=]-

Taking the inner product of the first equation of (1.1]) with v € Vi, we obtain

d 1
7(”? U) + 7((“71}))1 + b(uvuav) - Sb(Bv Ba U) = <f,U>-
dt R,
We take the inner product of the second equation of ((1.1)) with SC' (C' € V3)

to obtain

5%(3, )+ Ri((B, ) + Sb(u, B,C) — Sb(B, u,C) = 0.

This suggests the following weak formulation of problem ([I.1))—(1.3]).
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PROBLEM. For zy = (up, By) € H given, find z = (u, B) such that
z€ L2(r,T; V)N L>®(r,T; H), NT >,

jt(z Z)+a(z,2) +Bo(z,2,2) =e(Z), VZeV,Vt>r,
2(T) = 2p.
Equation (3.1)) is equivalent to the following functional equation in V':
ze L*(r,T; V)N L=(r,T; H),
(3.2) 2+ Az4+B(z) =¥ inV' Vt>r,
2(1) = 2o,
where 2 = (du/dt,dB/dt), and ¥ = (f,0).
We are now ready to prove the existence of a weak solution to problem
B,

THEOREM 3.1. Let f € L (R;V{). Then for any z0 € H, 7 € R, and
T > 7, there exists a unique solution z € L*(7,T; V)N L*>(7,T; H) to prob-
lem (3.1) (hence (3.2)). Since z € L*(1,T;V), equation implies that
2 € L*(r,T; V") for all T > 7. Hence z € C([r,T); H).

Proof. Existence. The proof of existence of a weak solution to problem
in (7,7T) is based on Galerkin approximations, a priori estimates, and
the compactness method. As it is standard and similar to the case of the
Navier—Stokes equations [T'79], we only provide some basic a priori estimates.

We define a symmetric bilinear form [-,-] : V' x V — R by
C min()\l, Co)

2

(= m1n<; Rl>

From the definition of A we have

[z,z]—l—Cmm(;l’CO) 22 = (42, z><max<]% R >H 2.

(3.1)

(3.3) [2,2] = (Az,Z) — (2,2), Vz,zZeV,

where ( is defined as

Thus,

1
3.4 2= < 2
(3.4) 1 = 2] < o o, - eI
Let z = (u, B). From the definition of |z| and (2.1)), we have

¢min(Aq, ¢p) 122 = Cmin(Aq, co)(
2

2
< S (uluf? + SeolBP) <

Jul* + S|BJ)

¢
(lullf + SIBIZ) = S 121"

DO |
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Using this and (2.2) we obtain

0\1 ¢
(3.5) [ > Cllell? = 21 = 2=
Putting together (3.4) and ({ . ) leads to
1 1
(3.6) §||z|12 P < max( o JIelP Ve
Thus, [-,-] defines an inner product in V' with norm [-] = [-,-]'/? equivalent
to |-

Now let z(t) = (u(t), B(t)) be a solution given by Theorem Since
z = (u,B) € L*(1,T;V) and 2’ = (v, B') € L*(,T; V"), we have
1d

2 / 2 /
§£|U| = <U»U>v{,v1 and §%|B| = (B, B>V2’,V2-
It is easy to see that
1d 1d
5 dt’ |2 2 dt(|u|2 +SIB*) = (W u)yr v, + S(B, By, = (2, 2)vr v
So from and (| we have
1d
3 dt‘le + (Az, z) = (¥, 2).

From the definition (3.3) of the norm [-] and letting o = ( min(Ay, cp), we
deduce that

d
(3.7) p 2> 4 o|z)? + 2[2]2 = 2(, 2).
Using the equivalence ({3.6]) of norms and the Cauchy inequality, we obtain
d 2
Gl ol 4 ClIP < SN+ G 1P
and hence J ¢ 5
@IZI2 + Il < Z!\Wllsz

Integrating both sides of the above inequality on [r,¢], 7 <t < T, we get
¢t 2
|2(6)* + 5 VlI2(s)]? ds < |z0]* + EHWH%Q(T,T;W vt € [, T].
T

This implies the estimates of z in the space L2(7,T; V) N L>®(7,T; H).

Uniqueness and continuous dependence. Assume that z' and 22 are two
weak solutions of (3.1) with initial data zé and zg, respectively. Set w =
2! — 22 Then w € L*(7,T; V) N L*(7,T; H) and w satisfies

d
{dtw—i—Aw B(22) — B(21),
w(r) = 24 — 22
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Hence
d
$|w|2 + 2[w]? = —o|w|? + 2By(22, 2%, w) — 2Bo (2!, 21, w)
= —o|w|* — 2Bg(w, 2, w).
By Lemma [2.3] we get
02
|[~2Bo(w, 2!, w)| < QCWﬂﬁHleHuﬁlSZCHwH24-75*

w127

Therefore,
d C?
o < (o SR ol
2 2 ‘ 02 1 2
w(®) < fu(r) (s(wcnz ol )d)

The last estimate implies the uniqueness (if z§ = 22) and the continuous
dependence of solutions on the initial data. =

or

4. Existence of a pullback D,-attractor. Thanks to Theorem
we can define a continuous process Z(t,7): H — H by

Z(t,m)z0 = 2(t;1,20), T <t,20€H,

where z(t) = z(t;7, z0) is the unique weak solution to problem with
the initial datum z(7) = zp. The following lemma shows the weak continuity
of the process Z(t,7), which is needed to prove the pullback asymptotic
compactness of the process by using the energy equation method.

LEMMA 4.1. Let {20, }n be a sequence in H converging weakly in H to
an element zy € H. Then

(4.1) Z(t,T)z0, — Z(t,T)z0 weakly in H for allt > 7.
(4.2) Z(-,T)z0, — Z(-,7)20  weakly in L*(1,T;V) for all T > .

Proof. The proof is very similar to that of Lemma 2.1 in [Ros|, so we
omit it here. m

Now, in order to prove the existence of a pullback attractor for the process
Z(t,7), we furthermore assume that f € L2 (R; V) satisfies

loc
t

(4.3) | eI f(s)3y ds < oo forallt€R,
— 0o
where 0 = (min(\1, ¢p) with ¢ = min(1/R.,1/R,,) and ¢p is the constant

in (2.
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Let R, be the set of all functions r : R — (0; 00) such that
(4.4) lim e7'r?(t) = 0,

t——o00

and denote by D, the class of all families D = {D(t) : t € R} ¢ B(H) such
that D(t) C B(0,7(t)) for some #(t) € Ry, where B(0,r) denotes the closed
ball in H, centered at zero with radius 7.

Now, we can prove one of the main results of the paper.

THEOREM 4.1. Let f € L% (R;V]) satisfy (4.3). Then there exists a

unique pullback Dy-attractor A = {A(t) : t € R} for the process Z(t,T)
associated to problem ({3.1]).

Proof. Let 7 € R and zg € H be fixed, and denote
z2(t) = 2(t;7,20) = Z(t,7)z0 for allt > 7.

To apply Theorem we will check the two conditions in the abstract
theorem.

(i) The process Z(t,T) has a family B of pullback D,-absorbing sets. Let
DeD,. First, we prove that
¢

c Ve lF )1y ds.

Indeed, applying the Cauchy inequality to (3.7)) we get

(4.5) 12(1)[2 < e z02 + &

d
1ol oo + (2l < 22T + Cl=

N =

By the Gronwall inequality, we obtain (4.5)). From (4.5 we have

t
Vel (s)I[3 ds

— 00

for all zo € D(7) and all t > 7. Define R,(t) € R, by

—ot

(4.6) Z(t,7)20[2 < e ot Di2(7) 4

t
| e (1w (s)lIF ds,

—0o0

and consider the family B, of closed balls in H defined by By (t) = B(0, Ry (t)).
It is straightforward to check that B, € D, , and moreover, by and ,
the family B, is pullback D,-absorbing for the process Z (t,7).

(il) Z(t,7) is pullback Dy-asymptotically compact. Fix D € D,, a se-
quence T, — —o00, a sequence zg, € D(7,), and t € R. We must prove
that from the sequence {Z(t,7,)z0, }n We can extract a subsequence that

converges in H.

26—075

(4.7) R2(t) =
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As the family B, is pullback D,-absorbing, for each integer k£ > 0, there
exists a 7p(k) <t — k such that

(4.8) Z(t —k,7)D(1) C Bs(t — k) for all 7 < 75 (k),
so that for 7, < 75 (k),
Z(t — k,mn)z0, C Bs(t — k).

Thus, {Z(t — k, 7,) 20, }n is weakly precompact in H, and since B, (t — k) is
closed and convex, there exist a subsequence {7, 20 , }n' C {7n, 20, }n and
a sequence {wg}r C H such that for all £ > 0, wy, € B,(t — k) and

(4.9) Z(t —k,Ty)z0,, — wp  weakly in H.

Note that from the weak continuity of Z(¢,7) established in Lemma , we
get

wy = lim™v Z(t, )20, = lim™e Z(t,t — k)Z(t — k, 7)) 20,
n’—o0 n’—o0 n

=Z(t,t — k) lim"™ Z(t —k, 1)z, = Z(t,t — k)wy,

n’'—o0o
where lim"* denotes the limit taken in the weak topology of H. Thus,
(4.10) Z(t,t — k)wy =wo for all k> 0.
Now, from , by the lower semicontinuity of the norm, we have
|wo| < liminf [Z(Z, 7,)20,,|.
n/—00
If we now prove that also
limsup |Z(t, T/)20,,| < wol,
n/—o00
then we will have

lim |Z(t, )20, | = |wol,
n'—oo

and this, together with the weak convergence, will imply the strong conver-
gence in H of Z(t,7,)z0 , to wo.
From (3.7) we get
t
2(0)]* < e 7Dz + 2§ eI (0 (s), 2(s)) — [2(9)]*) ds,

T

which can be written as
t
(411)  |Z(t, 7)) < T |z +2{ 7T (((s), 2(s)) — [2(5)]?) ds

T
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for all 7 <t and all zg € H. Thus, for all £ > 0 and all 7,y <t — k,

(4.12) | Z(t, 720, > = |Z(t,t — k) Z(t — k, T )20, |2
< efak‘Z(t —k, Tn’)ZOn/ ’2
t
+2 | 7 W(s), Z(s,t — k) Z(t — k, 7)20,,) ds
t—k
t
=2 | eCD(Z(s,t — k) Z(t — k, 7w )20, )7 ds.
t—k

We now estimate each of the three terms above. By (4.8), we have
Z(t —k,Ty)z0,, € By(t — k) for all 7y < 74(k), k>0, and so

(4.13) lim sup (e_"k]Z(t,Tn/)z() %) < e FRI(t—k), k>0.
n/—o00 "
This takes care of the first term in (4.12)).
As Z(t — k,7y)z0,, — wy, weakly in H, from Lemma we obtain

(4.14) Z(-;t —k)Z(t — k, )20, = Z(-;t — k)wy, weakly in L2t — k,t; V).

Since, in particular, e?=DW(s) € L2(t — k,t; V'), from (4.14)) we get

t
(415)  lim | e"CTNW(s), Z(s,t — k) Z(t — k,Tw)20,, ) ds

n/—o00
t—k
t

= | 7W(s), Z(s,t — k)wy) ds.
t—k
This takes care of the second term in (4.12)).
By (3.6)), the norm [-] is equivalent to || - || in V. Also

0 < ek < ea(s—t) <1, Vs € [t - k7t]7

and therefore
t

( S e_“(t_s)[-]st)

t—k

is a norm in L?(t — k,t; V') equivalent to the usual norm. Hence from (4.14)
we deduce that

1/2

t t
S e?D[Z(s,t—k)wg)?ds < liminf S eo(sit)[Z(S,t—k)Z(t—k,Tn/)Zon,]zdS.

n/—o00
t—k t—k
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Hence

t
(4.16) limsup(—Q { e"(s_t)[Z(s,t—k)Z(t—k,Tn/)zon,]2d5>

/
n'—oo t—k .

= —liminf 2 S e?(5=1) [Z(s,t —k)Z(t — K, Tn')ZOn/]2 ds

n’;)oo ok
< -2 S "D Z (s, — k)wg)? ds.
t—k
This takes care of the last term in .
We can now pass to the limsup as n’ — oo in , and take ,
, and into account to obtain

(4.17)  limsup |Z(t, Tur)20,, 2 <e "*RZ(t — k)

n’—oo
t

+2 | 7T ((W(s), Z(s,t — k)wg) — [Z(s, t — k)wy)?) ds.
t—k

On the other hand, applying (4.11]) in (4.10) we find that

(4.18)  |wol® = |Z(t,t — k)wy|?
t
= lwpe™ " +2 | 7T ((W(s), Z(s,t — k)wy) — [Z(s,t — k)wy)?) ds.
t—k

From and , we have
lim sup ]Z(t,Tn/)zon,|2 < e FRE(t — k) + |wo|? — |wi|?e™F
n’—oo
< e PRt — k) + |wol?,
and thus, taking into account that
oot t=k
e PRt — k) = : \ e w(s)[}ds + 0 ask— oo,

we easily obtain (4.12)) from the last inequality above. =

— 00

5. Fractal dimension estimates of the pullback D,-attractor. Ob-
serve that problem (3.2) can be written in the form (2.11]) by taking

F(z,t) = —Az(t) — Bz(t) + ¥(t).

Then it follows immediately that for all ¢ € R, the mapping F'(+, t) is Gateaux
differentiable in V' with

F,(Zﬂf)n:_AW_B(ZW)_B(W,Z)’ 25776‘/’
and the mapping F’ : (z,t) € V x R — F'(z,t) € L(V;V’) is continuous.
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Evidently, for any 7 € R and zg,7n9 € H, there exists a unique solution
n(t) = n(t; 7, 20,m0) of the problem

neL*(r,T;V)NnC([r; T); H),

(5.1 & = —An = B(Z(t,7)20,1) — B, Z(t, 7)),
() = 10o-

To estimate the dimension of the pullback D,-attractor, we need two
conditions:

(C1) f € L>(—00,T*; V{) for some T € R;

(Cq) R%\ 2 contains a semicone.

Notice that from (C1) we have ¥ = (f,0) € L*(—o0,T*; V'), and (Cy)
ensures that we can use the generalized Lieb—Thirring inequality in the gen-
eral case (see |[GMT]) because in our problem, in contrast to the case of 2D
Navier—Stokes equations with the homogeneous Dirichlet boundary condi-

tion |[LER], the component B of the solution z = (u, B) does not vanish on
the boundary 912.

LEMMA 5.1. Assume the conditions of Theorem[l.1] and (C1)~(Cz) hold.
Then the pullback D,-attractor A obtained in Theorem satisfies

(5.2) U A(T) is relatively compact in H.
T<T*
Proof. Denoting M = ||'_,_DH2LOO(_Oo 77y from l) we have
2Me ! | 2M
Ry < M gy 2 2L
¢ (o

and consequently

B* := U B,(7) is bounded in H,
T<T*

where B, (1) = B(0, R,(7)).

Denote by M the set of all y € H such that there exist a sequence
{(tn, ) }n C R? satisfying

Tn <t, <T* n>1, lim (t, — 1) = 00,
n—oo

and a sequence {zp, }n, C B* such that lim,_ |Z(t, )20, —y| = 0.

It is easy to see that A(t) C M for all ¢ < T*. If we prove that M is
relatively compact in H, then follows immediately.

Let {yx}r € M. For each k > 1, we can take (¢, %) € R? and an element
20, € B* such that t, < T, tp — 1, > k, and |Z(t, 7%)20, — yk| < 1/k.
Using (Cy), by arguments as in [LLR] Proposition 3.4|, we can extract from
{yr}r a subsequence that converges in H. m
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LEMMA 5.2. Assume the conditions of Theorem[L.1] and (C1)—(Csa) hold.
Then the process Z(t,T) associated to problem (3.1) has the quasidifferentia-

bility properties (2.12)—(2.14) with n(t) = n(t;T, z0,m0) defined by (5.1)).

Proof. By condition (C;) and Lemma there exists a constant ¢; > 1
such that

(53) (Pl S €1C/2,  |al* <er forall zoe (] A(7).
T<T*

Fix 7 < T*, 29, 29 € A(7), denote z(t) = Z(t,7)z0, 2(t) = Z(t,T)Zp, and let
n(t) be the solution of (5.1)) with ny = Zy — zp. From (3.7)) we easily find that

(5-4) =) + g Vll(s)II* ds < |zof* + z VI ()3 ds.

T T

Taking into account ([5.3)), we easily deduce from (5.4)) that

t
2
(5.5) Jliz(s)12 ds < %(1“—7) for all 7 < t < T*.

Writing
w(t) =z(t) — z(t), 71<t,
we get
d, o 2 2 _
%|w| + 2[w]* = —o|w|® 4 2By(z, z, w) — 2By(Z, Z, w)
= —o|w|? — 2Bg(w, z, w).

By Lemma [2.3] we have
¢ 202
|—2Bo(w, z, w)| < 2C|w] [|z| [[w]| < §|le2 + le\2\|2\l2-
Hence
d 202
(5:6) GloP+ Sl < (o + 251217 P

In particular,
t
2C?
O < wtnPesp(§ (7+ 25 =0l ) as ).
Thus, using (5.5)), we obtain
(5.7) lw(t)? < Jw(r)?exp(K(14+t—7)) forall T <t<T¥
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where K = max(4C?¢; /¢? + 0,1). Now from and ( we have

Tl ds <t +] (74 2 e >|r2)|w<s>|2ds
() + | (a n *n >\|2> ()P explR(1 + s — 7)) ds
8 K 20?2
< |w(7')]2 [1 +exp[K(1+t—17)] § <O’ + CHz(s)||2> ds] .
Hence
t
(5.8) g V()2 ds < [w(r)2[1 + K(1 4+t — ) exp[K(1+ ¢ — 7]

<|w(T)PAQ+K1+t—7)]exp[K(1+t—7)]
< |w(r)|? exp[2K (1 4+t — 7)].
Let w(t) be defined by
w(t) = 2(t) — 2(t) = n(t) = wt) —n(t), t=.
Evidently, w(t) satisfies
we LA, T;V)NC([r,T); H) for all T > T,

Y o Aw-B(2) +B(z2) +B(zn) +B(n.2), t>T,
w(r) =0.

It is easy to see that
_B(Ea 2) + B(Zv Z) + B(Z777) + B(n) Z) = —]B(Z,W) - B(wv Z) - ]B(’UJ, ’UJ),

and consequently, for all ¢t > 7,

d
(59) Sl +Cllwl? = —olul? - 2Bo(w, 2,w) — 2Bo(w, w,w)
< olwl? + 201w| |2]| llwl] + 2] o] ]
¢

202 ¢
< ofwl? + T!w\QHZII2 + 5le!2 + —|wP[w|?* + §HW\I2

q
202 202
= (P + (a T Cuzrﬁ) o + 2 P ol
Integrating (5.9) from 7 to ¢, and using the fact that w(7) = 0, we get
202 ¢ ; 20?2
207 uo(s) Pl |2 s + | (o— n CHz(s)Hz) (s ds

T T

W@ < =%

for all ¢ > 7, and consequently, by the Gronwall inequality,
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3 2 t 2
S(a n 2fuz<s>|12) ds] |2 )Pl ds.

202 - ‘
w(t)? < TIU}( )P exp2K (1 + ¢ — )] | w(s)|* ds.
Plugging ([5.8)) into the last estimate, we get
4C? -
w(t)? < —5-lw(r)[ exp[dK (1 +t —7)],

¢
ie., - hold with x(s,7) = (2r/¢) exp[2K (1 + 5)], where K > 1. u

We now prove the main result of this section.

THEOREM 5.1. Assume that the conditions of Theorem[d.1] and (C1)—(Ca)
hold. Then the pullback D,-attractor A = {A(t) : t € R} satisfies

dp(A(7)) < max{l, K/L},
where

K = p[(V/Re + VRm)* B2 + (ReRon )] 17 o0 (oo v

)\1 Co
L==-(%Z+—).
4<R6+Rm>

Here o is the constant in the Lieb—Thirring inequality, and cy is the constant

in 2.1).

Proof. To estimate the number G, let zg € A and &,...,&n € H. Set
z(t) = Z(t,7)z0 and n;(t) = L(t; T, 20)&, t > 7. Let

{(éz(t)a éi(t))}i=1,~-~,m7 t>m,

be a basis for span{n;(t),...,nm(t)} such that {@;(t)}i=1. . m is orthonor-
mal in H; and {C’Z(t)}zzlm is orthonormal in Hj. Set ¢; = (¢;,C;) =
(él/ﬁ, C’l/\/ﬁ) An easy computation shows that {¢;}i=1, .. is orthonor-
mal in H. Since 7;(t) € V for a.e. ¢ > 7, we can assume that ¢;(¢t) € V for
a.e. t > 7 (by the Gram—Schmidt orthogonalization procedure).

From (j5.1)), , and the definition of A, for a.e. s > 7 we have

m

(5.10)  Trp, (F’(Z(s, T)20, s)) = Z <F’(Z(s, T)20, S)Pis 901>V',V
i=1
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Z ASOZ Z 901) _B(90i72)790i>\/’,v
<3 ( el + 5 uc||2)+|la%o<soi,z,m|.

Now let
S

R VR SV SN BIo
o) = 1(@@@( B+ —2[Cia) )

A standard computation (see e.g. [Ros|) and the definition of p yield

(5.11) )Zb(@,u,@) < VR.| 2 = VRe ||ullilp| e
=1 L

Similarly,

(5.12)

iy Uy

2| < VR Julilolie.
L
Applying Cauchy’s and Young’s inequalities, we obtain

S|Ciz) - VB(z)||¢i(x)| < S|VB(z)|[6i(z)] |Ci(x)]

1/2
< SR 9 ) (P + =i ).

Integrating this expression in z, summing it over ¢ from 1 up to m, and using
the definition of p we get

S\Zb 61, B,C))| = 8|3 [ 64(2) - VB (@) - Cila)
i=1 {2
51/2 R, R 1/4
< Nz <R|¢i<x>\2 (i) ) da
Q €
SY2(R.R,,)Y*
- (2)|VB| e,
Therefore,
“ SY2(R.R,,
613 S|Soblen B.Co)| < T EE Doy
=1
Similarly,
- SY2(R.R,,
(5.14) 8|S 0(Cu Boo| < SEEE o
=1
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Hence from (5.11)—(5.14)), we get

(5:15) | Bolpis 2 )
T b b)) — SHCi, B, ) + Sb(en, B.C) — Sb(Ciu, C)|
< ol [(VBe + VEllully + SY2(ReR) V[V B]
<Pl [(VEe + VRl + SY2(RoR) 4 Bo).

From the definition of p, éi, and C’i, we observe that

m

1 1 -y 1
=c —==|pi + ——==|C; .
ple) = 3 (Gl + o)
The generalized Lieb—Thirring inequality (see [GMT]) can be applied to the
orthonormal finite families {¢;}; and {C;}; (by condition (Cz)). This guaran-
tees the existence of a constant p independent of the number of functions m
(but depending on the shape of 2) such that
2
)

1/ 1| - 2 1 |~ ~
(5.16) ’P|%2 < 2(&’2((@)2 . + Rm’;(CZ)Z

< B3 (R + 10

=1

(1 S
<wY (gt + o lcg)

i=1

Inserting ([5.16)) into ([5.15)) and using Young’s inequality, we obtain

(Zlﬂio(%z,w) < ul(VRe + VB [ullf + S(ReRim) /2| B3]
=1

I/ 1 5 S 5
+33- (lolt + g1cis)

We recall that the dependence on s has been omitted, and in fact z = z(s, x),
p = p(s,x), etc. Using this inequality in (5.10]) we obtain

(5.17) T (F'(Z(s,7)20,5))

< u[(VRe + VRm)?||ullf + S(ReRm)?| B3]
Ia/1 5 S 5
2;(&’@‘1 + RmHCzH2>'

Since {@;}i=1,..m is orthonormal in H, we see that s> = S|Ci|? = 1/2.
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Using this and (2.1)) in (5.17)) we obtain
Trm(F’(Z(s T) 20, ))
)\1 Co
< W[V VPl + SRR B (G + 12 ).
Hence, for all m € N, we have

T

S Trp (F'(Z(s,7 — T)20,5)) ds

'ﬂ\'—‘

Ggm = limsup  sup
T—oo zo€A(r—T)

Nl

U [(VFe + VRl + S(ReB) 2| B ds

=T

< plimsup sup
T—s00 29€A(r—T)

1 )\1 Co
—m4<}ze+&n>

Let us now estimate the last term of the inequality above. From (1.1]) and
using (2.9) (orthogonality of B), we obtain the following energy estimates:

d 1
(5.18) e+ - lulli = Sb(B, B,w) < Re| fIIyy,
d 1
(5.19) S IBI+ - [IBI3 = b(B,u, B) = 0.
Multiplying (5.19) by S, adding up with (5.18]), and using ({2.3)) we obtain
d 1 S
@IZI2 + EHUH% + RmeBH% < Re[l f1I3;-
It follows that

)
limsup  sup s||u|r%dsSRznfu%m(_oo,TW

T—oo zgeA(r—T)

T

V IBIEds < ReRonl| f1I7 o0 (oo :v7)-
=T

limsup sup
T—oo zo€A(r-T)

Therefore,
limsup  sup = | [(V/Re + VRm)?llullf + S(ReRm)"/?(| B3] ds

T—oo zgeA(r—T) T -7
< [(VEe + VBB + (BB ey

Hence
(jm < —-mL+ Ka

where K and L are as in the statement of the theorem. We now consider
two cases:
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CAsE 1: K < L. Taking

gm =—L(m—-1), m=12..., mno=1,

we can apply Theorem [2.2] to obtain

dp(A(1)) <1 forallT <T".

CASE 2: K > L. Taking

gm=-mL+ K, m=12..., no=1+[K/L-1],

where [r] denotes the integer part of a real number r, we obtain

dp(A(1)) < K/L forall 7 <T".

Finally, since Z(t, 7) is Lipschitz in A(7), it follows from |[Robl Proposi-
tion 13.9] that dr(A(t)) is bounded for every ¢t > 7 with the same bound. =
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