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A note on the regularity of the degenerate
complex Monge—Ampére equation

by SzyMON PLIS (Krakow and Warszawa)

Abstract. We prove the almost C*' regularity of the degenerate complex Monge—
Ampére equation in a special case.

If u is a smooth plurisubharmonic function, the Monge-Ampére opera-
tor is given by (dd°u)" = det(upg)dL, where uy; = 0%u/dz,07, and L is a
2n-dimensional Lebesgue measure. For an arbitrary continuous plurisubhar-
monic function u one can define (dd°u)™ to be a regular Borel measure. Let
2 be a strictly pseudoconvex domain in C™ (throughout the note we always
assume n > 2). Then for any nonnegative f which is continuous in {2, and
¢ continuous on 942, the Dirichlet problem

u € PSH(2)NC(S2),
(1) (ddu)™ = fdL in 2,
u=¢ on 02,
has a unique continuous plurisubharmonic solution u (see |[B-TJ).
We say that £2 is a strictly pseudoconvex domain with a C*! boundary
if 2 ={z € C":p(z) <0} where p is a strictly plurisubharmonic function
of class C*! on a neighbourhood of {2 such that Vp # 0 on 0f2. We say

that a function u is almost CY1 if the function Au is bounded. Now we can
formulate the main theorem.

THEOREM 1. Let £2 be a strictly pseudoconvex domain with a C*' bound-
ary, and f be a nonnegative function on 2 such that f1/=1 e CL1(2) and
i e cOY(R). Then the Monge-Ampere equation with the boundary
condition ¢ = 0 has a unique almost CH' solution.

REMARK 2. There are similar theorems for the degenerate real Monge—
Ampére equation in [G] and [G-T-W] (with nonzero ¢ € C>'(£2)). In the
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complex case Krylov proved (see [K1l, [K2]) that if {2 is of class Cc3 g e
C3(2), fH/™ € CY1(02), then u € CHH(RD).

REMARK 3. If fl/(i‘_l) is nonnegative and C%! on some neighbourhood
of 2 then fY/™ € COL(R).

REMARK 4. It is shown in [P] that the exponent 1/(n — 1) in Theorem
is optimal.

REMARK 5. If a function w is almost C*!, then u is C® for all o < 1.
A plurisubharmonic function is almost C!'! if and only if the mixed complex
derivatives u,; are bounded.

If 2 = B is the unit ball then we can omit the assumption that fin e
COL(02).

THEOREM 6. Let 2 = B and let f be a nonnegative function on ?
such that /(=1 ¢ CL1(2). Then the Monge-Ampere equation (1)) with the
boundary condition ¢ =0 has a unique almost CH' solution.

In all the lemmas below we assume that 2 = {z € C" : p(z) < 0} where
p is a strictly plurisubharmonic function of class C* on a neighbourhood of

(2 such that Vp # 0 on 012 and f € C*°(2) is positive. In that case the
solution of (1)) is of class C* on 2.

LEMMA 7. We have |lu||p(o) < C, where C = C(£2,|flz~(0))-

Proof. From the comparison principle and the maximum principle we
have A|z|2 — B <u <0 for A, B € R large enough. =

The proof of the next lemma is similar to the proof of Lemma 11 in [G]
(see also the proof of Theorem 3.1 in [BI]).

LEMMA 8. We have supp Au < C(supyn Au + 1), where C =
C(2, [ Y0V era().

Proof. For k=1,...,n, we have
(2) (log f)r = uPTuppg,
(3) (log [t = " typg — u” u iz,
where (uP?) is the inverse of the matrix ().

Let

h =log( max })\i) + 2422,

ie{l,...,n
where ); are the eigenvalues of the matrix (u,g), and A = (2sup,c |2]) 72
We can assume that A attains its maximum at some point zg € 2. We
can also assume (after a change of variables) that at zy the matrix (u,q) is
diagonal and u; = max;c(y, . ,} Ai- Then also the function h = log(uy7) +
2A|z|? attains its maximum at zo.
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From now on, all formulas are assumed to hold at z;. We have

(4) 0=hy =2k 4 oAz,

U1y

and hyz, < 0. Using this and (3) we can compute

0> ubFhy; = ZAZ +uM (log (1)) ki

Ukk
=24 Z

( (u11) ek _ UlIk“llE)
1 log i 1 5 oo 2]
= QAZ - 4 (log f)ix + ——uPPutTu gyu e — 4A2 Z @

ukk U1 (Uﬁ)z

e Ykk U1t U1 e Ukk
By the definition of A, we obtain
logf 1 =
(5) 0>A Ly = wPPuuyug,
Z Ukk Ut zk: e

By the inequality between the arithmetic and geometric means, we have
1/(n-1)
()"
2

The inequality between the root-mean square and the geometric mean,
and , give us

_ _ 1 i
(7) Zuppuqqukqﬁu,;pq > Z PPy > -1 |(log /)1 — uuyg .
k>2

Using (5| @ . and ({ . we infer

A\ V/(n=1) 1/(n—1)y _ 1/(n—1)
U1l (f 11 Re((f )121)
OZA(f) R e T e T

Multiplying both sides of the last inequality by %/ Du,7, we get
0> Augy)™ ™V 4 (n = (V)11 + 4ARe((fV 7 D)121)

and the lemma follows.

REMARK 9. Using (5) and @ we can prove the above lemma for C' =
C(02, — =1 Alog f) (cf. Theorem 2 in [B2]).

In the two next lemmas we shall prove an a prori estimate for first deriva-
tives.

LEMMA 10. We have
ullco.1 a0y < C,

where C = C(12, ||f||L°°(9))‘
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Proof. By the comparison principle Ap < u < 0 for A large enough. So
on the boundary we have |Vu| <|V(A4p)|. =

LEMMA 11. We have
(8) ullcor oy < C,
where C' = C(£2, | f/™(|co.x, || 1l Lo (2))-

Proof. Let L = uP99,z. Since u is strictly plurisubharmonic, the operator
L is elliptic. Consider the function w; = +u,, + A|z|* (we use the standard
identification C* & R?" 2 = (z1,...,2,) = (21, ...,22,)). Then for A large
enough, by and the inequality between the arithmetic and geometric
means we have

S pp :I:n(fl/”)%_—i—A
Lwl—:I:f —|—AZu > fl/n > 0.

The maximum principle and Lemma [10| give us . ]

To obtain an a priori estimate for second order derivatives on the bound-
ary we can fix a point zg € 92 and after a change of coordinates assume
that

zo = 0,
0 fori=1,...,2n—2,2n,
pw’:{—l for i = 2n — 1,
ppg(0) = upg(0) =0 when p#gq, pg=1,...,n—1,
upp(0) = by = —un(0)ppp(0) and by <--- < by,
and we can write
p(z) = —Rez, + Z cpazpzg + O(|2%)).
Then we obtain:
LEMMA 12. Fori,j=1,...,n—1 we have
lupg(0)] < C,
where C = C($2, || fllL=(2))-
By standard methods from [C-K-N-S|, we obtain
LEMMA 13. Fori=1,...n — 1 we have
(9) |uin(0)] < C,
where C = C(02, || fY"]|co.1).

Proof. Let L = uP10,5. For k = 1,...,2n — 2 consider the function wy =
+Tu+ (uxlc)2 + (uxn)z +A|Z|2 — Bray—1, where Ty, = pay, 1 Oy — Py, Orgys -
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Observe that
PNy 5 = 20PN + iuPTug, ¢ = 20, + iuPTug,, g,
WPy, 1 p = 20PNy — uP Ty, , = 200, — uPTug,, p,
L((uxk)2) = 2Ug, (log f)xk + quuxk(juazkp,
upqpl”kpuwkq < \/upqpxkppxkg\/upquxkpuxkg,
Zupq = O(Zupp>

Then (using again the inequality between the arithmetic and geometric
means) for A enough large, we obtain

ka > 0.

We may choose a neighbourhood U of the origin such that in S. = {z €
UN{§ : x9, 1 < €} we have xg, 1 > D|z|? for some constant D. Using
Lemma [10| we obtain (uz,)? + (us,)? < D'|z|? for some other constant D’.
Then for B large enough w; < 0 on 05, and by the maximum principle we
get w; < 0 on Se. Hence, ug,4,,(0) = —pg,z,, (0)un(0) is bounded and we
obtain @ "

We can prove a similar lemma for a ball with a constant C' not depending
on [|f1/*¢o..

LEMMA 14. Let zg = (0,...,0,1). If 2 = B={2€ C": |z — 2|? < 1}
then fori=1,...,n — 1 we have

luin(0)| < C,
where C = C(||f™ V| c11).
Proof. Let T}, = Zk% — (zn — 1)% fork=1,...,n—1, and let L be as
above. Consider the function w = 4+ ReTju + A(|]z — 20|> — 1). Since T} on

the boundary is tangential, we obtain [T f/"=D| < C+/f1/(n=1) where C
depends only on || f%/*!||c1.1. Thus for A large enough we have

. ReTy /Y0
) = 2 e

Using the maximum principle we obtain w < 0. So we have
|ty (0)] < C.
Similarly (taking w = £+ Im Tj(u — ¢) + A(|z — 20|> — 1)), we obtain
[Ugppan (0)] < C fork <n.m=

FAS WP > G gf—l/n > 0.

The proof of the next lemma is also the same as in [C-K-N-S|.
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LEMMA 15. If || f|l () > 0, then
|unn (0)] < C,
where C = C(£2, max(p, g)%(nn) [Upg(0)]; | fll oo (2), 1/ fll oo (02))-
Proof. There exists R > 0 such that f > || f[| o (0)/2 on some ball B C (2

with radius R. Then we have Au > (Hf/2||Loo(Q))1/”. Hence from the Hopf
lemma we obtain —ug,, ,(0) > D for some constant D. Thus the numbers
1/b; = —u,(0)p;; are bounded. As in [G—T—W] we can write

1(0) = umw)(ﬁ b) - Z ‘“J"' ( H b).

=1 7j=1
Then

After a standard regularisation argument, from the above lemmas we
obtain Theorems [1] and 6l
1

REMARK 16. From the proofs we can see that the exponent = in

Theorems [I] and [6] can be replaced by any smaller positive number.
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