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General uniform approximation theory by
multivariate singular integral operators

by GEORGE A. ANASTASSIOU (Memphis, TN)

Abstract. We study the uniform approximation properties of general multivariate
singular integral operators on R, N > 1. We establish their convergence to the unit
operator with rates. The estimates are pointwise and uniform. The established inequalities
involve the multivariate higher order modulus of smoothness. We list the multivariate
Picard, Gauss—Weierstrass, Poisson—Cauchy and trigonometric singular integral operators
to which this theory can be applied directly.

1. Introduction. The rate of convergence of univariate singular integral
operators has been studied earlier in [A], [AMI], [AM2], [AM3], [G], [MR],
and these articles motivate the current work. Here we consider some very
general multivariate singular integral operators on RY, N > 1, and we study
the degree of approximation to the unit operator with rates over smooth
functions. We establish related inequalities involving the multivariate higher
modulus of smoothness with respect to || - ||«. The estimates are pointwise
and uniform. See Theorems 3.1, 3.3. We mention particular operators that
are covered by our theory. The discussed linear operators are not in general
positive. Other motivations for our research come from [ADul], [ADu2].

2. Technical results. For r € N, m € Z_, we define

(—1)7 <§>j—m =1, r
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and r
O T —
j=1

Notice that

T
> ap =1
j=0

- i) - (g)

We now define the multiple smooth singular integral operators

and

.

GLT,?L](faxlv cee 7$N) = Za‘g?:] S f(xl + 81j7 oy N + SN]) dNSn(S)a
J=0 RN

where s := (s1,...,5n),  := (x1,...,25) € RN; n,r € Z, m € Z, f :

RM — R is a Borel measurable function, (£,)nen is a bounded sequence of

positive real numbers, and p, is a probability Borel measure on RN,

ExAMPLE 2.1. The operators 9,%1 are not in general positive. For ex-

ample consider the function p(uq,...,uy) = Zf\;l u? and take r = 2, m = 3,
and x; =0,4=1,..., N. Observe that ¢ > 0, but

6 (:0,0,...,0) = (fjfaﬂ) | (i 57 dpe, (5)
j=1

RN =1

N
= (a[lg}z + 404[2?:]2) S (Z sf) dpse, (s)

(D

assuming that (v (Zi\il s?) due, (s) < oo.
LEMMA 2.2. The operators Gq[m} preserve the constant functions in N
variables.

Proof. Let f(x1,...,2n) = c. Then
Hiﬂ(c;ml,...,xn) = Zag?:] S cdpe, (s)=c. =
§=0 R™

DEFINITION 2.3. Let f € Cp(RY), the space of all bounded and contin-
uous functions on RY. Then the rth multivariate modulus of smoothness of
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f is given by (see, e.g., [AG])

wr(fih):= " sup AL uy(Pllee <00, A >0,
\/u%+---+u?\,§h
where || - || is the sup-norm and

AL f) = A f o1, )
_Z <> (x1 + jur,...,xN + jun).

Let m € Nand let f € C™(RY). In this article we assume that all partial
derivatives of f of order m are bounded, i.e.

‘8’”]‘(-,-,...,‘)

aq N
0x{™"...0xy

forall aj € ZT, j =1,...,N, with Zévzlaj:m

< 00,
o

REMARK 2.4. We will write partial derivatives of f as f, := 88|fo ; here
and throughout,

N
a:=(a1,...,an), o €Z i=1,...,N and \a\::Zai.
i=1
Consider g, (t) := f(zo +t(z — x0)), t > 0, 0,2 € RV, Then

N .
ggj)(t) = [(Z(zl — xol)az’)]f} (o1 +t(z1 — z01),...,zoN +t(zn — ToN))

i=1
forall j =0,1,...,m
We have the multivariate Taylor’s formula ([AD1])

flz1, .0 2n) = 92(1)
zgz :
— ! —1)!
Notice ¢.(0) = ( 0)- Also for j =0,1,...,m, we have

. N
g9 0) = > HNJ',(H(ZZ - iUOi)“i)fa(iUo)-

ja=j 1 Li=1 4" N

(1= 0)"" (g™ (0) — gi™(0)) do.

O e =

N
ggm)(H) = Z #(H(ZZ — .’L'Oi)ai>fa($0 + 0(2 — 1‘0)), 0<o<1.

N
la|=m | M2 iy
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We apply the above for
z=(21,...,28) = (®1 + 81J,..., N + SNj) =z + s8]
and
o = (:L‘m,...,xON) = (x1,...,$N) =X

to get

f@r+s1j, . an + 58J) = Gatsi(1)

1

gl“ S, ) 1 m— m m

o Z + = — 1) S (1-9) 1(9;+?sj(9) - gi:-l—?sj(o)) s,
"0
where gx+sj(~) := f(x + tsj). Notice g45;(0) = f(x).
Also for j =0,1,...,m we have
G (o — T e
9015 (0) = D Ni,(H(SzJ) )fa(ﬂf)-
lal=5 [izr it Ny

Furthermore we get, for 0 < 0 <1,

N
9L (0)/m! = }:m HNzlloa' (il_Il(sij)ai>fa(x +0(s5))-

For j=1,...,m and |a| = j, it will be proved in (2.2) that

N
anj " Can i S HS?Z dueg,(s1,...,sn) ER
RN i=1
Consequently,
" 9905 (0) dpie, (5) N |
DT =27 D> =5 Canlal).
G- J! L e [LL a!

Next we observe that

1
e L (la- e>m-1<g§£:lj<e> o7)(0)) d6) dpe, (5)
RN O

g 3

la|=m
N 1
 § (TT s §0 =0 falw +0(5) — fal2)]d6) diie, (s).

RN =1 0

1az
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REMARK 2.5. We further notice that

g[m]( Z a[m] S (x4 sj) — f(x)) dug, (s)

RN
_ Z ol

€
ngrSJ(O) 1
XS{Z IR

K
RN =j=1 J

O ey =

(1— 0y (g™ (8) — ™), (0) de] e, (5).

That is,

Alml(2) = 0l fra Z “"](S (Z g(i,(m) dﬂgn(3)>

=0 RN j=1

1
(=0 0 0)— gl (0)) dB )y, (5) = BRI
0

=0
We observe that

AL?ZL]('Z.):HKZ}( ;x)_ ia[m]z (Z Canfa )

j=1 lo|=7 z 1041
ol ey oy NSNS ml G Canfal(@)
= brnlfiz) = f(z) Z<Zo‘jm3) = |

j=1 =1 oy iz !

1
Q
S—
&H
~—
N—

|

WE
([«%Y
).—.

RE)

VN
=&

23

>
&
N———

REMARK 2.6. We see that

Rl = mZagrf” 2

laj=m

z 1041

RN i=1

_mz

\a|_

S (Hsalg (1-6)"~ 1204&":]] (fa :U+9(5]))—fa(x))d0)du§n(s)

RN =1

1
x| (H § )" (fale +0(7) — fa(@)) dO) dpie, (5)
1

1a1
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Xt (TS

la|=m 11 ZRN

x [i(—w () o+ 000) + <—1>"(§) fola) | ) die, 5

jZI N 1
=m Z ~ | (Hs?ig(le)m_l
o Tl il g \i ™
>< LZ;O(—U” () e+ 000)] 0) , (

We have proved that the error or remainder of approximation takes the form

m 1
(2.1) R =m N

< § (T 5 0= 07 (Agufala)) a9) d, (5)

We further make

REMARK 2.7. We see that

2.1 1
RN < o
gl m%mmlai!
N 1
x| (H il § (1 = 0)" | Ap fa(@)] dO) dpie, (5)
RN =1 0
<m ¥ v S(Hl&l‘”& = 0)" A fulloe 46) dp, (5)
|a|=m O[Z RN =1
1
<m

< | (Hls I‘“S L= 0" (s O d6) di, ()

- | (H|sz|%r (fas Il2)) dpe, (s).

|a|=m ZRNzl
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So far we have proved

N
Rl < > —— H 5 (TL sl r (o 15l2)) e (5)

lor|=m a! RN i=1
- Z S <H| z|al <faa£nH£H2>> dugn(s).
|a)|=m Z 1 1 RN

Using the fact that w,(f; ) < (1 4+ X)"w,.(f;u) for A,u > 0, we get

Al s 3 et [ (1T o) (1+ 212 g 0.
i=1 n

la|=m ail gy N

REMARK 2.8. Notice that for |a| =

RSN (Zﬁlsz‘!ai) dpe, (s) < S (H!s !‘“)( H ’2) dug, (s) < 00,

under the assumption of Theorem B.1] below. Hence

N
canl < (T]Isil") dp () < o0

RN =1

for |a| = m. Hence also

(2.2) | Isi™dpe, (s) <00, i=1,...,N.
RN

Let 1 §3§m—1. Then
~ ~ ~ ~:/777« ~‘/Tn
§ lsall due, (s) < (] (sit?)™ 7 dpe, ()" = (§ Jsif™ dpee, ()" < o
RN RN RN

Forjzl,... m — 1 and |a]:}we have Zi]\ilai/jzl. Hence

| H\Sz\‘“ dpg, (s H( | (lsilo)/e dug, (s ))ai/j

RN i=1 11RN

—H(S i dpe, ()™ < o

=1 RN

3. Main results. Based on the above Remarks we present

THEOREM 31. Let m € N, f € C™(RN), N > 1, z € RY. Assume

9 PRREEN ) 3
Haxalf 8xaN H < oo forallaj € ZT,j=1,...,N, with|a| := Ejvzl aj=m.
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Let pg, be a Borel probability measure on RN, (&)nen a bounded se-
quence of positive real numbers.
Assume that for all o with |a| = m we have

= (I (4 B g ) <

RN i=1
Forj=1,...,m and |o| = j, set
Can 1= Cp 5 = S Hs dpe, (81,5 SN)-
RN =1

Then

X fa(@)

[m] () .— [m] Zoun,j T

(3.1)  EM(z) = |0 f; Z (Z " o )'

j=1 laf=j

IA

Zwﬁzfc;,ﬁn S(ﬁ |al>( s \\2> e, (5)

N i=1
for all x € RV
(i) | EMY (e < Right hand side of

If & — 0, as n — oo, and ug, is uniformly bounded, then we obtain

=
—_

HELTL]HOO — 0 with rates of convergence.
(iii) Moreover

[ falloo
6? o < 5[m] < W) + Right hand side of (3.1
| — fl Zl | Z TR g f (3.1)

la|=5

if || falloo < 00 for all o with |a| =4, 7 =1,...,m. Furthermore, if &, — 0
as n — oo, assuming that Comi 0, while ug, is uniformly bounded, we
conclude that
101 (F) = Fllow — 0
with rates.
Now we consider the case m = 0.

REMARK 3.2. Here f € Cp(RY) (bounded and continuous functions).
We observe that

eL?Mf;x)—f(x):Za[O] | (£ +3s) — f(2)) dug, (5)

RN

= | (ot +5) — (3 alt) £0)) s ()

RN j=0 Jj=0
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- (ol i - (Solt) o) o

RN =1
o Qe (o (s
- (jé(—w-j () s+ + 0 ()70 ), 9
- (;(—1)’“_j (5) 760+ 59 ()= 1 (@7 doe )

Consequently,

00 (F50) — F@)] < | 1ALF) ey () < | ALl dite, (5)
RN RN
< § sl d )= § (1688 e, 0
<we(f,&) | <1+H§7L’2)rd,u§n<8>.

RN
Based on the above we present
THEOREM 3.3. Let f € Cp(RY), N > 1. Then

169 = Al < (§ (1 1202 e, 0ot

RN

under the assumption

e, = | ( ‘6”2> dpg, (s) < 0.

RN

If & — 0 as n — oo, and P¢, are uniformly bounded, we obtain

1610 = flloo

with rates.
Let all entities be as above. We define the following specific operators:

(i) The general multivariate Picard singular integral operators:

Pl%](fva"lavxl\f) = )N aj,’l‘
=0

X S flxr+s17,..., N + ij)e_Zﬁil Isil/én sy ... dsn.
RN
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Notice that

S 6_2?;1 Isil/&n dsy...dsy =1
RN

(26n)N
(see [A]).
(ii) The general multivariate Gauss—Weierstrass singular integral opera-
tors:

m 1 r m
wiml(fian,. .. 2n) = WZO{EW}
n =0

X S f(xl—i—slj,...,xN—i—ij)e_zl 1 ’/gndsl .dsy.
RN
Notice that 1 .
WRSNe =153 dSl dSNZI
(see [AMI]).
(iii) The general multivariate Poisson—Cauchy singular integral opera-
tors:

Ur[m](f;xl,..., WNZa[m]

1

mdSl...dSN,

N
< | flar+ s aon +svd) [
RN i=1
with « € N, § > %, and

L (B)ag™!

" ITETB- )

(see [AM2]). Notice that
N

1
WN 7d51...d3N:1
RSNzl_Il( 2a+§ )

(see [AM2], [Z, p. 397, formula 595].
(iv) The general multivariate trigonometric singular integral operators:

TT[TZ](f;xl,... )=\, NZOz[m]

, o (sin(si/6)\ 2
X S f($1+81j,...,$N+SNj)H<&> dsi...dsp,
RN i=1 '
where 0 € N, and
B p26-1

— 9gl=2p 1)8 _1)k
2B Y G
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(see [AM3], [E, p. 210, item 1033]). Notice that
N , . 28
AN H(Sm(s/f")> dsi...dsy =1.
RN i=1 5

One can apply Theorems and to the operators Pgﬁ], Wr[jz}, UT[TL},

T,RZLL] (special cases of 6;y') and derive interesting results. We intend to do
that in a future article.
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