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Correspondence between diffeomorphism groups and
singular foliations

by ToMAsz RyBICKI (Krakéw)

Abstract. It is well-known that any isotopically connected diffeomorphism group G
of a manifold determines a unique singular foliation F¢. A one-to-one correspondence
between the class of singular foliations and a subclass of diffeomorphism groups is estab-
lished. As an illustration of this correspondence it is shown that the commutator subgroup
[G, G] of an isotopically connected, factorizable and non-fixing C" diffeomorphism group
G is simple iff the foliation Fi¢ ¢ defined by [G, G] admits no proper minimal sets. In par-
ticular, the compactly supported e-component of the leaf preserving C*° diffeomorphism
group of a regular foliation F is simple iff F has no proper minimal sets.

1. Introduction. Throughout by a foliation we mean a singular fo-
liation (Sussmann [I7], Stefan [I5]), and by a regular foliation we mean
a foliation whose leaves have the same dimension. Introducing the notion
of foliations, Sussmann and Stefan emphasized that they play a role of
collections of “accessible” sets. Alternatively, they regarded foliations as
integrable smooth distributions. Another point of view is to treat folia-
tions as by-products of non-transitive geometric structures (cf. [2], [20]
and examples in [10]). In Molino’s approach some types of singular folia-
tions constitute collections of closures of leaves of certain regular foliations
([7], [21]). In this note we regard foliations as a special type of diffeomor-
phism groups.

Given a C'*° smooth paracompact boundaryless manifold M, Diff" (M )g
(resp. Diff.(M)o), where 1 < r < oo, is the subgroup of the group of all C”
diffeomorphisms Diff" (M) on M consisting of diffeomorphisms that can be
joined to the identity through a C" isotopy (resp. compactly supported C"
isotopy) on M. A diffeomorphism group G < Diff" (M) is called isotopically
connected if any element f of G can be joined to idy; through a C" isotopy
in G. That is, there is a mapping R x M > (t,x) — fi(x) € M of class C”
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with f; € G for all ¢ and such that fy =id and f; = f. It is well-known that
any isotopically connected group G < Diff" (M), defines a unique foliation
of class C", designated by F¢ (see Sect. 2).

Our first aim is to establish a correspondence between the class §" (M)
of all C" foliations on M and a subclass of diffeomorphism groups on M,
and, by using it, to interpret some results and some open problems concern-
ing non-transitive diffeomorphism groups. The second aim is to prove new
results (Theorems 1.1 and 1.2) illustrating this correspondence.

A group G < Diff" (M) is called factorizable if for every open cover U
and every g € G there are ¢g1,...,9, € G with ¢ = ¢1...g, and such that
g9 € Gu,, i = 1,...,r, for some Uy,...,U, € U. Here for U C M and
G < Diff"(M), Gy stands for the identity component of the group of all
diffeomorphisms from G compactly supported in U. Next, GG is said to be
non-fixing if G(z) # {x} for every z € X.

THEOREM 1.1. Assume that G < Diff[(M)o, 1 < r < oo, is an iso-
topically connected, non-firing and factorizable group of diffeomorphisms of
a smooth manifold M. Then the commutator group [G,G] is simple if and
only if the corresponding foliation Fig g admits no proper (i.e. not equal
to M) minimal set.

In early 1970’s Thurston and Mather proved that the group Dift, (M),
where 1 <r < oo, r # dim(M) + 1, is perfect and simple (see [18], [6], [1]).
Next, similar results were proved for classical diffeomorphism groups of
class C* ([1], [13]). For the significance of these simplicity theorems, see,
e.g., [1], [13] and references therein.

Let (M;,F;), i = 1,2, be foliated manifolds. A map f : M; — My is
called foliation preserving if f(L:) = Ly, for any x € My, where L, is
the leaf meeting . Next, if (M, F1) = (Ma, F2) then f is leaf preserv-
ing if f(L;) = L, for all x € M. Throughout, Diff" (M, F) will stand
for the group of all leaf preserving C” diffeomorphisms of a foliated man-
ifold (M, F). Define Dift" (M, F)o and Diff] (M, F)o analogously. Observe
that a perfectness theorem for the compactly supported identity compo-
nent Diff2°(M, F)o, which is a non-transitive counterpart of Thurston’s the-
orem, has been proved by the author [9] and by Tsuboi [19]. Next, the
author [I0], following Mather [0, II], showed that Diff_ (M, F)o is perfect
provided 1 < r < dim F. Observe that, in general, the group Diff’.(M, F)o
is not simple for obvious reasons.

THEOREM 1.2. Let (M,F) be a foliation on a C*° smooth manifold M
with no leaves of dimension 0. Then the commutator subgroup

1s simple if and only if Fp does not have any proper minimal set. In par-
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ticular, if F is reqular, and 1 < r < dimF or r = oo, then Diff_(M,F)y is
simple if and only if F has no proper minimal sets.

In the proof of Theorem 1.1 in Sect. 3 some ideas from Ling [5] are in
use.

2. Foliations correspond to a subclass of the class of diffeomor-
phism groups. Let 1 < r < oo and let L be a subset of a C" manifold
M endowed with a C" differentiable structure which makes it an immersed
submanifold. Then L is weakly imbedded if for any locally connected topo-
logical space N and a continuous map f: N — M satisfying f(N) C L, the
map f: N — L is continuous as well. It follows that in this case such a dif-
ferentiable structure is unique. A foliation of class C" is a partition F of M
into weakly imbedded submanifolds, called leaves, such that the following
condition holds. If z belongs to a k-dimensional leaf, then there is a local
chart (U, ¢) of class C" with ¢(z) =0, and p(U) =V x W, where V is open
in R*, and W is open in R"*, such that if L € F then o(LNU) =V x I,
where [ = {w € W : ¢~1(0,w) € L}. A foliation is called regular if all leaves
have the same dimension.

Sussmann [17] and Stefan [15], [I6] regarded foliations as collections of
accessible sets in the following sense.

DEFINITION 2.1. A smooth mapping ¢ of an open subset of R x M into
M is said to be a C" arrow, 1 <r < oo, if

(1) @(t,-) = ¢ is a local C" diffeomorphism for each ¢, possibly with
empty domain,

(2) ¢o =1id on its domain,

(3) dom(p;) C dom(gps) whenever 0 < s < t.

Given an arbitrary set A of arrows, let A* be the family of local diffeo-
morphisms 1 such that ) = ¢(t, ) for some ¢ € A, ¢t € R. Next, A denotes
the set consisting of all local diffeomorphisms which are finite compositions
of elements from A* or (A*)~! = {¢p=1 : ¢ € A*}, and of the identity. Then
the orbits of A are called accessible sets of A.

For z € M let A(x), A(x) be the vector subspaces of T, M generated by

{o(t,y) i€ Api(y) =}, {dy(v) 19 € A ¥(y) =z,v € Ay)},
respectively. Then we have ([15])

THEOREM 2.2. Let A be an arbitrary set of C" arrows on M. Then

(1) every accessible set of A admits a (unique) C" differentiable structure
of a connected weakly imbedded submanifold of M ;
(2) the collection of accessible sets defines a foliation F; and

(3) D(F) := {A(x)} is the tangent distribution of F.
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Let G < Diff"(M) be an isotopically connected group of diffeomor-
phisms. Let Ag be the set of restrictions of isotopies R x M > (t,z) —
fi(x) € M in G to open subsets of R x M. Then we denote by F¢ the
foliation defined by the set Ag of arrows. Observe that /lG = Ag, and
consequently A (z) = Ag(z).

REMARK 2.3. (1) Of course, any subgroup G < Diff" (M) determines a
unique foliation. Namely, G has a unique maximal subgroup Gy which is
isotopically connected.

(2) Denote by G, the subgroup of all compactly supported elements
of G. Then G, need not be isotopically connected even if G is. In fact, let
G = Diff"(R™)g, 1 < r < co. Then every f € G, is isotopic to the identity
but the isotopy need not be in G.. That is, G is not isotopically connected.
Observe that the CY case is exceptional: due to Alexander’s trick for 7 = 0
(see, e.g., [3L p. 70]), G, is isotopically connected.

Likewise, let C = R x S! be the annulus and let G = Diff"(C)o. Then
we have the twisting number epimorphism 7" : G, — Z. It is easily seen that
f € G, can be joined to id by a compactly supported isotopy iff T'(f) = 0.
Consequently, G is not isotopically connected.

Denote by &"(M) (resp. &L(M)), 1 < r < oo, the collection of isotopi-
cally connected (resp. isotopically connected through compactly supported
isotopies) groups of C" diffeomorphisms of M. Next, F" (M) will stand for
the set of all foliations of class C" on M. Then each G € &"(M) deter-
mines a unique foliation from F" (M), denoted by Fg. That is, we have
the mapping Sy : 8" (M) 5 G — Fg € §'(M). Conversely, to any folia-
tion F € §" (M) we assign G := Diff[(M,F)p and we get the mapping
apy :§' (M) > F — Gy € 8. (M). The following is obvious.

PROPOSITION 2.4. One has Bur o apr = idgr(ar). In particular
ay :F(M)>F— Gr € BL(M)
is an injection identifying the class of C" foliations with a subclass of C"
diffeomorphism groups.

Observe that usually (aprofu)(G) € &L(M) is not a subgroup of G even
if G € . (M). For instance, take the group of Hamiltonian diffeomorphisms
of a Poisson manifold (see [20]). See also examples in [11].

REMARK 2.5. Note that we can also define o, : (M) 3 F — G% €
&" (M), where G := Diff"(M,F)q € &"(M), and we get another identi-
fication of the class of C" foliations with a subclass of C" diffeomorphism
groups. However we prefer aps to oy, because of Proposition 2.11 below.

For Fi, Fy € §" (M) we say that F; is a subfoliation of F; if each leaf of
J1 is contained in a leaf of F5. We then write 71 < Fo. By a flag structure
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we mean a finite sequence F; < --- < Fj of foliations of M. Next, by
the intersection of Fy1,Fs we mean the partition F; N Fe := {L1 N Lo :
L; € Fi,i=1,2} of M. Clearly, if 1 N F> is a foliation then F; N Fy < F;,
1 =1,2.

It is a rare phenomenon that F; N F» is a regular foliation if Fy, Fo are
regular. In the category of (singular) foliations this may happen more often.

PROPOSITION 2.6.

(1) If the distribution D(F1 N Fa) is of class C" ([15]) then F1 N Fy is a
foliation.

(2) If G1,G2 € 8"(M) have the intersection G = G1 N Gy isotopically
connected then Fg = Fa, N Fa,-

(3) For F1,F2 € §"(M), if Fi0Fz is a foliation then there is G € &" (M)
such that G < G]-‘l N G]:2 and Fg = F1 N Fs.

(4) For F1,F2 € §"(M), if Gr, N Gx, is connected then Fi N Fa is a
foliation.

Proof. (1) In fact, the distribution of F; N F» is then integrable.

(2) Denote by ZG the set of all isotopies in G. Clearly, Z(G1 N G2) =
IG1NZGy for arbitrary G1, Gy € 8" (M). Forx € M, set ZG(x) :={y € M :
(3f € IG)(3t € I)y = fi(x)}. By definition, L, = ZG(x), where L, € Fg
is a leaf meeting x. Therefore, since G1, Go, G are isotopically connected we
have L, = IG(r) = ZG1(z) NZGo(z) = L N L2, where L} € Fg,,i=1,2.

(3) Set F = F1 N Fy and G = Gg. Use Prop. 2.4.

(4) In view of Prop. 2.4 we have Fg, = Fo for all Fo € §"(M). Put
G = Gr, N Gg,. Therefore, in view of (2), 71 N F2 = Far, NFay, = Fa is
a foliation. m

Let 71 < .-+ < Fj be a flag structure on M and let z € M. If z €
L; € F; we write p;(z) = dim L;, p;(x) = pi(z) — pi—1(x) (i =2,...,k) and
gi(z) = m — pi(x).

DEFINITION 2.7. A chart (U, ) of M with ¢(0) = x is called a distin-
guished chart at © with respect to F; < --- < Fpif U=V X -+ X Ve, x W
where Vi ¢ RP1(®) | 1,  RPi(®) (1 >2)and W C R%(*) are open balls and
for any L; € F; we have

e(U)NL; = (V4 x -+ x Vi x 1),
where [; = {w € Vi1 x -+ x Ve x W o(0,w) € L;} for i =1,... k.

Observe that actually the above ¢ is an inverse chart; following [16] we
call it a chart for simplicity. Notice as well that in the above definition
one need not assume that F; is a foliation but only that it is a partition
into weakly imbedded submanifolds; that F; is a foliation then follows by
definition.
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THEOREM 2.8. Let G < --- < Gy < Diff"(M) be an increasing se-
quence of diffeomorphism groups of M. Then Fg, < --- < Fg, admits a
distinguished chart at any © € M.

In fact, this is a straightforward consequence of Theorem 2 in [11].

COROLLARY 2.9. Let G; < --- < Gy < Diff"(M) and let (L, o) be a leaf
of G- Then all G; preserve L, and Fg, i < -+ < Fg, |1 s a flag struc-
ture on L. Moreover, a distinguished chart at x for Fg, L, < -+ < Fg,_,|L
is the restriction to L of a distinguished chart at x for Fg, < --- < Fg,.-

The following property of paracompact spaces is well-known.

LEMMA 2.10. If X is a paracompact space and U is an open cover of X,
then there exists an open cover V starwise finer than U, that is, for all
V €V there is U € U such that star¥ (V) C U. Here star” (V) := [J{V' €
V.V NV #0}. In particular, for all Vi,Va € V with Vi N'Vy # O there is
U eU such that V1 UVo, C U.

PROPOSITION 2.11. If F € (M) then G = o(F) is factorizable.

Proof. Let X.(M,F) be the Lie algebra of all compactly supported vec-
tor fields on M tangent to F. Then there is a one-to-one correspondence
between isotopies f; in Gz and smooth paths X; in X.(M, F) given by the
equation

d

% = X;o fy with fy=id.
Let f = (ft) € ZG# and let X; be the corresponding family in X.(M, F).
By considering f(,/m) f(;l_l Sy P = 1,...,m, instead of f; we may assume

that f; is close to the identity.

Let U be an open cover of M. We choose a family of open sets, (V})jzl,
which is starwise finer than U/, and satisfies supp(f;) C V3 U- - -UVj for each t.
Let (Aj)j—; be a partition of unity subordinate to (V;), and let Y/ = A Xy
We set

X =YV 4+ 4Y, =1,

and X = 0. Each of the smooth families Xg integrates to an isotopy gz
with support in V4 U --- U V;. We get the fragmentation

fe=gi=fio-off,

where ftj = gg o (gg _1)_1, with the required inclusions

supp(f{) = supp(gi o (g1 ")) C star(V;) € Uy

which hold if f; is sufficiently small. Thus the group of isotopies of G is
factorizable. Consequently, G itself is factorizable. m
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REMARK 2.12. The identification aps enables us to consider several new
properties of foliations from §F"(M). For instance, one can say that a foliation
F is perfect if so is the corresponding diffeomorphism group Gz = a(F).
As mentioned before, it is known that Gz = Diff[. (M, F)g is perfect provided
F is regular and 1 < r < dimF or r = oo ([9], [19], [10]). It is not known
whether G £ is perfect for singular foliations and a possible proof seems to
be very difficult. In turn, possible perfectness of Gz = Diff (M, F)o with r
large is closely related to the simplicity of Diff?™(M™)q (see [4]).

Likewise, one can consider uniformly perfect or bounded foliations by
using the corresponding notions for groups (see [14] and references therein).

Finally consider the following important feature of subclasses of the
class §" (M), depending also on M and r. A subclass & of §" (M) is called
faithful if the following holds: For all F;,F, € K and for any group iso-
morphism @ : ap(F1) = ap(Fz) there is a C” foliated diffeomorphism
¢ (M, F) = (M, F) such that for all f € ay(F1), (f) = po foe L
From the reconstruction results of Rybicki [I12] and Rubin [§] it is known
that the class of regular foliations of class C*°, §o5, (M), is faithful.

reg

3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. First observe that the fact that a foliation F has
no proper minimal set is equivalent to the statement that all leaves of F are
dense.

(=) Assume that ) # L C M is a proper closed saturated subset of M.
Choose x € M \ L. We will prove the following statement:

(%) there are a ball U € M \ L with x € U and g € [Gy, Gy] such that
g(x) # .

Then we are done by setting H := {g € [G,G] : g|r, = idp}. To prove (x),
choose balls U and V in M such that z € V ¢ V C U. Take f € G such
that f(z) # z. By assumption, for U = {U,\V} we may write g = g, ... g1,
where all g; are supported in elements of Y. Let s := min{i € {1,...,r} :
supp(g;) C U and g;(x) # z}. Then g5 € Gy satisfies gs(x) # x.

Now take an open W such that x € W C U and gs(z) ¢ W. Choose
f € Gw with f(z) # x by an argument similar to the above. It follows that

f(gs(x)) = gs(x) # gs(f(x)), and therefore [f, gs](z) # x. Thus g = [f, gs]
satisfies the claim.

(<) First observe the following commutator formulae for all f, g, h € G:

(3.1) [fg.h] = flg. AIf'LF 0], [fsgh] = [f.glglf, hlg™".

Next, in view of a theorem of Ling [5] we know that [G, G] is a perfect group,
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that is,
(3.2) G,G] =[|G,G],|G,G]].

Suppose that H is a non-trivial normal subgroup of [G,G|. Let z € M
satisfy h(x) # x for some h € H. Fix a ball Uy such that h(Uy) N Uy = 0.
By the definition of Fg g and the assumption that each leaf L € Fig g is
dense, for every y € M there are a ball U, with y € U, and f, € |G, G] such
that fy(Uy) CU. Let U = {Uy}yem-

By Lemma 2.10 we can find an open cover V starwise finer than . We
denote U = {g(U) : U €U, g € [G,G]} and

G = ] [Gv.Gul.
Ueu@
By assumption G is factorizable with respect to V. First we show that
[G,G] € GY, ie. any [g1,92] € [G,G] can be expressed as a product of
elements of the form [hy, hs], where hy, hy € Gy for some U € UC. In view
of (3.1) and (3.2) we may assume that gi,92 € [G,G]. Now the relation
[G,G] € GY is an immediate consequence of (3.1) and the fact that V is
starwise finer than U.

Next we have to show that GY C H. It suffices to check that for every
f,g9 € Gy with U € U the bracket [f,g] belongs to H. This implies that
for every f,g € Gy with U € U® one has [f,g] € H, since H is a normal
subgroup in [G, G].

We have fixed h € H and Uy such that h(Uy) NUy = 0. If U € U and
f,g € Gy, take k € [G,G] such that k(U) C Uy, and put f = kfk~!,
g = kgk™L. Tt follows that [bfh~!, g] = id. Therefore, [f, g] = [[h, f],g] € H,
and we also have [f,g] € H. Thus GY C H, and consequently [G,G] < H,
as required. m

Proof of Theorem 1.2. By assumption and Prop. 2.11, Diff" (M, F)y is
factorizable and non-fixing. Since Diff" (M, F)q is isotopically connected,
the first assertion follows from Theorem 1.1. The second assertion is a con-
sequence of Diff"(M,F)o being perfect ([9] and [I9] for r = oo, and [6]
and [10] for 1 <r < dim F). =
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